TSUKUBA J. MATH.
Vol. 23 No. 1 (1999), 1-26

THE CAUCHY PROBLEM FOR WEAKLY HYPERBOLIC
EQUATIONS OF SECOND ORDER

By

Haruhisa ISHIDA

§1. Introduction

In this article we shall study the problem of local existence of C*® solutions
to the following semilinear Cauchy problem on [0, 7] x RZ(T > 0)

L(t,x,0,,05)u(t,x) = f(t,x,u), (1.1)
u(0,x) = up(x), u (0, x) = uy(x), (1.2)

where

n

L(t,%,01,0x) = 07 — a1 (1) Y ap{ao(x)0x,dx, + (0x,a0(x))0x, }
Jiok=1

- ij(t1 x)axj - C(t, X) - d(ta x)ata
=)

= 02 — a(t,x,0) — b(1,x,0) — c(t,x) — d(1,x)8,.

Throughout the present article we assume that 0 < C, < ag(x) € B*(R"), q(¢) =
> ik=1%i¢k 20 (ap is a real constant, ay =ay) for all £eR” and that
0 < ay(t) e C*([0,T]) satisfies the condition below:

N = card{[p,q] = [0, T}; 4} ([p,q]) = {0},a}(p — )a} (g +¢) < 0(0 < & < 1)}
< o0, (1.3)

where card X means the cardinality of a set X, that is, the number N of the
connected components of the sign-changing zero-set of a; on [0,7] is finite.
Moreover we impose that b;,c,d, f € B® (with f([0,T],R",0) = {0}) and that
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there is some constant A4, > 0 such that

02b(2, x,&)|> < Aa(a(t, x,&) + |0a(t, x,&)]) (1.4)

for every o € Z'} and (1,x,&) € [0, T] x R} x Ry, where a(t,x,¢) = ap(x)ai(£)q(¢)
(= 0) (refer to K. Kajitani [7] for a more general condition on lower order terms;
see also K. Kajitani-S. Wakabayashi [8]).

Then we obtain the following result.

THEOREM 1.1. For any initial data ug,uy € C{(R") there exists a small
constant (T =) To > 0 such that the Cauchy problem (1.1), (1.2) has a unique
solution u(t,x) e C*(|0, To] x RY).

When ao(x) is a constant and ai (j,k=1,...,n) are real-analytic in iz,
is proved in P. D’Ancona [4]. He solved the corresponding line-
arized Cauchy problem according to N. Orru and did the semilinear problem
by applying the implicit function theorem of Nash and Moser (see R. S.
Hamilton [5]). In our strategy we shall use pseudo-differential operators to handle
the linearized problem and employ the successive approximation method to solve
the semilinear problem [I.I), (I.2). Then the corresponding linear problem to
(L1}, is stated in the following Cauchy problem on [0, T] x R}

L(t,x,0,,0x)u(t,x) = f(t,x), (1.5)
u(0,x) = up(x), u; (0, x) = uy(x). (1.6)

As to the linear problem (1.5), the next existence and uniqueness theorem is
valid.

THEOREM 1.2. Suppose that (1.3) and (1.4) hold. Let the initial data uy(x),
uy(x) belong to C*®(R") and f(t,x) € C*([0,T] x RY). Then the Cauchy problem
(1.5), (1.6) admits a solution u(t,x) € C*([0, T] x RZ). In particular, if supp uy and
suppu; are contained in the open ball B(r) = {x € R";|x| < r} and if supp f(¢, -)
lies in the ball B(r + tA(T)) for every te [0,T], then the unique solution u(t,x)
enjoys the finite propagation speed property with speed for te [0,T] not greater
than A(T), where

MT)=  sup  y/l(awao(x)ar ()]

(t,x) € [0, TIxR?

so that suppu(t, -) is included in the ball B(r+ tA(T)). Further the following
estimate is established: for any s > 0 and t € |0, T| there exist some constants h > 0
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and C = C(h) > 0 such that
- - 2
le72 (2, 2, D) ult, | zogmry + €™ (2, %, Dx) ™ uety - Mzrsiae)

< eJ;) c(r)d (C”eyA(O, X, Dx)_lu()”;{sH(R;:) + ”ey/\(o’x, Dx)_lul ”?{S(R;’)

t
+ Jo lle”™ (z, x, Dx) " f(x, - )||12LIS(R;) dr), (1.7)

where c(t) is a nonnegative continuous function dependent on the coefficients
030 aao(x)ar (1), OLb;(1,x), e(t,x), d5d(t,x) (jol 3,18 <2,10| <1) and 7,
g0 > 0 which depend only on 0*0%ayag(x)ai(t) (Ja| <2,8=0,1), while

\/10a(z, x,&)|? + (log ga(£))*
Al x, &) = Jo a(t,x, &) + (logq;,(é))2 dr

+ (Ao + &0 log gn(&))t — M log gn(£), (1.8)
(&) =h+q(&) (h>1),

(M > 0 is taken large enough, independent of h, as A(t,x,&) <0 for all (t,x,&) e
[0, T ><Ri"§) and e (t,x,D,)”" denotes the inverse of the pseudo-differential
operator e’ (t,x,Dy) with symbol e?A:%:¢)).

We shall perform the proof of via the approximation to the
equation by strictly hyperbolic equations because the estimate for the
equation after replacing the coefficients (ajao(x)a;(¢)) of the principle part
by (ajao(x)ai(t)) +82§jk (e > 0,0 is Kronecker’s delta) remains valid. Thus our
main task is to lead the estimate [1.7). To do so we shall transform u(¢,x) into
v(t, x) with u(z, x) = e? (¢, x, Dx)v(t, x) and take advantage of the energy function

E(1) = 1|2 + yAd(t, %, D) + Ri (1,5, D)ot )lzrar)
+ (@t (8, %, D)o(t, ), (1, ) ey + 1002 au(D)O(E, 2y
where R,(t,x,D,) is given by
R\(t,x,D,) = eyA(t, X, Dx)”1 o0 8™ (1, x,Dy) — yA4(t, x, D,).

Then we shall get the energy inequality
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E(n) < C(T){E(O) + J; le (z,x, Dx) ™' f (5, -)Ilipdf},

which implies the estimate [1.7).
We remark that the same conclusion as generally fails to hold
for nonnegative a;(z) € C*([0,7T]) without any restrictive condition (see F.

Colombini-S. Spagnolo [3] or S. Tarama [12]).

§2. Preliminaries

In this section we shall observe the existence of e’ (¢, x, Dx)_l and mention
some propositions adopting in the subsequent sections.

LemMA 2.1. (i) |0xa0(x)| < Crao(x) (j=1,...,n).
(i) ((1.7.2) in O. A. Oleinik-E. V. Radkevi¢ [10]) If p(x) e C*(R) is non-
negative, then

|0xp(x)|* < 2p(x) sup |97 p(x)|-
(iii) 0ga(t,x,&)| < Cv/a(t,x,&) (j=1,...,n).
(iv) |Dya(t,x,&)| < Gia(t,x,&) (j=1,...,n).
(V) 10g,0¢a(t,x,8) < Cq (j,k=1,...,n).
(Vi) |Dy, Dyal(t,x,&)| < Csa(t,x,&) (jk=1,...,n).
(vii) [0gb(t,x,8)| < Cs (j=1,...,n).

The next proposition describes basic properties about A(t,x,¢&).

LEMMA 2.2, Let (& =/ h+ I€]* (h=1).

(1)
|0 DEA(2 %, )
Co,0 log g (&), if la| + 18l =0,
= {ca,ﬁ{q(@ + (log gn(&))*} PP Au(t, x,¢), if |ol + 18] >0,
where
Aoty = [ VT
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y il )
(1) Alt,x,&4+n) < A(t,x,&) +{M + 6(N + 1)}log(1 + Tog 41 (%) +t+ (.
(i) A, x,&+n) < A(t,x, &) + A(t,x,n) +2(M + N + 1) loggn(n) + t + C,.

(iv) At,x+ y,¢) < A(t,x,8) + 1+ Cs.

Proor. We first note that

An(t,x, &)+ 1 < An(t,x,&) < An(t,x,&) +1+1, (2.1)
where
! |8sa(s, x, &))|
A ,E) =
%) Jo a(s, x, &) + (log g(&))*

It is easy to verify that
0 oganc)] < {logqh(é), if |a| =0,
Cagn(&) ™1, if Ja] > 0,
< Cugn(&)™1P 1og gn (&)

Let us show that Au(z,x,&) < Ap(T,x,&) < Cloggn(&). For this purpose we
decompose [0,7] as

[0,T] = {te [0, T];8:a1(r) = 0} U {r € [0, T]; 6:a1 () < O}
=[r{,s{TU -+ Ulrgs, sg ] U Iy, 571U - - Uy, sy-]

with N* + N" < N+1. Here rf <sf <rf, (j=1,...,N" = 1), riy <sp <riy
(k=1,...,N™ —1) either r{ O or ri =0 and elther st+ =T or sy- = T. Then
the following equality is valid:

~log H %, &) + (log ga(¢))?

An(T, x,&)
Jj= la ],x,é)+(10th( ))

- - 2
+ log ﬁazrj X5 6) + (log qh(é)) (22)
ra

57, %,€) + (log gn(¢))*

which deduces that A,(7T, x,¢) < Cloggy(€). Using (i) and (ii) in Lemma 2.1, we
know that

|0§DEAN(t, x,E)| < Capla(é) + (logqh(é))z}_('“'/z)lih(t, x,&).
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Thus (i) is established. Now, because of (ii) in Lemma 2.1 we get

a(s,x,&+n) + (loggn(& + ’7))2

< a(s,x, &) + 2(logqu(&))? + Y _ mi0gals, x, &) + a(s, x,n) + 2(log 241 (1))’
j=1

< 2(a(s, x, &) + (log gn(¢))?)

< 1s Cln| N C'ln|?
2
\/a(s, x,&) + (logga(€))? @5 x: &) + (loggu(&))

2
< Colals, %, &) + (logga(€)D) | 1 + b . (2.3)
Vals, x,&) + (log g4(&))?

Equivalently, the next inequality

1
a(s, x,& + 1) + (log gu(& + 1))’

2
By Co 1+ il (2.4)
a(s,x,&) + (log ga(&)) \/a(s, x,&+n) + (loggu(& +1))°

holds. Here

1
a(s, x,& + 1) + (log gu(& +7))?

2
4C, |n]
3 - 2.5)
a(s, x, &) + (log gn(&))? ( \/a(s, x, &) + (logqh(f))z)

if g(& +n) > q(&)/4. In the meantime, when ¢(& +7) < ¢(¢)/4 and ¢(&) > 1, by
virtue of 1 < Cly|/(loggn(¢))?, for h>e

1
a(s, x,& + 1) + (log gu(¢ +n))?

GVC (1 7l )“
= a(s, x, &) + (log gn(£))? log (&)

(2.6)
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is valid. From [2.2), [2.3], (2.5) and we obtain

Ah(t7 X, é + ’7)

>6N+ ﬁa(s;,x,.f) + (log ga(¢))*

< c2N+(1+ 7l
og G ita(rt, x,&) + (log ga(¢))’?

log g (&)

(2.7)

In| >6N_ ﬁa(rj’,x, &)+ (log ga(¢))?

1 CZN‘(1+———— '
loeCo loggn(©))  jialsy,x&) + (loggs(®))’

Next, recall that N* + N~ < N + 1, and check that for any fixed 2(N + 1) points
rhstirg,sg J=1,...,NHk=1,...,N;N* + N =N+1) with rf<s <
’}trp ry <sp <rg, and

(Ujji: [rjf’sj—f]> U (Uj]i-l [rj_’sj_]) = Ujl:+N_ [rj’sj] < [O’ t]

satisfying [r;,s;] N [rjr1,5501] = {8} = {rj+1} (r; < < rjy1), then

N a(sf,x, &) + (log ga(¢))? N_a(r, x, &) + (log ga(¢))?
1
° ,Ea(r;,x,@ T (logan@)® °g,13,a<s,.—,x, £) + (log 4i(¢))?

+

NT s osa(s, x, &) Ny —0sa(s, x, &)
= ds +
Jr;' a(s,x,&) + (log Qh(i))z ’ ; J’f a(s,x,&) + (IOg‘Ih(f))z

< Ah(l‘, x,f). (2.8)

=

So (2.7) and imply

7]
An(t,x, &+ 1) < Ap(t,x,&) + 6(N + l)log(l +m) +2(N + 1) log Cp.

Taking account of [2.1), we find that

An(t,x, & +17) < An(t,x, &) + 6(N+1)10g<1 +——Iﬂl——) +2(N+1)log Co+1t + 2.
logg(¢)

In addition, since

2
an(& +1) < qn(&) (1 + 2’22)) :

we gain (i) via the analogous manner as (2.3)—(2.6). Further, we have for h > e



8 Haruhisa ISHIDA

a(s, x, & +n) + (log ga(& + 1))
< 2(a(s, x,&) + a(s, x, 1) + (log gn(&))? + (log ga(n))?)

< 2(a(s, x, &) + (log gn(€))*)(als, x,n) + (log 4(n))*) (29)

On the other hand, by substituting (&,7) for (£+#,—7) in

1 < 2(a(s, x, 1) + (log qh(rl));) (2.10)
a(s,x,& +n) + (loggn(& +1n)) a(s,x,¢) + (loggu(&))

is true. This time, by applying [2.9] and [2.10] instead of and (2.4) to
An(t,x, &+ 1) < An(t,x, &) + An(t, x, 1) + 2(N + 1) log gu(n) + 2(N + 1) log C,.

Hence we see (iii). Also, in aid of and C~lag(x) < ag(x + ) < Cap(x) for
C = supaog(x)/Ca(= 1)

eA,,(t,x+y,¢) < C2(N++N“)eA;,(t,x,f) < C2(N+l)eA,,(t,x,¢)
is valid. Thanks to (2.1),
eA(r,x+y,é) < CZ(N+1)et+ZeA(t,x,C),

which therefore means (iv). O

Let K(1,x,D,) and K(t,x,D,) be the pseudo-differential operators with
symbols o(K)(t,x, &) = e?6x8) and a(K)(1, x, &) = e "M6%¢) respectively, where
» > 0 will be determined later. Then the symbol of the product of K(z,x, D,) and
K(t,x,D,) is given by

o(K o K)(t,x,¢) =1 - a(R)(1,x,£),

where

1
o(R)(t,%,&) = Y J Os- ”e"'y'”{pgy/\(t, x, & + n) e rAExCHn)

|e|=1
x {0%yA(t, x + 0y, &) }e? N8O dydndo
(dn = (2n) ™" dy). Here the above oscillatory integral of a symbol p(x, &) indicates
Os- J J e p(y,n) dydn = lim ” e "x(ey, en) p(y, ) dydn

for x e (R x Ry) such that x(0,0) =1 (see H. Kumano-go [9).
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Let g(x,e) = ¢ (x, &) |dx|® + P 2(x, £)|d)? be a Riemannian metric on R?".
Following L. Hormander [6], we say that g is o-temperate if there exist positive
constants ¢, C, C and k such that

C'900,6)(2,0) < ey, em) (2,0) < Chi6)(2,0)
when g(x ¢)(¥,7) < ¢ and such that
9o (2:0) < Cge ey (2, )1 + g, (x = 3,& = 1)"

for all (x,¢), (3,7), (z,{) € R*", where the dual form 906y (1om) of g ey (¥,m) =
$72(x, &) y> +¥72(x, &)|y|* is presented by

986y, m) = ¥2(x, &)1 + ¢%(x, &) .

A positive real-valued function m(x,¢) defined on R?" is called g-continuous if
there are positive constants ¢ and C such that

C'm(x,&) <m(x+ y,&+n) < Cm(x,¢&)

provided g(x,¢)(¥,7) < c. A g-continuous function m(x,¢) is said to be (g,g)-
temperate if there exist constants C > 0 and k € R such that

m(x + y,&+1) < Cm(x,E)(1 + g8 & (3, m)"

for every (x,¢), (y,%) € R*. For a positive function m(x,¢) and 9(x,¢e), we de-
fine the symbol class S(m,g) of pseudo-differential operators by the set of all
p(x,&) e C°(R™) satisfying

0¢D8p(x,&)| < Copm(x, &)p(x, &) PP (x, )71

for (x,&) € R*. Then we have the next claims.

LEMMA 2.3.

1
q(&) + (logga($))

= |dx|® +P52(&)|dE

doeey = ldx])* + S |del?

and
Gox, ) = Ax(t, X,é‘)ng(x,g)

are o-temperate.
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PrOOF. In the same way as and (2.7) we can show that

2 2 n| :
Yi(&+n) < CYP5(E)( 1+ Bo(E)

and
W(E) < 2%2(n)(1 + q(& — 1) + (log 2q1 (£ — 71))?)

< G¥m)(1 + &= n]?),

respectively, which follow that gy is o-temperate. As well, similarly to (2.3
Ah(ta X, +Y, 6)2 < C3Ah(t, X, 5)2(1 + 'y|)

< C3I~\;,(t, X, f)z(l + Ah(t>xa Nyl

~ ~ C C’ 2
Ah(t,x,é+n)s/\,,(,,x,¢)(1+ L Inl)

Wo(&)  Wi(&)

scmh(r,x,f)<1 A’:I(,’ ("f)| 1)

and g, < gg imply that g, is o-temperate by Proposition 18.5.6 in L. Hérmander

[6].
LeMMA 2.4. o(K)(t,x,&) and o(K)(t,x,&) are (o,d,)-temperate.

ProOOF. Since o(K)(t,x,¢&) = o(K)(t,x,&)”", it suffices to observe that
a(K)(t,x,&) is (o,g,)-temperate. This is easily known from [2.3), (2.4), (ii) and
(iv) in Lemma 2.7l O

PROPOSITION 2.5. (i) Let g = ¢ 2(x, &)|dx|* + ¥~2(x, &)|dE|? be a o-temperate
Riemannian metric. Suppose that H(x,&) = (¢¥)™' < 1. Let mj(x,&) be (a,g)-
temperate weight functions and p;(x,&) € S(m;,g) (j=1,2). Then

a(py(x, Dx) py(x, Dx))(x,&)

— > 0E (%, O HDpa(x,€)} € S(mmaH*, g), Vi 2 0.
f| <k

(il) Let g = :;5_2|dx|2—+—‘l‘_2|dé|2 be a o-temperate Riemannian metric with
¥ > 1 and p(x,&) € S(gn(E)™?,9) (me R,h > 1). Then for any s >0 there are
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some constant C = Cs ,, > 0 and an integer ¢ = {(s,m) such that
120G D)l oy < Clple™ KD}l g
Jor ue S(R"), where

Pl = max  sup  [02DEp(x,&)|¢PIHIgu(E) .
lal+1Bl < ¢ (x,&)e RExRE

(iti) Let g = ¢~ 2|dx|* + ¥ 2|dE|* be a o-temperate Riemannian metric with

¥ =1 and p(x,&) € S(1,9). If p(x,Dy) is bijective in H*(R"), then the inverse
p(x, D)7 of p(x, Dy) is also a pseudo-differential operator with symbol in S(1,g).

(1) and (i1) are special cases of Theorem 18.54 and Theorem 18.6.3 re-
spectively in L. Hérmander [6]. (iii) is cited from (g) of Theorem 3.1 in R. Beals
[1].

Now it follows from Lemmas 2.2-2.4 and (i) in [Proposition 2.5 (with metric
g = gy, weight functions m; = ¢(K) and m; = o(K)) that o(R)(z,x,&) satisfies

02 DEa(R)(1,x,&)| < Cup ¥y (&) An(t, x, &) A2

for te[0,T] and x,& e R". Therefore, by (ii) and (iii) in [Proposition 2.5 (with
metric g = g,) for each s > 0, taking A > 1 large enough, we see that

K(t,x,Dy)"' = (I — R~ o K(t,x,Dy) : H**(R") — H*(R") (2.11)

exists as pseudo-differential operator, where ¢ = #(y) > 0 is some real number
independent of 4 due to (i) in Cemma 2.2l

COROLLARY 2.6. Let pe S(m,go). Then

i) (K1 pK)(x,€) = p(x,&) + 11 (p)(x, )
with ri(p) € S(¥5 1 (E)An(t, x,E)m, §y).

(i) o(K~'pK)(x,&) = p(x,&) + 2{p, A}(x,&) + r2(p)(x, &)
with ry(p) € S(Wo2(E)An(t, x,E)°m, §y), where {p, A} is the Poisson bracket of p
and A, or

{P,A}(x,8) =Y {(9,p(x,&))(DyA(x,£)) — (9, A(x, €)) (D, p(x, €))}-
j=1
(iii) o(K™'pK)(x,&) = p(x,&) + 7{p, A}(x, &) + p2(x, &) + 13(p)(x, )
with r3(p) € S(Tas(é)Ah(t> X, 6)3m, gO)
Finally we quote a fundamental fact on pseudo-differential operators to need
the proof of the estimate [1.7).
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ProposiTION 2.7 (Theorem 18.6.8 in L. Hormander [6]). If p(x,&)e
S(W3(&),go) is nonnegative, then there exists a constant C; > 0 such that

Re(p(x, Dx)u,u) gsgmy = — Csllull grs(gm

for ue F(R").

§3. Proof of Theorem 1.2

The crucial stage in the proof of is to derive the energy estimate
(I.7). So we shall first devote ourselves to establishing [1.7).
Set u(t,x) = K(t,x, Dy)v(t,x). If we denote

P,(t,x,8;, Dy)v(t, x) = je""'*‘*‘f’"”‘*f)p(t, x, 0, €)0(2, &) d&,
(1,)(2, %, De)o(t, x) = Je""f“"”x’f)f)(t, £)de,

then the following equality holds:
u,(t,x) = (0, + yA,)yA(t,x, 01, Dy)v(t, x)
= (1,a)(, x, Dx)v(t, x) + (yAr),p (2, X, Dx)v(1, X)
= (1,a) o [o:(6,X) + (I = B)™" 0 {(1-5A) o ()A),a (1, %, Di)o(2, X)}]
= K(t,%x, Dx)(8; + yAs(t, x, Dx) + Ri(t, x, Dy))o(t, %), (3.1)
where
(I = R)™ 0 (1,0) © (PA) A (1, %, Dx) = yAd(t,x, Ds) + Ry (£, x, Dy).

It is read from an asymptotic expansion of the symbol a((1-,a) o (yA1),4)(2,%,&)
that

o(R1)(2,x,&) = o(yA(2, x,£)),
namely
lo(R1)(2,x,&)| < CyA(t, %, E)F5 (E)An(t, x, ). (3:2)

By u,(t,x) = K(t,x,D5)(8; + yAi(t, x, Dy) + Ri(t, x, Dy)) K(t,x,D;) "u(t, x)
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uy(t,x) = K(t, %, D;)(8; + yA(t, x, Dx) + Ry (2, x, Dy))*0(t, x) (3.3)

is also valid. From and the equation is transformed as below:
(0; +yAs + R)*v = =K 'a*Kv + iK'bKv + K~ cKv

+ K 'dK (8, + yA,+ R))v+ K7 f. (3.4)

For the sake of brevity we stand for &; = 9, + yA, + R, @' = K~'a'K, b=
K~'bK and so on. Then, by use of [Corollary 2.6 the symbols of these pseudo-
differential operators are expanded in the following form:

at(1,x,&) = a' (1, x, &) + p{a', A} (1, x,&) + ab (8, x, &) + r3(@) (1, x,€),  (3.5)

b1, x,&) = b(t, x, &) + y{b, A} (8, x, &) + r2(b) (1, x, &), (3.6)
&(t,x,&) = c(t,x) + n(e)(t, x, &), (3.7)
d(t,x,&) =d(t,x) + r(d)(t,x,&), (3.8)

where
a5 (t,x,&)| < Clog ga(€))?,
Ir3(a@*) (2, %, &), Ir2(b) (1, x, &), Iri(e)(,%, ), I (d) (8, %, ) < C".
Now we define the energy function
E() = |010(2, )llzrsrm + (@*(t, %, D)o(t, ), 0(t, ) grecaemy
+ [I(log ga(Dx))o(t, )l zsan
for ¢ € [0, T]. Differentiating E(z), we obtain

2 E(1) = 2Re(@0(0), 310(1) . — 2Re((yAs + R)210(0), 610(0))
+((0:0)0(2),0(0) 1 + 2 Re(ato(2), 10(0))
~ 2Re((a* + (log gn(Dx))*) (»A + Ri)o(1), o(1)
— 2Re((10g g4(D))210(0), (08 94(D:)o(0)) .- (39)

And in view of (3.4)—(3.6) the first term of the right hand side in can express
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Re(070(1), 610(1)) 4o = —Re(@*(t), 010(1)) 4o — y Re({a*, A}o(t), 610(1))
— Re(d§u(1), 210(1)) s — Re(ra(@®)o(2), 10(1)) s
— Im(bo(t), 8,0(t)) g — y Im({b, A}o(t), 01(t)) .
— Im(ry(b)o(1), 010()) s + Re(@0(t), 810(1)) s

+ Re(do(1), 010(1)) s + Re(K™' £(2), 810(8)) s (3.10)

Henceforth we shall estimate the individual terms in the right hand side in
(3.9) with the help of [3.10). Then we shall make use of (i) in without

notice. C(t), C\(t), Cx(t),...,C1s(t) and Ci(t) appeared below exhibit suitable
nonnegative continuous functions on [0, 7] independent of 4 and y.
First of all, from (3.5)

—yRe({a*, A}u(t), 810(t)) gy« = — i Re((af — a})u(t), y810(0)) -
j=1

..... n

1 < —(1/2) 4
< 3nf max (1A, a0,
X —(1/2 2 x1/2
+IAZ o)1)+ 2701AY (o)l .
where a’}j(t,x, D,) and afj(t,x, D,) denote the pseudo-differential operators with

symbols {0ga*(t,x,E)H{DyA(1,x,&)} and {0gA(t, x,&)}H{Dya*(1,x,&)} respec-
tively. Here, because 0 < a(t,x,&¢) € S(¥2(£), go), by Proposition 2.7

Re(@Aw(t),o(1)) g = — C(OIA 00|13,
so that

Re((@* + (1og g1))A0(1), (1) g + Co(1)l|log gn) A o()|F. 2 0. (3.11)
Now, paying attention to (iii) in Lemma 2.1, we find that

T~ —(1/2 j 2
1A, Y2 a¥o(2) 1.

< Ci(1){Re((a* + (log gn) ) Aw(t), v()) . + Cs(O)|(log gn) AL *v(8)|| 3.}
Likewise, by virtue of (iv) in

<~ —(1/2 2
1A, 2 ad o).

< G(){Re((a* + (log gn) ) Aw(2), v(8)) gy« + Cs() | (log gn) A, *o() |1}
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In addition, from |A,(z,x,&)/A(t,x,&)| < C/ey

m?||A 0100 || < ny?ey ' Ci(2)||A*010(2) ||
Thus

— yRe({a, A}o(2), 810(1)) s — my’e5 ' C3(D]| A 2010(D) | 3
< nCa(t){Re((a* + (log gs)*) A (1), v(t)) s
+ Cy(0)|(log gi) A *o(#) 1 77:}-
Also, in the same manner as above, together with |[Ax/A < C/g
— Re(alo(t), 010(0))
< n*Cs()(y*ey " | (log g)v(0) 1 77- + 1A *B10() 1 77.)
< n*Co(t)(y*5 || (log gn) Ao (D) I3+ + A2 010(0)[17)-
— Re((log g4(Dx))d10(t), (log gn(Dx))o()) g
< Cy(1)(eg " |(1og ga) 2o ()17 + 1A 2010(2) 1 775)
< Cy(1)(e52 | (log gn) A *o(0) 157+ + 1A 2 010(0) 1 7.)-
Moreover, by means of (3.5), (v) and (vi) in
—Re(r3(a")o(2), 810(2)) o < m*y*(Co(D)][o(D) 17 + lO10(D)I17;5)-
Since
b(t, x, &)|* < Ao(a(t, x, &) + |0a(t, x,E)))
< Ao(a(t, x, &) + (log gu(£))?) + Aold.a(t, x, &)
< (4o + 1)(a(t, x, &) + (log ga(£)) ) Au(t, x, )
from and [1.8), we have

16v()|[77: < Cro(t){Re((a* + (log ga)*)Aw(2), v(2)) s + Cs(2)||log gi) A,

Hence
— Im(bv(t), 10(2)) g5 — % 1810(0) 71
< Cio(t){Re((a* + (log gn)*)Aw(2), v(t)) s

+ Cy(1)||(1og gn) A *o(2) || %}

15

(3.12)

(3.13)

(3.14)

(3.15)

o(t)|l77:}-

(3.16)
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Besides, from (3.6)—(3.8) and (vii) in it is evident that
—y Im({b, A}v(2), 810(£)) g < ny(Cu1 (2)]|(log ga))o(1) | 775 + 110(D)1725),
—Im(r2(b)o(t), 310(t)) 1 < n2y* (Cra(B)l|o() | Frs + 110(1)I177:),
Re(év(t), 210(0)) s < Cua()([o(0)ll7 + 10101 7.),
Re(do(t), 010(1)) s < Cra())([lo()1 77+ + ow()7.),
Re(K™'f(1), 010(1)) s < %(IIK“f(t)IIf;: + [810()17:)-
By the way, due to [3.2), for any (y >) p>0
—Re((yA; + R1)310(1), 010(2)) s < (=7 + P)IA2010(0) 17,
—Re((a" + (10g g4(D:))*) (yAs + Ri)o(2), v(1)) s
< (=7 + p){Re((@* + (log gn))A (1), v(t)) s
+ Co(2)l| (log gn) A *o(2)1 715}
While, owing to |da(t,x,¢)| < (a + (log ga(&))*)Ad(t, x, &)
((2@)o(2), 0(£) s < Crs(D){Re((@* + (log gn) ) Arw(2), v(1)) s

+ Co(0) | (log gi) A, *0(0) || 35}

(3.17)
(3.18)
(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

Therefore, on account of (3.11), it follows from (3.12)-(3.14), (3.16), (3.23) and

that
2(nCa(2) + Cro(1)){Re((a* + (log gn)*) A (1), v(1)) s
+ Co(0) | (log gn) Ay *o(0) | 71:}

+ 2652 (n2y* Co (1) + Cs(1)) | (log gn(D:)) A *0(2) 13-

— 2Re((a" + (log ga(Dx))*) (¥As + R1)o(1), (1)) . + ((0,a*)0(2), v(0)) -

< 2(—y 4 nCa(t) + n?y*ey 2 Ce(t) + 52 Cs(2) + Cio(t) + Cis(t) + p)

x {Re((a* + (log g») ) Aw(2), v(1) = + Cs(8)l| (log gn) A *v(0) |-}

On the other hand, in aid of (3.12)-(3.14) and (3.22)

(3.25)
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2(ny*e" C3(1) + n* Co(1) + Ca()IIA*010() -
—2Re((yA: + R])alv(t), 011)(1))Hs

< 2(—y + ny%ey L C3(2) + nCs(2) + Ca(t) + p)IA; 2 010(2) || 3 (3.26)

So we choose
g =y +1,

y= sup (nCs(2) + nCy(t) + n*Cs(2) + Cs(2) + Cio(2) + Cis(2)) + p.
te(0,T]

Consequently, picking
c(t) = 2n3y%(Co(f) + 1) + 2n29*(C1a(f) +.1)
+ 2ny(Cu (1) + 1) + 2(Ci3(2) + Cia(2)) + 2,
we get from (3.9)-(3.21) and (3.25)—(3.26)

%E(t) < c(E@) + 1K' £ (1)1

Further, by Gronwall’s inequality

B0 < ek 0% (50 + [[ 1K )1 a) (3.27)
holds. Here, record that
E(1) = |lo(0)ll 7 + 010(0)lI 5 = K u(O)l1 s + 1K ue ()11 (3.28)
from (3.1). Meanwhile, by a*(0,x,&) + (log gx(¢))* < C(EY2
E(0) < GullK™"u(0) || zress + 1K™ s (0) | - (329)

Thus, summing up (3.27), [3.28] and [3.29), we have arrived at the desired [1.7).
Next we shall proceed to a standard verification of the existence of C*®

solution to the problem [1.5), [1.6). In advance, we may rewrite like

t :
et zze + llwelt, e < Co (Huollésw + [|oat || Fpese + L 1f (2 ) rsee df>,
(3.30)

where 7 =/(y) >0 is the same in [2.11). Now let us consider the following
strictly hyperbolic Cauchy problem on [0, 7] x R”
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{L(1,x,0,,0x) — eAx}w(t,x) = f(t,x), (3.31)
w(0, x) = up(x), w:(0,x) = u(x), (3.32)

where ¢ >0 and A, = Z}'zl 6§j (Laplacian). Thanks to the theory of strictly
hyperbolic equations, we know that for any f e C°([0,T); H**), uy e Hst/*!
and u, € H**/ there exists a unique solution u(® e CO([0, T]; H***)N
C'([0, T); H**?) to the problem (3.31), (3.32) (for instance, see Theorem 23.2.2
in L. Hérmander [6]). Since the estimate (3.30) is still available for the problem

(3.31), (3.32), we adapt (3.30) to the sequence {u(®} and so that

t
£ 3 2 2 2 2
4@ ()12 + 162 (D) . < c;,h(nuonw. + el Fone + jo MG dr)

with constant independent of ¢. Hence, by virtue of the diagonal argument we
can extract a subsequence of {u®} such that

u®) — w, weakly in L%(]0, T]; H*),

u® — w, weakly in L2([0, T]; H®).

These imply wy(t,x) = 0,wi(t,x) and w;(f,x) is just a unique solution of the
problem [(1.5), which belongs to C!([0, T); H%). Of course, the solution
possesses the finite propagation property as described in the statement of
Theorem 1.2 (cf., in detail, Theorem 4.13 in J. Chazarain-A. Piriou [2]). The C*®-
regularity of the solution also follows by differentiating the equation in ¢

M 2u(t, x) = zm: <m ) d7{a"(t,x, 8x) + b(t, x,8x) + c(t,x)} - 87 Tu(t, x)

j=0 \\J

m
J

+ i( >6tjd(t, x) - 0™ u(t, x) + ™ £ (¢, x, u(t, x)).
j=0 -

§4. Proof of Theorem 1.1

From now we shall prove Theorem 1.1. Our method relies on a successive
approximation (precisely, the contraction mapping principle).

To begin with, taking the estimate into account, we introduce the function
space X,I as the completion of C°([0, T]); H™(R")) N C([0, T]; H™*~(R")) by
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its norm

Hﬂ$=%ﬁﬂK@%mYWLN@quW@LmY%QJMMmMW,
tel0,

where £ = /(y) > 0 is the identical in [2.1T). Under the guarantee of Theorem 1.2,
the approximate sequence {u(*)(¢,x)} to the solution u(t,x) of the problem [L.1),
is yielded by the recursive procedure below:

L(t,x,0,,0,)u™ (2, x) = f(t,x,u"V(¢,x)),
(0, %) = uo(x),ul” (0, x) = us (x)

for v = 1,2,..., where u(®(z,x) = 0. So we define the mapping ®: X, — X T as
follows: for we X.I, u = ®(w) is the solution of the linear problem

m?2

L(t,x,0:,0x)u= f(t,x,w),
u(0,x) = up(x), u (0, x) = uj(x)

which exists uniquely by and which belongs to X,I' for m large
enough, as can be seen later. Let BT(r) = {ue XT;||u||l < r} for r > 1. Then our
chief task is to find some large r > 1 and small 7 = T'(m,r) > 0 for sufficiently
large m > 1 such that

®: BT (r) —» BI(r), (4.1)
1
10G0) — D)7 < 5 llu = wl (42)
At first it holds that X,I forms a Banach algebra with norm | - II for m large

enough. Indeed, note from (iv) in that
C; | Ko(t, Dx)utll gm < 1K (2, %, D)l g < Cyl| Ko(t, D)utl| gymy (4.3)

where Ko(t,D;) = e ?(¢t,0, Dy). Furthermore, when we put PoA = KopKy' for
p € S(qn(¢ )s/ 2,g0), the next inequality is valid for every integer k£ > O:

A
|p7A|I(cS) < C(k, V)||P“ij;()M)+N+l)]+n+3+k’ (4.4)
where [s] means the maximal integer not greater than a real number s and

Ll A > _
Ipf"™ = max  sup [1Ro0zDEp(x,E)llxcany/an(€) "
= €
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In fact, it follows from Theorem 2.6 (1) of Chapter 2 in H. Kumano-go [9] that
Punlt3,8) = Os- [[mrmMa0Em GO 13, &) dyd,

Also, because of Taylor’s formula

Pa(t,x,&) = DEp(x,E)Au(t, &) + ric(t, %, &) = r(t, %, &) + rie(t,x, &),

|| <k
where

a(t,€) = D;;'(e}“(""v“*W'v"’f*"))|,,=

w(t,x, &) = Z Os- JJ —lyn=yA(t,0,8+7)+7A(2,0,8) “J D%p(x + 0y, &) dOdydy.

la|=k

Here, since [0544(1,&)| < Cupgqn(¢)™™/ by (i) of Lemma 212, we obtain, along
with the Sobolev embedding theorem

Db T (:,)wg’of%(x,é)u|ag"a,s<r,¢')|

|| <k o/ +a"=a

A) s—|al)/2
<G ||P”|(;|.};|ﬂ|+k+,,‘1h(§)( 72,

Meanwhile, as to ry(z,x,¢&)

w(t,x, &) = Zgl Os- JJ e~ n=ALOCHNIAL0.0) (1 E 4 )
|9|=k

J D2 p(x + 0y, &) dodydn,

where p;(t,& + 1) = e?A (604 DIem7AL0EH) . Then

62‘D£rk(t, x, &)

1 ~
252 () 1], €7@z wate e+ nez 2 s+ 03,89) o
fa'ta’=a

|o}=k

o '
= Z Z ( ’) Je—yA(r,o,é+r1)+yA(z,0,«f)(52 us(t, & + ,7))1:((;+(s (x,&,1) d”’
|Ol=k " &'+ =0

where
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el
0 Je—"Y'"ag”D{;‘” p(x + 0y, &) dydf

r1

. n d
[ ertommoa DEap(y. ) Gras

r1
1xr]/00 naa Dﬂ-l—ép( é) do
Jo 6’

and p(n,¢) stands for the Fourier image of p(x,&) with respect to x. Thereby,
because yA < 0, (iii) in Lemma 2.2 and

|aglﬂa(t, E+ )| < Cusqn(& + n)~ W 1HD/2)

we can see that

|agD§rk(z, x,&)|

ey ¥

16|=k al+all=a

Y o
< Cgn(&)™ Y3
< G330

< Cgu(&)C72)| p) &:rM)

(n)k/z w(n )Zy(M+N+l) —yAtOry)lF(“

c el
JO G () K/ MNHD) (=9 (10,1) g

th(é+f7)”k/2q () VMV D MO EED (5, &, 1) | dy

peoldn

g DEp

3

Qh(’?)kﬂﬂy M+N+1) —yA(t 0, ﬂ)lad Dﬂ-!— (”’ é)l dﬂ

lk+4y(M+N+1)+(n+1) /2]+1+k+|a|+lﬂ|

Now, employing (4.3) and with s=0 and k =

”K(t’ X, Dx)—l(u(t,

<|(I-R)"

) )W(t,

g e | K (2, %, D) (2,

[m/2], we enjoy
e

Wt Nl g

< Com(t) D 1103{Ko(t, D) ()w(2))}Hl 2

lal <m

< GO (1Ro(t, D

+ || Ko (2, D )u(

t, ) | Ko(t, Daw(t,

t, - )”Hm/2+[4y(M+N+1)]+n+3 llko(t,l)x)w(t, . )”Hm

) ) ”H'"/2+[47(M+N+l)]+n+3 )
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< Cp,m(D)l1Ko(t, Dx)ult, )l gmllKo(t; Dx)w(t, ) g
< Com(OIK(t,%, D)~ u(t, | gml| K (%, D)7 W(t, g (4.5)

as long as m > 2[4y(M + N + 1) +2n+6.
Next let us look for some nonnegative continuous function ¥, ,(z,s) on
[0,T] x Rf

s 2

”K(t’ X, Dx)—lf(ta ')u(t7 ))”H"’

< !/’y,m(t’ “K(t’x’ Dx)_lu(t’ ) )HH'"O)”K(ta Xy Dx)_lu(tv ) )“H'" (46)

for sufficiently large m > my with my > [n/2] + 1. As can be known from the
observation below, we may seek the above-like function l/;y,m with second ar-

increasing in each argument, such that

gument ||K~'u|| yymzsiaymsnsnjsass instead of ||K~'u||ym, independent of m by use of
(4.5). However, it is not enough to derive the positivity of the lifespan of the
solution to [1.1), in H*. For that aim we require an explicit representation
of d2f(t,x,u(t,x)) (Ja| < m). In order to procure it, heeding that

ofxy)| L, f(txy) oy
axj y:u(t,x) @y 6xj

_ (0 | Ou(t,x) 0
a (axj+ 0x; 6y)f(t’x’ y)|Y=u(t,x)’

Ox, f (8, x,u(t, x)) =

y=u(t,x)

W€ C€Xpress

. (9 ou(t,x) 0\
axf(t,x,u(t, X)) = H('az + _(g“x—)“ 5}) f(t, X, y)ly:u(t,x)
]

J=1

= > xS (t%, )] yeuie )

1Bl+j=||

+ 3 X080 £ (8, %, Y) s -
1Bl4) < fa|-1

j=1, .., |e|-1

Then the coefficients cg’"}(t, x) are determined by the following relations:

( ou(t, x) . .
c’(B?j-'}-ek)(ta X) = cé'o.z_)ek,j(ta X) + _a_)qc'—-c,(??'_l(t) X), if |ﬁ| +J= |d| + 1,

act (1, x) 0
(a+ex) _ 0cg,jly (2) u(t,x) (@)
(1, x) = 6jx + ey, (%) + o, cg i1t %),

Lif |8l 4+ <la| and if j=1,...,]a,
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where ek 1s the unit vector w1th k-th component 1 in R", ¢, 2)(1 x) =1 for |f| =
o], c (tx) 0 for |o| > 1, & (tx)—O for || =1 and for j=1,...,|a| + 1,
and cﬁ,’_l(t, x)=0 for |B] = locl + 1. The above relations involve that we can
represent

3 5k
0 f(t,x,u(t,x)) Z Zj:a f(txy)

|9]+7= Ifxl C k=

y—u(t»x)

% (@Pru(t,x)) - - - (%u(t, x))
ﬂﬁ‘m;ﬂk:ﬂ ﬂ]' e ﬂk' ’ (47)
1Bl=/

Hence, combining (4.3) with [4.7), we can deduce that

IlK(taxa Dx)_lf(t’ "y u(t’ ))”H’” < ”(I_ R)_llle—»H”‘“k(ta x7Dx)f||H"’

< Cn(OIIT = R) Ngmggm D> 11851 (t, %, u(t, X))l 2

|| < m+¢

<Gul) ¥ 555 P

o] < m+¢ |8|+i=|e| k=0 Bi+-+B=P
1Bl=j

)

L

k
=u(t, x)) H afiu
i=1

xay

where, on account of and the Gagliardo-Nirenberg inequality:

k

H &%y
L2

i=1

< c(llvliz=" Y 1%ll,

|o|=7

provided [d1| +---+ |0k| = j (see Lemma 3.10 of Chapter 13 in M. E. Taylor

[13)

k
@0k x s [T ]
i=1

dak
< “a a (tv X, y)‘y:u(t,x)”L;’O

k
H@f"u
i=1
< GO lu@lz=" D l1ozu()ll .

lel=/

< G| Ko(t, D)u() g Y, 1Ko(t, D)™ |2 e 105(Ko (8, D)u(t)) 2.
|e|=j—¢

L
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Consequently
”K(t,x,Dx)—lf(t’ R u(t’ ))”H"’

< Coml(t) D (1 + [1Kou(®)llgmo + -+ + | Kou(t) | im )| Kotu(2) | e

lo] < m+¢

m+/£—1

_<_Cy,m(t) Z ”f(O(tan)u(t)“i{"'o”IZO(taDX)u(t)”H'"
=0

m+£—1

< Com(t) D IK(t, %, D)~ ult, )l gmo 1K (8, %, D)~ u(t, )| -
7=0

Thus we gain (4.6). Here we used the inequality ||v||,« < Cyl|v||ym for m > n/2.
Now, in aid of and (4.6)

T T
D@)[|T < Creh ‘(’)d’{Cy,m,uo,ul + JO W (6, 1K t() | o )L K™ 6 (2) | g dt},

which leads to if T=T,,,>0is small enough, e.g., r = 2C,e™*c01<)C, . .,
and 0 < T <1 with Ty, ,, (1,sup,co gl K~"u(t)ll ymo)r < Cymyuo,u,- Analogously,
we have by means of Taylor’s formula

T T
D) — D(W)||T < eh @4 jo IK™' (2, - u) = f(t, -, W) g

1
T
< CymT = wi} < 5 1w — wil

if T <1/2C, ;. Therefore we conclude that ® is a contraction on BI(r), whose
unique fixed point is the local solution u(tz,x) to the problem (1.1}, [1.2).

For now, the lifespan T of the solution, determined in the foregoing pro-
cedure, may depend on m, and so it may happen that T,, tends to 0 as m does
to co. But we can select T, = T, for all m > my with mg > [n/2] + 1. To this
end, we shall consider the following strictly hyperbolic Cauchy problem on
[0, Tom,) %< RZ(e > 0):

{L(t,x,0;, 0x) — eAx}w(t, x) = f(2,x,w(t, x)), (4.8)
w(0, x) = uo(x), w,(0, x) = u;(x). (4.9)

It we apply the preceding inference to this problem, then there exists a local
solution u, € X,,,TO'"0 on some interval [0, T,]. In the same manner as Section 3 we

also know that for the solution #.(¢,x) to the problem (4.8),
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&2 1K™ e () | s + 1K™ 28](0) |
t - t
<eh ““”S(ch||1<-1uo||i,m+1 + 1K 7 + jo K7 Gs, - es, )l ds),

which derives u; € X,Z;'"jl since ug,u; € Ci°(R") =« H*(R") and f(t,x,u,(t,x)) €

CO([0, T, J; R x H™**(R™)). The above argument can be repeated by induction
on m(= my).
Now we apply to u.(t,x), and then in view of (4.6)

_ 2 — 2
1K ()| + 1K (1) |

1 t
<eh ”(s)ds(ChllK“uon;mn K |2 + jo 1K™ 1 (s, - ue(s, )| 2m ds)

< eh @ (c,,”K—‘uon%,mH + 1K || 3y

+"07,m<Tmoa sup ”K_lue(s)nil'"o)J ”K_lus(s)”;{mds)- (4.10)

s€ [0, Ty 0
Because sup;, TMO]HK“ug(s)Ilfqmo < B < oo from u, e X,,{O'"", (4.10) means that

1K g (4) |2y + 1K 0(2) | 2

t
< c(h, B) (uK"luouzmﬂ + | K| o + jo 1K 1o (5) ] 3pm ds)-
Therefore, defining
t
E5 () = L(uK*‘us(s)n%,m K (5) ) d,
we get
d € h -1 2 -1 2 E¢
— Em(0) < c(h, BY(IK ™ so zymss + 1K~ 11| 5y + B, (1))
and by Gronwall’s inequality
E; (1) < c(h, B, Ty ) (E5,(0) + | K~ so | zpmen + 1K™ 211 3gm),
that is, |
1K ug ()| 7pm + 1K () | 2y
< &(h, B, T (1K up|| Zymer + | K V01 || 5m) (4.11)

on [0, T,,], where the constant in the right hand side does not depend on ¢. As



26 Haruhisa IsSHIDA

before, we may rewrite like

2 2 2 2
s (g + Netg(Dllzzm < (hy B, Ty, ) (llttolggmeesr + Nt [ gymee)

on [0,7,,]. Hence, for each m >mo{u.} is a bounded sequence in
C'([0, T),); H™), and by a fortiori in C?([0, T}y, ]; H™'). Thus we can
extract a subsequence which converges in C!([0, T,,]; H™) for all m > my.
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