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Abstract. We present a generalized degree for maps between
manifolds via framed bordism theory. We study when the degree
of a2 map can be considered as an element of a homotopy group of
spheres. Finally we apply this tools to prove a result concerning
the generalized Hopf’s invariant.
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1. Introduction and preliminary definitions.

In [G.M. V.] is presented a degree theory in euclidean spaces that gener-
alizes the classical degree of Brouwer. In order to solve the additivity pro-
perty problem, in [R2] we gave an alternative description of the generalized
degree through differentiable methods. 'This tools are based on the Pontryagin’s
results of framed bordism (see [P]) and moreover can be used to extend the
generalized degree to the contex of normed spaces ([R3].

The aim of this paper is to extend the classical degree theory in manifolds
for continuous maps f: M"**—>M™ where M™** and M " are compact connected
oriented (n+ %) and » manifolds respectively. We will apply once again framed
bordism theory.

In this paper, by M*** and M" we shall mean compact Hausdorff oriented
C=-manifolds with dimension n-+#% and n respectively oM"**=oM" =@, M"
will be supposed to be connected. All differentiable maps will be C*-maps.

In order to do this paper as selfcontained as possible we are going to point
out the most important concepts and results that we will need.

A pair (M*, F) is said to be a framed submanifold of M™% if M* is a
closed k-dimensional submanifold of M*** and F={u,, u,, -+, u,} is a normal
frame for M*, i.e. F is a family of independent differentiable sections of the
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normal bundle (trivial) of M*, denoted by v(M*).

Let V. F.A(M™*®)={(M*, F): (M*, F) is a framed submanifold of M"**}.
(MS§, Fy), (M*%, F))eN. F.*(M"**) are said to be homologous, written (M F,)=
(M%, F,), provided there exists a #+1-dimensional closed submanifold M**! of
M"* 2% I such that oM ¥ 1=(M%x {0} UM X {1}), M*IN(M™ X {i})=M*Ex {t}
for every t=[0, 1/3), M**'\(M"**x {t})=M*%x {t} for every t=(2/3, 1] and there
exists G={G,, G,, ---, G,} normal frame for M**! verifying

G |M§x(o):Fo and G |fo(1):F1-

It is easy to see that = is a relation of equivalence, then we have the set
FEMEY=N. F.EA(M"*¥)/=.

Let us consider S” to be the n-dimensional sphere and p, ¢ the South and
North poles of S™ respectively.

Now consider f: M"**—>S" to be a C”-map such that p is a regular value
of f, written pe< (r.v.)(f), one can assign to f an element (M% F,)e
N.FAXM™**), where Mi=f"Y(p)cM"** and the frame F,={u,, us, -+, u,}
satisfies that if ¢’=(U, ¢3', R"*) denotes the local coordinates of S™ given by

-1

the projection peU:S"\{q}J»Rn, then T, f(u;(x))=062%(e;) for every j=1, ---,
n and every xeM*. (62 denotes the isomorphism between R" and T ,(S")
induced by c¢’).

Arguing as in [P] one can prove the following

THEOREM 1.1. Let M™** be a manifold as above and II™(M"**) the n-th
cohomotopy set (group if n=k+2) of M"**. Then, the function IT*: [I*(M"**)
—>FHM F), defined by [T%5([(h])=[(M%., F;)], where f: M"**-S" is a C*-map
homotopic to h such that pe(r.v.)([), is bijective (isomorphism if n=k4+2).

The structure of the present work is the following: in the remaining part
of this section by using we introduce the generalized degree
definition and prove the main properties. However, this definition poses some
difficulties (of computation for example), then, it is interesting to find out con-
ditions for making this definition easier. Note that when it is possible to identify
d(f) with an element of /7,,,(S"), as in the case of the generalized degree in
euclidean and normed spaces, we can use Pontryagin’s theory to determinate
in a reasonable way this degree and the structure of the sets [I*(M"**). We
devote section 2 to this task. Some ideas of section 2 are motivated by the
work of Kervaire [K].

In section 3 we apply the results of section 2 to compute the degree of



Generalized degree in manifolds 325

some functions that allows us to prove that improves 6.1 of [K]
and generalizes a classical theorem concerning the Hopf’s invariant.
Applications of this results to the complementing maps theory can be found
in [R4].
The reader is referred to the texts of and for information about
differential and algebraic topology machinery.

DEFINITION 1.1. Let f: M™**>M"™ be a C>»map and x,=(r.v.) (f). We
define the generalized degree of f at x, written d(f, x,), by d(f, x¢)=
[(f~x,), F;)] € F*M"**), where F; = {u,, -+, u,} is the normal frame for
f~Yx,) such that T, f(u,(x))=0O%(e;) for every =1, ---, n and every x& f~'(x,),
and ¢=(U, ¢, R™) are local coordinates inducing the orientation of M", U con-
taining x,.

It is easy to check that the above definition is consistent, i.e. d(f, x,)
depends neither on ¢ nor on the choice of the positive basis of R".

LEMMA 1.1. Let H: M"*® x ] — M"™ be a C=-homotopy such that x,=(r.v.)
(HO)N\(r.v.) (H,), then d(H,, x,)=d(H,, x,).

The proof of is straightforward if x,&(r.v.)(H), otherwise one
can get another C>-homotopy H’: M™**xXI—M™ such that x,&(r.v.)(H’), and
s»=H, and H{=H,.
As a consequence of above lemma we obtain the next useful corollary

COROLLARY 1.1. Let f: M"**>M" be a C -map and let x,, x,=(r.v.)([),
then d(f) xO):d(f’ xl)'

PrROOF. Take a C=-isotopy H: M™®XI—-M™" such that Hy=Id and H,(x,)=
x,. Now consider G=H-(fxId): M™**xI—M™. Corollary 1.1 implies that
d(G,, x,)=d(G,, x,). Since G,=f and G,=H,-f, it follows that

d(f, x)=d(G,, x)=d(H,f, x)=[(H,> /)" (%)), Far,os)]
=[(f~"x0), Frrpor)I=[(F"(x0), F)1=d(f, x,). O

Corollary 1.1 allows us to state the following definition

DEFINITION 1.2. a) Let f: M**>M" be a C -map. We define the gen-
eralized degree of f, denoted by d(f), by d(f)=d(f, xo)EF(M™**), where x,
is any regular value of f.
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by If f: M™* > M™ is a continuous map we define the degree of f by
d(f)=d(g)sF*(M"**), where g: M™ *>M™ is any C>-map such that f and g are

homotopic.

In the sequel we shall refer to continuous maps shortly as maps.

REMARK 1. It is obvious that d(f)=d(f’) if f, f’ are homotopic maps.

REMARK 2. If M*=S" it follows that d(f)=II*([f]) for every map f:
Mn** S then d(f) characterizes the homotopy class of f.

From the previous definition one can check easily the following result

PROPOSITION 1.1. Let f: M"*>M™ be a map such that d(f)+#0, then f is
onto.

2. Conditions for the generalized degree of a map to be an element of
Hn+k(sn)'

In the above section we have defined the degree of a map f: M***->M"
as an element of F*(M"**). Those sets (groups if n=>k-+2) are in general
very difficult to determinate, therefore, it is interesting to find out when it is
possible to identify d(f) with an element of /7,,,(S") as in the case of the gene-
ralized degree in euclidean and normed spaces ([G.M.V.], [R3]). Besides, in
this situation d(f) would take values in a common set for every M"** and M™
as in the classical degree theory.

First of all we recall the next lemma

LEMMA 2.1. Let ne N and k< N\U{0}. The projection ¢n,,: R"** —
S***¥\{q} induces a bijection G,.: FHR" ¥)-FH(S™ ) given by Gn.pn([(ME, F)])
=[(@nsr(M*), Tnp(F))], where T, denotes the map induced by ¢,., between
the corresponding normal bundles.

Now let us suppose in this section M"** to be compact, connected, oriented
without boundary and c¢=(U, ¢!, R"**) be a chart of the orientation of M"**.
By applying one has F(S"**)=F*(R***)=F*(B"**(0)), (B™**(0)=
{xeR"** such that [x|<1}) then, we can define ¢*: FH(S"**) —» FH(M"**) by
GHME, FYD=[(M*), THF))], where Tg: v(M*)>u(p(M*) is the map in-
duced by
Tg: TyueB**(0) —> TyureyM™**

(x, v) = (P(x), T z(v))
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between the normal bundles of M* and H(M*). It is clear that T¢ is an
isomorphism and ¢* is well defined. On the other hand, since ¢ transforms
disjoint sets in disjoint sets, ¢* is a homomorphism if n=k-+2.

Now we state the next useful proposition

PROPOSITION 2.1 ([H], pag. 185). Let ¢’, ¢: B***(0)—>M™"** be orientation
preserving diffeomorphisms onto its images, then there exists a C=-isotopy H:
M e [>M™** such that Hy=Id and H,|\y=¢’-¢", where U=¢(B""*(0)).

As a consequence of [Proposition 2.1 we have

PROPOSITION 2.2. If c¢=(U, ¢, R***) and ¢'=U’, ¢/, R***) are charts
inducing the orientation of M™** it follows that ¢*=¢’*.

PROOF. Consider H: M™**x[—>M"** as in Prop. 2.1 and let a: I—1I be
a C=-map such that alre =0, a|es ;=1 and «’(1)>0 for t=(1/3, 2/3). Let
us define H: M™*txI—M"**xI by ﬁ(x, ) = (H(x, a@@)), t). Hence His a
diffeomorphism. For every [(M*, F)] € §*(S"**), ﬁ(gb(M”)xI) is a compact
submanifold of M**#x I, such that ﬁ(gb(M")xl)f\(M"”X {1 = M *)x {1} if
1[0, 1/3) and ﬁ(gb(M”)X[)/\(M"”X{t}):gb’(Mk)X{t} if te(2/3,1]. It is
clear that T¢(F) is a normal frame for ¢(M*)x I, therefore if TH: v(p(M*)yx T)
—+v(I—~I(¢(Mk)><I)) is the isomorphism induced by TH it follows that the pair
(ﬁ((/)(M”)XI), ’I_‘ﬁ(T(/J(F)) achieves a homology between (¢(M*), T(F)) and
(P'(MF), TZ!;’(F)). This completes the proof of the proposition. []

In order to look into the main properties of ¢* we need the following

ProposiTION 2.3 ([H], pag. 183). Let M™** be as above. Assume that M"**
is k-connected and n=k+2. Let M* and Mg be two k-dimensional diffeomorphic
compact submanifolds of M™*. Then there exists a C»-isotopy H: M™**XI—
M™% such that H,=1d and H,(ME)=M?*.

Now we are in a position of proving the following useful consequence
PROPOSITION 2.4. If n=k+2 and M"™** is as in Prop. 2.3, then ¢* is onto.

PrOOF. Let [(M*, F)leF*(M"**) and let f: M"**—-S™ be a C~-map such
that pe(r. v.)(f) and IT5([ fDH=[(M*, F)]. Since n=k-+2, M* can be embedded
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in U, where U is the domain of a chart ¢=(U, ¢!, R"**) inducing the orienta-
tion of M"***. Let M{ be the image of a such embedding. From Prop. 2.3
there exists a C=-isotopy H: M"**x[—>M"** such that H,=Id and H,(M¥=
M*. Now the map f-H gives us a homotopy bgtween S and f-H,=f".

Therefore [(M*F)]1=II([ f)=IT%(f'D=[(f""Xp), F;)]. Since f"~'(p)=M4$
we have ¢*([(p~ (M), TP (F, ND=[(M*, F)] and ¢* is onto. []

A manifold M is said to be a mw-manifold provided there exist me N and
an embedding f: M —R™ such that v(f(M)) is trivial. If M is a n-dimensional
m-manifold there is U={u,, ---, u,_,} family of linearly independent sections of
v(f(M)). By using f and U, M can be oriented following a standard way. In
the sequel when we refer to a #-manifold M, as above, it will be supposed to
have the orientation induced by f and U.

Now let M"** be a m-manifold, f: M"**—>R"*¥** be an embedding and let
U={u,, ---, us} a normal frame for f(M™**). Let us define a function (homo-

morphism if 72 k+2)U%: (M HoFHRTH+0) 2 gk (S 4+9) by UX[M*, F)])
=[(f(M*), (TF(F), U)] where Tf: u(M*)—u(f(M*)) is the map induced by
Tf ie. Tf(x, [v])=((x), [Tf(®)]) W(f(M*)) denotes the normal bundle of
J(M*) in f(M"**)). Obviously U% is well defined.

If M"** is a m-manifold and g: M™**—>M™ is a map one can consider the
generalized degree of g, d(g)eF*(M"**), as (IT%,,) 1 U*Nd(g)) € I, v.s(S™*).
This resultant alternative definition of the degree of a map presents the disad-
vantadge of depending on f and U and besides we may lose information because
U* is not bijective. In order to eliminate this gaps we are going to prove some
propositions that moreover will determinate the relation between ¢* and U*.

PROPOSITION 2.5. Let M"™* be a k-connected w-manifold, n=k+2. Let
fi M™*—R"**** be a embedding such that v(f(M"**))is trivial and U= {u,, ---,

ust, V=Av, -+, vs} be two normal frames for f(M™**) inducing the same orien-
tation of M™**. Then U¥=V¥: FM " F)-F(R*+)=F*F(S"**+%)

ProOoF. Let [(M*, F)[eF*(M™**) and for every j&{l, ---, s} we write
u(x)=>Y_ai(x)wix) (x& f(M"**)). Define G: f(M*"**)->GL.(R*) by G(x)=
G:=(a;;(x))} j=.. Now consider

) G
Glymrn : f(M*) s f(M™**) — G L.(R*),
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Gl sk is homotopic to a constant map, then there exists a C=-map H: f(M*)
XI—GL.(R*) such that H,=G |, and H,=ct4 (the map of constant value
the identity matrix).

It is clear that (f(M*)XI, (Tf(F), H(v:, -+, vs)) achieves a homology be-
tween (f(M*), (TF(F), U)) and (f(M*), (TF(F), V). O

PROPOSITION 2.6. Let M™* be a m-manifold. Let g, [ MM R Rrk+s po
two embeddings such that v(f(M"**)) and v(g(M™**)) are trivial. Let U and U’
be normal frames for f(M™**) and g(M™**) respectively and c=(W, ¢, R***)
be a chart of M™* where ¢: B"**(0)»W. If n=k+2 and s=n—+k~+2 it follows
that U |impx=U%|1m g : Im*—Fr(Sn+r*s),

PROOF. Let [((M*, F)]Je@*(M"**). We apply Prop. 2.3 to get a C*-isotopy
H: R*"**5x]— R"***% such that H,=Id for every t<[0, 1/3), H,=H, if te
(2/3, 1] andNHllf(ka):gof“.

Define H: R***** xR **xI by H(x, H=(H(x, ), t).

Since U can be considered as a frame normal frame for f(M"**)xI, we
have that U’=TH(U) is a frame for H(f(M™**)xI). Then (H(f(M*)xI),
(T—ﬁ—(Tf(F)), U”)) achieves a homology between (f(M*), (TF(F), U)) and
(g(M*),(Tg(F),U" | garn+sy)), therefore UX[(M*, F)DN=(U"| g an+r)5[(M*, F)]).

If [(M*, F)lelmg*, there exists [(N*, G)]=F*(S™**) such that S*[(N*, G)])
= [(M*, F)]. Hence it suffices to prove that (U"*.¢*) ([(N* G)]) =
U | gun+ir)¥op*)[(N*, G)]). On the other hand

a (U %N, OD=U"HUHNY), TG
an

(U] g ans )N E, GN=(U" | earn+ ) HL(GIN®), THG)D).

Now, since ¢(N*)cW and W is contractible arguing as in Prop. 2.5 we obtain
(U | g un+m )5 C@ND), THG)]) = UMNIPGN*), TP(G)1). This completes the
proof. [

Now we state the next lemma, the proof is not difficult and we will omit it.

LEMMA 2.2. Let f: M™—R"** be a diffeomorphic embedding and ac=M™.
Then there exist a diffeomorphic embedding g: M™ —>R™** and an open set U of
M™ containing a such that g(a)=0 and g(U)=B%,x {0}.

COROLLARY 2.1. Let M™* be a m-manifold, n=k~+2. Let f: M"**Rnr+k+s
be an embedding such that v(f(M™**)) trivial and let U={u,, ---, us} be a normal
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frame for f(M™**). Let c=(U, ¢, R***) be a chart inducing the orientation
of M™** and ¢(B***(0)=U. Then the following composition of homomorphisms

1T, * U¥ ()"

I (S™) —> FHS™H) ~¢—> FHME) RS 1T, 54s(S™)

and X% coincide.

(32 IT,,0(S™) —> 1T, 1(S™*") denotes the suspension homomorphism).

PROOF. Let r>s such that r=n+k+2.

It is clear that S7-*-U%=U, where U'={U, ensrrss1, = Cnvirr} ([PD.
In order to compute U*|imy« We can assume f to be an embedding as in Lemmal
2.2. Thus there exists an open set U such that f(J)=B"**(0)x {0}. On the
other hand since ¢ does not depend on the chart, we can assume that ¢~ '=f"'[y.

Now take [(M*, F)leg*(S"**),

(UM *, FYD)=UMLHM"Y), TEF)NI)
:[(Mk’ (F, Crtk+s+ly "7 en+k+r)):] .

Since M*c—B"**0) and U’ is defined for every xeB"**(0), arguing as in
Prop. 2.5 we have

[(Mk, (F, U, Cnsk+s+ly, """ en+k+r))]
:[(Mky (Fy en+k+17 Tty en+k+T))]:2T([(Mky F)])'
Therefore UXe¢p*=23" and U¥-¢p*=23*. O

COROLLARY 2.2. Let M™* be the same one as in Corollary 2.1. We have the
following consequences

a) U% is onto and ¢* is injective.

b) If M™** is k-connected then from a) and Prop. 2.4 we obtain that ¢* is
an isomorphism and UF=2Z*¢p*"', thus U¥ is an isomorphism which depends
neither on U nor on f.

Let ke NU{0}. It is well known that the suspension homomorphism X', :
II,..(S"—II,,,..(S**") is an isomorphism provided n=k-+2. One can consider
the directed set N, with the usual order <, and the sequence of groups
{IT 4, ,(S™)} nen. For i <j there is a homomorphism X ;: I1,,4S%) — I, (S
defined by X, ;=3, 123, 50--2;. It follows that 2; ,=Id, and for every i<
j<!l one has X, ,=2%,,°%; ;. Then, {{I,,.(S"), 2:;i, JEN, <},en is the direct
system of groups.
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Denote by (/1,, a;), a;: IT,.,(S)—II,, the direct limit of the above system.
Therefore the diagram

s
m,,(8) — > 11,45

(4 ] Jaj

1,

is commutative for every ;/<j.
The previous results allow us to state next theorem

THEOREM 2.1. Let M™* be a k-connected m-manifold, n=k+2 Lot g:
M"** =M™ be a map. Thus the generalized degree of g, d(g)SF(Mm+*) of
Def. 1.2 can be identify with the element (@n.so(IT%,,) " U¥)d(g))1I,, where
fi MM SR ¥+ 4s an embedding such that v(f(M™%*)) is trivial, U= {u,, ---,
us} is a normal frame for f(M™*) and anis: Ip,0.4(S™*) — II,. Besides
(tnyso(IT%, )" U%)d(g)=0 if and only if d(g)=0 and in particular if M*»=S",
(@nso(I1%, )71 U%)(d(g)) characterizes the homotopy class of g.

PROPOSITION 2.7. Let M™* and M’'™** be k-connected manifolds contained
in R"**** n>k+42. Let Fand F’ be normal frames for M™** qnd M’'"+* respec-
tively. If (M™**, F) and (M'™** F’) are homologous through (M™*** G) and
g: M"* 1 —sM™ is a map, it follows that d(gl un+r)=d(g | srn+s).

PROOF. There is no loss of generality in assuming g: M™**1 )" to be
a C~-map. Let & M" be a regular value for g, g|lyn++ and gl n+s. Thus

d(glun+s)=(@nyso (T ,8) o FI[(& 1 un+#)X7), Forpnsn)]),
d(g'M'n+k)E(an+s°(”¢t+s)”l°F/z")([((g'M’"+k)_1(r)y FEIM’n+k).]))

(7 denotes the inclusion).
Since (g~'(r), (F,, G)) achieves a homology between (g un+a)Y(7), (Fgipynen
F)and (glua+) (), (Faipynsn, F)) it follows that FX([(g|un+e) ™ 7), Foiyner)])

=F¥ (gl un+e) (), Fgiynen)]) therefore d(gluyn+)=d(g|yrn+s). 0O

Even though M™** fails to be a k-connected 7z-manifold we have the fol-
lowing proposition.

PROPOSITION 2.8 [R1]. Let M™**!' be a compact manifold and M"**=
GM™***L Let us suppose that &: II"@M»**+)I[*+1(M™+5+1 GMm+4+1) js i
jective. If f: M™*—M™" is a map admiting an extension to map f: Mr+*+1
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M ™then d(f)=0.

3. A result concerning the generalized Hopf’s invariant.

In [P] is presented a differentiable version of the Hopf’s homomorphism
71 I,4..(S**)—Z and it was pointed out that for every C~-map f: S2kH1,QhHL
7(f) depends only on the position of f%(a,) and f~'(a,) in R**' where a,, a,€
(r.v.)(f). Several generalizations have been described, in particuiar those
established by G. W. Whitehead and M. A. Kervaire [K]. Kervaire’s one
extends Whitehead’s one therefore and we wiil refer to the generalized Hopf’s
invariant as that of Kervaire.

Let f: St*¢*1»S"*1 be a C>-map, d=n. Let a, a,(r.v.)(f) such that
Me=f-Ya,) and M’*=f"(a,) are contained in Srn+d+\ (g}, Let F, and F, the
normal frames associated to M?¢ and M’¢ by f. Then one can assume that
MeUM’¢cR*%*1 and the map ¢: M¢XM’'¢—S"*p(x, y)=(y—=x/ly—=x|) is
well defined. On the other hand {F,Xx {0}, {0} XxF,} is a normal frame for
MexM’¢, as a submanifold of R**¢*'xR"*¢*!. It is defined the generalized
Hopf’s invariant of f, h(f), by

h(f)=(T§la.e) o (Fox {0}, {0} X Fi)¥ o [ 8:7aX (o),

where 7: M¢—_,R"*¢*! ig the inclusion, then h defines a homomorphism #:
”d+n+1(Sn+l)“"nzd+2n+z(ssn+d+2)-

Let [f1€ 4unn(S™Y and M4, ([fD)=[N¢ F)], (N F)legd(S"*) =
F¢(R"*¢+1),  There is no loss of generality in assuming N to be connected
and F to be an orthonormal frame (pags. 56 and 77).

We are going to limit ourselves to the case of N¢? to be (d—n)-connected
and 2n—2>d=>n>=1. Let us note that A(f) can be considered the degree of
¢, d(p). Write F={v,, ---, va.} and for every C=(c¢y, -++, Cay1) € R®™', such
that || is small enough we define C: N?—R"?*! by C(x)=x+cv(x)+ - +
CnaVna(x). From Prop. 2.7 it follows that h(f)=d(L), where L: N¢XN?*—
S»+d ig the C~-map defined by L(y, x):(x—f(y)/]ix—é(y)ll) (see [P] for the
classical case).

In order to obtain the most important theorem of this section we state

LEMMA 3.1. Let [((M*, F)le¥*(S™**) where F={v,, =+, va}. Let o be an
arbitrary permutation of the set {1, ---, n}. Let e;={—1, 1} for eachic {1, ---, n}.
Consider the frame F'={ewsq), ', €alam}. It follows that [(M*, F)]=+

[(M*, F7)].



Generalized degree in manifolds 333
The proof of the is standard and we omit it.

LEMMA 3.2 ([S], pag. 405). Let f: X—Y be a n-equivalence ([S] pag. 404).
For every CW-complex P such that dim P<n (resp. dim P<n—1) it follows that
the map f«: [P, X]—[P, Y] is onto (resp. f« is injective).

LEMMA 3.3 [F.R.], pag. 438-439). The map

1: SO(n+d) —> SO(n+d+1) defined by i(A)=

is a (n+d—1)-equivalence.

Now we are in a position of proving the next result. Notice that the next
theorem involves the tools developped in section 2. generalizes a
useful result of the classical theory case and improves 6.1 of [K].

THEOREM 3.1. Let [fl€ll ,q..(S™""). Let us suppose that 2n—2=d=n=1
and ¢, ([fDH=[(M?, F)] such that M? is connected and F=A{vy, =+, Unsi} 7S @
C= orthonormal frame for M?®. Let us also assume that M* is a (d—n)-connected

manifold contained in R**% (g&M?¢, R***cR"*%*Y)., Consider t=en,q. ER"* !
and let us write for every x&M%,, 4.1 = as(X)v(X)+ -+ +n1(X)Vp41(x).  Then
the map ¢: M — S™ defined by P(x)=(a\(x), -, ans1(X)) satisfies that h(f)=
+d(¢).

PROOF. Let 8 be a small enough positive number and L: M*XM*—-S"*¢
be the map defined by L(y, x)=(x—y—0vn.1(3)/|x—y—0vn:(M.
It is sufficient to prove that

(FX {0}, {0} X F)¥ o &8 L)=(Z "+ e FY-II3~")([¢])
=((Fen+asz em+zd+z)’{"°ﬂ%‘")([¢])€H2n+2d+2(53"+4+2)

up to sign.

One can assume ¢,,,S" to be a regular value of ¢. Let V¢ "=¢ ' (en.1),
submanifold of M¢, contained in the open subset gb“(Eﬁ)(E.’::{(xl, e Xpa)E
S*: x>0}). Using the same arguments discussed in [P] (page 71) we have
L Yeniq.1)=A0(Ve "), where A: M¢—>M?*x M? is the diagonal map, A(x)=(x, x).

Let x&¢~Y(E?}), then a,.,(x)>0 and

t - a;(x)
an+1(x) Apii(X)

. an(x)
an+1(x)

Vper(%)= Vy(x)— weeee va(x).
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Consequently {vy(x), -+, va(x), {} is a basis of the normal space at x to M?¢ in
R™*%*! for every xe¢ ' (E}). Let p: R**?*'->R"** be the natural projection.
For each j=({l, 2, ---, n} denote w;=p(v;). Then {w,(x), -+, wy(x)} is a basis

of the normal space at x to M? in R"*? for every xe¢ Y(E}).

Since M? is (d—n)-connected, there exists a chart ¢=(U, ¢, R?), of M?,
such that U is a contractible open subset of M? containing V¢ ", Let us
denote V=UN¢ (EY).

Define a C*-map E=B"(0)XV—R"** by E((A,, -+, Aa), X)=x+0(A,w,(x)+--
+2,wa(x)). It is obvious that for a small enough J, £ is a diffeomorphism
onto its image.

For each xeV<¢-* we have that a,(x)=0 for every 7 {1, ---, n} and a,,,(x)
=1. Then if we write ¢ and L using local coordinates, and keep the same
notation, ¢: V—R" will be given by ¢(x) = (ay(x), ---, an(x)) and L: VXV —
R™*¢ by

a an
L0, =2 = y=3( =2 () o = 2Dy (),

then L can be expressed as the following composition :

N ExXE M
L: VXV — (B¥O)XV)X(B¥0)xV) R xR —s R™*¢,
where
N(y, x):«_M, ...... ’ ___a_"_(}ﬁ_’ y), 0,0, -, 0, x))
an+1(y) an+x(y)

and M(a, b)=a—b.
Therefore for every xesVe -,

( oay ... da,
ox, 0xq |
Dg(x)=| P
e o |
ax1 axd !
and for every (x, x)eA(V¢-")
Dy(x) i 0 E
DLx, ©=DLO, x)| Ty e o to sign
E
—1 1
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in each column (Cemma 3.1 implies that there is no problem in changing the
sign all columns).
For every x&V ¢ " we will denote by A,

Let {z, -+, z,} be the normal frame for V¢ " in R?, such that D¢(x)(z;(x)
=e; for every je{l, .-, n}. Then {@Fz(x)), -, OFf(z,(x))} is the normal
frame associated to ¢, Fy, at xe V"

For all je {1, -, n} and x=V? " we define S;(x, x)=(z;(x), z;(x))e R**
and S,.:(x, x)=(—e;, ¢;)eR?® for each i {1, ---, d}. It is clear that A.(S,(x,
x))=e; for x€Ve " and j={l, ---, n} and
da,

——axi

e

Az(sn+1ﬁ(x; x)>:

(n—+12)-th line

0x;
0
0
2
0

O ({Si(x, x), -+, Salx, x), Spui(x, x), -+, Sara(x, x)}) is a basis of the
normal space at (x, x) to A(V? ") in M? X M?® satisfying A.(S.(x, x), -,
Sn+d(-x, .X))—_-—

1 3a1 ._aal
— e
oda, oa,
. ‘_axl ............. e
S T PR =B,=
2
0




336 F.R. Ruiz DEL PORTAL
:Bx(ely Ty, en+d)-

Consequently, DL(x, x)(S,(x, x), -+, Spya(x, x))Bz'DE, x)"')=(ey, -, €nya)
and @& 2((S(x, x), -+, S,.a(x, x))B7'DE(0, x) ') is the normal frame associated
to A(V¢ ™) at (x, x). We will show at the end of the proof that the map ¢:
Vé-rG L(R"?) defined by e&(x)= B7'DE(0, x)"' is either homotopic to the
constant identity map or to the constant map

Then [(A(V™), (0:e(Sy), =+, Oixe(Snra), FX A0}, {0} X F)] = =[(AV™),
((@::c(S)), ++, Oue(Srsa))BTIDE, -)™*, Fx {0}, {0} X F))] and therefore (F X {0},
{0} X FO¥ (33 3((L)=[AV ™), (Oine(Sy), *++, Oixe(Snra), Fx{0}, {0} X F))].

On the other hand, since (E™*¢*'eF*.]I% ") [¢]) depends neither on the
embedding nor on the frame F, one can choose the embedding A: M*—M%X

ixi

M?¢ —> R**e*1x R**2¢+1 Let H be the normal frame obtained (using an isotopy
for example) carrying (F, en.a41, ***, C2ns2as2) t0 A(M?).

Then one has that (E"* ¢+l F¥oI12-")[¢]) = (H%- I3 ")([¢]) = [(A(VE™),
(AOLz)), -+, AOLzx), H)].

Observe that A(GF(z;(x))=06.2(Ss(x, x)) for every xV¢ " and j= (1, -,
n}. Now, since (@ (S, (x, x), -, Sy.alx, x)), Fx{0}, {0} XF) and H| s,
are defined for every x&U, and U is contractible it follows that ((F x {0},
{0} X FY¥ e AN LY)=(H¥%- 1157 "X[¢]) up to sign and then A(f)==xd(¢).

In order to complete the proof we only have to show that e: V¢ " —
GL(R™ %) is homotopic to a constant map. It is clear that the map x — B; is
homotopic to a constant map. Then it suffices to work with the map &’:
Vé-rGL(R*?) defined by ¢'(x) = DE(0, x). Let us define % : B*0)XM? X
(=1, D—R™*%*t by H(A, =+, An, X, Any1) = X+0(A01(X) 4+ +Ans1Vn(X)). K is
a diffeomorphism onto its image then H|gnxvxc-1.1: B*O)XU X(—1,1)—
R™*%*! 50 is. One can assume that | D4 (y)! >0 for every ye B*(0)xU X(—1, 1).

Consider xeU.
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Fui(x) e vA(x) s 5%“(]6)

DHO, x, O)=| Q.

SUTTEH( ) SURFATI(R) () eenrenes 0 5021?“(]0

|
|
|

where 1%(x) denotes the j-th coordinate of v;(x).

0)
GL(Rn+d+l>
is homotopic to the constant identity map. Now for each x< Ve ™ one has that

Since U is contractible, the following composition V¢~ "—U

(awl(x) ............ aw}l(x) ............... 0
) . oF
DI, x 0)——-\ : [
! Bw:’f*d(x) ,,,,,,,,,,,, 5w:7;+d(x) e, : 0
............ 0 RN I

because v ¢+ (x)=(v;(x), H=WHX), Vnsr(2))=0.

DE©, x) : 0 _
Then D0, x, 0)= N applying a simple homotopy one can

TS
suppose that 6=1. Therefore one has the following commutative diagram

r
D@, -, 0 _~ GL(R™**") ——> SO(n+d +1)

ya-n Tz’, where » is the canonical

DE(O,XA GL.(R™%) N SO(n+d)

homotopy equivalence and 7: SO(n +d)— SO(n + d +1) has been given in
Lemma 3.2,
The map 5: V¢ "—=SO(n+d+1) defined by 7n(x)=r(D#(0, x, 0)) is homotopic
to a constant map. Then it is enough to prove that
n': Vet — SO(n+d)
x —> r(DEQ, x))
also is nulhomotopic.

asserts that 7 is a (n+d—1)-equivalence and using
one has that ix: [V¢ ", SO(n+d)]—[V?e ", SO(n+d+1)] is injective if d—n<
(n+d+1)—1. Since d—n=n+d—2 iff 2n—2=0 it follows that 74 is injective.
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Since ix([p’1)=[i-p’]=[%]=0 then [%’]=0 and the proof is complete. [

Let X: I],,4(S")—1I,,4,,(S""") be the suspension homomorphism. It is
well known that A(f)=0 for every [f]lelmX ([W] pag 192). However the
converse is much more difficult to solve. One can use the above theorem to

obtain the next corollary.

COROLLARY 3.1. Let [fl€ll  q..(S™"). Assume that 2n—2=d>n>1 and
I, (LfDH=LM?, F)], where M*? is a (d—n)-connected manifold contained in R**¢
and F={v,, -+, vus:} s an orthonormal frame for M<¢. Then if h(f)=0 one
has that [ flelml.

PROOF. Since d(¢)=h(f)=0, it follows that ¢ is homotopic to a constant
map. Now implies that [f]elmX. O

The author wants to express his gratitude to E. Outerelo for his comments
and all of his valuable time he dedicated to the author, while the thesis pre-

paration.
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