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§1. Introduction

A linearly ordered topological space (abbreviated LOTS) is a triple
(X,A,<) ,where(X,<)is a linearly ordered set and Ais the usual interval topology
defined by <.Throughout this paper, A, A(<)or A, denote the usual interval topology
on a linearly ordered set (X,<).

A generalized ordered space (abbreviated GO-space) is a triple (X,7,5),
where (X,<)is a linearly ordered set and T is a topology on X such thatAc <t
and 7 has a base of open sets each of which is order-convex, where a subset A of
X is called order-convex if xe A for every Xx lying between two points of A.
For a GO-space (X,7,<) and Yc X, t|Y denotes the subspace topology
{UNY:Uert}onYand <|Y denotes the restricted ordering of < on Y. If it will
cause no confusion, we shall omit A (or 7) and <, and say simply “X is a
LOTS (GO-space)”. A topological space (X,7), where T is a topology on a set
- X, is said to be orderable if (X,7,<) is a LOTS for some linear ordering < on X.
Similarly, we say simply “ X is an orderable space” if it will cause no confusion.
A LOTS Z=(Z,A,<,) is said to be a linearly ordered extension of a GO-space
X=(X,1,<,) if XcZ, t=A]|X and <,=<,|X. Furthermore, if X is closed
(resp., dense) in the space (Z,A), then Z is said to be a linearly ordered c-
extension (resp., d-extension) of X. Similarly, an orderable space Z=(Z,1,)is
said to be an orderable c- (resp., d- )extension of a GO-space X =(X,7, <) if X
is a closed (resp., dense) subset of Z and 7, =7,|X. Note that every GO-space
has a compact linearly ordered d-extension ([5, (2.9)]).

Throughout this paper, we use the following notation: Let (Y,A,<) be a
LOTS. For a GO-space (X,7,<) with the same underlying set Y and the same
order <,wewrite X = GO, (R,E,I,L) where I={xe X:{x}eT-A}, R={xe X:
[x,>)eT-A}-I,L={xeX:(«,xlet—-A}-TandE=X-(IURUL).

The following problem naturally arises.
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PROBLEM 1.1. Let P be a topological property. Does a GO-space with P
have an orderable extension with P?

Concerning this problem, metrizability and (hereditary) paracompactness
have affirmative answers (see [5]). But perfectness is unknown, where a
topological space is perfect if each closed subset is a G;-set. The following

problem was posed in [3, Question 1].

PROBLEM 1.2. Does every perfect GO-space have aperfect orderable
extension?

In connection with this, the following is known from [5, (5.9) and (7.2)]: The
Sorgenfrey line S is a perfect GO-space, but it does not have a perfect orderable
c-extension.

However, S does not answer Problem 1.2 negatively, since the LOTS
S x {0,1} with the lexicographic ordering is a perfect linearly ordered d-extension
of §.

The following problem which is a strong version of Problem 1.2 was posed in
[2, “Posed problems” No. 8] or [6, Question (V)].

PROBLEM 1.3. Does every perfect GO-space have a perfect orderable d-
extension?

In connection with this, a partial negative answer was given in [8]; that is,
there exists a perfect GO-space which does not have any perfect linearly ordered
d-extension.

In this paper, we investigate some conditions in which we have affirmative
answers of Problems 1.2 and 1.3. Throughout this paper, we use the letter @ to
stand for the set of all natural numbers or the countable cardinality. For undefined
terminology, we refer the reader to [4].

§2. Some conditions in which problems 1.2 and 1.3 have
affirmative answers

In this section, for a GO-space X ,we define LOTS’s H(X), L(X), M(X)and
N(X), and investigate some conditions in which Problems 1.2 and 1.3 have
affirmative answers.

DEFINITION 2.1. Let X =GO, (R,E,I,L) be a GO-space on a LOTS Y. Let
I, ={xel: thereisa ye X such that y<x and (y,x)=¢}, I_={xel: there is a
y€ X such that x<y and (x,y)=¢} and I, =1—-(I, Ul ). We define subsets
H(X), L(X), M(X) and N(X) of X x[-1,1] as follows:
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1) HX)=(Xx{0HhU(RUI)x(=L0)w (LY 1) O, ) ul, x(=L1D).
2) LX)=(XxX{0hHURUI)HRUI )x{-1hu((Lul,)x{lhu(l,x{-11}).

(3) M(X)=(Xx{0})U(RX(=1,0)U(Lx(O,D)u(l x{-1})u
UL, x {1 U, x {-1,1}).

(4) NX)=Xx{0hURx{-1hHu(Lx{IlHuU(l x(-1,0)v
(I, x(0,1))u, x(-1L1)).

Throughout this paper, H(X), L(X), M(X) and N(X) will be ordered
lexicographically and will carry the usual interval topology of the ordering. Then
it is easy to see that e,:X—> H(X), e, : X—>L(X), e, : X—> M(X) and
ey : X > N(X) defined by e.(x)=(x,0) are order-preserving homeomorphisms
from X onto the subspace X x{0}. Note that L(X) is the same space as the
LOTS X defined in [8], and L(X) is the minimal d-extension of X ([8, (2.1)]).

Now we obtain the following theorem which is an affirmative answer for
Problem 1.2 in a restricted situation. A “ O -discrete set” means the union of
countably many discrete closed sets.

THEOREM 2.2 Let X =GO, (R,E,I,L) be a perfect GO-space. Then H(X) is
perfect if and only if RU L is a0 -discrete set of X.

PROOF. “Only if” part: Let H(X) be perfect and let U= Rx(-1,0), then
U is an open set in H(X). Put U=U{F, :ne w}, where F, is closed in H(X).
Let K, ={xe R:{(x,y)€ F, for some ye(-1,0)}. Then R=U{K, :n € w}. Suppose
that K, has a cluster point p in X. Since p is not an isolated point, we may
suppose that pe E’URU L, where E’= E—{x:x is an isolated point of X}. We
prove that (p,0) is a cluster point of F, in H(X). Let V be a neighborhood of
(p,0) in H(X). :

Case 1: Let pe E’. There exist points a, b of X such that a<p<b and
W = ({a,0),(b,0)) is contained in V, where ({a,0), {b,0)) is an interval in H(X).
Since an interval (a,b) in X is a neighborhood of p in X, it follows that
(a,b)n(K,—{p})#¢.Hence WNEF, #¢. Therefore, VNF, #¢.

Case 2: Let peL. There exists a point a€ X such that a<p and
W =({a,0),{(p,0)]cV. Since (a,p] 1is a neighborhood of p in X,
(a,pIN(K,—{p})#¢.Hence WNEF, #¢,s0 VNEF, #¢.

Case 3: Let p € R. The proof is similar to Case 2.
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Since (p,0) ¢ F,, this contradicts the closedness of F,. Thus K, does not have
a cluster point in X, that is, K, is discrete, closed and R=U{K,:new} is O-
discrete in X . Similarly, L is O -discrete in X. Thus RUL is O -discrete in X.

“If” part: Let RUL be O -discrete in a perfect GO-space X. Let U be
open in H(X). First, we show that Un(Ix(-1,1)) is F, in H(X). Since I is
openin X, 7/ is F,in X i.e.,I =U{F, :new}, where F,is closed in X.It is clear
that U N (I x(-1,1)) =U{UN(F, x(-1,1)):n e w}.Letx € F, Since U N ({x} x(-1,1))
is homeomorphic to an open subset of (-1,1), we can express as
Un({x}x(=1,1)=U{F(x,n,k):k € w}, where F(x,n,k) is closed in H(X). Set
G(n,k)=U{F(x,n,k):xe F,}. Then G(n,k) is closed in H(X). In fact, let
(x,t) e G(n,k). If xe X—F, and t =0, then there is a neighborhood V of x in X
such that VN F, =¢. Then W =(V x(-1,1)) " H(X) is a neighborhood of (x,0) in
H(X) such that WNG(n,k)=¢.1If xe URUL and (x,t)e H(X)—G(n,k) with
t 20, then it is easy to see that there is a neighborhood of (x,#) in H(X) that
does not meet G(n,k). If xeF, and (x,0)e€ H(X)—-G(n,k), then we can find a
neighborhood of (x,0) in H(X) that does not meet G(n,k) since xel,Ul, Ul .
Hence UN(F, x(-L1)) is F, in H(X). Therefore Un(Ix(=1,1)) is F; in
H(X). Next, since R is 0 -discrete in X, we can write R=U{R, :n€ w}, where
each R, is discrete, closed in X. It follows from the above argument that
UN(R,x(-1,0]) is an F_-set of H(X) using the discreteness of R,. Hence
UN(Rx(-1,0]) is F, in H(X). Similarly, UN(Lx[0,1)) is an F,-set of H(X).
Finally, we show that E X {0} is covered by countably many closed sets of H(X)
that are contained in U. To see this, it is enough to notice that UN(Ex{0})c U
N(Xx{0})cU and UN(Xx{0}) is an F,-set of H(X), because X x{0} is a
perfect, closed subspace of H(X). Therefore, U is an F,-set of H(X) and H(X)
is perfect.

REMARK 2.3. In this theorem, we may take a LOTS X" (see [5,(2.5)])
instead of H(X) since X  can be embedded in H(X). For a GO-space
X=(X,1,<), X" was defined in [5, (2.5)] as follows: Let 1 = A(<) be the usual
order topology on X. Define a subset X* of XxZ (where Z is the set of all
integers) by X =(Xx{0)u {{x,n):[x,2)eT—-A4 and n<O0}u{{x,m): («,x]
€T—A and m<0}.

The following theorem is an affirmative answer for Problem 1.3 in a

restricted situation. We use an abbreviation “ccc” to stand for the “countable
chain condition” (i.e., every disjoint collection of open sets is countable).
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THEOREM 2.4. Let Y be a LOTS satisfying the ccc, and X =GO, (R,E,I,L)
be a GO-space. Then L(X) is perfect if and only if |I|ISw, where |I| denotes
the cardinality of I.

PROOF. “If” part: We shall show that L(X) satisfies the ccc. Then L(X)
is perfect by [5, (2.10)] and [4, 3.8.A. (b)]. Let {U,:cx € A} be a family of
disjoint open sets of L(X). Then we show that A is countable. Let (x,#)eU,
with xe RULUE . Then U, N X contains a nonvoid open set of Y. Hence such
U,'s are countable, because Y satisfies the ccc. Since 7 is countable, A is
countable. Therefore, L(X) satisfies the ccc.

“Only if” part: Let L(X) be perfect. Since /X {0} is open in L(X), we can
express as IX{0}=U{F :new}, where F, is closed in L(X). Let
xe(_VIl,))NE,. Since (x,—1)e L(X)—-F,, there exists a neighborhood V of
(x,—1) in L(X) such that VN F, =¢. Hence there is an a, € X such that a, <x
and (a,,x)y NF, =¢, where (a,,x), denotes an interval in X. If xel NF,,
then a, is taken as the predecessor of X. Similarly, there is a b, € X such that
x<b,  and (x,b,)yNF,=¢. So, for each xeF,, there exists a neighborhood
(a,,b,) of x in Y such that (a,.,b )NF,={x}.Let x#y for x,yeF,, say x<y.
If (a,.b,)N(a,,b,)# ¢, then the set (a,,b )" (a,,b,) does not meet F,. In this
case, we choose the intervals (a,,b,) and (b,,b,) as the disjoint neighborhoods of
x and y in Y, respectively. Since Y satisfies the ccc, F, is countable. Hence 7

is countable.

REMARK 2.5. If a GO-space satisfies the ccc, the answer of Problem 1.3 is
“yes”, as was announced in [2, “Posed problems” No. 8].
THEOREM 2.6. Let Y be a LOTS satisfying the ccc, and X =GO, (R,E,I,L)
be a GO-space. Then M(X) is perfect if and only if | ROULUIIS®w.

PROOF. “If” part:  Suppose that IRULUIIK® and Y satisfies the ccc.
Then it is enough to show that M(X) satisfies the ccc. Then M(X)is perfect by
[5,(2.10)] and [4, 3.8.A.(b)]. Let {U, : x € A}be a family of disjoint open sets of
M(X). Since [ is countable, A, ={axeA:(Ix{-1,0,1}nU, # ¢} is countable.
Since R is countable and (-1,0] satisfies the ccc, A, ={aae A:(Rx (-1,0))nU,
# ¢}is countable. Similarly, A, ={ae A:(LX[0,1))nU, # ¢} is countable. Set
A, ={aae A (Ex{0})nU, # ¢} and take an element a € A;. Since U, contains a
non-void open set, A, is countable. Hence A=A, UA, UA, UA, is countable.
Therefore, M(X) satisfies the ccc.
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“Only if” part: Let M(X) be perfect. Since I x{0} is open in M(X), we
can express as U{F, :ne€ ®}, where F, is closed in M(X). Note that each F, is
not necessarily closed in Y. However, the proof of “Only if” part of Theorem 2.4
shows that 7 is countable. Next, the proof of “Only if” part of Theorem 2.2
shows that R and L is O -discrete in X. Set R=U{R, :new}, where R, is
discrete closed in X. For each xe R, we can take a neighborhood [x,b,) of X
in X such that [x,b,) "R ={x}. It is easy to see that a collection {(x,b,):x€R,}
of open intervals in Y is pairwise disjoint and each member (x,b,) is not empty.
Hence R, is countable because Y satisfies the ccc, |RIS@. Similarly, ILIS®.
Therefore, it follows that IRULU I IS ®.

We close this section with the following theorem.

THEOREM 2.7. Let Y be a LOTS satisfying the ccc, and X =GO, (R,E,I,L)
be a GO-space. Then N(X) is perfect if and only if Isatisfies the following
condition:

(C)lis a countable union of its subsets H, (n€ ), and for each n€® and
x€ RULVUE,there are points a,b€ X such that a<x<b and (a,b)nH, =¢.

PROOF. “If” part: Suppose that I =U{H, : n € w} satisfies the condition (C).
Let U be an open subset of N(X). Then we shall show that U is F, in N(X) by
the following three steps.

Step (1): Let U be an open subset of I(N)=(Ix(-1,1))n N(X). Note that
I(N) is open in N(X). Set H =H,nr(U), where m:XX(-1,1)> X is the
projection. For each xeH!, we set ({x}x(=1,))NU=U{F(x,nk): k€ w},
where F(x,n,k) is closed in N(X). Then G(n,k)=U{F(x,n,k):xe H’} is closed
in N(X). We prove this as follows:

Case 1. Let <y,r> N(X) with yelI—-H,. Then ({y}x(-LL1))NN(X) is a
neighborhood of (y,t) in N(X) and does not meet G(n,k).

Case 2. Let (y,t)e N(X) with ye RU LU E. Then, by the condition (C),
there exist a,be X such that a<y<b and (a,b)nH,=¢. If aeH, and
(a,y) # ¢, there is an a’€ X such that a<a’<y. Then ({a’}x(0,1))"U =¢ since
(a,y)"H'=¢. If aeH! and (a,y)=¢, we set a’=a. Then a’el_ and
({a’}x(0,1)NU =¢ since ({a’}x(O0,D))NN(X)=¢.1If aeH,, we set a’=a. In
all cases we considered, ({a’}x(0,1))NG(n,k)=¢. Hence ({a’,0),{y,1)ING(n,k)
=¢. Similarly, there is a b’€X such that y<b’<b and [(y,2),(b’,0))N
G(n,k) = ¢. Therefore, ({a’,0),(b’,0)) is a neighborhood of (y,t) in N(X) and
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does not meet G(n, k).

Case 3. Let(y,1)e N(X)—G(n,k) with ye H’. Since F(x,n,k) is closed in
({x}x(-1,1)) " N(X) for each xe H/,
N(X) which does not meet G(n,k).

Since U=u{G(n,k):new,kew}, U is F, in N(X).

Step (2): Let U be a convex open subset of N(X). Then U can be
considered as an interval of N(X) or N(X)", where N(X)' is the Dedekind
compactification of N(X). We consider the following two cases: (i) U is of the
form (a,b),[a,b),(a,b]l,(a,—), etc., where a,be N(X); (ii) U is of the form
[a*,b*]N"N(X),[a*,>]NN(X), etc., where a*,b" are gaps of N(X) and
[a*,b*] denotes an interval in N(X)"; (iii) U is of the form [a®,b) N N(X) or
(a,b")NN(X).

Case (i): It is sufficient to consider the case U = (a,b), because other cases

there exists a neighborhood of (y,t) in

are similar to and simpler than that case.

First, we prove that N(X) is first countable. Let (x,t)eN(X). Since Y
satisfies the ccc, Y is perfect. Hence Y is first countable ([1, 2.1]). If x has the
immediate predecessor x’, we set g, =x’ for all k € w. Otherwise, there exists
an increasing sequence {a, : k € @} which converges to X. Similarly, if x has the
immediate successor x”, we set b, =x” for all k € . Otherwise, there exists a
decreasing sequence {b, : k € ®} which converges to x. Then {(a,,b,):k € w} is a
neighborhood base at x e Y.

Case 1. Let {(x,t)e(Lx{0}))U(Rx{-1}). Then {({a,,0),{(x,t)]:kew} is a
neighborhood base at (x,t) in N(X).

Case 2. Let {(x,t)e(Lx{1}) U(Rx{0}). Then {[{x,1),{b,,0)):kew} is a
neighborhood base at (x,t).

Case 3. Let xeE (hence t=0). Then {({q,,0).{b,,0)):kew} is a
neighborhood base at (x,0).

Case 4. If xeI,then itis clear that N(X) is first countable at (x,¢).

As we have shown that N(X) is first countable, there exist decreasing
sequence {a,} converging to a and an increasing sequence {b,} converging to b.
Therefore U =uUl{[a,,b,]:nc w} is an F,-set of N(X).

Case (ii): It is sufficient to consider the case U =[a",b"]NN(X), and a*,b"
are gaps of N(X), because other cases are similar to this case. Since
U=N(X)-({(«,a)u(b*,-)NN(X), U isclosed in N(X).

(iii) This is done by mixing proofs of Cases (i) and (ii).

Step (3): Express U as the union of the collection {U,:x € A} of all
convex components of U in N(X). Set B={aacA:U, cI(N)},A={aa€A:U, is
not contained in I(N)} and V=U{U,:aeB}. Then U=VU(U{U,:xe€ A}),
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where V is open in I(N) and U, is a convex open subset of N(X) for each
aeA. Each U, (axeA) contains a point (x,r) which belongs to
(Ex{0}) U (Lx{0,1}) U (Rx{=1,0}). It follows that, for each @ € A,U, N (X x{0})
contains a nonvoid open set of Y. Since Y satisfies the ccc, it follows that
|AIKw. V and U, are F, in N(X) as shown in Steps (1) and (2). Hence U is
F, in N(X). Thus N(X) is perfect.

“Only if” part: If N(X) is perfect, I(N)=(IXx(-1,1))"N(X) is an F,-set
of N(X). Let I(N)=U{F,:new}, where each F, is closed in N(X). Then
I=U{H, :new}, where H, ={xeX:<x,0>eF])}. We shall show that
I =U{H, : n € w} satisfies the condition (C) as follows:

Case 1. Let xe L. Since (x,0)¢ F, and F, is closed in N(X), there exists a
neighborhood V of (x,0) in N(X) such that VN F, =¢. Hence there exists ae X
such that a<x and ({a,0),{(x,0)]cV. Therefore, (a,xX]"H,=¢. Since
(x,1) & F,, there exists a neighborhood W of (x,1) in N(X) suchthat WNF, =¢.
Hence there exists be X such that x<b and [{x,1),(b,0))cW. Hence
[x,b)nH, =¢. Therefore, (a,b)nH, =¢.

Case 2. Let x € R. The proof is similar to Case 1.

Case 3. Let xe E. Since (x,0) ¢ F,, there exists a neighborhood V of {x,0)
in N(X) such that VN F, = ¢. Hence there exist a,b€ X such that a<x<b and
({a,0),{b,0)) c V. Therefore, (a,b)nH, =¢.

This completes the proof of Theorem 2.7.

§3. Examples

In this section, we present several examples.

EXAMPLE 3.1. The following two examples show that the condition “ccc” is
needed in Theorems 2.4 and 2.6.

(1) Let Y=w,,X=GO,(¢,Y,0,0)=Y, where , is the set of all ordinals
less than @,. Then L(X)= M(X)=X is not perfect, but I /I=sIRULUII=I¢ILw.
Notice that Y does not satisfy the ccc.

(2) Let Y=w,x[0,1) be a LOTS with the lexicographic order. Then Y is
the long line (see [4]). Each point may be thought of as o+ x, where o € ®, and
x€[0,1). Let X=GO,(Yimw,,Y -w,,w, —(¢imw,),p), where lim , denotes the
set of all limit ordinals less than ,. Then it is easy to see that
M(X)=(Xx{0h)u((limw)x(-1,0) U ((w, —(limw,))*x{-1,1}) and M(X) is a
pairwise disjoint union of clopen metrizable spaces. Thus M(X) is metrizable
(hence, perfect). But |/I=lw, - (/imw,)l=w, >®w and |RI=l¢im w, I>®. Notice
that Y does not satisfy the ccc.
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EXAMPLE 3.2. Let Y =w, X[0,1) be the same space as Example 3.1 (2). Let
X=GO,(w,,Y-w,0,0). Since , is the set of all ordinals less than ®,, it
follows that X is a pairwise disjoint union of clopen metrizable spaces
{z:a<z<o+l,xew,}, thus X is metrizable (hence, perfect). Since
N(X)=(Xx{0})u(w, x{-1})contains a subspace w, x{-1},N(X) is not perfect.
Since I(= ¢) satisfies the condition (C), the ccc is needed in Theorem 2.7.

EXAMPLE 3.3. Let K=[0,11-U{(q,,b,):new} be the Cantor set,
A={a,:new},B={b,:new} and Y =[0,1] be the usual unit interval. Let
X=GO,(A,Y-K,K-(AUB),B). Then X is a metrizable (hence, perfect)
space, because {B(i,n):i,new}u{{x}:xeK-(AUB)} is a O -discrete base
for X, where {8(i,n):n € w} be a 0 -discrete base for [a,,b;]. But N(X)=(X X
{ODUAX{-1HhuBx{IHuU((K-(AuB))x(-1,1)) is not perfect. On the
contrary, suppose that N(X) is perfect. Then an open set
IX(-1,)=(K—(AuB)x(-L1) of N(X) is F,. Let Ix(-1,1)=U{F, :necw},
where each F is closed in N(X). Let H,={xeK:<x,0>eF,}. Then
K=(U{H, :new})u(ui{a
For a while, we consider the wusual topology on K. Since

- K=(U{C1 H, :new})v(U{{a,,b,}: n € w} is a countable union of closed subsets
of K, by the Baire Category Theorem, there is an n€® such that Cl H,
contains a non-void open set U of K. We may assume that U=U’"NK, where

b,}:new}) is a countable union of subsets of K.

n?

U’ is an open interval in R. We shall show that there exists a point q, e ANU".
Since U'NnK # ¢, there is an xeU’'NK . If xe B, then there is an a;, € A such
that x <a, and a, e U’ since U’ is an open interval containing x and K is the
Cantor set. Similarly, if x € K—-(A U B), then there is an a, € A such that g, <x
and a, € U’. Hence there exists an a,€e ANnU’. Since q,eUcCCl H,. a; is a

1

in K, and hence (a;,—1) € N(X) is a cluster point of F, in

n

cluster point of H,
N(X). This contradicts the closedness of F,. Therefore, N(X) is not perfect.

It follows from Theorem 2.7 that 7 does not satisfy the condition (C).

On the other hand, I=K-(AuUB) is a closed set of X. Therefore this
example shows that, in Theorem 2.7, the statement “ 7 satisfies the condition (C)”

can not be weakened by “ 7 is F_ in X”.

ExXAMPLE 3.4. Let R and Q be the set of all real numbers and all rational
numbers, respectively. Let K be the Cantor set and 7T=U{K+qg:q€Q} where
K+g={x+q:xeK}.Let X=GOxg(R-T,9,T,¢). Since T satisfies the condition
(C), N(X) is perfect by Theorem 2.7. However, L(X) is not perfect by Theorem
2.4. We do not know whether this example has a perfect orderable d-extension.
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(This example was announced in [7].)

(1]
(2]
(3]
(4]
(5]
(6]
(7]

(8]

oo®
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