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ALMOST-PRIMES IN ARITHMETIC PROGRESSIONS
AND SHORT INTERVALS

By

Hiroshi MIKAWA

1. Introduction.

In 1936, P. Turan [9] showed, under the generalized Riemann hypothesis,
there exists a prime p such that

p=a (modq), p=q (logg)®**

for almost-all reduced classes a (modgq). The terminology almost-all means that
the number of exceptional reduced classes modg is o(¢(g)) as g—co. Y. Moto-
hashi [6] considered the corresponding problem for almost-primes. Let P,
denote integers with at most two prime factors, multiple factors being counted
multiplicity. He proved that there exists a P, such that

P,=a (modq), P,=<g'/*

for almost-all reduced classes a modgq. Moreover he remarked, assuming the
g-analogue of Lindelof hypothesis, the exponent 11/10 may be replaced by 1+,
e>0.

It is the first purpose of this paper to make an improvement upon this
result. Let g(x) denote any positive function such that g(x)—oco as x—co.

THEOREM 1. There exists a P, such that

P,=a (modgq), P.=<g(q)q(logq)®

for almost-all reduced classes a mod q.

In 1943, A. Selberg showed, under the Riemann hypothesis, there exists
a prime in the intervals

(n, n+g(n)(log n)*]
for almost-all #. Here almost-all means that the number of exceptional n’s not
exceeding x is o(x) as x—oo.
Several authors considered the analogous problem for P,. Thus D.R. Heath-
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Brown proved that there exists a P, in the intervals

(h” 'n+n1/11+sj
for almost-all n. Motohashi‘ replaced the exponent 1/114+¢ by &, by a
simple analytic trick. He noted that his method does not work on the above
mentioned problem in arithmetic progressions. D. Wolke reduced the
length of intervals to the powers of logn. By refining Wolke’s argument,
G. Harman showed that there exists a P, in the intervals (n, n+(log n)**]

for almost-all .
Our second aim is to make a small improvement upon this result.

THEOREM 2. There exists a P, in the intervals

(n, n+g(n)(log n)°]
for almost-all n.

In contrast to E], we appeal to Sieve method which is used in [6]
[3]. Our treatment of the remainder terms from Sieve estimate is different
from [6][3] We use C. Hooley’s technique to deal with a bilinear form
for the remainder terms, which is due to H. Iwaniec [5].

We use the standard notation in number theory. Especially, 7, used in

. r _ . 9
either . or congruence (mods), means that 7»r=1 (mods). =#*in 3] * stands for
a=1

the restriction (a, g)=1. n~N means NN, <n<N,<2N for some N, and N,.
¢; and ¢, denote certain positive absolute constants. & denotes a small positive
constant and the constants implied in the symbols « and O depend only on e.

I would like to thank Professor S. Uchiyama for encouragement and careful
reading the original manuscript. I would also thank the referee for making
the paper easier to read.

2. Lemmas.

Firstly we state the inequality for the linear sieve. See and [1]. Let
JA be a finite sequence of integers and @ be a set of primes. Put, for d=1,

z2>2,
P=1Ip, Ai={nesA:n=0(modd)}
3%

and
S(A, @, 2)=|{ned: (n, P(2))=1}]|.

Suppose that | A;| has the approximation
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w(d)
d

where X is some positive number independent of d, and w(d) is multiplicative.

| Aq| =

X+r(A4, d)

Moreover we assume that, for any 2<w<z,

(») 1 K
I (1P (14 )

wipss logw\ ' logw

and
w(i)“) L

wipse aze pe E log 3w

with some constants K, L>1. Write

(p)
V(z):fgé(l———(?—;—) .

’

LEMMA 1. Let 2>2, D>2. For any 7>0 we have
S, @, )=V () X{F(s)+E}+R*
S, @, 2)2V(@X{f(s)—E}—R~

where s=log D/logz, E=cn+0((log D)~'/®) with some constant ¢. The functions
F(s) and f(s) are the continuous solutions of some system of differential-difference

equations. In particular,

sF(s)=2e" 0<s<3)
0 0<s£2)

Sf(S)——-{
2¢’log (s—1) 2<s<4)

where 7 is the Euler constant. The remainder term R* has the form

R==_3 25D, pr(A, d)

d1P(z
where the sequence (A5)=(A5(D, 7)) has the properties:
A;=0 if d=D,
1431 =1,
and, for any M, N>1, MN=D,
Ai= 3 3 an(M, N, 9bz. (M, N, )

l<exp (87~3%) mst N

with |an.il, 165, =1,

In our simple cases, the above assumptions are of course satisfied. The
following is well known. is the C. Hooley’s version of
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bounds for incomplete Kloosterman sums. See for both lemmas.

LEMMA 2. Let ¢@t)=[t]—t+ !

5 For H>2, we have

(ht)
¢(t _o<|h|sH e2zt _+O< (1 H”t“ ))

where e(x)=e**** and ||x||=min|x—n]|
n

Moreover,
. 1 _
mln(l, W)_ hélzcne(hl‘) ,
with

|Ch |<<m1n( og H H

A
LEMMA 3. We have, for any &£>0,

_m_ 1/2 J1/2+¢ M_
Z, o ) <ee)a, dyrdia(14).

3. Proof of [Theorem 1.

In this section we show the inequality below, from which [Theorem ]
follows by the routine argument

Our usage of the weighted sieve is standard
and the necessary theory is found in [1, Chapter 9]

So we skipp.
For (a, ¢)=1, ¢<x, put
A={n: x<n<2x, n=a(modq)}, P={p:p/tq}
and
r(dh, d)=Idal =7
Let a, u, v be the parameters such that
1cucr, 2<0<d, ucs. @.1)
a [44 [44
Write D=MN=(2x)*, y=(2x)*, z=(2x)’. By Lemma 1, we have
I (x;q, a)=|{P,: x<P,<2x, P,=a(modg)}|
log P
> 2 {1—(3_U)_lz 2<pP=2k ( o ]0 g2 E* 1}—— 52 2Al
(n, P(z)) 1 12<P=28<y g max(P,z)sz;J<qmin(2P.y) z=P<v 28
=S4, @, =30 D(1-u L) S(y, @, DT D1
>T1I 1——

P<z

e re—e-w S A(o(a=)(—)-F}E]
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log P MN
- — (A -1 — +
dl?(z)Zd(MN)r(uq, d) @ “) z/2<2P<y(1 “ log 2x >%] ele(z)Re( P )7’(&1, pe)

-2 21

z2sp<y nEA
pein

X e’
$(g) logz
By the factorization property of A3(MN), the following lemma may be

(1+0(logz)""N{C(a, u, v)—E}+S;—@—u)"'S,—S;, say.

applied to the first remainder term S,.

LEMMA 4. Let (23)=(A4(D)) denote any sequence such that
A.=0 if dz=D,
|2a| = p*(d)
and, for M<x?-%, N<x'?, MN=D, (X4) has the decomposition
o= 2 2 XD anll, M, N)b,(l, M, N)

lS(logD)sznﬁgl;LgN
with lanl, 10,11, We have
Ag \x |2 x
S (2 ) 3 )| <xtogr+(S)xr.
z<n<zz\ din 2 d/q q
n=a(g) d,p=1 (d,)=1

In the second remainder term S,, with e=mn, we interprete pm as one
variable. Then, we may also apply to S,. We postpone the proof
of until section 5. As to S,, in section 4, we shall show the

following :

S
a=1

If (—;C—)<(Iog x)1%° then we have

xl—s
et ﬁ%ﬁ 1‘—'0( p )+E1<x i g, @) (3.2)
with
q x e
aE:lEl(x 2 g, a)|2<<(~q->x1 +x.
11 1 1 1 a 11 ..
Now we choose a——z—b——zle, ;-——2——45, =180 —¢, then the conditions

(3.1) are satisfied and S;<S,. Put
E(x;q, a)=S,—@—u)"'S,—E,.

Then, by the above argument, we see

SFIEG g, )l <xllog x)f +(T)x 3.3)
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Moreover,

ve "{C(a, u, v)—FE}

= | cie+0((log x)71)

2e7 v av
=pe 122 —1D)—
veT—— {log(av 1)—aulog ” +(au—1)log 2u—1

40, . 11 40 1 e 1
>—1-(log 3—~jg-log 7+ log30)—cae+O((log £)!/%)> 5 200’

for sufficiently large x and small e. Therefore we have, provided

(—;C-) <(log x)'*°, (3.4)

IIy(x; g, a)> (C+O0((log x)"*))+ E(x, g, a) 3.5)

x
#(q)log2x
where C is a positive absolute constant and E(x ; g, a) satisfies [3.3).

We shall derive from the above inequalities [(3.5) and [3.3). Put

x=—;—g(q)q(logq)‘. Obviously we may assume g(g)<(logg), so the condition

is satisfied. Let € denote the exceptional set of reduced residue classes, namely,
€={a:15%5%:, {P.: R2E¥GEQ82°} is empty}.
By [(3.5), we see a¢€ unless

C x

[E(x;q, a)|>— 3 g2

Thus, by we have that

(5 soegs) 1€ < BB 0 o

< Z¥E(x; g, a)l*

< x(log x)a—l-(%)x‘“‘,

or

¢(q)

P(@)'1€| L P(g)log x)°x = +———(log x)*x ¢

Lglg)+ge2,
as required.
4. Elementary treatment of remainder terms.

In this section we firstly reduce the proof of Lemma 4 to an estimation of
R below. Next we prove [3.2).
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Put
Aq
A(n)— 2 zd: -A: % _d—)
d, q)n 1 d,p=1
then,
E(x;q, a)=_3, A(n)——A
nza(q)
Now,

q q
¥ E(x; g, 0)*S X |E(x; q, 0)|?
a=1 a=1

= 3 Anp+ X 2 An)A(n)—224 3 A<">+(£)2/124
r<ns2r 2z g w<nstz

r<n1#ngs
ny=nz(Q

=0(, 2,7 )42 3 3 An)dn)-22A( 3 2 3 1+

z<ni<nos2x x<ns21‘
1< no(@ (d, =1 din

ni=n2{q

=2 x(log x)3+7]—D(log D))

olsx/q x<ns2x—ql
2
=D(x, q)—"TA2+o(x(1og x)s—l-iqc-D(log x)), say.

We proceed to consider D(x, q).

Dix,)=2 2 2 3 A¢Aq, 1
o<lsx/qg d; dso x<ns2x+ql

(dida, @) =1 n=0(dy)

n+ql=0(d2)

=2 3 3 E Aa,ha,

olsx/g ((izld q)g L z/d1<ms(2x-—-ql)/d;
* = *
(d1 dz)ll dim+ql/(dy,dg)=0(d})

where d¥=d,/(d,, d;), d¥=d,/(d,, d;). Hence we see

D(x, 9)=M+2R

where
_ _ x—ql
M=M(x, q)_2°<§z/q(d 424 Zdlzdz l:dlr 2]
2 q)—
(di, ddil
2x—ql { d¥
R=R =
“ 0= B F B fdl*de{‘b([dl, 41", &y ar)
(d1 dz)

d*
RASTAS <d1,l vl

We now consider M. In the next section we shall estimate R.

Aa A4
(@1 dp=z/q [d : 2] o<§x/q (x=qb)
(drdm = 1 ds dy,dg)il

M=

393

“4.1)

4.2)

4.3)
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x? Aailaz 1 |Aa ||24 |
_* 0 1 2
q dzz)sx/q [dl, dg] (dl, 2) + (x (dlzdz)szlq [dl; )

(d1d2, =1

Aq |2a,]{Aa,] R

{( 2 ) T ((d1 45z/q d.d, )}—i—O(x(logx))
=TA2+O(—Z]—-;-(log Dy +x(log x)°).
Thus, combining this with (4.1) we have

331 Bx; 9, @)1*S2R+0(x(0g x)*+-Dilog ) @4

where R is given by
Next we turn to the proof of [3.2). Put

A= T 1, A*= L

2
BIin ser b

where I={p: x*<p=<x*9, p fq}. Then, the left hand side of is equal
to

%gras( {(pzm (pel } (pel j)z .z<7|52.1:

Z:éz%éf{jl*(")_%/t*}+O<(%>2x'z‘)

=E(x;q, a)+0

, say.

Moreover we have

q
SHE(x3 9, OIS 3 1Ex; g, @)l

I!

2. 22SZJ;(A*(n,)a—A*)(A*(nz)——A*)

<, B, () )

z<nstx q

(e pz; 1+ Eepzele,s“ )+(——-) 1-4¢

plpzln

<<—( +2 S (1+——

p1#p2el p,pz ))—I—x

Zxl-ttx,
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as required.

5. Proof of

In this section we estimate R by appealing to and
Write (dy, d.)=0, d¥=v,, df=v,, |=0Fk, then

_ 2x—0kgq vi\ x P
R= 0<25k s%q (E vz)”?l 25};1151;2{9[’( 5!}1”2 + kq Yy ) ¢( 5”1”2 + kq Vo )}
Grive =1

We firstly decompose 2;. Since p?(dv)=1, we may write

2v5= 2 2 adm(l’ M’ N)ben(l, M: N)°

ls 2Dz e=0 mn=
(log D)2 d msM/JL,nusN/e

©2(n)=1
Thus,
R= 2 21 -2 2 adlml(lh M} N)belnl(ll, M: N)'
0<gksc/q l1,lasUogD)2misM/dy n1SN/eg
0. )=1 dlel=§ masSM/dg nag=N/ez
daeg= (ming, mong)=1
(min;mang, @) =1
p2(n)=p2(ngz)=1
2x——5kq mn,
< @am ey M, N)b zMN{( +k )
d2m2( 2y H ) 627!2( 2 b ) ¢ am1n1m2n2 m2n2
X mn,
—4( +he )}
omyn,msn, MaNy
< 2 2 (logD)z(d)® 2 sup|R,
0<bksz/q M1, MosM
N1 N3sN
where

Rlle(ax kr q; Ml) MZ, Nl; NZ)

_ 2x—0kq min,;
“ZFER as(my)as(ma)u(m) {5 Lt kg T )
(miny, mang)=1
(minimaneg,q)=1

x min,
2(n gl =1 — ( +k )}
Arimane ¢ om nmyn, 7 meng /1’

M,, M,, N,;, N,’s run through the powers of 2, and the supremum is taken over
all sequences a;, a,, B;, B:, such that |a,|, |a.l, | 8], |B:|=1. Moreover,

R< 3 3 (ogDye@{, 3 suwplRil+, 5 (MMNN)}
q M M

0<5ksz/ 1MoN 1N o>z 1-2¢ 1MaN Ngszl-2¢
<(logDyF & 3 (o) sup | R |+xt-e, (5.1)
03k s1/q ay, ap q

»P1P2
My, MagsM,N;, NagsN
MiMgoN{Ng>z1-28

Next we apply to ¢-function in R,. Thus, we see
R1=R2+Ra, (5.2)
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where

ay(my)as(ms) Bi(ny)Be(n2) mn,
R=3 3 5 plme Bl 51 o(heg il
m; mg ny N mimsen N, 0LIhISH P2
(miny, mong)=1
(minimang, @) =1

2x-0kgq ht
'Sx e( oM MeN Ny )dt

. 1
R,=3> 2 ¥ X min(l,
mp; mg Ny k mn,
(miny, mong)=1 + kg n
(minimaong, @) =1 MsNe

H 5m1n1mznz

with x,=x, x,=2x—dkq.
Now we consider R,. By we have

j=1,2 I~M Ny r~M9N
,mn=1 Ur,)=

R 2 X2 > z'(l)r(r)mm( )
HII ¥ +kqu

< —;2 MZN l MZN min(1,
=t T(:.q)2=12 Q=i HII Slr +kq—“

=xt 23 2 |ChllS(R)] 6.3

Jj=1,2 heZ

where
S(h):S(h ; Ml.) MZ; Nl.: N27 j)
_ hx;
_1‘~1‘122N2 INMINI ( ) (hk —)
r,=1 ((I,r=1
We proceed to estimate S(k). Trivially,
Sth)< M\M,N,N, . (5.4)
For h+0, we get, by partial summation and Lemma 3,
hJCj l-
S(h)<<r~M2 2(1+ OM,N,r )Il~M21N1e(hkq—r—>l
(r,@)=1 (,r=1
_..hx— 1/2,.1/2+¢/2 _M__l__NL
<(+rvn, )m%w(hkq’ (142 )

r,g=1

hx (hk, r)?
e/2 1/2,.1/2
<<(1+ MMN.N, )x (r~41221v2(hk’ PEEMIN, 5 = )

(e ) Y () () )
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h
(Ut prar e ) F VLN MN M Ny 2 (5.5)
since
niZ;N-———(m' n) Lr(m)log N.

In conjunction with [5.3) [5.4) [(5.5), we have

Re<x MiMNiN(1Col+ 33 [ Cal)

hI>HM9N o

+a* {MND A MN(MN Y 5 Chl(1+“m§;§”v_z\77)
1 1

10gH+ H)

<<x£M1M2N1N2( H h>HM2N2—hT

log H H
+ MNP MNGENY D 5 =3 VLN,
1 1

wsH H (1+

1 x
+H<h$2HM2N2H h? +hM1M2N1N2)}

logH
H MzNz

& %M, M,N,N, )—i—x“((M AL

Hx

1/2 2 ———
+M,N,(M,N,)!*)(log H) (H‘ M, M,N,N, )
Now, we choose

M, M,N,N,

1-4¢
X

H=

then we see H>2 since M\M,N;N,>x*"*¢ in Thus, we have

Rs <<xs(x1'“+M1N1)+ xze((MzNz)slz+M1Ni(M2N2)1/2)(log X)2x4
or
sup| Rs| € x* %4 x*MN+x"(MN)** L x* -2, (5.6)

since MN< x?/8-7¢,
We turn to R,. We shall show sup|R,|<x'"%¢/2, from which

follows. Actually, by [5.1) [5.2) [5.6), we then get

R<(ogDF 3 S t(8)sup(| Ryl + | Re )+ 2t s xte,
0<oksz/q q q

Now,
1 2z=-0kg/dmmy
R a\m S n n
2 N.N, mZI mZ‘, a(my)ay(ms,) J3myme o<ien & nzls( 1),32( 2)
(my, my) =1 (miny, maong)= ].
(mimsa, Q=1 ""1"2 D=1

pelning) =1
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NN,
ey ) ek

1 2z/5M My NlN2 ht
<< NlNg ﬂz‘LE % SI/45M1M2 0<hsSH ng 2 ﬁ (nX)ﬁZ(nZ/ niNng ( nin, )
(my, mg)=1 (mlnl.mznz)
(mg,@)=1 (nlng,q) =1
I3 (nlnz) =1
m1n1
(hkq o TR gy
_ 1 22/6”1”2 lnl
B NN, SI/46M1M27"21M22 ny ZE c’mlnz(t) e(hkq )Idt ®.7

where |can ()] S1.
We proceed to consider the sum

S=S(t; q, k; Ml) MZ: Nl: NZ)

=53 = nzz} Chnyny(t)* e(hkq min, )‘2

mymel B ny

"33, 3 2 3 Bown0entt) B B ol TTnTE)

0<h;,hgsH m; mng ng My,
(n1,ng)=(ng, nyg)=1 (miny, mang)=1
(nyngngng, @) =1 (ming, mang)=1
p2(nin)=p2(ngny=1 (mg,q)=1
Put
1 n, 1 Ny
b=h,(mn,)* —ha(myng)**
(ng, ng) (74, ny) (n1, ny) (ng, ng)
where '
(min)*myny=1 (modm,n,),
(ming)**myns;=1 (modm,n,),
then :

n,

Ng = n, N
(ns, ng) (14, ny)

(nl; 714) (nZ) "s)

mynnsb=h,(m,n,)*m;n, ho(ming)**ming

n n n n n
=h, 3 4 1 (mOdmg 2 4 )
(11, m3) (ny, M) (nl, ny) (ng, ns) (ne, ns) (n4, ny)
=/, say.
Thus, we see
mn mn min.n
h1 1741 —h, 1743 El 176173 (mod 1)’
meng LEUN Ng ny

e (ns, ns) (M4, ny)

Since p¥(nin)=p*(nyn)=1, (mn,, men)=(m,ny, myn,)=1. Therefore we may
write
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minyMNs
= B35 B, 023 o kg I
hlnsn:—hgnlng-—l(nx ng)(ng,n3) -
Mmongng=d(ny, ny)(ng, ng)

’ min,Ng
=33 5 03 p) o( bglTA
hy hy nj(j=1,2,8,4) mg ni~My d
(ny, nz) (ng,ng)=1 ~ * (my,d(ny, "4>(nz ng)=1
h1n3n4—h2n1n2=l(n1 n4) (ng, ng)
mznzm——t(iém » y) (R2, N3)
)=

For [#0, we apply . o
S<K 2 2 2(M1M2)+x‘f2 > 2 2 2 (kg d)1’2d1/2(1+“%i>

[ ho nj me
h1n3m4—h2n1n2 hingng—hanina=l(nq,1ny4) (ng, 713)#0
mzngn,‘—c(lé:nl yNg)(ng, ng)
Q=

172
MM, 3 et S S Sk, dreaveey, 3 3B DT
HN;3iN h1 ke

re~ i1Ng nj ma nj meg d1/2

<wEMMNN+rr 3 (2 25 (2 2e) (23"}

hj mg nj mg nj mg

Here, by an elementary argument, we easily see that

=23 ——(kl(’i 4 «
nj mg
> 2 d*’(M;N3)'Ni,
nj Mg v

and
PN 1<<M2N2N2
nj mg

Thus, _

S x*HMM;N\Ny+ x H¥ NI MN3**+ M, M}*NiN,)
Lx H¥(x' "+ N¥M, DMEEMMEENEN,). (5.9)
Hence, in conjunction with [5.7) (5.8) (5.9), we have
Roc—1 Sz;l&MIMZ ss1 I/Z(S)I/Zdt
2 N1N2 2/40M Mo\ my mg

oM J\/ZNNZ {MM,- x*H*(x' 4+ NAM,N3)*2+ M, M}*NiNp)} /2
VLN o

MM+ MMy(NXMLND* 4 MM N IND P,
Since M= x/t-4, N<x'?, we get

; Supl R,) <<xselz(M2x1—4e+M7/2N5)i/2<<x1—3£/2 ,
as required.
This completes our proof of [Theorem 1.
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6. Proof of

In this section we give a brief proof of We may easily modify
the proof of [Theorem 1. Put

A
A= 52, A=

where 4,’s satisfy the conditions in Lemma 4. Moreover, for x<y=<2x,
A=A(x)>2, write

E(y, A= X A'(n)—AA".
y-a<nsy
Then we have

| 1EG, o1y

g min(2z, n+4) , , min(2x,n,+4, ng+A)d
= 2. 4w dy+ B 5 A y
z-ALns2r max(Zx,n) Tz-—-A<ny, nps2z max(Z,ny, N2
n1#ngy
Inj—nglisA

min(2z.n+

YV A'(n)g Yy + A A

r-ALns2x max(x,n)

min(2z. n+4)

:0(1_@‘ snt(n)’A)—i—Z > 3| A’(n)A'(n—l—a)S dy

0<asA r-A<ns2z~a max(z,n+a)

——ZAA’{Kngr_A/I’(n)-A—i-O( x_AZnSI z-(n)-A)}+A2(A')2((x—A)+A)
or 2z—A<ns2

=O(Ax(logx)’)+202{ 3, A M4 (n+aXd—a)

<asA \lz<ns2z-

+0 b t(n)r(n+a)-A)p—28%(A")1 22 2 1
(oo R )
+O(A%x5)+AY A" (x—A)
=0(Ax(log x)*)+D’(x, A)—A*(A"*(x —A)+O(A*D(log D)-+A%x¢), say.
The above D’(n, A) is essentially equal to the sum D(x, ¢q) in (4.1). We
therefore see

Su | E(y, A)|2dy<Ax(log x)*+A%x"~*+Asx®.

The other modifications are immediate. Hence we get
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