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REALIZATIONS OF INVOLUTIVE AUTOMORPHISMS ¢
AND G° OF EXCEPTIONAL LINEAR LIE GROUPS G,
PART I, G=G,. F;, AND E;

By

Ichiro YokoTA

M. Berger classified involutive automorphisms ¢ of simple Lie algebras
g and determined the type of the subalgebras g’ of fixed points. Now for
connected exceptional universal linear Lie groups G, we shall find involutive
automorphisms ¢ and realize the subgroups G° of fixed points explicitly. In
this paper we consider the cases of type G,, F, and E;. Our results are as
follows. (Results of E, will be soon appeared in this Journal).
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The proofs of some theorems about the complex Lie groups are somewhere
obtained by the modifications of the preceding papers [4]~[7], but we give
their proofs again. Notation~in Theorems, for example, (G ~(t7¢) in
Theorem 1.3.5 means (G )’ 72=((G.°)7c)" for some d<G,. Finally the author
would like to thank Takeshi Miyasaka, Toshikazu Miyashita and Osamu Shuku-

zawa for their advices and encouragements.

0.1. Notations and preliminaries.

Let R, C=R®PRi (i*=—1) and H=CPHCj (j*=—1) be the fields of real,
complex and quaternion numbers, respectively. We define R-algebras

C'=R®DRi, i*=1,
H=Cc®Cy, j*=-1, 'H=CHCj', j*=l1,

called the algebras of split complex numbers and split quaternion numbers,
respectively. H’ and 'H are isomorphic as algebras.

For a vector space V over R, its complexification {u+iv|u, vV} is denoted
by V¢ For an R-linear transformation f:V—V, its complexification f¢:V°%—
V¢ is written by the same notation f. The complex conjugation in V¢ is
denoted by 7:

(u+iv)=u—iv, u,veV.

The complexification of R is briefly denoted by C: C=R°. The complexifica-
tions C¢, HC of C, H have algebraic structures over C. Note that these algebras
have the natural conjugations ~, for example, a-+bi=a—bi, a+bic CHCi=C°.

We use the following notations.

M(n, K) (resp. M(n, m, K)): all of nXn (resp. nXm) matrices with entries
in K, K=R,C, C’, H, H,'H, C, C°, HC etc..

E : the nXn unit matrix (n is arbitrary).

; 0.1
J.=diag(/J, ---, )M (2n, R) where j-:( ) O), I,=diag(/, ---, e M(2n, R)
1 0 0 1 —
where Iz(o 1) and ]’=(1 O)' Hereafter the suffices n of J,, I, will be
omitted (so I, will have ho confusions with the following I,).

I,=diag(-1, 1, 1, --), I,=diag(—1, —1, 1, 1, :--), --- €M(n, R).
I'y=diag(, 1, 1, --+), ['y=diag(z, ¢, 1, 1, ), --- €M(n, C).
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For a vector space V over K=R, C, Isox(V) denotes all of K-linear isomor-
phisms of V. For a K-linear transformation f of V, V, denotes {veV | f(v)=v}.
When V has the non-degenerate inner produdt (u, v), for a K-linear trans-
formation of f of V, !f denotes the transpose of f:(*f(w), v)=(u, f(v)).

Z,. (resp. Z,.): the cyclic group of order r.

Let G be a group. For a, b€G, a~b means that a and b are conjugate in
G : da=bd for some d&G.

For a topological group G, G, denotes the identity connected component and
G=G,X2 means that G has two connected components. When G is a transfor-
mation group of a space X, G. denotes the isotropy subgroup of G at x&X:
G.={geC |gx:x}-

If two groups G, G’ (resp. algebras A, A’) are isomorphic: G=G’ (resp.
A=A’), then G, G’ (resp. A, A’) are often identified: G=G’ (resp. A=A’).

We arrange here some of classical Lie groups used in this paper.

SL(n, K)={AsM(n, K)|det A=1}, K=R, C, C, C°,

SO(n, K)={AesM(n, K)|t*tAA=E, det A=1}, K=R, C,

Om, n—m)={AsM(n, R)|*Al,A=I,},

SO*2n)={AsM@n, C)|*AA=E, JA=(tA)], det A=1},

SUn, KyY={AsM(n, K)| A*A=E, det A=1}, K=C, C’, C°,

SUm, n—m, K)={AesM(n, K)| A*I,A=I,, det A=1}, K=C, C’, C°,

SU*(2n, K)={ A=sM@2n, K)| JA=A], det A=1}, K=C, C’, C°,

Sp(n, KY={A=sM(n, K)| A*A=E}, K=H, H',"H, H®,

Spim, n—m, K)={AcsM(n, K)| A*[, A=I,}, K=H, H', H®,

Sp(n, K)={AesM@2n, K)|*AJA=]}, K=R, C
where ‘A is the transposed matrix of A and A*=‘A. Usually the following
notations are used.

SO(n)=S0(n, R), SU(n)=SU(n, C), SUm, n—m)=SU(m, n—m, C),
SU*(2n)=SU*22n, C), Sp(n)=Sp(n, H), Spim, n—m)=Sp(m, n—m, H).

The Lie algebra of a Lie group G is denoted by the corresponding German
small letter g. For example, 8u(n) denotes the Lie algebra of SU(n).

LEMMA 0.1. U(n, C)=U(m, n—m, C)=GL(n, R).
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PROOF. f:GL(n, R)={A=M(n, R)|det A#=0}—U(n, C")={B=M(n, C")|
B*B=E},

f(A)y=eA+EtA", e:%(l—l—i’)

is an isomorphism (note e?=¢, §2=%, ¢6=0, ¢e+&=1). The inverse mapping
f:U(n, CY—>GL(n, R) of f is given by [ (P+Qi")=P+Q, P, Q=M(n, R).
Similarly, f: GL(n, R)—>U(m, n—m, C')={BeM(n, C")| B¥*[,B=1,1}, f(A)=
eA+&l,tA ], is an isomorphism.

PROPOSITION 0.2. (1) SU(n, C")=SU(m, n—m, C")=SL(n, R), SU*(2n, C’)
=SL(2n, R).
(2) SU(n, CH=SU(m, n—m, C)=SL(n, C), SU*(2n, C°)=SL(2n, C).

PROOF. (1) The restriction f:SL(n, R)—SU(n, C’) of f in is
an isomorphism. In fact, the calculations of det(f(A))=1, Ae€SL(n, R) and
det(f-Y(B))=1, B&€SU(n, C’) follow from

LEMMA 0.3. (1) For A, BEM(n, R), we have

det(e A+&eB)=edet A+&det B, s:—;—(l—}-i’).

(The above is also valid for A, BEM(n, C) and s=-%—(1+ii)).

(2) Let P(xy, -+, xm) be a polynomial with integral coefficients. If
P(pi+aqii’, -, pmt+agni’)=1 for pi+qi’' €cRPRI=C" (resp. pi+qiicCPCii=
C°), then P(pi-+q., =+, putgn)=L1.

Similarly, f:SL(n, R)—SU(m, n—m, C'), f(A)=eA+&l,*A'l,, and f:

SL(2n, R)— SU*(2n, C'), f(A)=¢A—&JAJ where s:%(l+i’), are isomorphisms,
respectively.
(2) These are corollaries of (1). In fact, for example, f:SL(n, C)—

SU(n, C°), f(A)=eA+&*A™' where ez—é—(l—{—z’i), is an isomorphism.

ProrosITION 0.4. (1) Sp(n, H)=Sp(m, n—m, H")=Sp(n, R).
(2) Sp(n, H)=Sp(m, n—m, H®)=Sp(n, C). In particular, Sp(l, H')=
Sp(l, R)=SL(2, R), Sp(1, H®)=Sp(1, C)=SL(2, C).

Proor. (1) Let &': M(n, H)—{BeM(2n, C’) lf]B:B-j} be the algebraic
R-isomorphism defined by



190 Ichiro YokoTA

k'<<a+bj»=(( i b)) 2, beC’

—b a
Then f~'k':Sp(n, H')— Sp(n, R) is an isomorphism. In fact,

Sp(n, H')={DeM(n, H')| D*D=E}
k' _
—> {BeM(2n, C')| B*B=E, JB=B]}
={BeU@n, C")|'B]B=]}

-1

—> {A=sM(@2n, R)|*AJA=]} (Lemma 0.1)=Sp(n, R).

kl
Similarly, Sp(m, n—m, H')={DeM(n, H')| D*[,D=I,}—{ B=M2n, C')|

B*l,nB=I,,, JB=BJ} ={BeM@n, C')| B*[,,B = Iy, *BJl,n B = Jl,»} (since
J and JI,, arg clonjugate in OQ@2n): J.'J=Jln]' where J,’'=diag(J’, -, ],
1,1, )= ) O)’ by the correspondence B--»J,’BJ,’) ={BeM(Z2n, C’)]

-1

B*lLwB=I,,, *BJB=]} = {BeU@2m, 2n—2m, C’) |*BJB=]} - { A= M(2n, R) |
tAJA=]}=Sp(n, R).
(2) These are corollaries of (1).

0.2. Automorphisms of a gronp.

Let G be a group and ¢ an automorphism of G. G denotes {g=G | ag=
g}. For s&G, § denotes the inner automorphism induced by s:3(g)=sgs™?,
g<=G, then Gi={geG|sg=gs}. Hereafter G* will be written by G*. More-

over when G is indicated, G?, G* will be written by g, s, respectively.

LEmMMA 0.5. Let a,, 0, g5 are involutive automorphisms of a group G satis-
fying ¢,0,=0;0,, then

(661)0’2:(60‘2)0‘1, (60102)01:(002)0‘1’ (Ga‘lda)dgﬂ;;:(ca‘lo‘g)o‘gdg.

By the simple representation, these are written by (¢,)°2=(0,)°!, (6,0,)°1=(0,)°1,
(0.03)°273=(0,0)°2°8, respectively.

For a given group G and an involutive automorphism ¢ of G, our aim is to
determine the group structure of G?. After this, for a homomorphism ¢: G'—
G? of groups, it needs often to prove that ¢ is well-defined and onto. When
G’, G° are Lie groups, these properties can reduce to their Lie algebras, that is,

LEMMA 0.6. Let ¢p: G'>G° be a homomorphism of Lie groups.
(1) When G’ is connected, if d¢p: g'—g° is well-defined, then ¢ is so.
(2) When G° is connected, if d¢p: g'—g° is onto, then ¢ is so.
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To use Lemma 0.6. (2), the following Lemma is useful.

LEMMA 0.7 (E. Cartan-P.K. RaSevskii [3]). Let G be a simply connected
Lie group and ¢ an involutive automorphism of G, then G is connected.

In the following we will somewhere try to give elementary proof not using
Lemmas 0.7. The author thinks that the elementary proof finds out occasio-
nally essential properties of the group G°.

Group G,
1.1. Cayley algebras and Lie groups of type G..
Let €=H®PHe be the division Cayley algebra with the multiplication
(m+ae)(n+be)=(mn—ba)+(afi+bm)e,
the conjugation m-+ae=m—ae and the inner product (m+ae, n+be)=(m, n)+
(a, b) (=-;~((mﬁ+nm)+(a5+bd))). Another Cayley algebra ©'=H®@He’, called
the split Cayley algebra, is defined as the algebra with the multiplication
(m-+ae’)(n+be')y=(mn+ba)+(afi+bm)e’,

the conjugation m4-ae’=# —ae’ and the inner product (m+ae’, n-+be')=(m, n)—
(a, b).

The connected linear Lie groups of type G, are obtained as the automorphism
groups of the Cayley algebras, respectively.

:°=Go(€°) = { acIsoc(€°) | a(xy)=(ax)ay)},
G, =Gy(€) = { aclsor(@) | a(xy)=(ax)ay)},
Gon=G4C") = { aclsor(®’) | a(xy)=(ax)ay)}.

(Similarly the group G,(HC) is defined). G,° G, are simply connected (see
Appendix).

1.2. Involutions of Lie groups of type G,.
We define R-linear transformations 7, 7¢, ¥a of € by
7(m+ae)%m—ae, m+aeeH@He:@,
Te(m+ae)=rem+(rca)e,  1r(m+ae)=yagm+(7gale

where 7¢, 7u : H-H are defined as 7¢(x+yj)=x+5j, ra(x+yj)=x—3j, x+yjE
CPHCj=H, respectively. Then 7, 7¢, ra€G.CG:° and P’=7l =ry*=1.
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LEMMA 1.2.1. (1) (H®).=H, (H );,~H', (H ), ,~"H.
(2) (€°),.=6, (6°),=6".

PrOOF. For example, the correspondence
(€°)y>m+iae —> m+ae’'sC®’  (m, acH)

gives an isomorphism as algebras.
The semi-linear transformations 7, 77 of €¢ induce involutive automorphisms

z, z'NT of G,°:
Ha)=rtar, ﬁ(a)zr)’a)’r , asG,t.
THEOREM 1.2.2. (G,°)=G,, (G.°)7=G,.

PROOF. ((G,°), (G,€)" mean (G,°Y, (G,°)7, respectively). These are direct
results of [LCemma 1.2.1. (2).

PropoSITION 1.2.3. 7, 7¢, 7w, 77c, YT are conjugate in G, with one another
(moreover 7 is conjugate to the others under 0=0"'<G,).

PROOF. Define four R-linear isomorphisms ¢ :@—€ satisfying d(1)=1 and

i—> e i —> i i —> e i— i
J— J J—> e J— J J—> Je
k — —je k— e k —> —ke k —> —ke
e —> i, e—> J, e —> —e, le —> —e¢
ic — —ie ie—> k ic —> i iec —> —lie
je — —k je —> —je Jje —> —je je —> J
ke —> —ke ke —> —ke ke — —k ke — —k

where k=ij, respectively. Then 0=0"'<G, and 0r=7cd, 8y=7nd, OY=77c0,
0rY=7r7 g0, respectively.

1.3. Subgroups of type C,5C, of Lie groups of type G,.
PROPOSITION 1.3.1. G(H®)=Sp(1, C)/Z,.

Proor. We define ¢: Sp(l, H®)—G(H) by
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Pgym=gmq, meH,

It is clear that ¢ is well-defined and a homomorphism. We shall show ¢ is
onto. Let as=G,(H®). Since HC is a central simple C-algebra, by Noether-
Skolem’s theorem, there exists an invertible element g=H¢ such that am=gmq™",
meHC., We may assume ¢d=1, that is, ¢=Sp(l, H°). Hence ¢ is onto.
Ker ¢={1, —1}=Z,. Thus we have G,(H®=Sp(l, H®)/Z,=Sp(l, C)/Z,
(Proposition 0.4).

THEOREM 1.3.2. (G.0y=(Sp(l, C)xSp(l, C)/Z,, Z,={(1, 1), (=1, —1)}.

ProoF ([5]). We define ¢: Sp(l, HO)XSp(l, H)—(G.°y by
I p, gXm+ae)=qgmg+(padle, m+aecHDH e=EC".

It is easy to verify that ¢ is well-defined and a homomorphism. We shall show
¢ is onto. Let as(G,°). Since (6°),=HC is invariant under «, a induces an
automorphism of H¢. Hence there exists g&Sp(1l, H®) such that

am=qgmg, meHC (Proposition 1.3.1).

Put B=¢(1, ¢)'e, then B=(G,°) and BIHC=1. Since (€°).,=HC is also
invariant under B, we can put

Be=pe, p=HC.
pESp(l, H) because —1=p(ee)=(Be)Be)=(peXpe)=—pp, and p(m-+ae)
=m-+a(fe)=m+a(pe)=m+(pa)e=¢(p, 1Xm+ae), that is, B=¢(p,1). Hence

a=dl, )p=¢d, ¢)(p, 1)=¢(p, g). Therefore ¢ is onto. Kerg={{, 1),
(—1, —1)}=Z, Thus we have the required isomorphism. (Remark. (Sp(1, C)X
Sp1, C))/Z,=50(4, C)).

LEMMA 1.3.3. ¢: Spl, HO)YXSp(l, H®)—~G,° of Theorem 1.3.2 satisfies
(1) r:Sb(_l’ 1); TC:(/)(.]r j)y rH:¢(iy i)'

@) t(p, Pr=P(zp, vq), Tc (b, Drc=TcP, Tcq)-

THEOREM 1.3.4. (G, =(Sp(L)XSp(1))/ Z:=(Gy»).

PROOF. (G,Y=((G,°)Y (Theorem 1.2.2)=((G,°))" (Lemma 0.5)=((Sp(1, H®)
X Sp(1, H®))) (Theorem 1.3.2). Hence for a=(G,) there exist p, g=Sp(1, HC)
such that a=¢(p, ¢). From the condition ra=ar, we have (p, g)=a=rar=
(P, Qr=¢(rp, tq) (Lemma 1.3.3). Hence

Tp=p, tTg=q Or THp=—p, TI=—(q.
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The latter case is impossible. In fact, put p=ip’, p’cH, then l=pp=
(z'p’)(i_j)'):~p’}2'_'§0, a contradiction. Therefore p, g=Sp(l). Thus (G,)'=
(ASp(L, HO)x Sp(1, HO))) = (Sp(1) X Sp(1)) = (Sp(1) X Sp(1))/ Z>.  (Gay)V =
((G8)7y (Theorem 1.2.2)=((G,.°)") (Lemma 0.5) =(Sp(1)xSp(1))/Z, (as above).
(This fact is written as (G, =(z7)Y =(7)"). (REMARK. (Sp(1)X Sp(1))/ Z,=SO4)).

THEOREM 1.3.5. (Gowm)~(treY =(Sp(1l, R)XSp(1, R))/Z,X%2.

PROOF. Gy =(G0)7=(G, )7c.

In fact, since 7y and 7¢ are conjugate in G,:07=7¢0, 0r=16 (Proposition 1.2.3),
the correspondence (G.°)7">a—dad '<(G,C)7c gives an isomorphism. Now let
as((G,°)TeY, a={(p, q), p, g=Sp(1, H®) (Theorom 1.3.2). From the condition
Trca=aryc, we have ¢(ztrcp, trcq)=¢(p, ¢) (Lemma 1.3.3). Hence

TYcp=D, Trcq=q Or tYlcp=—p, Trcg=—4q.

Therefore p, g=Sp(1, H') or p, q=iSp(l, H') (Lemma 1.2.1). Thus ((G.°))Tc) =
(Spl, H")XSp(1, H')\UiSp(l, H")XiSp(l, H")/ Z,=(Sp(1, R)XSp(1, R))/Z, X 2.
(i, i)=7m). (REMARK. This group is isomorphic to the group SO(2, 2)=
{A= M4, R)|*ALLA=1,, det A=1}).

Group F,
2.1. Jordan algebras and Lie groups of type F,.
Let K be H, H¢, €, & or 6°. J(K) denotes one of the Jordan algebras
3B, K)={XeM@, K)| X*=X},
31,2, K)={XeM@, K)| LX*,=X}

with the Jordan multiplication XY, the inner product (X, Y) and the trilinear
form tr(X, Y, Z):

X°Y=—;—(XY+YX), (X, V)=tr(X-Y), tr(X,Y, Z2)=(X, Y-2Z).

In J(K), we define another multiplication XX Y, called the Freudenthal multipli-
cation, by

XX Y:—12~(2Xo YV —tr(X)Y —tr(Y) X+ (r(X (Y )—(X, Y)E)
and the trilinear form (X, Y, Z), the determinant det X by

(XY, Z)=(X, Y XZ), det X=~31~(X, X, X).
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The algebra J(K) with the Freudenthal multiplication XXY and the inner
product (X, Y) is called the Freudenthal algebra. In J(K), we have relations
X (XX X)=(det X)E, (XX X)X(XXX)=(det X)X,
An element X=3J(3, €) has the form
& xy X
X=X, x)=%; & =x.|, &i=R, x;,=€.
X2 X1 &
We correspond such X&3J(3, €) to an element M+a=J(3, HYPH?® such that
§ my T,
g & my|t+(a,, a. as)
me M, &
where x;=m;+a,ec HPpHe=6. Then (3, H)YPDH® has the multiplication and
the inner product
(M+@)X(N+B)=(Mx N—5(a*b+b*a))—2 @N+bM),
(M+a, N+b)=(M, N)+2(a, b)

where (a, b)=%(ab*+ba*):%—tr(a*b—l—b*a), corresponding those of J(3, €), that

is, I3, 6) is isomorphic to J(3, HYPH® as Freudenthal algebra. As for J°=
J(3, €°), the same arguments are valid as above: J(3, €°)=J(3, H)P(HC ).
In J(3, K) we use the following notations.

1 0 O 0 0 O 0 0 O
E=0 0 0], E,= 0 1 0}y, E=0 0 0],

0 0 O 0 0 O 0 0 1

0 O 0\ 0 0 x 0 x O

Fi(x)=0 0 x|, Fy(x)={0 0 0], F(x)=x 0 0

0 zx 0} x 0 O 0 0 O

The tables of the Jordan and the Freudenthal multiplications among them are
given as follows.
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Ei°Ei:Ei, Eianzoy iij’

EFi(x)=0, BeF{x)=5Ffx), i#],

P F)=(5, 3Bt Ewsd),  Fi0) Feni(9) =5 Fl®3),

EiXEi:(), Eiin+1:_;—Ei+27
EiXFi(x)=—5F(x), EXF(x)=0, i#j,

1 _
Fi(x)X Fi(3)=—(x, 9)Es, FAEYX Fon(9)= 5 Fors(%)

where the indexes are considered as mod 3.

The connected linear Lie groups of type F, are obtained as the automorphism
groups of the Jordan algebras, respectively.

FO=F(3@3, 6%) = {acls0s(I3, 6°) | a(X-Y)=aX-aY},
F.=F,3G, €)= {acIsox(IG, €)) | a(X-Y)=aX-aY},
Fio=F(IG, €)= {a=lsor(I3, €)) | (X Y)=aX-aY},
Fi2:00=F(3(1, 2, €)= {aslIsor(I(, 2, €)) | &(X-Y)=aX-aY}.

(Similarly the group Fu«(3(3, H¢) is defined). F.°, F,, Fi_:> are simply
connected (see Appendix). The group F,° naturally contains G,¢ as a subgroup,
that is, for a=G,%, define a: I°—>J° by

aX(§, x)=X(&, ax) where ax=a(x,, x;, x3)=(ax,, ax,, ax,),

then chz{ﬁ|aEGzC}CF4C. Slmllarly GZCF4, Gg(z)CF4(4), GZCF4(_20).

LEMMA 2.1.1. For a<Isoc(J°), the following three conditions are equivalent.
detaX=det X, (aX, aY,aZ)=(X,Y,Z), aXXaY=ta(XXY),
for X, Y, Z&3°.

LEMMA 2.1.2. For acF.°, we have aE=E and tr(aX)=tr(X), X&J°.

Proor ([4]). aE=EF is trivial. Next we use the identity X (XX X)=
(det X)E, that is,

Xeo(Xo X)—tr(X)XZ—{—%(tr(X)”—tr(Xz))Xz(det X)E. (1)
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Apply (i) to X and then operate a~' on it, then
Xo(XoX)~tr(aX)X“!—-é—((tr(aX))z—tr((aX)2)))X:(detaX)E. (ii)
By substruction (i)-(ii) we have
(tr(aX)—tr(X )X 2—i——;j(tr(X P—(tr(@ X)) +tr((aX)*)—tr(X*)X

=(det X—det(a X))E .

Note that as an additive generator of 3° we can choose &={E;, FEJ°|tr(F)=
det F=0, diag F=0, F*=E;+E;,,, i=1, 2, 3}. Now for F=&,

tr(aF)(EHrEH1)+%(—(tr(aF))2+tr((aF)2)~2)F~—-—(det(aF))E .

Compare each term of both sides, then we have tr(aF)=0 (=tr(F)) and
tr((aF)*)=2. Hence tr(aE;)= tr(a(E—Fy1)»)=tr(E)—tr((aF;(1))*)=3—2=1=
tr(E,), i=1, 2, 3. Consequently tr(aX)=tr(X) for X=J°.

PROPOSITION 2.1.3.

F.  ={acslso(J°) | a(X-Y)=aX-aY} (1)
={a<Ils0s(I%) | tr(aX, aY, aZ)=tr(X, Y, Z), (aX, aY)=(X, Y)} (2)
= {ac<Is0s(J°) | detaX=det X, (aX, aY)=(X, Y)} (3)
= {a<Is0c(J%) | detaX=det X, aE=FE} (4)
={aclso(J°) | a(XXY)=aXXaY}. (5)

PrROOF. (1)—(2) (aX, aY )=tr(aX-aY)=tr(a(X-Y))=tr(X-Y) (Lemma 2.1.2)
=(X, V). tr(a X, aY, aZ)=(@aX, aY-aZ)=(aX, aY - Z)=(X, Y - Z)=tr(X, Y, Z).

2)—1) (aXeaY,aZ)=tr(aX, aY,aZ)=tr(X,Y, Z)=(XY, Z)=(a(X-Y ), aZ)
holds for all «Z, hence aX-aY =a(X-Y).

(2)—(3) Since we have already known (2)—(1), we can use tr(aX)=tr(X)

(Lemma 2.1.72). Now 3deta X=tr(a X, alX, aX)——g—tr(aX)(aX, aX)-i--;—tr(aX)s:
tr( X, X, X)—%tr(X)(X, X)—i—%tr(X)"::Bdet X.

3)—=B) (a(XXY), aZ)=(XXY, Z2)=(X, Y, Z)=(aX, aY, aZ) (Lemma 2.1.1)
=(aXXaY, aZ) holds for all aZ, hence a XXaY =a(XXY).
B)—@) [detaX)aX=(aXxXaX)X(aXXaX)=a(XXX)X(XXX)=

(det X)a X, hence deta X=det X. Next, in aXXaE:a(XXE)::—;—a(tr(X)E—X),
put aE=P=P(p, p), then
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1 1 .
aXXP:-—?—tr(X)P—?aX. (i)
Put X=a™'E, in (i) and compare each term of both sides, then
O0=ppi—1, ps=pps, p=pps, —pi=pp, O0=pp,, O0=pp,

where py=tr(a™'E,). Consequently we have p,=p,=0. Similarly p,=0. Again
put X=a 'F,(1) in (i) and compare F-parts, then p,=1. Similarly p,=p,;=1.
Thus aE=E.

4)—2) tr(aX)=(alX, E, E)y=(aX, aE, aE)= (X E, E)=tr(X), Z(tr(X)tr(Y)

—(X YN=(X,Y, E)y=(aX, aY, aE)=(a X, aY, E)——(tr(aX)tr(aY)—(aX aY))
::—(tr(X)tr(Y) (a X, aY)). Hence (a X, aY)= (X Y). Fmally using (X, Y, Z)=
tr(X, Y, Z)—itr(X)(Y Z)— —-tr(Y)(Z X)———tr(Z)(X Y)——tr(X)tr(Y)tr(Z),
we have tr(a X, aY, aZ)=tr(X, Y, Z).

The Lie algebra {,° of the Lie group F,° has the following structure.

PROPOSITION 2.1.4 ([2]).  §.5=b,°P(mC)-
where 3°={0=}C|0E;=0, i=1, 2,3} is the complex Lie algebra of type
D,, (mC)-={Ac M3, 6°)| A*=—A} and for A=(m®)-, A is the C-linear transfor-
mation of C defined by AX=AX—XA, X=3°.

2.2. Involutions of Lie groups of type F,.
We define R-linear transformations 7, g, ¢’ of J(3, €) by
r X=rX(¢, x)=X(§, rx), X33, €),
& —x3 —X & Xy —ZX,
o X=| — X, &, x, |=1,XI,, g’ X=| *x, & —ax, |=LX15,

— X2 X &s — X, —X &3l

respectively. Then 7y=G,CF,CF.°, o, 6’=F,CF,° and 7*=0¢*=0¢"*=1. Let 7
be the complex conjugation in J¢ with respect to J(3, €), then 7, 7, r¢ induce

involutive automorphisms 7, 7, ro of F,°:

Fa)=rar, g’(a):rrarr, ro(a)=troaocr, ac<F/C.
LEMMA 2-2-1- (30)123(3; (S,), (30)1723(3) @,)) (30)1‘0:3(1, 2; (S/)°

PROOF. The first two are trivial (Lemma 1.2.1. (2)). The correspondence
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E1 ixg iX, &1 %3 X
RBe>|i%s & x |—| =% & x,|€3Q1, 2, 6),
ix, X &s —x2 X1 &

&R, x;=€, gives an isomorphism as Jordan algebras.
THEOREM 2.2.2. (F.°y=F,, (F.°)7"=F,, (FC)°=F_s0.

PROOF. These are direct results of Lemma 2.2.1.
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PROPOSITION 2.2.3. (1) 7 and vo are conjugate in F,: 0y=yrad (moreover

under 0 F, such that da=ad).

(2) o and o' are conjugate in F,: dad=a'd (moreover under 6=0"'€F,).

PROOF. (1) Define 9: J(3, €)—3J(3, €) by

3 Xge Xqe 1 0 0
0X=|—ex, & —exe |=DXD, D=0 e 0
—Xxe, —eXx,e &, 0 0 e

Then d& F,, 0y=y0d and do=ga9.
(2) Define 9 : J(3, 6)—I(3, €) by

§s X1 X 0 0 1
0 X= X1 52 553 ZDXD, D=|0 1 0
Xs X3 51 1 0 0

Then 0=0"'<F, and do=a’0.

2.3. Subgroups of type C,[DC; of Lie groups of type F,.

LEMMA 2.3.1. Any element M<J(3, HC) such that M*=M, tr(M)=1 can be

transformed to any E; by a certain A=Sp(3, H®): AMA*=E,; (i=1, 2, 3).

ProoF. Since Sp(3, H®) contains the subgroup Sp(3), we may assume

Y1 img  iTT,
#iec, miEH,
M=\ims po im, |,
) L et ps=1.
tme M, Us

The condition M*=M is
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#12—"1277'_12—77137713 ’77127711+i(#1+#2)ma *
* #22~m3m3_771177—11 ——77137712—{—2'(;12—1-/13)"11 :lw.
—7’_117_’23"‘1'(#3‘*‘!11)7”2 * #szﬁmlml—mzﬁ-’lz

Compare the diagonals, then each g, is real. Hence we have
mymy=mems=mgm, =0, LAy = oMy = ptym =0

If m,=m,=m,=0 Lemma is clearly valid. Otherwise, for example, in the case
m,#0, we have m;=m,=0, gt,+p,=1, #¢;=0. Hence M has the form
=1 0), M=(# ), mm=py, ptv=L, v R meH. 1 10, 5<0,
0 0 wm v m/v—y iV —y

i 1 . — — )= , HC). 1 )
this M can be transformed to E, by (—zrﬁ/\/,u Vi )cSp(Z ). If <0
v>0, then M can be transformed to E,. Finally note that E,, E,, E,are trans-
formed by Sp(3, HC) with one another. Thus Lemma is proved.

PROPOSITION 2.3.2. Fu((3, H)=Sp@3, C)/ Z,.

ProoF ([6]). We define ¢: Sp(3, HO)—F(J@3, H)) by
HAM=AMA*,  Me33, H°).

It is clear that ¢ is well-defined and a homomorphism. We shall show ¢ is onto.
Let a= F(3(3, HC)). Since aE,=3(3, HC) satisfies (aE;)*=akE,, tr(aE;)=1, there
exists A;=Sp(3, HC) such that

aEi:AiEiAi*y Z‘zl) 2y 3 ()

Let a; be the i-th column vector of A; and construct a matrix A=(a,, @, as).
Then we have aE;,=AE;A* i=1, 2, 3. Hence AA*=A(E,+E,+E)A*=
a(E,+E,+E)—=aE=E, that is, A=Sp@3, H°). Put B=¢(A)'a, then Be
F(3(3, H®)) and satisfies BE,=E,, i=1, 2, 3. B induces C-linear transformations
B: of H¢ such that BFi(m)=F(8.m), me HC from 2E ;- F,(m)=F(m), j+1i, more-
over B; are orthogonal: 8;=0(4, C)=0(H?) from Fi(m)e Fi(n)=0n, nXEi1+Eise).
Furthermore B,, B, Bs satisfy

(Bim) Ben)=Bs(mn), m, ncHC

from 2F,(m)sFyn)=Fy{mn). Put p=p1, ¢=B.1, then p, ¢&Sp(, H°) and
Bu(m)=pB.(m)g, Bs(m)=B.()g, mHC. Again put B,(m)=pL(m), then { satisfies
(Cm)Cn)=L(mn), m, nHC, that is, { is an automorphism of H¢. Hence there
exists r&Sp(l, HC) such that {(m)=rm?¥, me=HC (Proposition 1.3.1). Therefore

Bim=prm?, Bym=rmFq, Bsm=qrm¥p
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Construct a matrix B=diag(qr, pr,r)=Sp(3, HC), then BM=BMB*, Mc3(3, HC),
that is, B=¢(B). Hence a=¢(A)B=¢(A)HB)=¢(AB), ABESp(3, H®). There-
fore ¢ is onto. Ker¢={FE, —E}=Z, Thus F.J3, H)=Sp3, HC)/Z,=
Sp3, C)/Z,.

THEOREM 2.3.3. (Fy=(Sp, C)xSp@3, C)/Z,, Z,={1, E), (—1, —E)}.

ProoF ([6]). We define ¢: Sp(1, H°)XSp(3, HO)—(F.°)y by
K(p, AM+a)=AMA*+paA*, M+a=3(3, HOYPHC»=3C.

It is easy to verify that ¢ is well-defined (Proposition 2.1.3 (5)) and a homomor-
phism. We shall show ¢ is onto. Let a<(F.°Yy. Since (I°),=3(3, H®) is
invariant under a, a induces an automorphism of (3, H¢). Hence there exists
A=Sp(3, HC) such that

aM=AMA*, MecJ3, H°) (Proposition 2.3.2).

Put 8=¢(1, A)'a, then B|I(3, HC)=1, hence BEG,°={asF,°|aE,=E,, aF(1)=
F(1), i=1, 2, 3}, moreover B<=(G,°) and B|H®=1. By [Theorem 1.3.2, there
exists p=Sp(l, HC) such that B(m+ae)=m-+(pa)e, m+ae<= H°PDHCe=GEC°, hence
B(M+a)=M+pa, M+a<J°, that is, B=¢(p, E). Hence a=¢(1, A)B=
o1, A)Y(p, E)=¢(p, A). Therefore ¢ is onto. Kerd={(l, E), (=1, —E)}=2,.
Thus we have the required isomorphism.

LEMMA 2.3.4. ¢:Sp(l, H)XSp(1, HC)—F,° of Theorem 2.3.3 satisfies
1) r=¢d(—1, E), re=¢(J, JE), ra=¢(, iE), a=¢(—1, I,).
(2) T¢(p) A)T:Sb(‘fp; 744-)y TC¢(p: A)TCZSZ’(TCP: TCA)) 0¢(p: A)0:¢(p: IIAII)-

THEOREM 2.3.5. (1) (F.)=(Sp(1)XSp(3))/Z:=(Fyie).

(2) (Faw)~(zrey=(Sp(l, R)XSp(3, R))/Z:X2.

(B) (Fac-ao ' =(Sp(1)XSp(1,2))/ Z,=(r10Y ~(Fyw).

PROOF. (1) Let as(F,y=((F.Oy)Y=(FLy)yC(F,°y. By [Theorem 2.3.3, there

exist pESp(1, H®), A€Sp(3, H®) such that a=¢(p, A). From the condition ra
=ar, we have (rp,tA)=¢(p, A) (Lemma 2.3.4). Hence

tp=p, TA=A or tp=—p, tA=—A.

The latter case is impossible (cf. [Theorem 1.3.4). Therefore p=Sp(l). A=Sp(3).
Thus (F)=d(Sp(L)XSpBN=(Sp()XSH(3)/ Zs. (Fuwy) =(z7V=(z).

2) Foo=(F yT=(F, )7c,




202 Ichiro YokoTA

In fact, since 7 and 7c are conjugate in G,CF,:07r=7¢d, dt=10 (Proposition|
1.2.3), (FEy sa—dad'e(F.°)7c gives an isomorphism. Let as(FCyTey=
(tre), a=¢(p, A), p=Sp(l, H), A€Sp(G, H°. From tyca=artlc, we have
HKzrrep, trcA) = (p, A). Hence (z7c) = (Sp(l, H') X Sp(3, H)JiSp(l, H'yX
(iE)Sp3, H"))/ Z, (cf. Theorem 1.3.5)=(Sp(1, R)XSp(3, R))/Z,x2. ((i,iE)=7n)
(3) Define ¢: Sp(1l, H)XSp(1,2, HC)—(F.°y by ¢(p, A)=¢p, ' AI',™). Let
aS(Fucsn Y =(ra), a=¢(p, A), p=Sp(l, H), A=Sp(1,2, H®). From roa=ara,
we have ¢(zp, 7A)=¢(p, A). Thus, as in (1), (Fecezo Y =(Sp(1)X Sp(1, 2))/ Z,.
Fooy=(FCyT=(F.°)y"°

because 7~7o under 6 F,: dr=70d, dv=18 (Proposition 2.2.3). Now (Fe Y~
(zraY=(ra).

2.4. Subgroups of type B, of Lie groups of type F..
Hereafter we use the following C-vector subspaces of J°.

(2, 6)={X=JC | E,e X=0} ={ X€I°|4E, X (E, X X)=X}

0 0 O
§: x
= 0 52 X P/ $27 6365(:; XTGEGSC ’
identify &
0 x &

€.°={¢E.\ | CY,
(3%, ={X=J% |0 X=X} =J(2, C°)DE,°,
(3%).,={XEI° |0 X=—X}={X€J°|2E,* X=X}
={Xe3°|E; X X=0, (E,, X)=0}
0 x5 Ze
s R
x2 00
and (I)={XeI°|tr(X)=0}, J(2,EN={X=J2,E)Itr(X)=0}. R, R°)-o

C)a'

X3, xse(&"}

are invariant under a<=(F,
LEMMA 2.4.1. (F.°)*=(F. )g,.

PROOF. Let a=(F.°)°. Then aE,=3(2,€°). In fact, aE.=a(—Fx1)XFyx1))
= — aFy(1)XaFy(1) = — (Fu(xs) + Fy(x)) % = x:%:.E, + XX Es— Fi(X3%5) =32, €°).
Similarly aE;=3(2, €°). Therefore aE,=E—aE,—aFE; has the form
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E\+&E,+&E+ Fi(x). Then0=a(E,XE,)=aE,XaE,=(E,+&FE,+&E+F,(x))*?
=(&:&s— xX)E\+&,E,+&E;—Fy(x). This implies &=&=x=0. Thus we have
aE,=E,. Conversely let ac(F.°)g. Since I°=(I%),MD(°)., and (I°),=
{XeJ°|E - X=0}D{EE,|E=C}, (X)) .o ={X=J°|2E,» X=X} are invariant under
a, ac X=ao( X+ X;)=a(X,— Xp)=a X, —aX,=0(a X))+ o(a Xp)=0a( X, + X;)=ca X
for X=X,+X,, X,€(3%,, X.e(3°).,. Hence ag=ca, that is, a=(F,°)°.

LEMMA 2.4.2. (F.°)°/Spin(8, C)=(S®)®. In particular, the group (F.°)° is
connected.

PROOF. We define a complex 8-dimensional sphere (S°)¢ by

(§9P={XEJ°| E;» X=0, tr (X)=0, (X, X)=2}

-{; 2

The group (F,°)?=(F°)g, acts on (S°)® (Lemma 2.1.2, Proposition 2.1.3.(3)). We
shall show that this action is transitive. To show this we prepare some ele-
ments of (F,%)7.

For a<@° such that ad+0, define a C-linear transformation a(a) of 3¢,
a(a)X(§, x)=Y(n, y), by

( 771:'—'51 »

&+xx=1, £=C, xe(&c}.

sin2y
y ?

) =g 605 (=) 08 2u-+(a, %)

| =g Gt 5t cos—(a, 1),

1 sin 2y sin %y
ylle"’_z—(eﬁ—es)a v ""2((1, xl)a_vz_:
—siny

Y2 =X5COS Y— X4a S

—siny
Ys=Xx3COS )J+ax2

o 0 00
where veC, v*=ad. Then a(a)=exp A(a) where A(a):(g 0 c(z))e((m"")‘)l,;1
—a
={Ae(mc)'|ﬁE1=O}, hence ﬁ(a)e(hc)" = b CD(f)°)")s, (Proposition 2.1.4).
Therefore a(a)e=(F,°)°.
Now let Xz(é

z —x§>e(sc)8‘ Choose a=E@° such that (g, x)=0 and ag=
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0 x
x, 0/
This shows the transitivity. The isotropy subgroup of (F,°)’ at E,—E, is
(Fg,. 5, g, ={aSF°|aE;=E,, i=1,2,3} and we hnow that it is isomorphic to
Spin(8, C) as the universal covering group of SO(8, C)=SO(G°) (cf. Principle of
triality [8]). Thus we have the homeomorphism (F,°)?/Spin(8, C)=(SC°):.

(/4)?, then a(a)X———X‘z( x:1%,=1. And then a((n/4)x,)X,=E,—E,.

THEOREM 2.4.3. (F,°)?=Spin(9, C).

PROOF. Since the group (F,°)? is connected (Lemma 2.4.2), we can define
a homomorphism = : (F,°)"—S0(9, C)=SO(V°)?) by wn(a)=a|(V°)® where

X

E x

(Voyr=32, 6)%={X = )lEE C, xe6°}
—§

with the norm (X, X)/2=&*+xx. Kern={l,0}=Z, (cf. Principle of triality
[8]). Hence 7 induces a monomorphisim dx : (},°)—80(9, C). Since dimg(f.¢)°
=dime(d,“PD((11°)")g,)=28+8=36=dim¢80(9, C), dx is onto, hence = is also onto
(Lemma 0.6). Thus (F.°)°/Z,=S0(, C). Therefore (F,°)’ is isomorphic to
Spin(9, C) as the universal covering group of SO(9, C).

THEOREM 2.4.4. (1) (F)'=Spin(9)=(Fic-2)°-

(2) (Fiw)’=spin(4,5).

(B) (Fi¢-20))°~(7a’)° = Spin(8, 1)',

Proor. (1) (}'4‘4)":((F‘t")’)"———((Ffv)")r is connected (Lemma 0.7) because

(F.8)*=Spin(9, C) (Theorem 2.4.3) is simply connected. Since (F,°)’ acts on
(V°), the group (F)’=((F.°)?)" acts on

X

§ «x
Vo=(J(2, @C)o)r-:{X—‘:( §)|$ER’ xe(&}
with the norm (X, X)/2=£*4+x%. We can define a homomorphism = : (F,)’—
SO(9)=SO(V?®) by n(a)=a|V?. Kerr={1,0}=Z,. Since dim (f,)?=36=dim 80(9),
m is onto. Thus (F,)°/Z,=S0O(9). Therefore (F,)° is isomorphic to Spin(9) as
the uuiversal covering group of SO(9). (Fi-20)" =(z0)? =(7)’.

(REMARK. In the proof of Lemma 2.4.3, if we know that F.° is simply con-
nected, the connectedness of (F,°)? is trivial (Lemma 0.7). But the simply con-
nectedness of F,° is usually follows from the simply connectedness of F, and
the fact that (F,)*=Spin(9) ([8]). To avoid a circular argument we took the
way like [Lemma 2.4.2, [ITheorem 2.4.3).
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(2) As in (1), (Fy))’=(F.%)?)7 is connected. The group (F,u)° acts on

3
VS =(3(2, 6 ={ X =

o
N _E))EER, x’E(@C),,:(S,’}

with the norm (X, X)/2=§*+x"%’. We can define a homomorphism = : (Fyu»)°
—0(4,5),=0(V*?%), by =n(a)=a|V*® Kerzx={l,0}=Z,. As similar to (1),
(Fuy)?/Z:=0(4,5),. Therefore (F,«))’ is denoted by spin(4,5) (not simply con-
nected) as a double covering group of O(4,5),.

3) Facany =(F Oy =(FO)7"

because o~g¢’ under 0<F,:00=0¢'0, 0r=70 (Proposition 2.2.3). As in (1),
(FC°)? ) =(ra")° is connected. The group (ra’)’ acts on

3
Ve 1:(3(2; @C)O)ra' :{X :(
]

X

:)|§eR, xe(s}

with the norm (X, X)/2=&—xX%. We can define a homomorphism = :(r¢’)’—
0(8,1),=0V?&Y), by m(a)=a|V?® . Assimilar to (1), (ra’)/°Z,=0(8,1),. There-
fore (z¢’)? is isomorphic to Spin(8, 1) as the universal covering group of O(8,1),.

Group E,

3.1. Lie groups of type E..

The universal connected linear Lie groups of type E, are obtained as
EC=E (33, 6%)={ass0s(J(3, 6°))|det a X=det X},
Ey={a=Is0c(I(3, 69))|det a X=det X, <a X, aY)>=(X,Y)},
Eioy=E(J3, €)= {acIsor(I(3, €))|det a X=det X},
Eioy={a<sIs0s(I(3, €%))|det a X=det X, <a X, aY>,=<X,Y>,},
Ei-ro={acIso(I(3, 6%)|det a X=det X, <a X, aY >,=<(X,Y )},
Eg 20 =E (I3, €)= {a<Is0(I(3, €))|det a X=det X}

where <(X,Y>=(X,Y), (X, Y),=(rX,Y) and <(X,Y),=(raX,Y). (Similarly
the group E(J(3, H®)) is defined). E,°, E; Esc2 are simply connected (see
Appendix).

The Lie algebra e,° of the Lie group E.° has the following structure.

PROPOSITION 3.1.1 ([2]). ¢.C=F.DI(3, 6°),
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where X3, 6%),={T X3, 6°)|tr (T)=0} and for T=3(3, 6%, T is the C-linear
transformation of 3¢ defined by TX=T-X.

3.2. Involutions of Lie groups of type Es.

LEMMA 3.2.1. If a=E then ‘a*cE.

PrOOF. ([4]). ‘ta (Y XY)Xfa XY XY)=(a¥Y XaY)X(aY XaY) (Lemma 2.1.
1)=(det aY)aY =(det Y)aY =a((det Y)Y)=a((Y XY)X(Y XY)), YI°. Put Y=
Xx X, X&J°, then ta~!((det X) X)X a ((det X)X)=a((det X)X X (det X)X).

(1) Case det X#09. We have ‘a*XX‘a ' X=a(XXx X). Hence 3det‘a"'X=
CaX, ta* Xxta ' X)="a X, a( XX X))=(X, XX X)=3det X. Consider a-! in-
stead of a, then we have also det ‘e X=det X.

(2) Case det X=0. If det’a *X=+0, we can use the result of (1). O=det X
=det ‘a*a~* X)=det ‘a~! X (result of (1))#0, a contradiction. Thus det ‘a~!X=0,
hence det’a~!X=det X is also valid.

We define an involutive automorphism A of E.° by
Na)=ta!, ac<E, (Lemma 3.2.1).
Note that A induces involutive automorphisms of E;, E¢r, Eecr, Esc-10, Egcose

and E (33, H®). As in F.°, E/ has involutive automorphisms 7, ;7', and 7o.

THEOREM 3.2.2. (Esc)d:Es, (EGC)I'T;EG(B)’ (EBC)T/U:EG(”, (Esc)dazEs(—u);
(Esc)rzEsc—zs)-

PROOF. As for Egu, Egc—26), these are direct results of Lemma 1.2.1.(2).
Es, E¢, E¢c_10» are nothing but their definitions.

The Lie algebras of the Lie groups of type E; are as follows.

PROPOSITION 3.2.3. (1) e,={p<e.’| —r'dr=0}=1.Di3(3, €),,
2) eew={p=e’|t7Pprr=0} =T s BIG, €.

3) esw={pSe’| —t7'drr=0} =T DiI(3, ).

@) eso={dse| —ra'dor=0} =PI, 2, C),.

(5) esc2e={d=eL|7¢r=0}=1.DI3, E).

PROOF. The involutive automorphisms of e,® induced by 7, g, A, = are

1d7=181+1T, oda=ada+oT, Np)=6—T, rér=rdcr+cT



Realizations of involutive automorphisms 207
for 6+T<1,°P3(3, 6°),=e,C. From this, Proposition is clear (Lemma 2.2.1)).

In addition to 7, 7¢, TEG.CF.CE,, 0, ¢'F,CE,, we define one more in-
volutive element p=E,, p: J°—J° by

—& ixsi —7i%, i 0 0
pX=| ixi —& —iix, =PXP, P=l 0 7 O
1X:l 21X, & 0 0 1

PROPOSITION 3.2.3. (1) 7 and p are conjugate in Es: or=p0, 0 E,.
(2) o and 7p are conjugate in E;: 00=7pd, 0S E,.
(3) o and 7hp are conjugate in E,: 60=7yp0, 0E E,.

PRrRoOOF will be given in 3.5.12.

3.3. Subgroups of type F, of Lie groups of type E,.

THEOREM 3.3.1. (1) (E.°)*=F,°.
(2) (Ee(—ze))2:F4=(Es)z-

3) (Es(s))Z=F4(4):(EG(2))2-

(4) (Esc-10)*=Fic-200=(Egc-20)*°.

Proor. (1) It is results of Proposition 2.1.3.(1)—(3).
(2) (Eece26) =)A= =(F.°) (result of (1))=F, (Theorem 2.2.2). (E)*=
(e =(r)*=(4Y.
3) (Eae)=1)? =T =(F.°)y"=F,q, (Theorem 2.2.2). (Eew)'=(ra)*=
N =Q@).
(4) (Eger0)r=(ti6)* =(16) =(A) I =(F,°)Y*=F,-20> (Theorem 2.2.2).
(Eot-20)"=(1)*"=(10)*.

To prove this, define §: I°—>I° by

&, iXs iXs 1 0 O
0X=| ix, —& —=x, |=DXD, D=| 0 7 0
i.X2 -—~2':1 —'&’3 0 0 ¢

(see Proposition 3.6.5), then d<E,, é*=0, dd=00, dr=td"", ‘0=0. (Hereafter,
this & will be denoted by /7). Now () Da—d-'ad=(rg)? gives an isomor-
phism.
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3.4. Subgroups of type C, of Lie groups of type E,.

We consider the Jordan algebra J(4, HC)={Pe=M(4, HC)| P*=P} with the
Jordan multiplication P-Q=(PQ+QP)/2 and the inner product (P, Q)=tr(P-Q).
We define g: I°=3(3, HYP(HC )»*—>J(4, H®)y={P=J(4, H®)|tr(P)=0} by

%tr(M) ia
gM+a)= . , M+acs3°.
ia* M——ftr(M)E

LEMMA 3.4.1. g: I°->X4, H®), is a C-linear isomorphism and satisfies

, 1 .
gX-g¥Y =g(r(Xx Y))+Z(YX, Y)E,
(gX, gY)=(rXY),

X, YeX°.

PROOF. g(r((M+a)x(N+b))=g(M—a)x(N—b))

=g(Mx N~ (@*b+b*a)+ 3 (@N+bM))

1 1 )
7tr(M>< N)——i(a, b) 7(0N+bM)

%(aN—}-bM)* Mx N——;—(a*b+b*a)——;—(tr(M>< N)—(a, b))E
, 1 1
=g(M+a)-g(N+b)—( (M, N)—5-(a, b)E

= g(M+a)e g(N+b)— 5 (r(M+a), N+)E.

Thus the first formula is shown. Take the trace of both sides, then we have
the second formula.

THEOREM 3.4.2. (E)"=Sp4, C)/Z,, Z,={E, —E}.

PrOOF ([4]). We define ¢: Sp(4, HC)—(E:)* by
A X=g""(A(gX)A%), X&J°.
We have to prove ¢(A)=(E°)*". Denote a=¢(A) and put Z=alX.
3deta X =3detZ=(Zx Z,Z)=(g((ZXZ)),gZ)

:(gZogZ—-i—()’Z, Z)E, gZ):(gZogZ—i—(gZ, g2)E, gZ)
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=<A(gX)A*°A(gX)A*—i—(A(gX)A*, A(g X)AM)E, A(g X)A*)

—(gX-2X—1(eX g)B, gX)=(gX- X~ (1 X, OOE, gX)
=(g(r(Xx X)), g X)=(Xx X, X)==3det X,
(raX, aV)=(g(aX), glaY)=(A(g X)A*, A(gY)A*)=(g X, g¥)=(rX,Y)
=Ca"'r X, aY), hence ra=‘a’'y.
Thus a=(E°)*". We shall show ¢ is onto. To show this we prepare

LEMMA 3.4.3. Any element P34, HC) such that P?=P, tr(P)=1 can be
transformed to Elz(o 0) =34, H®) by a certain A=Sp4, H®): APA*=E,.

PROOF is similar to Lemma 2.3.1|.

Now, for acs(E °)*, (g(aE))z-—g(aE)—}— 3E In fact, (g(aE))z—g(r(aEXaE))
*(TaE aE)E= g(T‘a“(EXE))+—~(‘ 'ITE aE)E= g(aTE)-i-—(?’E E)E = g(aE)

3
+—4—E. Put P:Z-(Zg(aE)+E). Then P4, H®), Pz'——ﬂ—i(ll(g(aE))2 + 4g(aE)

+E)=ji—(2g(aE)+E):P and tr(P)=1. Hence there exists A=Sp4, H®) such
that -
P=AE,A* Lemma 3.4.3).

Then ¢(A)E=g“(A(gE)A*)=g"(A(ZE‘———;—E>A*) =g"(2P——;—E)=g"l(g(aE))
=aE. Put B=¢(4)'a, then BE=E, hence B<F,° (Proposition 2.1.3 (4)),

moreover B=(F,°)y. By [Theorem 2.3.3, there exist peSp(l, H®), DESp(3, H¢®)
such that

B(M~+a)=DMD*+ paD*, M+as3°.
Put B=diag(p, D)=Sp4, H®), then f=¢(B). In fact,
H(BYM+a)=g ' (B(g(M+a))B*)

) 0 —;—tr(M) ia P 0
B G |
0O - D ia* 'M—-'—é—tr(f\/f)E 0 Dx*
1 .
—z—tr(M) ipaD*
=g! =DMD*+ paD*=B(M+a).

iDa*p DMD*——;—tr(M)E
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Hence a=(A)B=q A)YB)=¢(AB), AB=Sp(4, H®). Therefore ¢ is onto. Ker
¢={E, —E}=Z,. Thus we have the required isomorphism:.

LEMMA 3.44. ¢: Sp4, HC)—E,® of Theorem 3.4.2 satisfies

1) r=§l), Te=JE), Ta=¢IE), a=¢(I).

(2) P Ay=rd(rAr=I(rA)L,), ‘KA '=rAr=1AlL), Tc(Arc=
HrcA), o(A)a=¢I,Al).

PrROOF. It follows from 7g(z X)=g(r X)=I,(gA),, g(rc X)=7c(g X)=j(g X)],
graX)=ra(g X)=i(g X, g6 X)=1I(g X)I,, X =J°.

THEOREM 3.4.5. (1) (E)¥=Sp(4)/Z,=(E ).

(2) (Eso) '~ (tr7c)"=Sp4, R)/ Z2 X 2= (721 )T ~(E g¢25)™.
(3) (Esc-20)=Sp(1,3)/ Zy=(E )"

(4) (Esc10)=Sp(2,2)/ Z, X 2=(270) T ~(Ecer)?.

PROOF. (1) Let as(E)7=((EL ) H¥, a=¢(A), A=Sp4, H®) (Theorem 3.4.2).
From r‘a 'r=a, we have XrA)=¢{A) (Lemma 3.44). Hence A=A or tA=
—A. The latter case is impossible. In fact, put A=¢B, then BB*=—E, B&
M(4, H), a contradiction. Therefore A=Sp(4). Thus (E)"=Sp(4)/Z,. (Escer)*
=( T =(z ).

(2 Egey=(E)yT=(E*Cyrrc

because 7~77c under 6€G,CF,CE,: 07y=77cd,d0r=16 (Proposition 1.2.3). Let
aE(EL)YTTe)T=(zr1c)", a=¢(A), A=Sp4, H®). From rrrcta'rcrr=a, we have
HrrcA)=¢(A). Thus (77e)"=(Sp4, H)J(IE)S p(4, H"))/Z, (cf. [Theorem 1.3.5)
=Sp4, R)/Z,X2. (((iE)=7n).

Escz):(Esc)dT:(Eso)ﬂrc

because y~7¢ under 6= G,CF,CE,: dr=7¢0,dtA=7Ay (Proposition 1.2.3). Now
(Ee) T ~(tArc) T =(tryc)™.

(3) Define ¢: Sp(1,3, HC)—~(E)* by ¢(A)=([LA™Y). Let aS(Eg_26)
=), a=¢(A), A=Sp(1,3, H°). From ra=ar, we have ¢(rA)=¢(A). Hence
A=A or tA=—A. The latter case is impossible. In fact, there exists no
AeM(4, H) such that A*I,A=—1I, because the signature of both sides are
different. Therefore A=Sp(1,3). Thus (E¢c-26)7=Sp(1,3)/ Zs. (Egcay)7=(zAr)¥
=(r)".

(4) Define ¢: Sp(2,2, HO)—>(EL)7 by ¢(A)=(I,AI'y™"). Let a€(Es- 1)
=(t2e)", a=¢(A), A=Sp(2,2,H®). From ro'a'or=a, we have ¢(tA)=¢(A).
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O ’
Hence (FEgc-10)7=(Sp(2, Z)Ui(], ]O)Sp(Z, 20N/ Z,=Sp2,2)/Z,x2. (The explicit
0o J
from of p.=¢l: : oY s
¢ ¢(’(1’ 0))
—& exse —ieX, ie 0

pX=| eX,e —& —iex, |=P,XP, P,=| 0 ie

—_ O O
~——

ixee ix.e &, 0 0
Es(e) :(Eec)rrg (ESC)TTU

because y~7¢ under 0= F,CE;: dr=700, dr=16 (Proposition 2.3.3). Now (E,¢)*"
~(tra) T =(1Ao)¥.

3.5. Subgroups of type C,(PA; of Lie groups of type E..

Let k2: M3, H)—>{P=M(6, H®)| JP=P]} be the algebraic C-isomorphism
(resp. k: (HCY—{P=M(2,6, H°)| JP=P]J} be the C-linear isomorphism) defined by

k((a+bj))=((_‘; b)) a,beC*

a

and denote the inverse 27! of 2 by A.
LEMMA 3.5.1. det(kM)=(detM)?, MX(3, H®).

PROOF. Since we know that the determinant of a skew-symmetric matrix
S is square of a polynomial with respect to its components s;;, we can easily
calculate as

0 Si13 Si1s S14 Si5  Sig

—s, 0 Sas Sas4  Sa2;  Szs (812834556 S11S35S46+ S12S36S45
— S13S524S56 T S13525S46— S13S26S

—S15 —Sas 0  Ss: Sss  Sse 18524856 18525546 18526545

det 0 = + 514523556 — S14525S36 1+ S14526S35
—S8 —S —S S S

" 2 3 45 “ ~— 815528546+ S15524536~ S15524535

2

—S15 —Sss —Sss —S4 0 Sge ~+S16523545— S16524S35+ S16525S34)

~S16 — S35 —Sa; —S4g —Sss O

Note that (EM)J= M(6, C°) is skew-symmetric and use the above formula, then

det(kM)=det(kM)]) (m, n,cC°)
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0 E, —ngy myg Ny T,
—& 0 —iy —H; —my, — T, (£:626s—E i iy —Em, 7,
_ —NgAsEs— NgMall,— N3y TH
Ny s 0 & n, m 3—3_53 sMaeNy Y P/
:det = _n13m3$3+7n3m2m1"“m3ﬁ2n1
—m s — 0—m, —7 — = = =
s * S ! ! — Ny M gTiy— NofigMy— Nafi ok,
—Ny My n, m, 0 &s + MMy — My FigNy— 7 gMe,)°
— My, —Hy, —m, —H, “‘Ez 0

On the other hand, detM is

& MatTs) Mot o) 535253+(m1+nlj)(m2+n2j)(m3+nsj)
det| ms;+nsj &, m-+n,j |= +(ml+n1j)(mz+ nzj)(ms+ nsj)
_ —38 . N 1.3
Mo +Nsj Mit1.J &, Eislgz(mi+n1J)(mi+nt])

=the interior part of the above bracket.
LEMMA 3.5.2. The group E(I(3, H®)) is connected.

PROOF. The group (E«(3(3, HO)*={ac E(I(3, H))|<aM, aN>={M, N} is
connected. The outline of the proof is as follows (see [7]). In the homogeneous
space (Ey(S(3, HO))A/F(IB, H) = EIV ;={X=J(3, H)|detM =1,{M, M>=3},
Fu((3, H)=Sp3)/Z, and EIV 4 are connected, hence (E«I(3, H®)))* is also
connected. (In reality, (E (33, HS))*=SU(6)/Z,). And (E(3(@3, H°))* is a
maximal compact subgroup of E (3, H¢)). Therefore the group E(J(3, H®))
is connected.

PROPOSITION 3.5.3. EJ((3, H®))=SU*6, C)/Z,.

PrROOF. We define ¢: SU*6, HO)—E(X(3, H)) by
HAM =k (A(M)A*)=(hA)M (R A)*, Mc3(3, HS).

We have to prove ((A)sE(I(3, H®)). In fact, (det(¢(A)M)}=det(k(¢(AIM))
(Lemma 3.5.1) = det(A(EM)A*) = det(kM) = (det M )? (Lemma 3.5.1). Therefore
det(¢(A)M)=+detM. Since SU*(6, C°) is connected (Proposition 0.2), the sign
of det(¢A)M) is constant with respect to A. Hence det(¢XA)M)=detM, that
is, ¢ is well-defined. Ker¢={E, —E}=Z,. Hence ¢ induces a monomorphism
d¢p: 8u¥(6, CO)—e (3, H)). Since the Lie algebra e,(J(3, H®) has the struc-
ture e4(3, H))=F,(I(3, HYPX(3, HC), (cf. Proposition 3.1.1) and dimcey(3(3,
H°))=21+414=35=dim¢8u*(6, H), d¢> is onto, hence ¢ is also onto (Lemma 0.6)
because E (3, H®)) is connected (Lemma 3.5.2). Thus we have the required
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isomorphism,

PROPOSITION 3.5.4. (ESY=(Sp, C)XSU*6, C®))/Z,.

PROOF. We define ¢: Sp(1, H°)xXSU*(6, C)—(E ) by
o p, AM~+a)y=k (A(LM)A*)+pk~ ' (ka)A™")
=(hA)M(hA)*+ pa(h A)~!, M+a<=3(3, HYPHC»®=3C.
We have to prove ¢(p, A)=(E,°).

ASSERTION 3.5.5. ‘d(p, A '=¢(p, A*™).

PrOOF. 2(°¢(p, AXM +a), N+b) M+a, N+b=3°
=2(M+a, §(p, AXN-+b)=(k(M+a), k(¢(p, AXN +b)))
(where the inner product (X, Y) in M(6, C®)(resp. M(2, 6, C°)) is defined by
%tr(X*Y—I—Y*X))
=(kM+ka, A(RN)A*+(R(pb)AD)=(EM, A(EN)A*)+2(ka, (R(pb))A~1)
=(A*EM)A, EN)+2((k(pa))A*", kb)=(A*(EM)A+(k(pa))A*™', kN +kb)
=(k((D, AXYM+a)), k(N+b)=2p, A*M+a), N+b).
This shows ‘¢(p, A)=¢(p, A*), hence ‘¢(p, A)"'=¢(p, A*™").
ASSERTION 3.5.6. ¢(p, A)S(E ).
PROOF. Put a=¢(p, A) and we shall show ‘a (X XY)=aX, aY, X, Y €J°.
Recall
(M +a)X (N +b)= (MxN—%(a*b%—b*a))——;—(aNerM)
Now ‘a~'(M X N)=aM XaN is nothing but deta M =det M (Lemma 2.1.2, Proposi-
tion 3.5.3).
(aa)*(ab)=(pa(hA) y*(pb(hA) )=(hA)* 'a*b(hA)'=¢(p, A* "Ya*b)
=!d(p, A)"(a*b) (Assertion 3.5.5)="'a"(a*b),
(aa)XaN)=(pa(hA) ' X(hA)N(hAY)=paN(hAy*=¢(p, A*'YXaN)
='(p, Ay (aN) (Assertion 3.5.5)='a"(aN).
This shows a= E,°. Clearly r¢(p, A)=¢(p, A)r. Thus Assertion 3.5.6 is shown.

We return to the proof of [Proposition 3.5.4 Obviously ¢ is a homomor-
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phism. We shall show ¢ is onto. Let a=(E,°)y. Since the restriction of «a
to (3°),=3(3, H®) belongs to E«(J(3, H®)), there exists A=SU*(6, C) such that

aM=k Y(A(RM)A*), MecX(3, H®) (Proposition 3.5.3).

Put B=¢(1, A)'a, then B|X3, H°)=1. Hence B=(G.°Y and B|HC=1. By
Theorem 1.3.2, there exists peSp(l, H°) such that B=¢(p, E). Hence a=
o1, A)B=¢(1, A)Y(p, E)y=¢(p, A). Therefore ¢ is onto. Ker ¢={{1, E), (—1,
—FE)}=Z,. Thus we have the required isomorphism.
LEMMA 3.5.7. ¢: Sp(l, H°)XSU*6, C°)—E° of Proposition 3.5.4 satisfies
1) r=¢(—=L, E), re=¢J, J), 7a=¢Q, il), o=¢(—1, I,).

@) t(p, Ax=¢(zrp, TA), Tep, Arc=PTch, —JAD).
THEOREM 3.5.8. (Eg-26) =(SP(LYXSUX(6))/ Z:=2(Egeer) -

PROOF. Let a & (Eys) =), a=¢(p, A), p = Sp(l, H®), A= SUX6, C°)
(Proposition 3.5.4). From ra=ar, we have {(rp, tA)=¢(p, A) (Lemma 3.5.7).
Hence (E;)=(Sp(1)=(SU*(6))/Z, (cf. [Theorem 1.3.4). (Es) =(z7)=(z).

TEEOREM 3.5.9. (1) (Ey=(Sp(1, C)XSL(6, C)/ Z,, Z,={(1, E),(—1, —E)}.
(2) (Eeo ) ~(zrey=(Sp(l, R)XSL(6, R))/Z,X2.

PROOF. (1) Since f’: SL(6, C)—=»SU*(6, C°), f'(A)=eA—EJAJ] where &=
—;J—(l-}—z'i), is an isomorphism (Proposition 0.2), ¢’: Sp(l, H°)XSL(6, C)—(E°Y,

¢'(p, A)=¢(p, f'A) induces the required isomorphism (Proposition 3.5.4).

(3) Ee(e):(Esc)rTE(Eec)Trc

because y~7¢ under 6= G,CF,CE,: 0r=7c0, 0rAi=tA0 (Proposition 1.2.3). Let
as(tre), a=¢'(p, A), pSpl, HC), AeSL(6, C). From tyca=aryc, we have
¢'(zrep, TA)=¢'(p, A) (z(f'A)=f"(—J(rA)J) and Lemma 3.5.7). Hence (Eq¢) ~
(zre)=(Sp(l, H'YXSL(6, R)UiSp(l, H)X(—il)SL(6, R))/Z, (cf. [Theorem 1.3.5)
=(Sp(l, R)XSL(6, R)/ Z,x2. (¢'i, —il)=Ty).

LEMMA 3.5.10. Since f: SU(6, C°)—SU*(6, C°), f(A)=eA—EJA] where e=
%(l—l—ii), is an isomorphism (Proposition 0.2), ¢: Sp(1, HC)XSU(6, C°)— (ES Y,

o(p, A)=¢(p, fA) is also an isomorphism. Now this ¢ satisfies
Q) r=¢(—=L E), 1rc=0¢0j, ]), ra=9¢Q, il), o=¢1, I,’) where I,’=diag(—1,
1: '—1; 1: 1, 1), 0=¢(’—1, 12)-
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(2) T¢(p: A)T:¢<T.b; _—.[;1—]): t¢(p: A)—l = ¢(p: —];4_]); Tc¢(p: A)Tc - ¢(Tcp,
—JAD), 1ad(p, Ara=¢(upd, [AL), ad(p, A)o=¢(p, LAL).

PROOF. 1t is clear from rf(A)=f(—JcAJ), (fA*=f(—JA*]), f(N=], fy)
=1, and Lemma 3.5.7. p=¢(l1,I,’) is obtained by the direct calculation.

THEOREM 3.5.11. (1) (E=(Sp(1)xXSU(6))/ Z=(Ess).
(2) (Es-10)=(SpYXSU2,4))/ Z,=(vAy oY ~(Ege> Y-
(3) (Es) ) ~(tArgy =(Sp(1, R)yxSU(3, 3))/ Z,X2.

PROOF. (1) Let ac(E)=(tdY, a=¢(p, A), p=Spl, H®), A=SU(,CO).
From rila=ari, we have ¢(rp,tA)=¢(p, A) (Lemma 3.5.10). Thus (E’)y=
(Sp(1)XSU(6))/ Z, (cf. [Theorem 1.3.4). (Esw ) =(zA7)=(za).

(2) Define ¢ : Sp(1, H )X SU(2, 4, C°)—(EL°) by o(p, A)=¢(p, ', AI';™1). Let
as(Egc-10) =(tda), a=¢(p, A), p=Sp(, H®), A=SU2,4,CC°). From ro‘a ‘ot
=a, we have o(tp,7A)=¢(p, A). Thus (Egc-10)=(Sp(1)XSU?2,4))/Z, (cf.
Theorem 1.3.4).

Es @ .__(EGC)rlr = (EBC)r;{ra

because y~yo under d=F,CE;:0r=rad, drA=7ti0 (Proposition 2.2.3). Now
(Eo)) ~(zara)y =(tla).

3)  Ey=(ESy¥=(EC)yin

because y~7g under 0=G,CF,CE;:0y=ru0, 0rA=740 (Proposition 1.2.3). Let
SU@B, 3, K)={A=M(6, K)| A*IA=I, det A=1}, I=diag(l,—1,1,—1,1,—1), K=
C, C° and define ¢: Sp(l, H)XSU(3,3, CO)—~(ELY by o(p, A)=¢(p, [y AI's'~")
where ['J/=diag(l,7,1,7,1,7). Let a=(rirgY, a=oe(p, A,) p=Sp(l, H®), Ac
SUG@3,3,C¢). From zrg'a™'ryr=a, we have o(z7gp, tA)=¢(p, A). Thus (Ees)
~(TAr ey =S p(1, "HYX SU(3, 3)\JjSp(l, " H)X (] )SUB, 3))/ Z,=(Sp(1, R)x SU(3,3))
/Z>,X2 (cf. [l’heorem 1.3.5). (¢(j,2J)=7¢).

3.5.12. PROPOSITION 3.2.3. (1) r~p. (2) a~7p. (3) a~7Tnp.

PROOF. (1) Since I,’~I, under a certain D,=SU(6), p=¢(, I,')~ra=¢(1, I,)
under 0,=¢(l, D,)=(E;Y (Theorem 3.5.11.(1)). Furthermore ro~7 in F,CE,
(Proposition 2.2.3.(1)). Consequently p~7 in E,.

(2) As is shown in (1), p~70o under ,=(E,Y, hence yp~rro=c in E,.

(3) 7u~7 under d=G,CF,CE, (Proposition 1.2.3). This § satisfies 6(i)=i,
hence dp=pd. Therefore 7zp~7p under d€E;. Thus yzpo~7rp~7 (result of
1)) in E,.
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THEOREM 3.5.13. (EG(A14))T~(127,,p)fz(5p(1,R)XSU(S,1))/Z2.

PROOF. Esc—u):(EeC)ﬂaE(EGC)UUHP

because g~7yp under d=E;:d0=7 500, OTA=TAD (Proposition 3.2.3). Put I;/=
I/ =diag(—1,—1, —1, —1,1,—1) and SUG5,1, K)={A= M6, K)|A*[,/A=I{,
det A=1}, K=C, C°. Define ¢:Sp(, H)XSU(5,1, CO)—(ESL) by ¢(p, A)=
o(p, 'y AI'y'-*) where I'y’=diag(i,7,4,4,1,7). Let a=(tdrgp), a=¢(p, A), pe
SpQ, H®), A<SUB,1,CC. From rgptia ‘tprp=a, we have ¢(r7pp,tA)=
o(p, A). Thus (Egc 10 ~(tArup) =(Sp(l, " H)Xx SU(5, 1))/ Z, (cf. Theorem 3.4.5.(3))
=(Sp(1, RyYXSU5,1))/ Z,.

3.6. Subgroups of type CHD; of Lie groups of type E,.
LEMMA 3.6.1. For a=(E,°)°, there exists = C*=C— {0} such that aE,=§&E,.

PrOOF. Note that for a=(E,°)’ we have ‘a, ‘a*€(E)°. As in Section
2.4, (X°),, (X°)_, are invariant under a<(E;°)’, hence akFE,, ‘aE,, ‘a™'E,, aFE,,
taE,, ‘a~'E,=3(2,6°) as in Lemma 2.4.1. Suppose that aE, and ‘a 'E,&X2, €°).
Then aF and ‘a 'ES3(2, 6°), and &E,+&Ey+ Fi(x)=aE=a(EXE)='a ' EX‘a™'E
=N Eat+ 1 Es+ Fi(9))*=(n,0,— yF)E, for some &, 9, =C, x, ye@°. This implies
£,=&,=x=0. Hence a E=0, a contradiction. Therefore aE,&J(2, €°) or ‘a™ E,&
(2, 6°).

(1) Case aFE,&3(2,6°. We can put aE,=E8E,+&E,+&E;+ Fi(X), E=+0.
Then 0:‘a"(E1><E,):aEl><aElz(EEl—!—§2E2+53E3+Fl(x))“:(ézfs—xX)El—i—ESsEz
£&,E,—EF\(x). This implies &=§&=x=0. Hence aE,=§E,, §+0.

(2) Case ‘a™'E,¢&3(2,6°). Similarly as above, there exists & C* such that
ta*E,=nE,, Then ‘aE,=9"'E, (put §=7971).

(aE,, E)=(E, 'aE))=(E,, §E))=¢,
(aE,, E;))=(E,,'aE;)=0 (because ‘aE;=J(2,€°)), i=2,3.

Hence aE, has the form £E,-+F(x), £+0. From 0=‘a (EXE)=aE,XaFE,=
(EE,+ Fy(x))**=—xZ E,—&F(x), we have x=0. Hence aE,=¢E,. Thus the proof
of Lemma is completed.

LEMMA 3.6.2. If a=((E))g, then ‘a, ‘a ' E((E)")g,.

PROOF. Put ‘aE,=&E,, éeC* (Lemma 3.6.1). Then é=(§E,, E,)=("aE,, E))
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:(El, aEl):(El, El)zl,

LEMMA 3.6.3. ((E:°)%)g,/Spin(9, C)=(S°). In particular, the group ((E°)")g,
is connected.

PROOF. We define a complex 9-dimensional sphere (S°)° by
(SOP={XeJ°4E. X(E:x X)=X, (E,, X, X)=1}

C Yo e e
X

The group ((E.°)?)g, acts on (S°)° (Lemma 3.6.2). We shall show that this ac-

tion is transitive. To show this we prepare some elements of ((Eac)")El.

1 00
(1) For d=6€°, put 032:(0 1 O) and define a C-linear transformation
0 d 1
03(d) of ¢ by 05(d)X=D;, XDy*, X=X(&, x)=3°, explicitly
El X3 xga"i‘fz
0s(d) X= X & 523+x1

dfs‘l‘xz Ezd‘l‘fl Szdg‘l‘z(d, 551)“‘53

Then 8:,(d)=((E®)?)g,. Similarly 9s(d)=((E°)?)g, can be defined.
(2) For §=C*, define a C-linear transformation d(8) of I° by

& Ox, 07'%, 1 0 0
oX, | 0z, 6%, x: |=DgXDy, Dy={0 6 O
0-'x, x  07%, 0 0 6
Then 6(0)=(Es°)")g,.
Now let X:(i x)e(SC)9. If £€+0 (resp. 7+0), operate d5,(—Xx/§) (resp.

0:(—x/%)) on X, then X is transformed to a diagonal form. In the case of

0 =x 0 x
—_—y —— —-@C Y =
§=n=0, choose d =67 such that (d, )0, then 5”((1)(7? O) (2 2d, f)), hence

it is reduced to the first case. Thus X is transformed to a diagonal form
EE;+nE, &np=1. Moreover choose #=C such that 0*?=yn and operate 4(8),
then it can be transformed to E,+E,;. This shows the transitivity. The iso-
tropy subgroup of ((E:°)%)g, at E,+ E; is ((E:°)?)e=(F.°)’ (Proposition 2.1.3.(4))=
Spin(9, C) (Theorem 2.4.3). Thus we have the hemeomorphism (Ee°))E,/
Spin(9, C)=(S°)°.
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PROPOSITION 3.6.4. ((E°)%)g,=Spin(10, C).

PROOF. Since the group ((E°)?)g, is connected (Lemma 3.6.3), we can de-
fine a homomorphism = : ((Es)?)g,—S0(10, C)=SO(V)*) by rla)=a|(VE)°
where

(VO=3(2, €°)={X=3(3, €°) | 4E,X(E, X X)= X}
with the norm (E,, X, X). Kerx={l,0}=Z,. Hence n induces a monomor-
phism dz: (€,°)")5,—80(10, C).  Since ((€4°)°)s,=(1.°B(EFN)s,=(1)x, D2, €°)
(Proposition 3.1.1) and dim¢((es)?)s,)=36+9 (Theorem 2.4.3)=45=dim¢80(10, C),
dr is onto, hence « is onto. Thus (E:®)")g,/Z,=S0(10, C). Therefore ((Es°)’)g,
is isomorphic to Spin(10, C) as the universal covering group of SO(10, C).

PROPOSITION 3.6.5. (E:°)’ has a subgroup ¢(C*) which is isomorphic to the
group C*. Where ¢(0), 0= C*, is the C-linear transformation of 3C defined by

04, Ox, 0x, 62 0 O
HOOHX=|0%, 0%, 07%x,|=SpXSs, Se=|0 67 0].
Ox, 0%, 07%;, 0 0 6

LEMMA 3.6.6. The groups ¢(C*) and Spin(10, C) commute in (E¢€)? element-
wisely.

PROOF. The restrictions of ¢(8), 0=C*, to €,°, J(2,E€°), (I°)-, are con-
stant mappings and B< Spin(10, C) leaves invariant these spaces. From this we
see that ¢(f) and B are commutative.

THEOREM 3.6.7. (E°)"=(C*xSpin(10,C))/Z,, Z,={(1,1), (—1, 0), (5, 04/ 0),
(—i, V/a)}.

PrROOF ([7]). We define ¢: C*xSpin(10, C)—(E°)’ by

Then ¢ is a homomorphism (Lemma 3.6.6). We shall show ¢ is onto. For
as(E °)?, there exists §<=C* such that

aE,=0‘E, (Lemma 3.6.1).

Put f=¢(8)'a, then BE,=E,, hence B=Spin(10, C) (Proposition 3.6.4). There-
fore a=¢(0)B=¢(0, B), that is, ¢ is onto. Ker ¢p={(1, 1), (—1, ¢(—1)), (7, $(—7)),
(—i, ¢} =Z.. ($(—1)=a, ¢(i)=+/a@ (Proposition 3.2.3.(1)). In fact, let ¢(8)8
=1, 0= C*, B=Spin(10,C). Operate on E,, then @'=I1, hence 0==+1, =i
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Therefore Ker ¢=2Z,. Thus we have the required isomorphism.

THEOREM 3.6.8. (1) (Egc-26)° =R* X Spin(9, 1).
(2) (Esw)"=(R*Xspin(5, 5)) X 2.

Proor. (1) For a=(Eqg_s0)° there exists E&eR*={{=R|E>0} such that
aE,=§E,. In fact, EE=a,E, (£ C* (Lemma 3.6.1))=rarE,=7¢E,, hence té=¢,
that is, = R*=R—{0}. Moreover £>0. (Although it follows from the connec-
tedness of (Eq.2)° (Lemma 0.7) we will give here a direct proof). As in
Lemma 2.4.1 we have

aEz=772Ez+7]3E3+F1(y); 72 7]320: ye@,
za‘_lE3--_:C2Ez‘|‘C3£’:3“*‘F1(2); Lo 520, 26

Suppose £<0. Then from 5E,+GE+Fiz)=taE;=2!a(E,X E,)=2aE,XakE,
=28 E X (o Eo 0 Es+ Fi(9))=8nsE,-+&9,E;—&F(y) we have n,=7,=0. Hence
aFE,=F(y). Again from 0=‘a " Y(E,X E;)=aE,XaE,=F\(y)XF\(y)=—yJE, we
have y=0, a contradiction.

 NoW ((Esc-30))5,=(((Es°Y)r,)" =(((E:))g,) is connected (Lemma 0.7) because
(E¢%)?)g, =Spin(10, C) (Proposition 3.6.4) is simply connected. The group
((Egc-20)")p, acts on '

E x
vei=3e, @0>>,={X=(_ )
x 7
With the norm (E,, X, X)=~§y—xX. We can define a homomorphism
T (Eg-20))E,—0(9, )e=0V?*1),. Kerzm={l, 6}=Z,. As similar to Proposi-
tion 3.6.4, 7 is onto. Thus ((E¢c20)%)g,/Z:=0(9, 1),. Therefore (Egc-26)%)z,
is isomorphic to Spin(9, 1) as the universal covering group of O(9, 1),. Let
¢: R*—(FE;-20)° be the restriction of ¢: C*—(E:°)° defined in Lemma 3.6.5.
Now ¢ : R* X Spin(9, 1)=(E-26)°, (0, B)=¢(8)B, gives the required isomorphism
(cf. Theorem 3.6.7).
(2) As in (1), for as(E:)°, aE,=&E,, §=R*. In this case there exists
surely a=(Eq )’ such that aE,=—FE,. In fact, p. in Theorem 3.4.5. (4) is
the required one. Now the connected group ((E»)?)g, as in (1), acts on

é, 7€R, xe@}

: - T
Ves=@G, 6y={X=(_ " )|& =R »'=©®),=6}

x 7y
with the norm (E,, X, X)=&p—x’%’. We can define a homomorphism
7 (Es»)?)g,— 0G5, 5)y=0(V*%),. Kerrn={l, ¢}=2Z,. As similar to (1) we have

(Eew»")e,/ Z2:=0(5, 5)%. Therefore ((Eq» )z, is denoted by spin(5, 5) (not simply
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connected) as a double covering group of O(5, 5),. Put (E¢)?)o={as(Es)?]
aE,=£E,, £>0}. By the use of ¢ in (1), we see that ¢¢: R*Xspin(5, 5)—
(Es)))or (0, B)=¢(0)B, is an isomorphism (cf. [Theorem 3.6.7). Thus (E¢)’
z((Es(G))a)oupe((EG(G))a)og(R+XSpin(S’ 5)X2.

THEOREM 3.6.9. (1) (E)'=UQ)XSpin(10))/Z,=(E¢c-16)°.
(2) (Eew)’=UQ)Xspin(6,4))/ Z..
(3) (Ese-10)°~(tde’) =(U1)Xspin(8, 2))/ Z,.

PrROOF. (1) For ac(E,?°, EE,=aE, (¢=C* (Lemma 3.6.1)=7!a 'tE,=
(t&)7'E,, hence &(z€)=1, that is, écU(1)={£=C |§(z&)=1}. (Ee)")g,=(((E°)")g,)*
is connected as in Theorem 3.6.8. (1). The group ((E4)?)g, acts on
X

3
V1°={X630|2E1><X=—7X}={( e
X —T

)|5ec, xe@}

with the norm <X, X)/2=&(té)+x%X. We can define a homomorphism
7 : ((Ee)%)g,—SO10)=SO(V"). Kern={l,6}=Z, Since (e6)” =) DiE(3, 6))°
(Proposition 3.1.1) and ((es)”)EIZ(f.,)"Gaiﬁ(& €),, dim ((e¢)?)g,=36+9=45=dim 80(10),
hence = is onto. Thus ((E¢))g,/Z.=SO(10). Therefore ((E¢)°)g, is isomorphic
to Spin(10) as the universal covering group of SO(10). (In reality ((E¢)?)g,=
(Eo)g,). Thus ¢: U)X Spin(10)—(E,)°, (8, B)=¢(0)8 where ¢(8) is one defined
in Lemma 3.6.5, induces the required isomorphism. (Eg,4)?=(t46)°=(tA)°.

(2) For acS(E¢w)’=(Ar)?°, aE,=§E,, &=U(1). The connected group
((E¢)?)g,, as in Theorem 3.6.8. (1), acts on

xl

13
Vo= {Xe30|2E,xX=—er}={(

éecy IE((‘Sct:@,
x’ —ré)i g e }

with the norm (X, X>,/2=&(r§)+x'%’. As in (1), we have ((Ee¢w)’)5,/Z.=
0(6,4),=0(V*®*),. Therefore ((Esw2)’)s, is denoted by spin(6,4) (not simply
connected) as a double covering group of O(6,4),. Thus ¢: U(1)Xspin(6,4)—
(Esw)?, (0, B)=¢(0)B, induces the required isomorphism.

3) Escc1o=(EY ° =(EL)y*
because g~¢’ under 6= F,CE;: d6=0'd, 6tA=7A0 (Proposition 2.2.3). For ac
((EsC)y*' )y =(tda’)’, aE,=&E,, é€U(1). The connected group ((rig’)°)g, acts on
x

X &

§
VS’ZZ{X630|2E1><X=T0"X}={( )lEEC’ xe@}

with the norm <X, XD, /2=§(t§)—xX. As in (1), we have ((z4¢')%)g,/Z,=
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0(8, 2),=0(V*?),. Therefore ((rig’)")y, is denoted by spin(8,2) (not simply con-
nected) as a double covering group of O(8,2),. Thus ¢: U(1)Xspin(8,2)—(zia’)’,
(0, B)=¢(0)B, induces the required isomorphism.

THEOREM 3.6.10. (Eqy)"~(1Ap)’ =(U(1)Xspin*(10))/ Z,=(t2r0)’ ~(E¢c-10)° .

PROOF. E g =(E ) =(E)*°

because y~p under < E,: §7=pd, dri=725 (Proposition 3.2.3). As in[Theorem|
3.6.9, for a=((E: ) *) =(r1p)’, aE,=¢E,, £€U(1) and the group ((r40)")g, is
connected. The group ((r40)?)g, acts on

X

3
(Voye=3(2, @C):{X:( Ex) |, &= C, xE(SC}

with the norm (E,, X, X)=&,£,—x*% and the inner product <{X,Y>,. Here

& x\ [ Y —&, —iix\ [p. Y
Evy=( " W b= L )
x & ¥ oms/ o, tXt &s Yy s

7
=—(7&)n+(t&a) s+ 20T x, y)=(7§, rx)S( )
y

where §=(§,, &), p=(7,, 15) and S=diag(—1, 1, 2¢], 24], 2i], 2¢])e M (10, C). By
the following coordinate transformation
§:=1iSy+5S;, &3=10S,— S, Ne=tls+ 15, Ns=1l,— 13,

we have &;5;=—s,°—s5?, “‘(752>7]2+(T$3)773:2i(_(Tss)tz+(732)t3)- Hence (Ey, X, X)

S . t .
= (s, x)E(x> and <X, Y>,=(cs, z't)(Zz])(y) where s=(s, sq), t=(ts, t5). This
shows that we have an isomorphism

{aslsoc(VOY)(E,, aX, aX)=(E,, X, X), (aX, a¥),=<X, Y>,}

= {A= M(10, O)|'AA=E, JA=(tA) J} =0*10)=0*(V°)).
Thus we can define a homomorphism z : ((z2p)?)g,—SO*(10)=(0*(10)), by =(a)=
al(VO3. Kerr={l, ¢}=Z,. As similar to[Theorem 3.6.9 ((z40)")g,/Z.=S0O*(10).
Therefore ((r4p)?)g, is denoted by spin*(10) (not simply connected) as a double
covering group of SO*(10). And ¢:U)Xspin*(10)—(zdp)?, (8, B)=n(0)8,
induces the required isomorphism as in [Theorem 3.6.9.

Ee(-14) -'—_—(Esc)r'“ E<Esc)ﬂm

because ¢~7p under 6= E;: 00=7p0, 0tA=7A0 (Proposition 3.2.3). To determine
the group (((E°)4?)?)z =((zA7p)")s,, consider the space (V°)**=3J(2, €°) with
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the norm (E,, X, X)=§:§;—x% and the inner product <X, Y>,,=(r7pX, Y)=
(<&, z'rx)S(z>-—-(r§, z'x)S’(Z) as above, where S’=diag (—1, 1, 2i], 2i], —2i], —2i])

eM((10, C). Since J and —J are conjugate in O(2) (see [Proposition 0.4), by a
suitable coordinate transformation, we have <X, Y),,=(zs, rx’)(Zz'])(;,). This

shows
{GEISO(:((VC)IO)](ED aX, aX)=(E1, X; X); <aX: aY)rp:<X, Y>rp}EO*(1O)-

Hence by the same arguments just as before we have the isomorphism (ziyp)’
U)X spin*(10))/Z,.

Appendix

The Cartan decompositions of the exceptional universal linear Lie groups of
type G,, F, and E, are given as follows.

G,: simply connected compact Lie group of type G,,
G,°=G,X R",

G =(Sp(1)XSp(1))/ Z. X R,

F,: simply connected compact Lie group of type Fi,
F°=F, X R%,

Fio=(Sp(1)XSp(3))/ Z. X R*,

Fi-200=Spin(9) X RS,

E;: simply connected compact Lie group of type E,,
Ef=E;XR™,

Eooy=Sp(4)/ Z, X R*,

Esr=(Sp(1)xSU(6))/ Z. X R*,
E;1o=UQQ)XSpin(10))/ Z X R*,

Eg 20y =F, X R?S.
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