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Introduction.

In some exact sciences such as the foundations of some systems of arithme-
tic, the characterization of the methods to verify certain properties are often
essential. A claim of existence of certain objects is thus coupled with the pre-
sentation of a concrete method which produces these objects. That is, a state-
ment of the form JxA(x) be'read: there exists a concrete method which produces
an object x satisfying A(x). A(x) itself may in turn contain existential quanti-
fiers, and hence such a statement be regarded as a nest of claims for desirable
methods. Statements of this kind cannot be formalized in usual languages, but
can only be characterized through cooperation of a formal system (in a usual
language) in which certain reasonings are constrained. Due to the restrictions
imposed upon the system in consideration, the existential quantifiers can be in-
terpreted as claiming the existence of concrete methods.

The logic which underlies such a system in sntustionistic, or constructive.
The central factor in the study of concrete mathematics is the interpretation of
implication; that is, if 3Xand IY respectively claim existences of methods X
and Y, then

AXAX)—3AYBY)
should assert
AZVX(A(X)—B(Z(X))),

which should be read: there exists a method Z such that, for each method X
verifying A, Z(X) is a method to verify B. The universe of these rnethod\;
varies according to the systems under consideration. ;

Here we consider a system of intuitionistic analysis, S(I), which is charac-
terized by the bar induction as well as successive inductive definitions along
some accessible orderings. S(I) is at the same time an abstraction of and a
modest extension of the system ASOD in [3]. In ASOD, the fdrmulas for in-
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ductive definitions were strictly regulated, so that existential quantifiers were
admitted only over natural numbers and were isolated from the inductive pre-
dicates. In S(I), théy are still quite restricted, but are allowed to envelop in-
ductive predicates in certain circumstances. The realization of the claimed
methods (by existential quantifiers) will then be rendered by the hyper-principle
for the two-storied universe of transfinite mechanisms (symbolized by TM [2Z]),
which was proposed in our preluding work [5]. See for the original version
of the hyper-principle, HP.

As is seen in the introduction of [5], we call the objects in the universe of
HP (or of TM[2]) mechanisms rather than methods. We wish to make clear
the distinction between these terms (in our usage). That is, a statement 3XA(X)
claims the existence of a method which is yet to be specified, while an object
which realizes such a statement must be a clearly defined mzchanism.

§1. A system of intuitionistic analysis with restricted transfinite

inductive definitions.

Let I be a primitive recursive scheme such that, for each (=1, 2, ---, I{{)
represents the pair of a set and its order, say (I,, <!), which admits (a concrete)
accessibility proof.

DErFINITION 1.1. 1) Language .£(I). The language £(I) is the language
of HA, Heyting arithmetic, augmented by the following.

1.1) Function variables and the corresponding quantifiers (V and 3).

1.2) Predicate symbols for inductive definitions, H,, /=1, 2, ---.

1.3) Some function constants may be assumed.

2) Terms and formulas of .£(I) are defined as usual.

3) An expression e is said to be strictly positive in an L(I)-formula A if no
subformula of A containing e occurs in the antecedent of .

4) Admissible formulas of £(I) are defined as follows.

4.1) For any two occurrences of symbols ¢, and ¢, in a formula A, ¢, is
negative to ¢, in A if there is a subformula of A in which ¢, is strictly positive
and ¢, is negative (in the usual sense).

4.2) Let ¢, and ¢, be respectively an existential quantifier or an inductive
predicate (one of H,’s) occurring in a formula A. ¢, is said to depend on ¢, in
A if ¢, is negative to ¢, in A.

4.3) An occurrence ¢ of an existential quantifier 3y in A is infavorable in
A if the variable y occurs in an H,(Z, f) which is within the scope of ¢ and if
g depends on an occurrence of an inductive predicate.
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4.4) An occurrence of an inductive predicate H is related to an infavorable
quantifier ¢ if there is a finite chain of dependence relations starting from H
and ending with ¢ in A.

4.5) A formula A of .£(I) is said to be admissible if no existential quantifier
which binds a variable in an H(Z, f) is strictly positive and no H is related to
an infavorable quantifier in A.

5) An L(I)-expression is said to be L([I)-recursive if it is free of quanti-
fiers as well as H;, [=1, 2, ---. These are certainly admissible.

6) An L(I)-formula is L(I)—u—a (universally arithmetical) if it is constructed
from L(I)-recursive formulas by applications of A, — and and at-type V (see

Definition 1.1 in Part I of [3]).

DEFINITION 1.2. The system S(I) is HA with the admissible formulas of
L(I) augmented by the following axioms and inferences.
(1) The well-foundedness of the orders of I, WF (I); that is,

VIVF(If f is a <'-decreasing sequence from I,
then Jx(x is a modulus of finiteness of f)).

(See Definition 1.2 in Part I of [3].)
(2) The axioms of inductive definitions, ID,, /=1, 2, ---. Let [ be a fixed
number, and let
F.,=F., fi, 0., ---, 0,-1, 0)

be a formula-like expression in .£(I) without predicate symbols H’s and with
(possibly) parameter symbols ,, ---, §,, where 7 is a variable of at (atomic)-type
and f, stands for the sequence of all the other free variables in F, (either of
at-type or of fn (function)-type). @,, ---, 6, can occur at various places in various
circumstances. F, is assumed to become an admissible formula under appropriate
substitutions for the parameter symbols (see below).

ID,:Yic I \Nf(H,G, f)=F,G, £, H, -, H_,, H[i]),
where H,[7] abbreviates
{7, 9YG<'iNH(j, 9)),

(3) The axioms of bar induction, BI(R; A), where R is .L(I)-recursive and
A is an arbitrary (admissible) formula (see 8) in Definition 1.3, Part I of [3]).
(4) The axioms on function quantifiers, fnc(A, 4, V) and fnc(A4, h, 3) re-
spectively:
VIA(f)-A(h) and A(WIFA),

where h is an arbitrary .£(I)-term of fn-type.



324 Mariko YASUGI

(5) The rules of inference on function quantifiers, fncv (A4, V) and fncv (4, 3)

respectively :
to infer B—VfA(f) from B—A(f);

to infer AfA(f)—B from A(f)+B,

where f occurs only at the indicated places in A.
(6) The rule of choice, choice(A):

to infer B—3fVxA(x, f(x)) from B—Vx3yA(x, y).

Note. 1) S(I) can be regarded as a system of intuitionistic analysis “of
strength 1.”

2) In subsequent sections, we deal with the cases where there are just two
accessible sets I, and I,, and hence just two inductive predicate symbols H, and
H,. Furthermore, we assume that f,=f,=f (a single function variable) and F,
conforms to the regulation on the formulas in Definition 1.1, Part I of ;
that is, existential quantifiers are restricted to at-type and their scopes are
LUI)—u—a. (F, is arbitrary if admissible.) We do not lose anything essential
by these simplifications.

§2. Concrete translation.

We transform the formulas of _£(I) into the generalized formulas, which are
generalizations of the formula forms of £, in §3 of [6]. It is an extension of
the mr-translation defined in §2, Part Il of [3]. The mr-translation of an
admissible .£(I)-formula is of the form IX A(X), where 32X abbreviates a se-
quence of existential quantifiers and A(X) is a formula-form of £, A(X¥) will
be called the matrix of 3XA(X¥). We would rather call such a translation the
concrete translation in as much as the translation represents the intended mean-
ing of 3 and ~, which is a concrete construction, and hence we denote the
translation by crt.

We assume throughout this section.

DEFINITION 2.1. The crt-translation of (admissible) .£(I)-formulas are de-
fined as follows.

(i) For C, .£(I)-recursive,
crt (C)=C",

where C’ is obtained from C by replacing V by a combination of A and .
Suppose in the subsequent cases
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crt(C)=31xC(%¥) and crt(D)=3YDWy).
(ii) crt(CAD)=323Y(C(X)NDW)).
(iii) crt(CVD)=3z323Y(z=01-C(X)HN(z>0~D(Y))).
(iv) crt(C—D)=32VX(C(X)—~DUI(Z; x))).
(v) ert(VfC(fN=32VIC(/f, II(Z; ),
where crt (C(f)=3XC(f, X).

viD) ert@FC(HN=3fIXC(f, %).
(vii) crt(H,¢, H=IXAG, £, X)), =1,2,

where the type-form of X; has been specified in Definition 3.1 of [5].

PROPOSITION 2.1. 1) The crt-transiation of admissible .L(I)-formulas are of
the form A2C(X) where C(X) is a formula-form of L, (see Definition 3.1 in
for Li-formula-forms).

2) If C does not have an infavorable quantifier, then crt(C) is of first-
floor.

3) The 3x in X C(X)=crt(C) originates in the strictly positive existential
quantifiers in C, and hence of first floor.

PrROOF OF 1) and 2). By induction on the complexity of C. We shall work
on a crucial case for 1) with an example. Suppose there is a subformula of C
of the form

D=H\(h@), ho(f N3G <NHA], ),

where h, and h, are some L (I)-functions. The 3 is an infavorable quantifier.
Due to the condition that C be admissible, D should occur in a subformula of
the form D+ B, where B is free of H. So, if crt(B)=3ZB(Z),

crt (C)=3ZVJVV{VULA,(h,G), ho(f), U)
II(J; UD<EANATL(T; U, f, II(V 5 U))]
=BUI(Z; 7, V).

The type-form of /I(V ; U) (and hence that of V also) depends on the variable-
forms J and U, and hence is of second floor, but since B is free of H, Jand V
do not occur in the type-form of Z.

Note. A counter-example for non-admissible formulas will be given later.

THEOREM. Let C be any closed theorem of SI) with
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crt (C)=31xC(x).

Then, there is a sequence of first-floor-hyper-functionals @ such that C(®) i§
TM [2]-valid. (See Definition 3.3 in for TM [2]-validity.)

We shall call such @ a solution for 2 with respect to 32C(X). We shall
also say that C can be interpreted in TM[2].

PROOF. We can follow the proof of the Theorem in §4, Part III of [3].
We prove a generalized statement:
(*) If C is any theorem of S(I) with

crt(C)=31xXC(&x, Q),
where Q stands for the free variables in C, then there is a sequence of first-
floor-term-forms ¥ with the parameters Q such that
C¥WQ), Q)
is TM [2]-valid.

It suffices to deal with some cases which are characteristic of S(I), and we
shall see simultaneously what type-forms are involved in the translations and
solutions.

fnc(C, t, 3) Suppose crt (C(f)=3TXC(f, X). (For the sake of simplicity, we
deal with the case where 3¢ consists of a single quantifier.)

crt(CHOFIFC(H)=cert @AY CE, YH)FIAfFIACX(S, X))
=3F3ZVY(Ct, Y)-CUI(F;Y), II(Z;Y))).
Due to the condition of admissibility, 3f is zsolated from H. Let AY -t and
AY .Y be respectively solutions for F and Z. The matrix is then equivalent to
C(t, Y)C(t, Y), which is a tautology.
fnev(C, 3) From C(f)—D, infer 3fC(f)—D.
crt (C(HFD)=crt AXC(f, X)-3Y D(Y))
=3ZVX(C(f, X)-DUI(Z ; X))).
crt (AfC(HFD)=crt (3fIXC(Sf, X)FIY D))
=3IWVVX(C(f, X)=DUIW ; f, X))).

If [X]=s(f) and [Y]=¢, then [Z]=s(f)—t and [W]I=Af((f)—t). Let Zy(f)
be a solution for Z, so thai

€y VX(C(f, X0=DUI(Zo(f); X))

is valid for every f an .L,(I)-function. Let AfAXII(Z,f); X) be a solution for
W. Then
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HW; f, X)=II(Z«(f);X).
The matrix of the conclusion becomes
VIVX(C(f, X0=D(Zo(f); X)),
which is valid by (1).
The TM[2]-interpretation of the rule of choice trivially follows.

We now come to the crucial cases; ID,, (=1, 2. In order to crystallize the
essence of the subsequent arguments, we specify the forms of F',. See Defini-

tions 3.1 and 3.2 in for these cases.
ID, Let F, be of the following form.
F.=Vj<%Vg(AG, g)+-H(j, g)
AV <N x(H\(j, s, [, j, x)=3nB(n, i, f, j, x)),

where A and B are L(I)—u—a.

3 crtFy=crt(Vj<uVg(AG, )3V, AU, g, V1))
AVj<'¥x(3VA(, sG, f, j, x), Voi-3nB(n, i, f, j, x))

=3VIN[V; <YV g(AG, )-A, g, IV ;5 7, )

AYF< XNV (A, 8G, f, 7, 2), Va=BUIN; 7, x, V), 4, f, 1, )]

For the time being we leave the type-forms unspecified, and let us abbreviate
the matrix to G,(7, f, V, N, A,). Then,

4) crt(ID)=DND,,
where
%) Di=crt(H,@G, HHIEF))

=3AV/AN'V X, {AG, £, X0)
E__Gl(i, f, H(V,; Xl)’ H<N’; Xl); Al)}

and
(6) - De=crt(Fi-H\(, )
=3X'VVVN{G.G, f,V, N)-AG, f, II(X; V, N)}.
The type-forms are given by those in (A(J)—2) of Definition 3.2 in [5]. That is,

[V1=aléG, f); 0,
[N]=8EG, 1)1, ),
[Vel=v4éG, )5 7, 9).,
[Xi1=rC, ).
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(Recall that [V] denotes the type-form of V.) These are of first floor. The
solutions for V', N’ and X’ are also given by the term-forms there; that is,

V*=2XAjAgc[j<Y%; II(X; 0, j, g), ept],

N*=2X27Ax2V.C[j<; II(X; 1, 7, x, V), ept],

X*=2VANV, N),
where [X]=y(, f) and (V, N) denotes the pair of V and N, With these as
solutions, the matrices of (5) and (6) respectively become (4,;) and (A,.) in
(A()—2), and hence are valid by virtue of the Theorem in §3 of [5].

ID, Let F, be of the following form.
F,=((H\(h@), ho( N7 < H(], /H)FC)
AV <2 (H(hs()), h(fN=HJ, 1)),

where C is .L(I)-recursive.

) crt (Fy)=crt (3V1Ai(hi(0), ho(f), V=37 <%3U.A(, f, U)=C)

AV <%V Ai(hs()), ha(f), VI-3UA(7, f, Us))
=crt((AJIATVV (A (h,(2), ho(f), V1)

=T VO<HAAUICT; V), f, I(T; Vo)=C)

AWV j BV (Ai(hs(), ha( ), VAL, £, HTW ;5 5, Vo))
=crt(VJVTLVV (A(h,G), ho(f), V1)

HI(T; VO<HAAUIT; VY, f, I(T; Vo)-C]

AWV j<EHYV (Ai(hs(), ha(S), VA, £, HHW 5 7, Vo))
=IWA{VJIVT[VV(A(h(7), ho(f), V)

HII(J; V)<MAATI(T; V), £, (T ; VonrC]

AYF<EHYV (A hs(5), ha(f), VAL, £, W5 7, V)
=3AWG.(G, f, W, A, Ay)

8) crt(ID)=D; N Dy,
where
9 Dy=crt(H,@&, /H+F,)
=AWV X{AG, [, XG0, f, TW’'; X,), Ay, A,)}
and
(10) D,=crt(F,—H,(, f))

EaX’VW{GZ(L f’ Wr Aly AZ)I——A2<Z; f’ H(X,; W))} .
The type-forms are given by these in (A(I)—3) of Definition 312 in [5]. That s,
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W1=A5G(hs(f)y ha() —> 10, [, D)=R*ept, 55 1),
L/1=r(R(@), ho(f)) —> Ny,
(T1=AV,cLII(]; V)<*;nG, f, I(J; V)],
Vid=y(h:@), ho(f)),
LV 1=7(hs(1), ha(f)),
[Xe1=0C, f).
T is of second floor, while W and X, are of first floor. The solutions for W’
and X’ are given by the term-forms there; that is,
WH*=2XAjAV.CLj<%; II(X; j, V), ept],
X*=W-W,
where [X]=6(;, f). With these as solutions, the matrices of (9) and re-
spectively become (A,,;) and (A,,,) in (A(I)—3), and hence is valid by virtue of
the Theorem in § 3 of [5].

This completes the proof of the theorem, which is the main theme of this

article.

REMARK. We present a very simple counter-example to our interpretation,
which violates one condition of admissibility. Put
F=VY;<i3g(AG, j, f, 9)-H{, g)),
where A is L(I)—u—a, and put
ID: HG, f)=F.
crt (F)=crt(V;<:3g(AG, j, f, &)—3AUA(, g, U))
=3IGIAVV<i(AG, §, g I1(G; M-AG, IG; 1), LV ;5 7))
crt (HG, /)=F)=3F3aWVX{AG, f, X)-Vj<i(AG, 7, f, [I(F; X, 7))
A, II(F; X, 1), TV ; X, D)}
Let us try fo determine type-forms for variable-forms.

Let @ be a parameter which is supposed to yield the type-form of U, in
A(j, g, U,) (at j<7 and any g); that is,

1 II(0; j, 99=[U,; 01(=us0; j, g) if j<u.
Define
2) a()=AjCLj<i; [g], ept],

B(6;i, F, X)=AjCl7<i; ul0; j, [I(F; X, 7)), ept],
(0;1, F, X)=Amc[m=0, m=1; a@), B0; i, F, X), ept].
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Then [X] mus satisfy
[X]':C—T[ept, 5(0; l‘x F’ X); Z:l;

where g is a constant symbol for a transfinite type-form. But this 2auses a
cycle, since the type-form of X must depend on X itself and F (and [F] depends
on [ X]).

§3. A progression of inductive definitions.

Here we give a brief sketch how to deal with a progression of the systems
of intuitionistic analysis with inductive definitions applied to admissible formulas,
which is an abstract treatment of the systems in [4]. We assume throughout
this section.

Let I be a primitive recursive scheme such that for each r<w, I(») re-
presents the pair of a set and its linear order, say (/,, <"), where I(r—1) is
an initial segment of I(7).

DEFINITION 3.2. 1) The language £,(I) is defined similarly to .£(I) in
Definition 1.1, but here I will play a different role from that of the I in the
preceding sections. We assume just one predicate symbol H for inductive de-
finitions with parameter ». That is, H(r; 7, f) is an atomic formula in which
r is supposed to range over w (natural numbers), 7 is supposed to range over I,
and f stands for a finite sequence of terms (of at-type or fn-type). » will be
called the stage indicator (for H). For notational simplicity, we assume that f
consists of a single term f.

2) A formula is £,I)-recursive if it is free of H and quantifiers.

3) Admissible formulas are defined as in Definition 1.1, and, in the systems
we are to work on, all the formulas are confined to admissible ones.

4) The language £,(I) is the restriction of £ ,(I) where the first argument
v in H(r, 7, f) is a constant in .

DEFINITION 3.2. Formal systems {S(r;I); r<w} can be defined so that
S(r; I) is a system of the language £,.(I), ¥<w, similarly to the corresponding
ones in Definition 1.3 of [4], the content of which will be omitted here except
for some modifications.

1°. The properties on the constants concerning the elementary theory of I
are formulated as axioms common to all S(r; I).

2°. Inductive definitions along I(r), ID,, for each »Sw are axioms.

YielI Nf(H(r;i, f)=F(r;i, f, H[r; ),
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where H[r;{] abbreviates
{7, g}G<"iNH(r; j, 2)

and F(r;1, f, H(r;{]) is an admissible formula of the language .£,.(I).
3°. Eliminations and introductions of V and 3 for fn-type are admitted.

Corresponding to Theorem 1 in §2 of [4], we assume the following basic
assumption, (BA).

(BA) The accessibility of I(e) is S(w; I)-provable uniformly with respect to
eco.

Then we are led to the

CONCLUSION. The accessibility of I is S(w)-provable with respect to the w-
reasoning.

By reading I for Od(w) and starting from TM [2], we can define the w-theory
of two-storied transfinite mechanisms w-TM [2], similarly to w-HP in Definition

4.1 in [4]. See also for TM[Z].

We now come to the
Theorem. The accesibility of I is valid in @-TM [2].

See Theorem 3 in for details.
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