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ON THE EXISTENCE AND NONEXISTENCE OF GLOBAL
SOLUTIONS OF SEMILINEAR PARABOLIC EQUATIONS
WITH SLOWLY DECAYING INITIAL DATA

By
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1. Introduction
In this paper, we study the Cauchy problem
u = Au+ |x|°w* inDx(0,T),
(P) u(x,t) =0 on 0D x (0,T),
u(x,0) =a(x) >0 in D,

where 0 > 0,p > 1.
The domain D is a cone in R", such as

D = {x e R"\0; x/|x| € Q},

where Q < S¥~! is an open connected subset with smooth boundary. The
nonnegative initial condition a(x) is continuous and (x)”/?"Vg(x) is bounded in
D and a=0 on 8D ({x) =4/1+ |x*).

Let w; be the smallest Dirichlet eigenvalue for the Laplace-Beltrami
operator on Q, and y, be the positive root of y(y + N — 2) = w;. The following
results are well known by the papers of Levine and Meier [3], [4] and Hamada
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(I) fl<p<1+(2+0)/(N+y,), there is no nontrivial nonnegative global
solution for any initial data.

(II) f p=1+(2+0)/(N+7y,), there is no nontrivial nonnegative global
solution for any initial data.

(IIl) If p> 14+ (24 0)/(N +7,), then there exist nontrival nonnegative global
solutions for sufficiently small initial data.
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In the case (III), it is clear if the initial condition is not decreasing as
|x| — oo, so the solution of (P) is not global in time.

In the case of D=R", when p > 1+ (2/N) and o =0, Fujita [I] proved
that there exist global solutions of (P) with the initial data satisfying

0 < a(x) <& exp(—y|x[?)

for any y > 0 and some 6 > 0.

Our motivation of this paper is to find the critical decay rate of the initial
datum between existence and nonexistence of the nonnegative global solution of
(P).

Throughout this paper we assume p > 1+ (2+0)/(N+y,) and ¢ > 0.

DEerINITION 1.1, For T > 0, u = u(x, t) is called a solution of (P) in (0, T),
if

(A) u is continuous in D x [0,T),

(B) us,uy, and uy,, (i,j=1,...,N) are continuous in D x (0,T),

(C) Nu(D)ll5/(p-1) is finite for each € [0, T),

(D) u satisfies (P),
where [[u(t)ll,/(p—1) = supp(x) /P~ Vlu(x, 1)|.

DeFINITION 1.2, T := sup{T > 0; |[u(?)|,/(,-1) is finite for 0 <t < T} is
called the nontrivial existence time of u. If T = 400, then u is called a global
solution of (P).

The local existence theorem for (P) is stated as follows (see [2, Theorem
1.1)).

THEOREM. For any nonnegative function a =a(x) in C(D) satisfying
lally/(p—1) < 00 and a =0 on 0D there is a solution u(x,1) of (P) in (0,%) such
that ||u(t)||,/(p-1) is finite in (0,t0) where to > 0 depends only on o, p, N and a.

Let {y,},-, be a normalized orthogonal system for the Laplace-Beltrami
operator on Q corresponding to the sequence {w,} of Dirichlet eigenvalues for
this problem and we take y; > 0 in Q.

We assume M(a) be positive constants such that
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(i) f a<(2+0)/(p—1) then M(«) is an arbitrary positive constant,
(i) if a=(2+0a)/(p—1) then

27++62)/2 exp(1/4)T(N/2 +y,.) [q ¥1(0)dSs
(p = DY DT(N +y, — 9)/2) fo, ¥3(0)dSs’

M(x) =

where Q; < Q and |Q;] # 0.
The main results of this paper are the following.

THEOREM 1.1. Let 0<o<(p—1)(N—-2)(N>2) and Q; be stated as
above. We assume |la|l,/,_1) < oo and

(1) a(x) = M{x)"*Y,(x/|x|) forxe {|x| >1and x/|x| € Q:},

where 0 <o < (2+0)/(p—1) and M > M(a). Then the solution of (P) is not
global.

THEOREM 1.2. Let o> (24 0a)/(p — 1). If there exists m > 0 such that the
nontrivial initial data of (P) satisfies

(2) 0 < a(x) < m(x) "y, (x/|x]) forxeD,
then there exists the unique nontrivial global solution of (P).

The paper is divided as follows. In Section 2 we will prove [Theorem 1.1. In
Section 3 we will show the existence of the global solution of (P) (Theorem 1.2)).

2. Proof of

In this section we prove Theorem 1.1.

We introduce the Green’s function G(x,y;t) = G(r,0,p,¢;t) (r=|x|,
0=x/|x|eQ, p=1|y|, § =y/ly| € Q), for the linear heat equation in the cone.

Here

G(x,y, t) = G(ra H,p) ¢; t)

2 2 x

n=1
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where v, = {(N = 2)/2)% + w,}'/?, and

_ (z/2)%* (z/2)"/T(v+1) z—- 0"
(3) Iv(Z)—( ) ZklI‘(v+k+1) {82/\/2; r o 400

(see Watson [5]).
Let v =v(x,?) be a solution of

v, =Av in D x (0, 00),
(H) v(x,1) =0 on 0D x (0,00),
v(x,0) =a(x) inD,

where a(x) is the same initial data as (P).
Then the solution of (H) has the form

o(x, 1) = jD G(x, y; )a(y)dy.

To prove we need the following Lemma (See [2, Lemma 3.2]).

Lemma 2.1. We assume 0<o/(p—1)<N —2. Let T be the maximal
existence time of u, and v be the solution of (H) with the same initial-boundary

condition as u.
Then

v(x, 1) < ((p— DIx|°) /"D in D x (0, T).

ProorF oF THEOREM 1.1. We assume that there exists a global solution of

(P), then from Lemma 2.1 we have
(p— 1)_1/(”_1) > |x|”/(”_1)t1/(1"1)v(x, t) in D x (0,00).

Integrating the above both sides over Q with respect to y,(6)dSy,

o > J 10~V yy(r. 9: ), (6) dSp
Q

— [ rete0ne0 [* [ G0,0,p,4:a(p, $)p¥ ! Sy dph(6) dSy
Q 0 JQ
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<11
— po/(p=1)41/(p-1) - —(N-2)/2
’ ; Jo JQZt(rp)

2 2

x I, (%) exp (— ! Itp )a(p, $)W1(#)p" " dSydp

1
> -
= 2T(n +1)

2
pol(p=D~(N=2)/241/(p=1)~1 gy (_ ;_t)

2

[ ot () e (— %;) alp, $)1(9) dSy dp,

where ¢; = (p — 1)~V Jo ¥1(6) dSs.
By using (1) and vi = (N —2)/2+y,, we get

Cr = 2‘“/2Mr"/(17—1)+y+ tl/(P—l)—N/2—7+

r’ oo N+y,—a—1 p2 2
xexp\ =z )] ), P exp| — - |Vi(4) dSs dp,

where ¢, = 2Vt2+TID(N /24y, )er.
Let r =12 and c3 = ¢22%/? exp(1/4)/fo, ¥1(#) dSy, then for ¢ e (0, 00)

00 2

pN+y+—ot——lexp (_ p_) dp

ey > M@ D/(-D-N=2,)/2 I ’
t

1
> 2Nt p D/ =D=02D (N + y, — ) /2,1/(41)).

Letting ¢ — oo we have reached a contradiction. Thus we have proved
1.1.

3. Proof of Theorem 1.2
In this section we prove [Theorem 1.2
We put

(4) p(x,t) = JD G(x,y,0)(») ¥, (ﬁ) dy.

From (3), we set for some positive constants ¢4 and cs

n 0<z<l,
(5) L(2) < {"’42 :

csz 12z z>1.

Now we estimate the decay order of p(x,1).
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LemMMA 3.1. Assume a> (2+a)/(p—1). Let { ={(x) =0 be

i) lo)=a—a/(p—=1) f (2+0)/(p—1)<a< N+,
(i) {(x)e(2/(p—1),N+y,—0a/(p—1)) ifa=N+y,,
(iii) {(a) =N+y, —a/(p—1) ifa>N+y,,

then there exists a positive constant c¢ such that,
(6) 1x|7/®Vp(x,1) < cs(1+1)~/* forxeD,t> 0.

Proor oF LEMMA 3.1. From (4) we have

70D p(r, 6,1

* 1 —(N- 2472 r _
_ 7,00 Ly -v-22, (7 M\, -2 N-1
[ 0 1m0 e (Y 1, () (207 i 0

_ {j2/+ j:/r}we)

= {4+ B}y, (6).
Then by (5), there exists a constant ¢; > 0 such that

2/ 4 2, .2 i
Loy ND/2 gy (TN (TN 2y a2, N1y
[ g exp (<) (51) ()

2
= C4 (2[) _N/2—7+ ra/(p_l)+7+ exp (_ ;_t)

ufr ’7_2 Ny, —1 2y~%/2 4
x| expl =) (1+7) n
0 t

< C7t(0'/(p_1)_(N+}’+))/2E£/+y+ (r, t)

where

2t/r 2
Eb(r,1) := J CXP(— Z—l‘)”ﬁ—l(l +70)™dy forr,t>0.

0
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When 2+0)/(p—1)<a<N+y,,
N+y /2 2 n* N4y, —a—1
Eoc +(I",t)$2 €Xp —Zl: (1+'7) d”
0

0

< 2«/2J '7N+}'+-—Ot——1 d’?
1

< CSI(N+7+“‘0'/(P"1)*C)/2

for some positive constant cg.
On the other hand, if « > N +7y,,

2t/r ”2
ENt7+(r,1) < 2%/ L exp (— Z;) (1 + gVl gy

e 8}

< 22/a jl ”N+y+——a—1 dﬂ

=c9g < oo foranyr,t>0,

where ¢y is a positive constant.
So, we obtain for any 7> 0

A < max{cs, Cg}t_C/z.

Now we begin to estimate B. It follows from (5), we have

00 1/2 2
B < cs J (l) exp <__ E”_‘_')_) p=(N=1)/240/(p=1) y (N-D)/22 g

2/r 2t 4t
=05 {J + J }
[2t/r,00) N [2r/3,2r] [2¢/r,00)\[2r/3,2r]
= ¢s{J + K}.

First we estimate J. If > r? then J =0. When ¢ < r2,

2 1/2 2 (N=1)/2 , \a
1 (n—r) n) r 1)
J< — =t 7 i Z\ yo/(p—1)—a
<[0.G) (-2 D) @ @
3\ o /1\1/2 (7 —r)?
< 20-172(3Y Jo/(p-1)-0)/2 j 1 _m—r)y
= 2) ! \2) &P a9

< o=@/ -1)12,

where cjp is a positive constant.
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Next we estimate K. If e [2t/r,00)\[2r/3,2r], then |y —r| > (r/3) and
|n —r| > (n/2) > (¢/r). So, there exists a constant ¢;; > 0 such that

12 5
K = J <_1_) exp _(_”;r)_ r_(N_l)/2+”/(P“1)”(N—1)/2—0: dﬂ
(2¢/r,00)\[2r/3,2r] 2t 4t

— oyt (@—o/p-1)/2,

Then we have
B < cs{cio + c“}t—(a—a/(p—l))/z

for ¢t > 0. On the other hand from the definition of { we have { <a— a/(p — 1).
This completes the proof of [Cemma 3.1, since |x|/?Vp(x,) is bounded.

To show the global existence of the solution of (P), we introduce the
following norm,

ulx,t
luf = sup A%
t>0,xeD p(xa t)

For a, u, we define
w() = | 6x,y,0a0)d.
D
and
t
u(x0) = | [ Gy t—obIwe.s)dyds
0Jp
Then the following Lemma is immediate from the definition of | - ||.
LEMMA 3.2. Suppose a satisfies (2) then |ug|| < m.

LemMMA 3.3. For some constant ci; > 0, ®p satisfies

(7) |®p|| < c12.
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ProoF oF LEMMA 3.3. From (6) we have

Bp(x,1) = jo | 6t t= 90,5 dyas
< j;(ceu 970 [ Gl = 9plr,9) dyds
t —¢/2yp-1 — z z_ z
< jo(c6<1+s> % ijDG(x,y,z 96, 2, 5)(2) <| I)af dy ds

= [jestt vt | a0 ()

< c1p(x, 1).
Moreover (7) implies,
(8) 0 < Qu(x, 1) < [[ull”(@p)(x, ) < crallullp(x, 1)

So the following Lemma holds.

LEMMA 3.4. If ||u|| < oo then for some c13 > 0,

1Pu]] < exalfull”.

LeEMMA 3.5. If there exist M < oo such that,

[[ull, [[0]] < 4
then,

|®u — ®v|| < crop st P~V |ju— vl

Proor. By using the mean value theorem
Y1742 (v, ) = |70 (v, )] < Pl (MP(3,9))" " |u(,5) — 0(3, 9)|
< p#"|lu—v|l|y|°p?(,5).
Thus we obtain,
) |@u(x, 1) — @u(x, 1)| < pMP~"||u — v||(®p)(y, s)

< cropM? u—ollp(y, s).
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PrOOF OF THEOREM 1.2. This proof is motivated by the idea given in [1].
We define

Upy) =up+du, (n=0,1,2...).
By and (8), we can take m > 0 such that
luall <2m (n=0,1,2,..)),
and there exists, 0 <d < 1 such that,
(10) lun+2 — tns1|| < O||lthnt1 —unl| (n=0,1,2,...).
So, >°7° lluns1 — un|| converges. Thus there exists a function u such that
lun —ul]| > 0 asn — oo.

The uniqueness is clear from [10).
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