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NOTES ON M-SEMIGROUPS

By
Kdjiré SATO

Introduction.

Let S be a torsion-free cancellative commutative (additive) semigroup 22{0}.
Let G be the quotient group of S. We assume G=S. For each subset A of
G, we set A-'={x=G:x+ACS} and (A-)'=A" If A=A for an ideal A of
S, then A is called a v-ideal of S. If S satisfies the ascending chain condition
for v-ideals, then S is called a Mori-semigroup. If S is a Mori-semigroup and
and if each ideal of S generated by two elements is a v-ideal, then S is called
an M-semigroup ([2]). If each ideal of S is a wv-ideal, then S is called a
reflexive semigroup. The maximal number n such that there exists a chain
P 2P,2 - 2P, of prime ideals of S is denoted by dim S. If dimS=1, then S has
a unique maximal ideal.

In this paper we study a semigroup version of a result ([1, Théoréme 3])
of Querre. Our result is the following.

MAIN THEOREM. Let S be a Mori-semigroup. Then the following conditions
are equivalent :

(1) dimS=1 and M~ is generated by two elements for the maximal ideal M
of S.

2) S is a reflexive semigroup. '

(3) Each ideal of S generated by two elements is a v-ideal.

In it is shown that the conditions (2) and (3) are equivalent and (2)
implies (1). Therefore it is sufficient for us to show that (1) implies (2).

The author wishes to express his hearty thanks to Professor R. Matsuda
for valuable discussions.

1. Notations and Preliminaries.

Let Z be the set of integers and let N be the set of natural numbers. If
for v&M and u<S, there exists n=N such that nve(u), S is called a weakly

Received June 13, 1989. Revised October 6, 1989. Revised December 14, 1989.



498 Kojir6 SATO
archimedean semigroup.

PRropPoSITION 1.1. The following are equivalent :
1) dimS=1.
(2) S 7s a weakly archimedean semigroup.

PrRoor. (1)=(2): Let u and v be elements of M. Weset V={nv: ncN}.
Then it is sufficient for us to show that VN\(u)¢. Suppose, to the contrary,
that VN\(u)=¢. Let F be the set of ideals of S such that do not intersect
with V. Then F is not empty and contains a maximal element P. It can be
shown that P is a prime ideal. This is a contradiction. Suppose P is not
prime. Let x and y be elements of S such that x&P, y&P and x+y<P.
Then we have

x+s=lv, y+t=mv
for some elements s, t<S and for some positive integers /, m. Hence we get
x+y+s+i=({U+muv=PNV.

This is a contradiction.
The implication (2)=(1) is obvious. q.e.d.

In the remainder of this paper we assume S is a weakly archimedean semi-
group. For d=M we set

D=Zd+H, G/D=I",

where H is the unit group of S. We assume [/ '3={¢}, where ¢ is the zero
element of I'. For each y&I’, the coset of 7 is denoted by D,. For each
r&I’ we choose x,<D, and set

py=min{n=Z: nd+x,=S}, S;=p,d+x,.
Let 8 and 7 be elements of I'. Then there exist (8, ¥)&H and I(B, r(=0)=Z

uniquely such that

ssts,=h(B, +IB, Pd+554.
Then we obtain

PRrROPOSITION 1.2. [4, Proposition 5]

1) IB, nN=IKr, B)) for each B, r<T.

@) Ka, B)+Ka+p, 1)=Ka, B+1)+1B, 1) for each a, B, r=T.
(3) Ie, 1)=0 for each y<TI.

4) IB, n=<IB, —B) for each B, r<=I'.
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(5) If r=e, there exists n=N such that I(ny, 7)>0.
(6) If 7xe¢, then I(—7, 7)>0.
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Let A be an ideal of S and set V={z=G: Ac(z)}. Then we have

A= QV(Z>' For each r=l" we set

p(A)=min{ncZ: nd+x,€A},
t(A)y=max{ncZ: AC(nd—x,)}.
Then we have the following ([4, §11]):
| Av= N\ (t(Ad—x,),

t(A)=min{pg(A)+1(8, 1)—ps—0,: BET'},
pAAYY=max {ts(A)+ps+ b —I(8, 1): BT} .
If p(A>=p,(A) for each y=I', then A=A" holds.

ProPOSITION 1.3. ([4, Proposition 9]). Let A be an ideal of S.

following are equivalent :
(1) A is a v-ideal.
(2) For each y&I there exists y*<1" such that

P A= pyt+ps(A)+I(B, v9)—I(r, 7*)— b
for each B=I'.

For each 0<1" we set
NO)={p=I": I(0, B)=0, B=xc}.
Let M be the unique maximal ideal of S. Then we get

p(M)=p.+1, p(M)=p, (r=e)
and
1—p, Gf N()=¢)

tr(M):{ .
—py (if N()*¢)

Therefore we obtain

p(M)y=max{ts(M)+ps: f&I'} +p(M)—1,

p(M¥)=max{ts(M)+ps— 1B, 1): BE}+p (M) (e

Since t.(M)+p.—I(e, 1)=0, we have
PAMYZp (M) (r=e).

Then the
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Then we get the following.
PROPOSITION 1.4. The following are equivalent :
(1) M is a v-ideal.

(2) There exists =1 such that N(0)=¢.
3) M-'2S.

PrRoOOF. (1)=(2): Since p (M")=p. (M), (2) holds. (2)=(3): If MO)=4¢,
we get —d+sp=M'—S. (3)=(): There exists <1 such that —d+sscM ?
and hence N(#)=¢. Thus we obtain p.(M*)=p. (M) and hence M*=M.

g.e.d.

PROPOSITION 1.5. If there exists 01" such that N(@)=¢ and Iy, 6—7)=0
for all yreI', then S is a reflexive semigroup.
PROOF. We set y*=@-—r for each y</I'. Since B+r*=(r—B)*, we obtain
Ir—8, B)=Ir—B, B+ 1y, r*)=I7r—B, B+r*)+I1(B, r*)=IB, r*).
Let A be an ideal of S. Then we get
{pr+0s(A)+1(B, 1*)—pstd+x,
=ag+{IB, r*)—IG7—B, Bd+s;-3—h(r—8, )
=ag+s,-5—M7r—B, B)EA
for each S8=1I", where we set pg(A)d+xg=az=A. Therefore we obtain
P A)S py+pe(A)+ LB, T¥)— K7, 7*)— s
for each f=I'. By [Proposition 1.3, A’=A. g.e.d.

2. Proof of the Main Theorem.

PROPOSITION 2.1. Let 6 be an element of I’ such that N(O)=¢ and
SC(—d-+sg). Then,

1) K, —o)=1.

2) I8, =1 for each 7(xe)=I".

3) I(—86, =0 for each r(x0)=Tl.

4) If N(np)=6¢, then n=40.

PrOOF. (1): Since 0=(—d+sy) and
—d+sg+s_o={10, —0)—1}d+s.+h(8, —0)=H,
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(1) holds. (2): By [Proposition 1.2(4), we get (2). (3): Since we have
6, —0)+1e, 1)=10, r—0)+1(—0, 1),
(3) holds. (4): It is obvious. q.e.d.

PROPOSITION 2.2. Assume that M*22S and M~ is generated by two elements.
Then the following assertions hold.

(1) There exists uniquely <=1 such that N(0)=¢.

(2) M=, —d+sg).

PrOOF. By [Proposition 1.4, there exists §<=I such that N(f)=¢. Suppose
that M(n)=¢ for some n(x60)=I'. Since

M-'—S={—d+s:+h: N&)=¢, hcH},
—d-+sgE(—d+s,), —~d+s,&E(—d+sp),
and M-' is generated by two elements, we obtain

M'=(—d+s4, —d+s,)
and hence
0s(—d+ss, __d+377):(—'d+50)u(—'d+377)-
If 0=(—d+s), then SC(—d+ss) and =% by [Proposition 2.1. This is a
contradiction. Similarly, if 0=(—d+s,), then n=40. qg.e.d.

PROPOSITION 2.3. Let S be a Mori-semigroup and let u be an element of
M. Then,

(1) There exists nEN such that nM (=M+M+ - +M)C(u).

(2) M is a v-ideal.

PROOF. (1): Let F be the set of all finitely generated ideals of S contained
in M and set F*’={A": A=F}. There exists a maximal element A® in F°,
where A=F. Then A*=M?" holds. Since A is finitely generated, there exists
n&N such that nAC(u). Thus we get

(nAY=(nA*’=(nM""C(u)
and hence nMC(u).
(2): If M*=S, then Sc(u). This is a contradiction. qg.e.d.

COROLLARY. Let S be a Mori-semigroup. Then there exists n=N satisfying

the following property: Let a,, a,, -+, an be arbitrary non-zero elements of I'.
Then we have
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Ka,, a)+la,+a,, as)+ - +1a;,+ - +an-1, ay)>0.

Proor. By [Proposition 2.3 there exists n<=N such that nMc(d). Since

Sa;€EM (z=1, ---, n), we obtain

Sa;TSa,t -t +8a,EnMC(d). q.e.d.

Let a,, a,, ---, a, be elements of I'. The system [a;, a,, -+, a,] is said
to be O-system if it satisfies the following condition :
Let K and J be non-empty subsets of {1, 2, ---, n} such that KN J/=¢ and

set
ag= 2] a, a;=2a;.
keK jeJ

Then Iag, a;)=0.
Furthermore, if ax=>c¢ for each subset K¢ of {1, 2, ---, n}, then [a,, -+, a,]
is called a regular O-system.

PROPOSITION 2.4. Let [a,, -+, a,] be an O-system and let a,,, be an element
of I such that Ia,+ -+ +ayn, ans1)=0. Then [a;, -, &, @ns1] is an O-system.

PROOF. Let /¢ be a proper subset of {1, ---, n}. Then

Kaye, an)+lasetay, anv)=Laze, ajtana)+lay, ana)=0,
where j¢={1, ---, n}—J. Therefore we obtain
Kaye, ay+an)=0,  Ka;, ans)=0.
Next, consider a proper subset K¢ of j¢. Then
Kaje-x, ag)+laye, ajtan)=Iase-x, ax+as+an)+lag, as+an)=0.

Thus we get I(ax, a;+ta,4,)=0. g.e.d.

PROPOSITION 2.5. Let [ay, -+, an,] be a rvegular O-system and let a4 be a

non-zero element of I such that I(a,+ -+ +an, any1)=0. Then [ay, -+, An, Ant1]

s a regular O-system.

ProoF. By [Proposition 2.4, [a;, -, @n, an+] is an O-system. Let K be
a non-empty subset of {1, 2, ---, n} and set K°={1, ---, n}—K. Then we have

o+ - +an, —ag)+Hage, ag)=La,+ -+ +an, e)+1(—ax, ax)

and hence
a4 - +an, —ag)=Hag, —ag)>0.

Consequently, ax+an+ixe¢.
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PROPOSITION 2.6. Let S be a Mori-semigroup and assume that M= is
generated by two elements. Then S is a reflexive semigroup.

Proor. By [Proposition 2.2] and 2.3 there exists uniquely #=/" such that
N(0)=¢. By [Proposition 1.5 it is sufficient for us to show that I(a, 8—a)=0
for all a=l’. Let a be an element of /" such that a=6, e. Since N(a)x¢,
there exists a,(x¢)eI" such that I(a,, @,)=0, where we set a;=a. By Prop-
osition 2.5, [a,, a,] is a regular O-system. If a;,4+a,=46, then we get

Ia,, a))=I(a, 0—a)=0.

If a;,+a,=0, then there exists a;3¢ such that I(a;+a,, a;)=0. By
2.5, [a,, a,, a;] is a regular O-system. By the corollary of Proposition 2.3
there exists a regular O-system [a;, a», -, @n] (m=n)such that a,+a,+ -+ +
an=40, where n is as in the [Corollaryl Consequently, we have

Ha, 0—a)=Ia,, a;+ - +an)=0. q.e.d.

Thus the Main Theorem has been proved.

References

[1] Querre, J.,, Sur les anneaux réflexifs, Can. J. Math., 27 (1975), 1222-1228.

[2] Matsuda, R.,, Torsion-free abelian semigroup rings VI, Bull. Fac. Sci., Ibaraki Univ.
18 (1986), 23-43.

[3] sSat6, K., Notes on semigroup rings as M-rings, Memoirs of the Tohoku Institute
of Technology, Ser. I, T (1987), 1-9.

[4] Satd, K. and Matsuda, R., On M-semigroups, Memoirs of the Tohoku Institute of
Technology, Ser. I, 8 (1988), 1-7.

Ko6jir6 Satd
Tohoku Institute of Technology
Sendai 982, Japan



	NOTES ON $M$ -SEMIGROUPS
	Introduction.
	1. Notations and Preliminaries.
	References


