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1. Introduction and statement of the result

Let M be a smooth oriented 4-manifold, which admits an open subset K
with one end N and an open submanifold W, with two ends N_, N,. W, W,, -
denote copies of W,. The 4-manifold M will be called end-periodic if it admits
a decomposition M=K\ yW,JyW, ,\U---, where NCK is identified with the end
N_ of W, and the end N, of W, is identified with the end N_ of W, and so
on. Let Y be the compact oriented 4-manifold which is obtained from W, by
identifying the two ends. The manifold ¥ has a Z-cover Y= UsW_UxsW,
UnyW,Unw--+ with projection x: Y—Y.

A geometric object on M, a vector bundle, a connection, a differential
operator, a Riemannian metric etc. will be called end-periodic if its restriction
on End M=W,\JyW,Uy--- is the pull back by = of an object on Y. By making
use of a smooth function ¢: Wy—[0, 1] such that ¢|y_=0 and ¢|y,=1, we obtain
a smooth step function z: M — [0, ) such that z|x=0 and =(x)=n-+t(x) if
xeW,, n=1, 2, ---.

Let P—M be an end-periodic principal SU(2)-bundle, and A, be an end-
periodic connection on P which is isomorphic over End M to the product con-
nection on End MXSU@2). Then by the lemma 7.1 in [11],

z=<1/8n2)SMzr(FAo/\FAO)

is an integer, where tr(-) is the trace on the adjoint representation of the group
SU@2). Let E—~M be an end-periodic vector bundle. Put Li.(E)= {section u
of E; ueL*E|, for every measurable AGM} and denote by |-[ 4, the norm
by the covariant derivative V, : C3(E)—>CYEQT*M) of compactly supported
smooth sections. Further V¢ denote the ;j times iterated derivative V,---V,.
For >0, we put
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A 0)={As+a; ac Lt oc(adPRT*M)
with norm SMe"’{ZLolVﬁ{;,’alz}<°°} ,

and define the small gauge group &,={h& L% oc(Aut P); V4 hll4,<o}, where
adP is the associated bundle P X 44su(2), and Aut P denotes the automorphisms
of the principal bundle P. Here we have used the adjoint representation Ad:
SU(2)/ Z ,— End(su(2)) and the embedding C*(P X 44SU2)/ Z ;)— C®(PX 4aEnd(su(2)))
of effective gauge transformations, and their Sobolev completions (4 in [8]).

Let A¥(6)CA,(0) denote the subset of irreducible connections, and g, be an
end-periodic metric on the tangent bundle TM and & be the set of asymptoti-
cally periodic metrics ((6.1) in [11]). Consider a g,-equivariant map

01 M@)XED(A, @) —> P(go)(p W*F4E L 10c(ad PQP-N*T*M),

where P_ denotes the projection to the anti-self dual parts. Let 1i,=p '(0)/4,
and 7: ni1;—& be the projection.

Now the manifold S'X R?® is end periodic (Proposition 1 in Section 2). Then
our main result is

THEOREM. For a Baire set of p=&, the moduli space 7z '(p)NAF/G, is a
smooth manifold of dimension 8[—3. '

We can choose a connection A, for each [ (Proposition 9 in Section 3), and
can replace the Sobolev space L2 oc by L%1.c (Remark 1 in Section 4). Almost
all arguments in are fitted with the case, M =S'X R® except for the admis-
sibility which is (1) =,(W) does not represent non trivially ‘m SU2), (2) H,(N;
R)=H,(N; R)=0, (3) the intersection pairing on H,(Y ; R) be positive definite.
C. H. Taubes proved in [1I].

THEOREM (1.4 in [11]). Let M be a smooth, end-periodic and admissible 4-
manifold. Suppose that m,(M) has only the trivial representation into SU(2). If
H,(K; Z) has positive definite, unimodular intersection pairing, then this pairing
is diagonalizable over Z. If the intersection pairing on H,(K ; Z) is only known
to be positive definite, then the intersection pairing on H,(M; Z) is unimodular
and diagonalizable over Z in the following sense: There is a sequence of free
abelian groups A_CACAC--SHM ; Z) with lim A,=H,M ; Z) such that (1)
A QR=H,K; R) and (2) the intersection pairing on A, is unimodular and
diagonalizable.

Further he obtained the striking
THOREM (1.1 in [117]). There exists an uncountable family of diffeomorphism
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classes of oriented 4-manifolds which are homeomorphic to R*.

In the admissibility is used in many parts. Then our main task is to
deduce substitutes directly from the topological structure of the manifold instead
of the admissibility condition. The main theorem is proved in Section 4.

The authors wish to thank to Professor M. Itoh for his advice.

2. Preparations

PROPOSITION 1. The space M =S*'X R® is end-periodic.

PROOF. Let Dj,, be the disc of radius 3/2 in R®. Then using the follow-
ing diffeomorphism

SIX(RP—Di o) =S' X 8*X(3/2, <o), (x, ¥) —> (x, y/llyll, Iy
we see that the space S'XR® admits a decomposition as a smooth manifold,
STX D3 (ST X SEX (1, 3)NU(STXSEX(2, HHU -
U(STXSEX (2n, 2n+3)U(SIXSEX(2n+2, 2n+5)U---.
Now for our argument we put
K=S'"}XDj,\US*xS*x(1, 3),
N=S'XS*X (2, 3)=N_, Wy=S*XS%X(2, 5), N,=S5'XS*xX4, 5),
and so on, and put further End M=W, JW,U--=8'XS2X (2, o).

PROPOSITION 2. Any principal SU(2)-bundle over M is trivial.

PROOF. The identity map 1, : M — M is homotopic to the projection S'X
R*—-S'x(0), and the space S'XR°® yields the Lindelof property. Then a principal
SU(2)-bundle P—M is isomorphic to the bundle (P|s:)XR?, where P|s: is the
restriction of the bundle P—M onto the subspace S*X(0)CS!XR3:. Since the
group SU(2) is connected, the bundle P|gs: is trivial.

PROPOSITION 3. Let [S'XS? SU(2)] be the set of homotopy classes. Then
we have a bijection

[S'xS2 SUQ2)] — n(SU2))=Z integers.
PrROOF. By 8.9 Satz in [2], the following sequence is exact:
k<« [STVS? SUQR)] <— [Stx S, SU@2)] <— [S'AS?, SU@2)] <— k.

Thus this proposition is obtained.
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Let Y be a compact oriented 4-manifold which is obtained from W, by
identify N, with N_ via the obvious map. Then Y =S!XS%xS!. Let [7] be
the cohomology class which corresponds to the last circle S!.

PROPOSITION 4. The Euler-characteristic and the signature of Y is zero,
and the map [y]\J: Hir(Y)—>H3r(Y) has the 1-dimensional kernel {A[y]: A€ R},
where H,gr denotes the deRham cohomology.

ProoOF. XY )=1-2+42—2+1=0.

The signature is the signature of {H*Y)2x — (x\Ux)[Y ] Z}, then it is
zero. Let y’ be the cohomology class which corresponds to the first circle S*.
Then [y]U[r]=0 and [7’]U[7] corresponds to S'X<(pt)XS*.

3. Index calculations

The manifold Y admits a Z-cover ¥ =---UW_,UW,JW,\U---, with the pro-
jection =: ¥—Y. For an end-periodic bundle E— M, and 1<p< o0, 0k < oo,
0c=R, L% s(E) denotes the completion of C$(E) in the norm

Ishag ,=|{ @ volteShs 705 2],
where 7: End M—[0, o) is the smooth step function.
PROPOSITION 5. For all but a discrete set of 0 R and k=4, the complex
0 —> L%s.6(M) —L L%.1.s(T*M) i—i L% s(P_N*T*M) — 0
is Fredholm.

ProOOF. The proposition 4 in [11] can be applied to our case without any
change.

PROPOSITION 6. For the anti-self-dual deRham complex in Proposition 5,

H°(L? ;(d, P.d))=ker(d: L}.s.s(M) —> L}, s(T*M))=0.
PrROOF. For =0, the constants are not in L2 ;.
PROPOSITION 7. H!(L? ;(d, P.d))=0 for k>2.

PrROOF. By the Sobolev imbedding L}, ;= L%, ,CC*! for k+1—2>/, and for
weker P_d, the equality
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ozg [Rdw|2:(1/2>§ ldw!®
M M
shows that dw=0 on M. Here the second equality is obtained as follows:

| Podw |2=(1/2)1—x)dw)N{1/2)(x—1)dw)
and ’
dwNdw=d{(dwNw), (xdw)N\(Fdw)=Hxdw, dw)w,=dwANdw,

¢ _

w, is a volume form. Now we consider the integral )1: d(dwAw), where K,
n

denotes the closure of K, =K\ UyW,Uy - UyW,. Then the integral is equal to

Sa ~dwAw which converges to zero as n—oo. Thus w represents a class [w]
Kq

eHir(M; R), and a homomorphism
riHY(L? 5(d, P.d)) —> Hizx(M; R)

is obtained. If w~0 /n C'M ; R), then there exists a z&C?*(M ; R) such that
w=dz. Now the lemma 5.2 in can be applied,

SMera|2_§§z<ZgMer5|w12<oo for some zeR.

Then d(z—2)=w and dw=0, therefore w~0 in L},, s(T*M). Hence r is monic.
Any class [w]eHY(L? s(d, P.d)) can be represented as w=fdf+ ---, 8 is the
local coordinate in the circle S*. Then

SMef5|f|2<oo and f—>0 as r—> oo, (1)

On the other hand H}ir(M; R)=R is generated by the class [df]. If w—df=
(0g/00)d6+ ---, then (f—1)df=gedl, gy=(0g/00). Therefore gy——1 as r—oo
by (1). Now g is a periodic function of # and so gy can be expanded as a
Fourier series

go=2n=1(a, cos nf+b, sin n@). (2)

Here the constant term is zero. Therefore the Fourier series can not converge
to the constant function —1. This is a contradiction. Thus » is not surjective
and the proposition is proved.

Now we proceed to compute the second cohomology group H2(L? 5(d, P.d)).
The homomorphism 7, : H3(L? 5(d, P.d)—H2 (K, ; R), (56.13) in can be
defined by the property H,(K,; R)=0 instead of the condition H%(N ; R)=0
which is one of the admissiblity condition in [1I]. For our case we have to
choose % with £—2>1, i.e. #>3. The lemmas 5.2, 5.4, 5.5, 5.8 and 5.9 for the
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proof of the lemma 5.3 in can be obtained in our case without the admis-
sibility condition except for the proof of the lemma 5.9. So we state it again
and prove.

LEMMA. Consider the complex

d, P_d,
00— C°(Y) —> Co(T*Y) — C(P_N*T*Y) —> 0,
where z<C obeys |z|=1 and d,f=df+z'dz"*Nf, is a 1-form on Y. Then
coker (P.d,)=0.

PROOF. The manifold Y =S'XS%XS! has a positive scalar curvature, and
is conformally flat. Then it is a self-dual 4-dimensional manifold (Example 1
in the section 1 of [1]). Now d, is a covariant derivative with respect to a
connection (—log z)d¢t. Then its curvature is zero and so the connection is
self-dual. Thus the second cohomology of the complex vanishes.

PROPOSITION 8. H*L? ;d, P-d))=0 for kz=A4.

PrROOF. By the Lemma 5.4 in [11], the homomorphism 7, is injective for
sufficiently large n. By making use of Poincaré duality, H? ;r(K.)=H.(K,;)=0.
Then by the Lemma 5.6 in [11], we obtained the proposition.

4. Gauge theory and Moduli space

By Proposition 2 in the section 1, any SU(2)-principal bundle over M is
isomorphic to the product bundle M XSU(2). We have in particular P|gng ¥ =
7¥Y XSU (2)), i.e. it is end-periodic, where = : End M—Y is the projection.

PROPOSITION 9. For each integer [, there exists a principal SU(2)-bundle P
and an end-periodic connection A, on P which is isomorphic over End M to the
product connection on End MXSU (2) satisfying

=187 | tr (FagAFa)=1.

PROOF. As in the proof of the Lemma 7.1 in [11], consider a compact 4-
manifold Q. In our case the manifold Q is S!xD3\US!'xD3. Here we refer
to the construction of the definition 4.2 in [10]. Let m: F;,—@Q be the projec-
tion of the orthonormal frame bundle, and (f;)s:s; be a set of orthonormal
frames at [ distinct points in S!XD3?. We choose sufficiently small Gaussian
coordinate neighborhoods U; of =(f;) such that U,ccS'X D} for all 7, and put
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Up=Q—\Ji_,n(f;). Then Ui, U, is a covering of ¢, and by the construction
due to Taubes we obtain a bundle P(y) which satisfies the relation —c,(P(y))
=/, where y denotes an [-tuple ((f;, 4;)}-,) for some positive numbers {4;}. By
the relation

(/470 tr (FagNFap=\_{e(P() =2 PO,

p is equal to /, where A, denotes the connection which is given by the defini-
tion 4.2 above. Since A,=0+X%_; ¢F (B zw3,) (0 is the flat product connec-
tion) gives the product connection in S'X D2, we can replace S'X D2 by End M.
Thus the proposition is proved.

PrROOF OF THEOREM. The smooth manifold structure is obtained by the
argument in sections 6, 7 and 8 in [11]. The manifold @ in the proof of Pro-
position 9 is self-dual and the connections on @ is self-dual and so, on the
manifold Q the index of the elliptic operator P-(g,) (¢p~')*d +e t9d s*e® is 8,
where we use the equations X(Q)=17(Q)=0.

On the other hand, by Propositions 6, 7, 8 in section 3, the index of the
anti-self-dual deRham complex

d P.d
0 —> Lo s(M) —> L., o(T*M) —> L; ( P-N*T*M) —> 0

is zero. Let m;=p"'(0)/g;, where ¢;={g<g,; r(g)=1} [11], and z': m;—& be
the projection. By the excision property of the index, the index of the elliptic
operator above is just the dimension of the manifold (z")"'(@)NAF/G; (c.f. the
proof of the Lemma 8.4 in [1I]). Since the projection (z)"'(@)N\AYF/Gi—7 ()
NA¥F/G, is a principal SO(3)-bundle (c.f. the proof of the Lemma 7.3 in [11]),
the dimension of our moduli is 8/—3.

REMARK 1. By the Proposition (4.2.16) in [3], our theorem holds for ~k=2.
In fact we can use the regularity of the linear elliptic operator e~*d g*e+
P_dg, where B is a smooth connection and so the operator has smooth co-
efficients.

REMARK 2. Existence of self-dual connections.

Using the connection A, in Proposition 9, we will get ae L} oc(ad PRT*M)
such that A=A,+a is self-dual. It suffices then to solve the equation

(P_D 4 )*Daju~+P-(+D 4 u A¥D 4 u)=—P-F,4, ((3.4) in [9], (2.2) in [6]).
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By the consideration in the section 4 of [9], the solution is constructed induc-
tively. The first step is to solve P_D4(xDau)=—P-F4. Now A,=0 on the
half S'x D2 in @, then we can assume that ¥,=0 on the half S!XD2. For the
equations

P_D 4 (%D 4 u1)=2234523 P-(*D 4 uy A*D g 5)— P_(*D 4 uu o -y N*¥D 4 U -1),

we can assume that u,=0 on the half S'X D3,
Next we replace the half S'X D3 by End M. Then

| (2t T4 00l = (Stoo [ T4y @0l <oo.
M Q

Therefore by the argument in sections 5~9 of [9], it can be shown that A is
self-dual.

REMARK 3. Reducible self-dual connections.

Let A be a reducible connection on an SU(2)-bundle over the space S!XR®.
Then A reduces to an S(U(1)XU(1))-connection, and the curvature F, has the

form [da 0
0 —da

Yang-Mills connection. Therefore da is harmonic. Since H*S'XR® R)=0,
F,=0 and so the connection is flat. The moduli space of reducible flat connec-
tions is just the space Hom (x,(S?), S(U(1) X UQ1))/Ad SU(2), which can be
identified with a one dimensional manifold U(1)/Z,, the upper hemicircle (c.f.
the Lemmas 6.2 and 6.5 in [6]).

], where da is a 2-form. Now a self-dual connection is a
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Added in proof. In the proof of the lemma in Section 3, we assume that
the manifold Y=S!'xS?xS! is conformally flat, but this is not clear. Then we
give here a correct proof. The twist map S'XS2XS!'—S?XxS!'XS! is orientation
preserving. We give on the projective line S? the Fubini-Study metric, which
coincides with the metric obtained by the stereographic projection onto Eucli-
dean plane R® On the other hand we introduce the flat metric on the torus
S'xS!. Then we obtain a product Kidhler metric on the manifold Y and its
scalar curvature is positive. Now we apply the Theorem 3.1 in [M. Itoh, On
the moduli space of anti-self-dual Yang-Mills connections on Kihler surfaces,
Publ. RIMS Kyoto Univ. 19(1983), 15-32]. Then for each irreducible ASD con-
nection on the Kihler surface ¥ h?=0. Now we reverse the orientation on Y,
then for the complex in the lemma the second cohomology vanishes.
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