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Introduction

We denote by P (C) an n-dimensional complex projective space with the
Fubini-Study metric of constant holomorphic sectional curvature 4c and M a real
hypersurface in P,(C) with the induced metric.

The problem with respect to the type number ¢, that is, the rank of the second
fundamental form of real hypersurfaces in P,(C) has been studied by many
geometers ([1], [2], [3] and etc.). The second named author [4] proved that
there is a point p on M such that #(p)=2 and M. Kimura and S. Maeda [2] gave
an example of real hypersurface in P,(C) satisfying ¢ = 2, which is non-complete.
Recently, Y. J. Suh showed that there is a point p on a complete real
hypersurface M in P, (C) (n=3) such that #(p)=3.

In this paper we shall prove the following

MAIN THEOREM. Let M be a complete real hypersurface in P,(C). Then
there exists a point p on M such that t(p)2n.

1. Preliminaries.

Hereafter let M (c) (n>2) be a complex space form with the metric of
constant holomorphic sectional curvature 4c and M be a real hypersurface in
M, (c). Choose a local field of orthonormal frames {e,---,e,,} in M, (c) such that
e,,-'+,e,,_, are tangent to M. We use the following convention on the range of
indices unless otherwise stated: A,B,---=1,---,2n and i,j,---=1---,2n—-1. We
denote by 6, and 6,, the canonical l-forms and the connection forms
respectively. Then they satisfy

(L. d,+30,,A0,=0, 8,,+6,,=0.
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We restrict the forms under consideration to M. Then we have 6,, =0 and by
Cartan’s lemma we may write as

(1.2) $.=6,,=3h0, h,=h,.

iy
The quadratic form X 4,6 -6 is called the second fundamental form of M for
e,,- Moreover, the curvature forms ©; of M are defined by
(1.3) ©,=d6,+26, ~6,
We denote by J the complex structure of M, (c). Let (J;» f,) be the almost
contact metric structure of M, i.e., ](e,.) = Zinej + fie,,- Then (J;, f,) satisfies
XJydy = ff; =6, XfJ; =0,

(1.4)
TfP=1, J;+J,=0.

The parallelism of J implies
dj; = Z(Jikokj = Jy6)= 19, + [;0,,

(1.5)
df, =3(£,0, - J,9,)-

The equations of Gauss and Codazzi are given by

(1.6) ©,=0,A0,+cO, A0, +cZ(J, J; +J;J,)0, A6,
(1.7) de, =—2¢, " +cX(fiJ + [;1,)8; A6,
respectively.

2. Formulas.

Let M be a real hypersurface in M,(c), c#0. In this section, we assume that
the rank of the second fundamental form is not larger than m on an open set U. In
. the sequel, we use the following convention on the range of indices:
a,b,---=1,---,m and r,s,---=m+1,---,2n—1. Then for an arbitrary point p in U we
can take a local field of orthonormal frames {e,---,e,,,} on a neiborhood of p
such that the 1-forms ¢, can be written as

¢u = z habeh’ hab = hlm ’

2.1) 5 0.

Here, we put

2.2) 6, =%A,0,+XB,0..

ars



The type number of real hypersurfaces in 2,(() 351

Taking the exterior derivative of ¢, =0 and using and (2.1), we have
Xh,0, A8, —cX(fJ,+fJ,;)0,n0,=0,

i

which, together with [(2.2), implies

(2 '3) 2’(hac/;crb - hbcAcra ) - Cf;l ‘]rb + C-ﬁ) Jm - 2cf‘r Jab = O’
(2’4) Z habBbrs - f;lJI‘S + cf;“]ra - ch;",as = O’
(25) -fv‘]rl - f;‘]rx + zf‘r']st =0.

The above equation is equivalent to
(2.6) fJ, =0.

st

Similarly, taking the exterior derivative of ¢, 6 =3h,60, and making use of

(L., (1.7), (2.1),[2.2) and [2.4)], we get
Z{dhab - z(hacecb + hb 0 - 2"har:Acrber - Cf;) ‘]acec + Cf;"]abec

C T ca

_ch;l ‘]bcec) +c z(ﬁ)‘,urer - f;"]abar + 2f;1‘]hr9r )} A eb = 0’

which yields
( 2 7) dhab - z'(hacocb + hhceca - Z hacAcrber)
' +c2(f, 1,0, = 940, +2f,J,,6,)=0 (mod 6,)

Now, we quote two Lemmas.

LEMMA 2.1 ([3]). Assume that J,(p)=0 at a point p on M. Then t(p)=n-1.
Furthermore, the equality holds if and only if f, =0 and J, =0 atp.

Here, we denote by T the maximal value of the type number ¢.
LEMMA 2.2 ([3]). If J,=0o0n U, then T2n on U.

PROOF. If T < n, then owing to Lemma 2.1, we see that T=n-1, f, =0 and
J, =0 on U. For a suitable choice of a field {e,} of orthonormal frames, we
canset f,, ,=1and f, =0 for r=n,---,2n—2. Then, by means of (1.5), we get

0=df, =6,

n—l,a,

where we have used (2.1). Thus, taking account of [2.2), we find B,,, , =0.
On the other hand, if we put r=2n-1 and s#2nrn-1 in [2.4), then we have
J,, =0 for s#2n—1, which contradicts the fact that rank J=2n-2. ]

REMARK. [Lemma 2.2 was proved in [3] but the proof is incomplete.
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In the remainder of this section, we shall obtain further formulas. First of
all, we define the open set V; by
V, ={peM|t(p)=T}.
Next, in order to prove our theorem we shall lead a contradiction by assuming

the following:

2.8) Vpe V., YU(p), g€ U(p) suchthat J, (q)#0,

where U(p) denotes a neighborhood of a point p.
Moreover, we consider the open set V; defined by

Vi={peV;|J, (p)=0}.

Since V] is dense subset of V; by the assumption [2.8)], any equality obtained on
V/ holds also on V,. Hence, we may assume V;=V, whenever we treat
equalities. Therefore, from [(2.6) it follows that f =0 on V,. Consequently, we
may set f,=1and f, =0 for a=2,---,T. This and (1.4) show

(2.9) J,=0,J,=0.

la

Furthermore, the fact that df, =0 and df, =0 tells us

(2'10) ela = _Z‘]ab¢b’
(21 1) Alru = Zhuh‘]br’
2.12) B, =0,

where we have used (1.5), (2.1) and [2.2).
From [(2.4), we have

(213) Zhuthrx =Cf‘]

avry *

On the other hand, if we take the exterior derivative of (2.10) and make use
of (1.3)~(1.7), (2.1),(2.2), (2.7) and (2.9)~(2.13), then we find

c6,A0,=%J,h,A,,0,~0 +2cXJ, J, 60,10,.

ar

Pick out the coefficients of 8. A0, in the above equation. Then from (1.4) and

we can get
Z‘Iab‘]b(' = 0

and so

(2.14) J,=0.
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This and give

(2.15) 6, =0.

la

Moreover, from [(2.12) and [2.13) it follows that (cf.[3])
(2.16) det (h,)=0 (a,b=2,---,T).

Thus, for a suitable choice of a field {e,} of orthonormal frames, we may set

(2.17) h,=A6, (ab=2,-T).

a

Combining [2.17) with [2.16), we can set A, =0. Since det (h,)=—h3A;--A,, it
follows that

(2.18) h,#0 and h,=21,#20 (a=3,---,T)

because det (h,) does not vanish on V.
On the other hand, the equation [[2.1T), together with [(2.9) and [2.17), yields
(2.19) A,,=0.

Now, puta =2 and b>3 in [2.3). Then, using [2.11), (2.17) and [2.18), we
find

(2.20) A,, =hyd, (b23).

Similarly, puta =1 and b = 2 in[(2.3) and use [2.8). Then we obtain
z'(hlaAarZ - hZaAarl ) + C‘IZr = O .
It follows from [2.11), (2.17), [(2.19) and [(2.20) that the above equation can be
reformed as

(2'21) h|2A2r2 = h12 2’hla‘]ar - h12 %zhla‘]ur - CJZr :

We puta =2 and b=3 in (2.7) and take account of [(2.14), (2.15) and [2.17)|.

Then we have

h,,6,, —h, 2A,,0, =0 (mod 6,),

which, together with [(2.9), (2.11) and [(2.18), leads to
(2.22) 6,=h,2J,0, (mod@,) for b=3.

Last,puta =1 and b =2 in (2.7). Then from [2.14) and [(2.15) it follows that
dhy, — Z(h,6,, =X h,A,,0,)+2c2J,,0,=0 (mod 6,).

Combining this equation with (2.9), and (2.19)~(2.22), we get a key
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equation

(2.23) dh, +(h," +¢)XJ,,6,=0 (mod 6,).

3. Lemmas.

In this section, we use the same notion as one in section 2 unless otherwise
stated. From now on, we suppose that M is complete. For simplicity, we put
F = h,,. Then the equation (2.23) is equivalent to

(3.1) dF +(F*+¢)3J,,0,=0 (mod 6,).

Here, we note that J,, #0 everywhere on V, because of (2.9), and the
fact that rank J = 2n - 2.

Let p be any point of V; and let a: I — V, be a maximal integral curve of the
unit vector field XJ, e, on V; through p. Assume that / has an infimum or a
superemum, say #,. Then we have

LEMMA 3.1.
()20 (a=3,---,T)

aa

limh
14,

PROOF. Put a=>5b(=3) in (2.7). Then from [(2.14), we get
dh,-2%h,6, +>h A6 =0 (mod 6,).

aa ac ca ac cra=r

From [(2.9), [(2.11),(2.15) and [(2.17), it follows that
(3.2) dh,+h, Y(h,J, +A, )0, =0 (mod 6,).

aa aa alY ar ara

We restrict the forms under consideration to . Then becomes

dz}'—"+h Sty + Au))2, =0, 1EL

aa alY ar ara

On the other hand, since M is complete, there exists a limit point lim,_, . o)

i

on M. Suppose that lim,_, & (a(t))=0. Then from the above differential

1ty " Caa

equation, we have h,, =0 on V;. This contradicts the fact (2.18). O

LEMMA 3.2.

lim F(a(1))=0.

=1

PROOF. Assume that lim,_, F(a(1))#0. Owing to Lemma 3.1 and the
definition of the open set V,, we see that «(t,)eV,, which contradicts the
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maximality of the integral curve . L]

4. The proof of Main Theorem.

In this section, we keep the notion in sections 2 and 3. Put ¢, =inf /(= —o)
and f, =supI(< ). Then there are four possibilities of an open interval (z,¢,).
Namely, the interval I is one of the following:

(1) —oo<t,t, <oo,

(2) —oo=t,t, < oo,

(3) —oo<t,t, =00,

(4) —oo= 1ty = oo,

On the other hand, by virtue of the function F defined on an open interval
(t,,t,) satisfies

dF
F’+c¢

(3.3) +dt=0.

Here, we consider the case where ¢>0. Then solving this differential equation

(3.3)], we have
(3.4) F(a(t)) =—~/ctan~c(t—1,),

where 1, =t, or ¢, in the cases (1)~(3) and ¢, is some constant in the case (4).

In order to prove our theorem, it suffices to show that we lead a contradiction
at any case because of Lemma 2.2 and the assumption [(2.8).

Combining [Lemma 3.2] with the fact that J,, #0 everywhere on V,, we see
that the case (1) can not occur. In fact, owing to it is seen that there
exists a real number ¢’ such that 7, <’ <t,, dF=0 at o(t’) Then the differential
equation gives J,, =0. This contradicts.

Moreover, in the cases (2)~(4) we note that the function tan of the solution
can not be defined for all 7€ R but F(a(?)) is defined on (¢,,¢,), where #, or
t, is oo. Thus, from it follows that the cases (2)~(4) can not occur
too.

It completes the proof of Main Theorem.

REMARK. In the case where ¢ < 0, solving the differential equation we
have

(1) Flam)=k,
(2) F(o(t)) =k tanh(k(t +d)),
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(3) F(a(t))=k coth(k(t+d)),

where k=+/—c and d is real number. Therefore we can not apply the above

arguments to this case.

Open Question.
Does there exist a complete real hypersurface M in P,(C) such that #(p)=n
for a point p on M?
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