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Introduction.

Throughout this paper, we will work over a fixed algebraically closed field
$k$ . Let $\Lambda$ be a finite dimensional basic algebra. We may consider $\Lambda$ as a
locally bounded k-category. As well known, any locally bounded k-category $\Lambda$

is given by a quiver with relations, that is, there is a locally finite quiver $Q$

such that $\Lambda\cong kQ/I$, where $kQ$ is the path-category and $I$ is an ideal of $kQ$

generated by linear combinations of paths of length $\geqq 2$ (see [3] for details).

A module over a locally bounded k-category $\Lambda$ is a k-linear functor from $\Lambda$ to
the category of k-vector spaces, nemely, a representation of the quiver satisfying
the relations if $\Lambda$ is given by a quiver with relations. We will denote by
$mod \Lambda$ the category of all finite dimensional left $\Lambda$ -modules.

In the present paper, we are interested in two-point algebras, namely, alge-

bras which have just two non-isomorphic simple left modules. Our aim is to
classify two-point algebras of certain classes according to their representation
types. An algebra $\Lambda$ is said to be representation-finite if there are only a finite
number of pairwise non-isomorphic indecomposable objects in $mod \Lambda$ , to be wild
if there is an exact embedding $mod k\Omega\rightarrow mod \Lambda$ , where $ k\Omega$ is the path-algebra
of the quiver $\Omega:C\cdot O$ , which is a representation equivalence with the corre-
sponding full subcategory of $mod \Lambda$ , and to be tame if $\Lambda$ is neither representa-

tion-finite nor wild. There has been given the complete list of the maximal
representation-finite two-point algebras [3].

Covering techniques ([1], [3], [5] and [6]) will play an indispensable role
in deciding the representation type of a given algebra. For a certain class of
algebras, by taking appropriate Galois coverings, the problem can be reduced to
the calculation of vector space categories, which have been classified in [12]

(see also [9]). On the other hand, we will come across an algebra which can
be obtained as a quotient of a suitable Galois covering of the tame local algebra
$\tau C\cdot 0\sigma$ with $\sigma^{2}=\tau^{2}=0[11]$ , thus is tame. The similar argument will also
apply to the situation that there is a Galois covering of a given algebra which
has a wild algebra as a finite quotient.
Received August 6, 1986.
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1. Main Results.

In the present paper, we will consider two classes of two-point algebras,
one is the class of the triangular matrix algebras, namely, the algebras of the

form $\left\{\begin{array}{ll}A & M\\0 & B\end{array}\right\}$ with $A,$ $B$ local, and the other is that of the distributive algebras

of ordinary quiver $=\cdot 0$ (cf. [1]).

THEOREM A. Let $\Lambda$ be a finite dimensional two-point triangular matrix alge-
bra. Then $\Lambda$ is tame if and only if $\Lambda$ is isomorphic to one of the algebras (0) $-$

$(4_{q})$ in Table $T$ or their duals.

THEOREM B. Let $A$ be a finite dimensional basic distributive algebra of
ordinary quiver $=\cdot 0$ . Then $\Lambda$ is tame if and only if $\Lambda$ is isomorphic to one

of the algebras $(5_{q})-(11_{q})$ in Table $T$ or their duals.

During the preparation of the paper, the authors noticed that the algebra
$(4_{q})$ in Table $T$ is shown to be tame [15].

Table $T$

$0)$ $.=$ .
1) $.\rightarrow^{\mu}\cdot 0\alpha$ with $\alpha^{2}\mu=\alpha^{6}=0$

2) $\beta C\cdot\rightarrow^{\mu}\cdot 0\alpha$ with $\alpha^{2}=\beta^{2}=0$

2’) with $\alpha\mu\beta=\alpha^{2}=\beta^{2}=0$

$3_{q})$ with $\alpha\mu-\mu\beta=\alpha^{q}\mu=\alpha^{6}=\beta^{3}=0$, $q=2,3$

$4_{q})$ with $\alpha\mu-\mu\beta=\alpha^{q}\mu=\alpha^{4}=\beta^{4}=0$, $q=2,3,4$

$5_{q})$ $.\leftarrow\rightarrow\cdot 0\alpha\nu u$ with $\mu\nu-\alpha^{2}=\nu\alpha\mu=\alpha^{q}=0$ , $q=3,4,5$

$5_{q}^{\prime})$ with $\mu\nu-\alpha^{2}=\nu\alpha\mu=\nu\alpha^{2}\mu=\alpha^{q}=0$ , $q=3,4,5$

$5_{q}^{\prime\prime})$ with $\mu\nu-\alpha^{2}=\nu\alpha\mu=\alpha^{2}\mu=\alpha^{q}=0$ , $q=3,4$

$5_{q}^{\prime\prime\prime})$ with $\mu\nu-\alpha^{2}=\nu\alpha\mu=\alpha^{2}\mu=\nu\alpha^{2}=\alpha^{q}=0$ , $q=3,4$

$6_{q})$ with $\mu\nu-\alpha^{2}=\nu\alpha\mu-\nu\alpha^{2}\mu=\alpha^{q}=0$, $q=4,5$

(only if char $k=3$ )

7) with $\mu\nu-\alpha^{3}=\nu\mu=\alpha\mu=0$

$8_{q})$ with $\mu\nu-\alpha^{3}=\nu\mu=\alpha^{2}\mu=\nu\alpha^{2}=\alpha^{q}=0$ , $q=3,4,5$

$8_{q}^{\prime})$ with $\mu\nu-\alpha^{3}=\nu\mu=\nu\alpha\mu=\alpha^{2}\mu=\nu\alpha^{2}=\alpha^{q}=0$, $q=3,4,5$

9) with $\mu\nu-\alpha^{3}=\nu\mu-\nu\alpha\mu=\alpha^{2}\mu=\nu\alpha^{2}=\alpha^{6}=0$

(only if char $k=3$)
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10) with $\mu\nu=\nu\mu=\nu\alpha\mu=\alpha^{3}=0$

10’) with $\mu\nu=\nu\mu=\nu\alpha\mu=\nu\alpha^{2}\mu=\alpha^{3}=0$

$10^{\prime\prime})$ with $\mu\nu=\nu\mu=\nu\alpha\mu=\alpha^{2}\mu=\alpha^{3}=0$

$11_{q})$ with $\mu\nu-\alpha^{4}=\alpha\mu=\nu\alpha^{2}=\alpha^{q}=0$, $q=4,5$

EXAMPLES. In Section 5, as an example, we will show that the following
is tame [12]:

12) $.\leftarrow\rightarrow\cdot 0\alpha\nu u$ with $\alpha^{2}=\mu\nu=0$ ,

this is not distributive (cf. (W-ll)).

There are several other algebras which have been known to be tame [4]
(see also [7] and [11]):

13) $.\leftarrow^{\rightarrow u\nu}$ . $ 0\alpha$ with $\alpha^{2}=\nu\mu=0$

14) $\beta C\cdot\leftarrow^{\rightarrow u\nu}$ . $;\approx\circ\alpha$ with $\alpha^{2}=\beta^{2}=\mu\nu=\nu\mu=0$

15) with $\alpha\mu=\mu\beta=\nu\alpha=\beta\nu=0$

16) $\frac{\frac{\bigwedge_{\mu 2}}{}}{\dot{}^{\nu 2}}\mu_{\nu 1}1$. with $\mu_{1}\nu_{1}=\mu_{2}\nu_{2}=\nu_{1}\mu_{1}=\nu_{2}\mu_{2}=0$

17) with $\mu_{1}\nu_{1}=\mu_{2}\nu_{2}=\nu_{1}\mu_{2}=\nu_{2}\mu_{1}=0$ .
In particular, one can easily determine the finite dimensional basic tame

algebras of ordinary quiver $\equiv\cdot$ .

In order to prove the “only if” parts of the theorems, we need the list of
minimal wild algebras and that of maximal representation-finite algebras.

PROPOSITION 1. The algebras (0)$-(18)$ in Table $W$ are wild. They are mini-
mal, with the possible exception of (11), in the sense that no proper quotient of
them is wild.

PROPOSITION 2 (see [3]). The algebras (1) $-(15_{q})$ in Table $F$ are representation-

finite. They are maximal in the sense that any finite dimensional basic represent-

ation-finite two-point algebra can be obtained as a quotient of one of them or their
duals.

Table $W$

$0)$ $.\equiv$ .
$.\rightarrow^{\mu}$ . $ 0\alpha$

1)
$ 0\beta$

with $\alpha\mu=\beta\mu=\alpha\beta=\beta\alpha=\alpha^{2}=\beta^{2}=0$
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2) $.\rightarrow\cdot 0\alpha\mu\vec{\nu}$ with $\alpha\mu=\alpha\nu=\alpha^{2}=0$

3) $.\rightarrow^{\mu}\cdot 0\alpha$ with $\alpha^{2}\mu=\alpha^{7}=0$

4) with $\alpha^{3}\mu=\alpha^{4}=0$

5) $\beta C\cdot\rightarrow^{\mu}\cdot 0\alpha$ with $\mu\beta=\alpha^{3}=\beta^{2}=0$

6) with $\alpha^{2}\mu=\mu\beta=\alpha^{3}=\beta^{3}=0$

7) with $\alpha^{2}\mu=\mu\beta=\alpha^{4}=\beta^{2}=0$

8) with $\alpha^{2}\mu=\alpha\mu\beta=\alpha^{3}=\beta^{2}=0$

9) with $\alpha\mu-\mu\beta=\alpha^{2}\mu=\alpha^{6}=\beta^{4}=0$

10) with $\alpha\mu-\mu\beta=\alpha^{2}\mu=\alpha^{7}=\beta^{3}=0$

11) $.\rightarrow^{\leftarrow 4_{\nu}^{l}}$ . $ 0\alpha$ with $\mu\nu-\alpha^{2}=\alpha^{2}\mu=\alpha^{3}=0$

12) with $\mu\nu-\alpha^{3}=\nu\mu=\nu\alpha\mu=\alpha^{2}\mu=\alpha^{4}=0$

13) with $\mu\nu=\alpha\mu=\alpha^{3}=0$

14) with $\mu\nu=\nu\mu=\alpha^{2}\mu=\alpha^{3}=0$

15) with $\mu\nu=\nu\alpha\mu=\alpha^{2}\mu=\nu\alpha^{2}=\alpha^{3}=0$

16) with $\mu\nu=\nu\mu=\alpha\mu=\nu\alpha^{3}=\alpha^{4}=0$

17) with $\mu\nu=\nu\mu=\nu\alpha\mu=\alpha^{2}\mu=\nu\alpha^{2}=\alpha^{4}=0$

18) with $\mu\nu=\nu\mu=\alpha\mu=\nu\alpha^{2}=\alpha^{5}=0$

Table $F$

1)
$.\rightarrow^{\mu}$ . $ 0\alpha$ with $\alpha^{2}\mu=\alpha^{5}=0$

$2_{q})$
$\beta C\cdot\rightarrow^{\mu}$ . $ 0\alpha$ with $\alpha\mu=\mu\beta=\alpha^{q}=\beta^{q}=0$ , $q\geqq 2$

$3_{q})$ with $\mu\beta=\alpha^{2}=\beta^{q}=0$ , $q\geqq 2$

$4_{q})$ with $\alpha\mu-\mu\beta=\alpha^{q}=\beta^{2}=0$ , $q\geqq 2$

5) with $\alpha\mu-\mu\beta=\alpha^{5}=\beta^{3}=0$

6) with $\alpha^{2}\mu-\mu\beta=\alpha^{3}=\beta^{2}=0$

$7_{q})$
$.\rightarrow^{\leftarrow\mu_{\nu}}$ . with $(\mu\nu)^{q}=(\nu\mu)^{q}=0$ , $q\geqq 1$

8) $.\rightarrow^{\leftarrow\mu_{\nu}}$ . $ 0\alpha$ with $\mu\nu-\alpha^{2}=\alpha\mu=0$

9) with $\mu\nu-\alpha^{2}=\nu\mu=0$

10) with $\mu\nu-\alpha^{2}=\nu\mu-\nu\alpha\mu=\alpha^{4}=0$ (only if char $k=2$ )

$11)$ with $\mu\nu=\nu\alpha\mu=\alpha^{2}=0$
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12) with $\mu\nu-\alpha^{3}=\alpha\mu=\nu\alpha^{2}=0$

13) with $\mu\nu=\nu\mu=\alpha\mu=\alpha^{3}=0$

14) with $\mu\nu-\alpha^{4}=\nu\mu=\alpha\mu=\nu\alpha^{2}=0$

$15_{q})$ with $\mu\nu-\alpha^{q}=\alpha\mu=\nu\alpha=0$ , $q\geqq 4$ .

REMARK 1. For an integer $m\geqq 1$ , denote by $P^{m}$ the linearly ordered set
with $m$ elements, and for $m,$ $n\geqq 1$ , consider $P^{m}\times P^{n}$ as a partially ordered set
by componentwise order. Then the representation type of $P^{m}\times P^{n}$ is finite if
$1/m+1/n>1/2$ , tame if $1/m+1/n=1/2$ and wild if $1/m+1/n<1/2$ (cf. [14]).

This is also the case with the algebra $\beta C\cdot\rightarrow^{\mu}\cdot 0\alpha$ with $\alpha\mu-\mu\beta=\alpha^{m}=\beta^{n}=0$ .

REMARK 2. Let $\Lambda$ be a local Nakayama algebra of length $q\geqq 2$ . Then the

triangular matrix algebra $\left\{\begin{array}{ll}\Lambda & \Lambda\\ 0 & \Lambda\end{array}\right\}$ can be given by the quiver $\beta C\cdot\rightarrow^{\mu}\cdot 0\alpha$

with relations $\alpha\mu-\mu\beta=\alpha^{q}=\beta^{q}=0$ . This is tame if and only if $q=4$ . In general,

for a connected self-injective algebra $\Lambda$ , the triangular matrix algebra $\left\{\begin{array}{ll}\Lambda & \Lambda\\ 0 & \Lambda\end{array}\right\}$

is tame if and only if $\Lambda$ is representation-finite of Dynkin class $A_{3}$ (see [8]
and [15]).

2. Preliminaries.

In this section, we will recall some basic definitions and results (see [1],
[3], [5], [6], [10], [12] and [13]).

2.1. Locally Bounded Categories.
A locally bounded category $\Lambda$ is a k-category such that: a) distinct objects

are not isomorphic; b) for each $ x\in\Lambda$ , the algebra $\Lambda(x, x)$ is local; c) for each
$x\in\Lambda,$ $\Sigma_{y\in\Lambda}[\Lambda(x, y):k]$ and $\Sigma_{y\in\Lambda}[\Lambda(y, x):k]$ are finite [1]. The support
$suppM$ of a $\Lambda$ -module $M$ is the full subcategory of $\Lambda$ consisting of the objects
$ x\in\Lambda$ such that $M(x)\neq 0$ . The dimension vector of a $\Lambda$ -module $M$ is the family
$\underline{\dim}M=\{[M(x):k]\}_{x\in\Lambda}$ . Let $\Gamma_{i}(i\in I)$ be a family of full subcategories of $\Lambda$ .
Denote by $\bigcup_{i\in I}\Gamma_{i}$ the full subcategory of $\Lambda$ consisting of the objects of the $\Gamma_{i}$ .
For a family of objects $x_{i}\in\Lambda(i\in I)$ , we denote by $\{x_{i}\}_{i\in I}$ the full subcategory
consisting of the objects $x_{i}$ . $\Lambda$ is said to be locally support-finite if for each
$x\in\Lambda,$ $\bigcup_{M(x)\neq 0}SuppM$ is finite [5].

2.2. Galois Coverings.
Let $\Lambda$ be a connected locally bounded category and $G$ a group of k-linear

automorphisms of $\Lambda$ . Then $G$ acts naturally on $mod \Lambda$ by the left. We assume
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that the action of $G$ on $\Lambda$ is free, namely, $gx\neq x$ for any $g\in G\backslash \{1\}$ and any
$ x\in\Lambda$ . Following [6], we can consider the quotient $\Lambda/G$ and the Galois cover-
ing $F:\Lambda\rightarrow\Lambda/G$ . Then we have the push down functor $F_{\lambda}$ : $mod \Lambda\rightarrow mod \Lambda/G$

which is left adjoint to the induced functor F. : $mod \Lambda/G\rightarrow mod \Lambda$ . If $G$ acts
freely on ind $\Lambda$ , namey, $gM\neq M$ for any $g\in G\backslash \{1\}$ and any $ M\in ind\Lambda$ , then $F_{\lambda}$

preserves the Auslander-Reiten sequences. We will freely use the following
results.

PROPOSITION 3 (see [6]). Let $S$ be a quotient category of $\Lambda$ with the natural
embedding $mod S\rightarrow mod \Lambda$ , and $L=$ { $M\in indS|^{g}M\not\in indS$ for any $g\in G\backslash \{1\}$ }. Then
there exists a set-theoretic injection $L\rightarrow ind\Lambda/G$ . In particular, in case $L$ is co-
finite in ind $S$ , the following hold.

(1) If $\Lambda/G$ is tame, so is $S$ unless it is representation-finite.
(2) If $S$ is wild, so is $\Lambda/G$ .

PROPOSITION 4 ([5]). If $\Lambda$ is locally support-finite and if $G$ acts freely on
ind $\Lambda$ , then the push down functor $F_{\lambda}$ : $mod \Lambda\rightarrow mod \Lambda/G$ is dense. In particular,

if $\Lambda$ is tame, so is $\Lambda/G$ .

In what follows, we will deal only with a full subcategory $A$ of a Galois
covering $U$ which is in fact a quotient category, thus we may consider $mod A$

as a full subcategory of $mod U$ by the natural embedding.

2.3. Vector Space Categories.
A vector space category $K$ is an additive k-category together with a faith-

ful functor $||$ : $K\rightarrow mod k$ such that every idempotent in $K$ splits. Given a
vector space category $K$, its subspace category $U(K)$ is defined as follows: its
objects are triples of the form $(U, X, \phi)$ , where $U$ is a k-space, $X$ is an object
in $K$ and $\phi:U\rightarrow|X|$ is a k-linear map. A homomorphism from $(U, X, \phi)$ to
$(U^{\prime}, X^{\prime}, \phi^{\prime})$ is given by a pair $(\alpha, \beta)$ , where $\alpha:U\rightarrow U^{\prime}$ is k-linear, $\beta:X\rightarrow X^{\prime}$ is
a morphism in $K$ such that $|\beta|\phi=\phi^{\prime}\alpha$ . Given a poset $S$, considered as a cate-
gory, add $kS$ is a vector space category. Conversely, assume that $K$ is a
vector space category consisting only of l-dimensional indecomposable objects,
then $K$ is of the form add $kS$ for some poset $S$ .

Let $\Lambda$ be a one-point extension algebra of $R$ by $M$, then a $\Lambda$ -module
is given by a triple $(U,X, \phi:_{R}M\otimes_{k}U\rightarrow_{R}X)$ . It is well known that
$U(Hom(M, mod R))$ is representation equivalent to the full subcategory of $mod \Lambda$

consisting of the $\Lambda$ -modules without non-zero direct summands of the form
$(k, 0,0)$ or $(0, Y, 0)$ with $Hom(M, Y)=0$ . In case $R$ is tame, if the vector space
category $Hom(M, mod R)$ is tame, so is $\Lambda$ .
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3. Classification.

In Section 4, we will prove that the algebras in Table $W$ are wild, and in
Section 5 we will prove that the algebras in Table $T$ are tame. We have only
to consider the algebras of ordinary quiver $\cdot\rightarrow\cdot 0,$ $C\cdot\rightarrow\cdot 0$ or $\cdot=\cdot 0$

Given an algebra $\Lambda$ of the classes stated in the theorems, we will show that
one of the following cases occurs: 1) $\Lambda$ is isomorphic to a quotient of one of
the algebras in Table $F$ or their duals; 2) $\Lambda$ is isomorphic to one of the algebras
in Table $T$ or their duals; and 3) $\Lambda$ has a quotient isomorphic to one of the
algebras in Table $W$ or their duals. These are clearly pairwse inconsistent.

I) $\Lambda$ of ordinary quiver $\rightarrow^{\mu}\cdot 0\alpha$ .
Suppose $\alpha^{m}\mu=\alpha^{n}=0,$ $m\leqq n$ .

i) If $m=1$ , then $\Lambda$ is a quotient of $(F-2_{n})$ .
ii) If $m=2$ and $n\leqq 5$ , then $\Lambda$ is a quotient of (F-1).

iii) If $m=2$ and $n=6$ , then $\Lambda\cong(T-1)$ .
iv) If $m=2$ and $n\geqq 7$ , then $\Lambda$ has (W-3) as a quotient.
v) If $m=n=3$ , then $\Lambda$ is a quotient of the dual of (F-13).

vi) If $m\geqq 3$ and $n\geqq 4$ , then $\Lambda$ has (W-4) as a quotient.

II) $\Lambda$ of ordinary quiver $\beta Cb\rightarrow^{\mu}a0\alpha$ .
Suppose $\alpha^{m}=\beta^{n}=0$ . Let $A=k[\alpha]$ , $B=k[\beta]$ and $M=\Lambda(b, a)$ . We may

assume $\dim A\mu\geqq\dim\mu B$ . Note that if $ M\neq A\mu$ then $\mu\beta\not\in A\mu$ .
1) If $\dim M=1$ , then $\Lambda$ is a quotient of $(F-2_{q}),$ $q=\max\{m, n\}$ .
2) Suppose $\dim M=2$ . Then $ M=A\mu$ , and $\mu\beta=x\alpha\mu$ for some $x\in k$ .
2.1) The case $x=0$ :
i) If $m=2$ , then $\Lambda=(F-3_{n})$ .
ii) If $m=3$ and $n=2$ , then $\Lambda$ is a quotient of (F-6).

iii) If $m=3$ and $n\geqq 3$ , then $\Lambda$ has (W-6) as a quotient.
iv) If $m\geqq 4$ , then $\Lambda$ has (W-7) as a quotient.

2.2) The case $x\neq 0$ : Replacing $\alpha$ with $ x\alpha$ , we can assume $\alpha\mu-\mu\beta=0$ . We
may also assume $m\geqq n$ .
i) If $n=2$ , then $\Lambda\cong(F-4_{m})$ .
ii) If $n=3$ and $m\leqq 5$ , then $\Lambda$ is a quotient of (F-5).

iii) If $n=3$ and $m=6$ , then $\Lambda\cong(T-3_{2})$ .
iv) If $n=3$ and $m\geqq 7$ , then $\Lambda$ has (W-10) as a quotient.
v) If $n=m=4$ , then $\Lambda\cong(T-4_{2})$ .
vi) If $n\geqq 4$ and $m\geqq 5$ , then $\Lambda$ has (W-9) as a quotient.
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3) Suppose $\dim M=3,$ $ M\neq A\mu$ and $mn>4$ . Then, as a quotient, $\Lambda$ has either
(W-8) or its dual.

4) Suppose $\dim M\geqq 3,$ $ M\neq A\mu$ and $m=n=2$ .
i) If $\dim M=3$ , then $\Lambda\cong(T-2^{\prime})$ .
ii) If $\dim M=4$ , then $\Lambda\cong(T-2)$ .

5) Suppose $\dim M=3$ and $ M=A\mu$ . Then $\mu\beta=x\alpha\mu+y\alpha^{2}\mu$ for some $x,$ $y\in k$ .
5.1) The case $x=y=0$ : $\Lambda$ has (W-5) as a quotient.

5.2) The case $x=0$ but $y\neq 0$ : Replacing $\beta$ with $ y^{-1}\beta$ , we can assume $\alpha^{2}\mu-\mu\beta$

$=0$ .
i) If $m=3$ and $n=2$ , then $\Lambda\cong(F-6)$ .
ii) If $m=3$ and $n\geqq 3$ , then $\Lambda$ has (W-6) as a quotient.

iii) If $m\geqq 4$ , then $\Lambda$ has (W-7) as a quotient.

5.3) The case $x\neq 0$ : Replacing $\alpha$ with $x\alpha+y\alpha^{2}$ , we can assume $\alpha\mu-\mu\beta=0$ .
We may also assume $m\geqq n$ .
i) If $n=3$ and $m\leqq 5$ , then $\Lambda$ is a quotient $cf$ (F-5).

ii) If $n=3$ and $m=6$ , then $\Lambda\cong(T-3_{3})$ .
iii) If $n=3$ and $m\geqq 7$ , then $\Lambda$ has (W-10) as a quotient.

iv) If $n=m=4$ , then $\Lambda\cong(T-4_{3})$ .
v) If $n\geqq 4$ and $m\geqq 5$ , then $\Lambda$ has (W-9) as a quotient.

6) Suppose $\dim M=4$ and $ M=A\mu$ . Then $\mu\beta=x\alpha\mu+y\alpha^{2}\mu+z\alpha^{3}\mu$ for some
$x,$ $y,$ $z\in k$ .
6.1) The case $x=0$ : $\Lambda$ has (W-7) as a quotient.

6.2) The case $x\neq 0$ : Replacing $\alpha$ with $x\alpha+y\alpha^{2}+z\alpha^{3}$ , we can assume $\alpha\mu-\mu\beta$

$=0$ . We may also assume $m\geqq n$ .
i) If $m=n=4$ , then $\Lambda\cong(T-4_{4})$ .
ii) If $m\geqq 5$ and $n\geqq 4$ , then $\Lambda$ has (W-9) as a quotient.

7) Suppose $\dim M\geqq 5$ and $ M=A\mu$ . Then $\mu\beta=\Sigma_{i=1}^{d}x_{i}\alpha^{i}\mu$ , where $d=\dim M-1$ ,

for some $x_{i}\in k,$ $1\leqq i\leqq d$ .
7.1) The case $x_{1}=0$ : $\Lambda$ has (W-7) as a quotient.

7.2) The case $x_{1}\neq 0$ : Replacing $\alpha$ with $\Sigma_{i1}^{d_{=}}x_{i}\alpha^{i}$ , we can assume $\alpha\mu-\mu\beta=0$ .
Then $\Lambda$ has (W-9) as a quotient.

1II) $\Lambda$ of ordinary quiver $ b\rightarrow\leftarrow a0\alpha u\nu$

Suppose $\alpha^{n}=0$ . Let $A=k[\alpha]$ . We may restrict ourselves to the case
$\Lambda(a, a)=A$ . Thus $\Lambda(b, a)=A\mu$ and $\Lambda(a, b)=\nu A$ . We may also assume $\dim A\mu$
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$\leqq\dim\nu A$ . In case $\mu\nu\neq 0$ , there are some $f(x)\in k[x]$ with $f(O)\neq 0$ and some
$m\geqq 1$ such that $\mu\nu=f(\alpha)\alpha^{m}$ . Replacing $\mu$ with $ f(\alpha)^{-1}\mu$ , we can assume $\mu\nu-\alpha^{m}$

$=0$ .
1) Suppose $\dim A\mu=\dim\nu A=1$ . Then $\Lambda$ is a quotient of (F-8), (F-12) or
$(F-15_{q})$ .

In what follows, we assume $\dim\nu A\geqq 2$ .

2) Suppose $\mu\nu-\alpha^{2}=0$ .
2.1) If $\dim A\mu=1$ , then $\Lambda$ is a quotient of (F-8).

2.2) Suppose $\dim A\mu=2$ .
2.2.1) The case $\dim\nu A\mu=0$ : $\Lambda$ is a quotient of (F-9).

2.2.2) The case $\dim\nu A\mu=1$ : We have $x\nu\mu+y\nu\alpha\mu=0$ for some $x,$ $y\in k$ with

with $(x, y)\neq 0$ . In case $xy\neq 0$ , by replacing $\alpha$ with $-x^{-1}y\alpha$ and $\mu$ with $(x^{-1}y)^{2}\mu$ ,

we can assume $\nu\mu-\nu\alpha\mu=0$ .
i) If $\nu\mu=0$ , then $\Lambda$ is a quotient of (F-9).

ii) If $\nu\alpha\mu=0$ and $n=2$ , then $\Lambda\cong(F-11)$ .
iii) If $\nu\alpha\mu=0$ and $n\geqq 3$ , then $\Lambda\cong(T-5_{n}^{\prime\prime})$ or $(T-5_{n}^{\prime\prime\prime})$ .
iv) If $\nu\mu-\nu\alpha\mu=0$ , then $\Lambda$ is a quotient of (F-9) or (F-10).

2.2.3) The case $\dim\nu A\mu=2$ : $\Lambda$ is not distributive. Notice however that $\Lambda$

has (W-ll) as a quotient if $\dim\nu A\geqq 3$ .

2.3) Suppose $\dim A\mu=3$ . Then $\nu\mu\not\in(k\nu\alpha\mu+k\nu\alpha^{2}\mu)$ .
2.3.1) The case $\dim\nu A\mu=1$ : $\Lambda\cong(T-5_{n}^{\prime})$ .
2.3.2) The case $\dim\nu A\mu=2$ : We have $x\nu\alpha\mu+y\nu\alpha^{2}\mu=0$ for some $x,$ $y\in k$ with

$(x, y)\neq 0$ . In case $xy\neq 0$ , by replacing $\alpha$ with $-x^{-1}y\alpha$ and $\mu$ with $(x^{-1}y)^{2}\mu$ ,

we can assume $\nu\alpha\mu-\nu\alpha^{2}\mu=0$ .
i) If $\nu\alpha\mu=0$ , then $\Lambda\cong(T-5_{n})$ .
ii) If $\nu\alpha^{2}\mu=0$ , then $\Lambda$ has (W-ll) as a quotient.

iii) If $\nu\alpha\mu-\nu\alpha^{2}\mu=0$ and $n=3$ , then $\Lambda\cong(T-5_{3})$ .
iv) If $\nu\alpha\mu-\nu\alpha^{2}\mu=0$ and $n=4$ , then $\Lambda\cong(T-5_{4})$ or $(T-6_{4})$ .
v) If $\nu\alpha\mu-\nu\alpha^{2}\mu=0$ and $n=5$ , then $\Lambda\cong(T-5_{5})$ or $(T-6_{5})$ .
2.3.3) The case $\dim\nu A\mu=3$ : $\Lambda$ has (W-ll) as a quotient.

2.4) Suppose $\dim A\mu\geqq 4$ . Then, $\dim(k\nu\mu+k\nu\alpha\mu)=2$ and $(k\nu\mu+k\nu\alpha\mu)\cap(k\nu\alpha^{2}\mu$

$+k\nu\alpha^{3}\mu+\cdots)=0$ . Thus, $\Lambda$ has (W-ll) as a quotient.

3) Suppose $\mu\nu-\alpha^{3}=0$ and $n\geqq 3$ .
3.1) Suppose $\dim A\mu=1$ .
3.1.1) The case $\dim\nu A=2$ : $\Lambda$ is a quotient of (F-12).
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3.1.2) The case $\dim\nu A=3$ ;

i) If $n=3$ and $\dim\nu A\mu=0$ , then $\Lambda\cong(F-13)$ .
ii) If $n=4$ and $\dim\nu A\mu=0$ , then $\Lambda\cong(T-7)$ .
iii) If $\dim\nu A\mu=1$ , then $\Lambda$ has (W-13) as a quotient.

3.2) Suppose $\dim A\mu\geqq 2,$ $\dim\nu A\geqq 3$ and $n\geqq 4$ . Then $\Lambda$ has (W-12) as a quotient.

3.3) Suppose $\dim A\mu=2$ .
3.3.1) The case $\dim\nu A\mu=0$ :
i) If $\dim\nu A=2$ , then $\Lambda\cong(T-8_{n}^{\prime})$ .
ii) If $\dim\nu A=n=3$ , then $\Lambda\cong(T-10^{\prime\prime})$ .
3.3.2) The case $\dim\nu A\mu=1$ : We have $x\nu\mu+y\nu\alpha\mu=0$ for some $x,$ $y\in k$ with
$(x, y)\neq 0$ . In case $xy\neq 0$ , by replacing $\alpha$ with $-x^{-1}y\alpha$ and $\mu$ with $-(x^{-1}y)^{3}\mu$ ,

we can assume $\nu\mu-\nu\alpha\mu=0$ .
i) If $\nu\mu=0$ and $\dim\nu A=2$ , then $\Lambda\cong(T-8_{n})$ .
ii) If $\nu\mu=0$ and $\dim\nu A=n=3$ , then $\Lambda\cong(W-14)$ .
iii) If $\nu\alpha\mu=0$ , then $\Lambda$ has (W-15) as a quotient.
iv) If $\nu\mu-\nu\alpha\mu=0$ and $\dim\nu A=2$ , then $\Lambda\cong(T-8_{n})$ or (T-9).

v) If $\nu\mu-\nu\alpha\mu=0$ and $\dim\nu A=n=3$ , then $\Lambda\cong(W-14)$ .
3.3.3) The case $\dim\nu A\mu=2$ : $\Lambda$ has (W-15) as a quotient.

3.4) Suppose $\dim A\mu=\dim\nu A=n=3$ .
3.4.1) The case $\dim\nu A\mu=0$ : $\Lambda\cong(T-10^{\prime})$ .
3.4.2) The case $\dim\nu A\mu=1$ : Consider first the case $\nu\mu=0$ . Then $x\nu\alpha\mu+$

$y\nu\alpha^{2}\mu=0$ for some $x,$ $y\in k$ with $(x, y)\neq 0$ . In case $x\neq 0$ , by replacing $\alpha$ with
$x\alpha+y\alpha^{2}$ , we can assume $\nu\alpha\mu=0$ . Next, suppose $\nu\mu\neq 0$ . In case $\nu\alpha\mu\neq 0$ , we
have $\nu\mu+x\nu\alpha\mu=0$ for some $x\in k\backslash \{0\}$ . Replacing $\mu$ with $\mu+x\alpha\mu$ , we can
reduce the case to $\nu\mu=0$ . Also, in case $\nu\alpha^{2}\mu\neq 0$ , we have $\nu\mu+x\nu\alpha^{2}\mu$ for some
$x\in k\backslash \{0\}$ , and by replacing $\mu$ with $\mu+x\alpha^{2}\mu$ , we can reduce the case to $\nu\mu=0$ .
i) If $\nu\mu=\nu\alpha\mu=0$ , then $\Lambda\cong(T-10)$ .
ii) If $\nu\mu=\nu\alpha^{2}\mu=0$ , then $\Lambda$ has (W-14) as a quotient.

iii) If $\nu a\mu=\nu\alpha^{2}\mu=0$, then $\Lambda$ has (W-15) as a quotient.
3.4.3) The case $\dim\nu A\mu=2$ : We have $x\nu\mu+y\nu\alpha\mu+z\nu\alpha^{2}\mu=0$ for some $x,$ $y,$ $z$

$\in k$ with $(x, y, z)\neq 0$ . In case $(xy, xz)\neq 0$ , by replacing $\mu$ with $\mu+x^{-1}y\alpha\mu+$

$ x^{-1}z\alpha^{2}\mu$ , we can assume $\nu\mu=0$ .
i) If $\nu\mu=0$ , then $\Lambda$ has (W-14) as a quotient.
ii) If $\nu\mu\neq 0$ , then $\Lambda$ has (W-13) as a quotient.
3.4.4) The case $\dim\nu A\mu=3$ : $\Lambda$ has (W-13) as a quotient.

4) Suppose $\mu\nu-\alpha^{4}=0$ and $n\geqq 4$ .



Tame Two-point Algebras 75

4.1) If $\dim\nu A\geqq 3$ , then $\Lambda$ has (W-16) as a quotient.

4.2) If $\dim A\mu=\dim\nu A=2$ , then $\Lambda$ has (W-17) as a quotient.

4.3) Suppose $\dim A\mu=1$ and $\dim\nu A=2$ .
4.3.1) The case $\dim\nu A\mu=0$ : $\Lambda$ is a quotient of (F-14).

4.3.2) The case $\dim\nu A\mu=1$ : $\Lambda\cong(T-11_{n})$ .
5) Sppose $\mu\nu-\alpha^{m}=0$ and $n\geqq m\geqq 5$ . Then $\Lambda$ has (W-18) as a quotient.

4. Wild Algebras.

To begin with, let us consider the following quivers without relations:

$.\equiv\cdot$ ;

$.\rightarrow\cdot=\cdot$ ;

$ D_{n}^{\approx}.\rightarrow\cdot\searrow\nearrow\rightarrow\cdots$

$...\rightarrow\cdot\searrow.$
;

$\nearrow$

$\tilde{E}_{6}$

$.\rightarrow.\rightarrow.\rightarrow i\downarrow\leftarrow.\leftarrow.$

;

$E_{7}^{\approx}$

$.\rightarrow.\rightarrow.\rightarrow.\rightarrow i\leftarrow.\leftarrow.\leftarrow$ . ; and

$E_{8}^{\approx}$

$.\rightarrow.\rightarrow.\rightarrow.\rightarrow.\rightarrow.\rightarrow i\leftarrow.\leftarrow$ .
These are well known to be wild. In fact, for a representation $\beta\circ V0\alpha$

of the quiver $\Omega:C\cdot 0$ by defining the representation

$\gamma\frac{\wedge\beta}{\check}Va_{1}$

of the quiver $.\equiv\cdot$ , we obtain a full exact embedding. Next, for a repre

$\underline{\alpha}$

sentation $U\rightarrow V\beta_{\overline{\gamma}}$ of the quiver $\cdot\equiv\cdot$ , by defining the representationn

$\left\{\begin{array}{l}\alpha\\\beta\\\gamma\end{array}\right\}$

$\left\{\begin{array}{l}E_{3}\\0\end{array}\right\}$

$U\rightarrow V^{3}=V^{4}$

$\left\{\begin{array}{l}0\\E_{3}\end{array}\right\}$
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of the quiver $\rightarrow\cdot=\cdot$ , we also obtain a full exact embedding. Finally, given

a representation $U\rightarrow^{\alpha}V^{\rightarrow}W\beta\vec{\gamma}$ of the quiver $\cdot\rightarrow\cdot\rightarrow$

$\rightarrow$ following [2], let us
construct the following representations:

$U\underline{\alpha}V\left\{\begin{array}{l}\beta\\\backslash ^{\gamma}\end{array}\right\}\underline{E_{2}}\underline{E_{2}}$

. . . .
$\rightarrow^{E_{2}}W^{2}\nearrow W[1 0]$

;

$W\nearrow\left\{\begin{array}{l}1\\1\end{array}\right\}$

$\backslash _{\searrow_{W^{0}}^{[}}$

1]

$W$

$\downarrow\left\{\begin{array}{l}0\\1\end{array}\right\}$

$W^{2}$

$\downarrow\left\{\begin{array}{ll}1 & 1\\1 & 0\\0 & 1\end{array}\right\}$

$U\rightarrow V\rightarrow W^{2}\rightarrow W^{3}-W^{2}\leftarrow W$ ;
$\alpha$

$\left\{\begin{array}{l}\beta\\\gamma\end{array}\right\}$

$\left\{\begin{array}{l}E_{2}\\0\end{array}\right\}$ $\left\{\begin{array}{l}0\\E_{2}\end{array}\right\}$ $\left\{\begin{array}{l}0\\1\end{array}\right\}$

$W^{2}$

$[0111$ $0110)$

$U\rightarrow V\rightarrow W^{2}-W^{3}\rightarrow W^{4}\leftarrow W^{3}\leftarrow W^{2}\leftarrow W$ ; and
$\alpha$

$\left\{\begin{array}{l}\beta\\\gamma\end{array}\right\}$

$\left\{\begin{array}{l}E_{2}\\0\end{array}\right\}$ $\left\{\begin{array}{l}E_{3}\\0\end{array}\right\}$ $\left\{\begin{array}{l}0\\E_{3}\end{array}\right\}$ $\left\{\begin{array}{l}0\\E_{2}\end{array}\right\}$
$\left\{\begin{array}{l}0\\1\end{array}\right\}$

$W^{3}$

$\left\{\begin{array}{l}1\\0\\1\\0\\1\\0\end{array}\right.$ $000011$ $001111$

$U\rightarrow V\rightarrow W^{2}\rightarrow W^{3}\rightarrow W^{4}\rightarrow W^{5}-W^{6}\leftarrow W^{4}\leftarrow W^{2}$

$\alpha$

$\left\{\begin{array}{l}\beta\\\gamma\end{array}\right\}$

$\left\{\begin{array}{l}E_{2}\\0\end{array}\right\}$ $\left\{\begin{array}{l}E_{3}\\0\end{array}\right\}$ $\left\{\begin{array}{l}E_{4}\\0\end{array}\right\}$ $\left\{\begin{array}{l}E_{5}\\0\end{array}\right\}$ $\left\{\begin{array}{l}0\\E_{4}\end{array}\right\}$ $\left\{\begin{array}{l}0\\E_{2}\end{array}\right\}$

of the quivers $\tilde{D}_{n},\overline{E}_{6},\overline{E}_{7}$ and $\tilde{E}_{8}$ respectively. It is not difficult to see that
these definitions induce full exact embeddings respectively. It should be noted
that the above constructions are due to the indecomposable representations of
the corresponding Dynkin quivers whose dimension types are the maximal roots
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of the corresponding Dynkin diagrams. In fact, if $S=\left\{\begin{array}{ll}R & M\\0 & k\end{array}\right\}$ is the one-point

extension algebra, and if $N\in indR$ has endomorphism ring $k$ , let $\{\alpha_{1}, \cdots\cdots, \alpha_{d}\}$

be a fixed k-basis of $Hom_{R}(M, N)$ . Then, for a representation

$U\rightarrow^{\emptyset_{.}:1}V$

$\vec{}^{\phi_{d}}$

of the quiver $\Gamma:\cdot\rightarrow^{\rightarrow_{.}:}$ . ( $d$ arrows), by defining the S-module

$(U,N\otimes_{k}V, \Sigma_{i=1}^{d}\alpha_{i}\otimes\phi_{i};_{R}M\otimes_{k}U\rightarrow RN\otimes_{k}V)$ ,

we obtain a full exact embedding $mod k\Gamma\rightarrow mod S$ (cf. [13]).

In order to prove wildness of the algebras $(W-1)-(W-18)$ , we will show

that for each of them there is some Galois covering $U$ having one of the above

wild algebras of their concealments as a finite quotient.

(W-1) $b\rightarrow^{\mu}a_{0^{\alpha}}0_{\beta}$ with $\alpha\mu=\beta\mu=\alpha\beta=\beta\alpha=\alpha^{2}=\beta^{2}=0$ .

Take the following Galois covering $U$ with Galois group $\cong Z$ :

$b_{-1}$ $b_{0}$ $b_{1}$

$\mu_{-1}$ $\mu_{0}$ $\mu_{1}$

$\alpha_{-1}$ $\alpha_{0}$

$=a_{-1}=a_{0}=a_{1}=$
$\beta_{-1}$ $\beta_{0}$

with $\alpha_{i}\mu_{i}=\beta_{i}\mu_{i}=\alpha_{i+1}\beta_{i}=\beta_{i+1}\alpha_{i}=\alpha_{i+1}\alpha_{i}=\beta_{i+1}\beta_{i}=0$ for all $i\in Z$ . Then, as a
quotient, $U$ has the following:

$b_{1}$

$\alpha_{0}$

$\downarrow\mu_{1}$

$a_{0}=a_{1}$

$\beta_{0}$

(W-2)
$ b\rightarrow\rightarrow a0\alpha\mu$ with $\alpha\mu=\alpha\nu=\alpha^{2}=0$ .

$\nu$

Take the following Galois covering $U$ with Galois group $\cong Z$ :

$b_{-1}$ $b_{0}$ $b_{1}$

$\nu_{-1}\downarrow\downarrow\mu_{-1}$ $\nu_{0}\downarrow\downarrow\mu_{0}$ $\nu_{1}\downarrow\downarrow\mu_{1}$

$\rightarrow a_{-1}-a_{0}\rightarrow a_{1}\rightarrow$

a– $\alpha_{0}$
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with $\alpha_{i}\mu_{i}=\alpha_{i}\nu_{i}=\alpha_{i+1}\alpha_{i}=0$ for all $i\in Z$ . Then, as a quotient, $U$ has the follow-
ing:

$b_{1}$

$\nu_{1}\downarrow\downarrow\mu_{1}$

$a_{0}\rightarrow a_{1}$

$\alpha_{0}$

$\mu$

(W-3) $ b\rightarrow a0\alpha$ with $\alpha^{2}\mu=\alpha^{7}=0$ .
The universal Galois covering with Galois $group\cong Z$ has as a quotient the

following:
$b_{4}$ $b_{5}$ $b_{6}$

$\downarrow\mu_{4}$ $\downarrow\mu_{s}$ $\downarrow\mu_{6}$

$a_{0}\rightarrow a_{1}\rightarrow a_{2}\rightarrow a_{3}\rightarrow a_{4}\rightarrow a_{6}\rightarrow a_{6}$

$\alpha_{0}$ $\alpha_{1}$ $\alpha_{2}$ $\alpha_{3}$ $\alpha_{4}$ $\alpha_{5}$

with $\alpha_{5}\alpha_{4}\mu_{4}=0$ . This is a concealed hereditary algebra of type $\dot{E}_{8}$ .

(W-4) $ b\rightarrow^{\mu}a0\alpha$ with $\alpha^{3}\mu=\alpha^{4}=0$ .
The universal Galois covering with Galois group $\cong Z$ has as a quotient the

following:
$b_{1}$ $b_{2}$ $b_{3}$

$\downarrow\mu_{1}$ $\downarrow\mu_{2}$ $\downarrow\mu_{3}$

$a_{0}\rightarrow a_{1}\rightarrow a_{2}\rightarrow a_{3}$

$\alpha_{1}$ $\alpha_{2}$ $\alpha_{3}$

$\mu$

(W-5) $\beta Cb\rightarrow a0\alpha$ with $\mu\beta=\alpha^{S}=\beta^{2}=0$.
The universal Galois covering with Galois group $\cong\langle x, y\rangle$ , the free group

on two generators, has as a quotient the following:

$b_{e}^{y}b\uparrow\beta_{e}$

$\downarrow\mu_{e}$

$b_{yx}\leftarrow b_{x}\rightarrow a_{x}\leftarrow-a_{e}\leftarrow ax-1\leftarrow b_{x-1}$ .
$\beta_{x}$

$\mu_{x}$ $\alpha_{e}$ $\alpha_{x-1}$ $\mu_{x^{-1}}$

$\mu$

(W-6) $\beta Cb\rightarrow a0\alpha$ with $\alpha^{2}\mu=\mu\beta=\alpha^{3}=\beta^{3}=0$ .
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The universal Galois covering with Galois group $\cong\langle x, y\rangle$ has as a quotient

the following:
$a_{x}- 1$

$\downarrow\alpha_{x}- 1$

$b_{y^{2}x}\leftarrow b_{yx}\leftarrow b_{x}\rightarrow a_{x}\leftarrow a_{e}\leftarrow b_{e}\rightarrow b_{y}\rightarrow b_{y^{2}}$ .
$\beta_{yx}$ $\beta_{x}$ $\mu_{x}$ $\alpha_{e}$ $\mu_{e}$

$\beta_{e}$ $\beta_{y}$

$\mu$

(W-7) $\beta Cb\rightarrow a0\alpha$ with $\alpha^{2}\mu=\mu\beta=\alpha^{4}=\beta^{2}=0$ .

The universal Galois covering with Galois group $\cong\langle x, y\rangle$ has as a quotient

the following:
$b_{y}$

$\uparrow\beta_{e}$

$b_{e}$

$\downarrow\mu_{e}$

$b_{yx}\leftarrow b_{x}\rightarrow a_{x}\leftarrow a_{e}\leftarrow a_{x^{-1}}\leftarrow a_{x- 2}$ .
$\beta_{x}$ $\mu_{x}$ $\alpha_{e}$ $\alpha_{x- 1}$ $\alpha_{x^{-2}}$

$\mu$

(W-8) $\beta Cb\rightarrow a0\alpha$ with $\alpha^{2}\mu=\alpha\mu\beta=\alpha^{3}=\beta^{2}=0$ .
The universal Galois covering with Galois group $\cong\langle x, y\rangle$ has as a quotient

the following:

$a_{x^{-1}}$

$\downarrow\alpha_{x^{-1}}$

$a_{y^{-1}x}\leftarrow b_{y^{-1}x}\rightarrow b_{x}\rightarrow a_{x}\leftarrow a_{e}\leftarrow b_{e}\rightarrow b_{y}\rightarrow a_{y}$ .
$\mu_{y^{-1}x}$ $\beta_{y^{-1}x}$ $\mu_{x}$ $\alpha_{e}$ $\mu_{e}$

$\beta_{e}$
$\mu_{y}$

$\mu$

(W-9) $\beta Cb\rightarrow a0\alpha$ with $\alpha\mu-\mu\beta=\alpha^{2}\mu=\alpha^{5}=\beta^{4}=0$ .
The universal Galois covering with Galois group $\cong Z$ has as a quotient the

following:
$\beta_{3}$ $\beta_{4}$ $\rho_{\epsilon}$

$b_{3}\rightarrow b_{4}\rightarrow b_{5}\rightarrow b_{6}$

$\downarrow\mu_{3}$ $\downarrow\mu_{4}$

$a_{0}\rightarrow a_{1}\rightarrow a_{2}\rightarrow a_{3}\rightarrow a_{4}$

$\alpha_{0}$ $\alpha_{1}$ $\alpha_{2}$ $\alpha_{3}$

with $\alpha_{3}\mu_{3}-\mu_{4}\beta_{3}=0$ . This is a concealed hereditary algebra of type $\tilde{E}_{7}$ .

(W-10) $\beta Cba0\alpha\underline{\mu}$ with $\alpha\mu-\mu\beta=\alpha^{7}=\beta^{3}=0$ .
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The universal Galois covering with Galois group $\cong Z$ has as a quotient the
following:

$b\rightarrow b_{6}\rightarrow b_{7}\downarrow^{5}\mu_{5}\downarrow\mu_{6}\beta_{5}\beta_{6}$

$a_{0}\rightarrow a_{1}\rightarrow a_{2}\rightarrow a_{3}\rightarrow a_{4}\rightarrow a_{5}\rightarrow a_{6}$

$\alpha_{0}$ $\alpha_{1}$ $\alpha_{2}$ $\alpha_{3}$ $\alpha_{4}$ $\alpha_{5}$

with $\alpha_{5}\mu_{5}-\mu_{6}\beta_{5}=0$ . This is a concealed hereditary algebra of type $\overline{E}_{8}$ .

(W-ll)
$ b\leftarrow\rightarrow a0\alpha\mu$ with $\mu\nu-\alpha^{2}=\alpha^{2}\mu=\alpha^{3}=0$ .

$\nu$

The universal Galois covering with Galois group $\cong Z$ has as a quotient the
following:

with $\mu_{1}\nu_{0}-\alpha_{1}\alpha_{0}=0$ . This is a concealed hereditary algebra of type $\tilde{D}_{6}$ .

(W-12)
$ b\rightarrow\leftarrow a0\alpha\mu$ with $\mu\nu-\alpha^{3}=\nu\mu=\nu\alpha\mu=\alpha^{2}\mu=\alpha^{4}=0$ .

$\nu$

The universal Galois covering with Galois group $\cong Z$ has as a quotient the

following:

with $\mu_{1}\nu_{0}-\alpha_{2}\alpha_{1}\alpha_{0}=\nu_{2}\mu_{0}=0$ . This is a concealed hereditary algebra of type $E_{6}^{\approx}$ .

(W-13)
$ b\leftarrow\rightarrow a0\alpha\mu$ with $\mu\nu=\alpha\mu=\alpha^{3}=0$ .

$\nu$

The universal Galois covering with Galois group $\cong\langle x, y\rangle$ has as a quotient

the following:
$b_{x}$

$\alpha_{x^{-1}}$ $\alpha_{e}$

$1^{\mu_{x}}$

a $x^{-1}\rightarrow ae-$ a $x$

$\downarrow\nu_{x^{-1}}$ $\downarrow\nu_{e}$ $\downarrow\nu_{x}$

$b_{yx^{-1}}$ $b_{y}$ $b_{yx}$ .
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(W-14) $b\leftarrow\rightarrow a0\alpha l$ with $\mu\nu=\nu\mu=\alpha^{2}\mu=\alpha^{3}=0$ .
$\nu$

The universal Galois covering with Galois group $\cong\langle x, y\rangle$ has as a quotient

the following:
$b_{e}$ $b_{x}$

$\alpha_{x^{-1}}1^{\mu_{e}}\alpha_{e}1^{\mu_{x}}$

$a_{x^{-1}}\rightarrow a_{e}\rightarrow a_{x}$

$\downarrow\nu_{x^{-1}}$ $\downarrow\nu_{e}$ $\downarrow\nu_{x}$

$b_{yx^{-1}}$ $b_{y}$ $b_{yx}$

with $\nu_{e}\mu_{e}=\nu_{x}\mu_{x}=0$ . This is a concealed hereditary algebra of type $E_{6}^{\approx}$ .

(W-15) $ b\leftarrow\rightarrow a0\alpha\mu$ with $\mu\nu=\nu\alpha\mu=\alpha^{2}\mu=\nu\alpha^{2}=\alpha^{3}=0$ .
$\nu$

The universal Galois covering with Galois Group $\cong\langle x, y\rangle$ has as a quotient
the folltwing:

$b_{e}$ $b_{x}$

$\alpha_{x^{-1}}1^{\mu_{e}}\alpha_{e}1^{\mu_{x}}$

$a_{x^{-1}}\rightarrow a_{e}\rightarrow a_{x}$

$\downarrow\nu_{e}$

$b_{y}$

(W-16) $ b\leftarrow\rightarrow a0\alpha\mu$ with $\mu\nu=\nu\mu=\alpha\mu=\nu\alpha^{3}=\alpha^{4}=0$ .
$\nu$

The universal Galois covering with Galois group $\cong\langle x, y\rangle$ has as a quotient
the following:

$b_{x^{2}}$

$\alpha_{x^{-1}}$ $\alpha_{e}$ $\alpha_{x}$

$1^{\mu_{x^{2}}}$

a $x^{-1}\rightarrow a_{e}\rightarrow ax\rightarrow ax^{2}$

$b_{y}\downarrow\nu_{e}$ $b_{yx}\downarrow\nu_{x}$

(W-17) $ b\leftarrow\rightarrow a0\alpha\mu$ with $\mu\nu=\nu\mu=\nu\alpha\mu=\alpha^{2}\mu=\nu\alpha^{2}=\alpha^{4}=0$ .
$\nu$

The universal Galois covering with Galois group $\cong\langle x, y\rangle$ has as a quotient
the following:
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$b_{x}$ $b_{x^{2}}$

$\alpha_{e}$

$1^{\mu_{x}}\alpha_{x}$ $1^{\mu_{x^{2}}}$

$\alpha_{x^{-1}}$

a $x^{-1}\rightarrow ae\rightarrow ax\rightarrow ax^{2}$

$\downarrow\nu_{e}$

$b_{y}$

(W-18)
$ b\underline{\rightarrow}a0\alpha\mu$ with $\mu\nu=\nu\mu=\alpha\mu=\nu\alpha^{2}=\alpha^{5}=0$ .

$\nu$

The universal Galois covering with Galois group $\cong\langle x, y\rangle$ has as a quotient

the following:
$b_{x}$ $b_{x^{2}}$ $b_{x^{3}}$

$\alpha_{e}$

$\mu_{x}\alpha_{x}$

$1^{\mu_{x}}\alpha_{x^{2}}^{2}$ $1^{\mu_{x^{3}}}$

$\alpha_{x^{-1}}$

$a_{x^{-1}}\rightarrow a_{e}\rightarrow a_{x}\rightarrow a_{x^{2}}\rightarrow a_{x^{3}}$

$b_{yx^{-1^{-1}}}\downarrow\nu_{x}$
$b\downarrow_{y}\nu_{e}$

with $\alpha_{x}\mu_{x}=\alpha_{x^{2}}\mu_{x^{2}}=0$ . This is a concealed hereditary algebra of type $\tilde{E}_{8}$ .

5. Tame Algebras.

In this section, we will show that the algebras in Table $T$ are tame. In
dealing with extensions of algebras, we will always calculate vector space cate-

gories. In fact, we have to deal with extensions of algebras which are not

tublar extensions.
It is easy to see that no algebra in Table $T$ is representation-finite, and it is

well known that the algebra (T-O) is tame. Thus, it suffices to prove the tame-

ness of the algebras (T-1), (T-2), $(T-3_{3}),$ $(T-4_{4}),$ $(T-5_{6}),$ $(T-6_{5}),$ $(T-7),$ $(T-8_{5})$ ,

(T-9), (T-10) and $(T-11_{5})$ , since any other algebra in Table $T$ can be obtained

as a quotient of one of them. As an example, we will show also that the
algebra (T-12) is tame.

\langle T-1)
$ b\rightarrow^{\mu}a0\alpha$ with $\alpha^{2}\mu=\alpha^{6}=0$ .

Take the universal Galois covering $U$ with Galois group $\cong Z$ :

$b\downarrow^{-1}\mu_{-1}$ $b_{0}\downarrow\mu_{0}$ $b_{1}\downarrow\mu_{1}$

$\rightarrow a_{-1}\rightarrow a_{0}\rightarrow a_{1}\rightarrow$

$\alpha_{-1}$ $\alpha_{0}$
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with $\alpha_{i+1}\alpha_{i}\mu_{i}=\alpha_{i+5}$
,.. $\alpha_{i+1}\alpha_{i}=0$ for all $i\in Z$ . For each $n\in Z$ , let $A_{n}$ be the

following full subcategory of $U$ :

$b\downarrow^{n+3}$ $b\downarrow^{n+4}$ $b\downarrow^{n+5}$

a $n\rightarrow a$ $n+1\rightarrow a$ $n+2\rightarrow a$ $n+3\rightarrow a$ $n+4\rightarrow a$ $n+5$ ,

this is a concealed hereditary algebra of type $\tilde{E}_{8}$ , and for $l,$ $m\in Z$ with $l\leqq m$ ,

let $A_{l.m}$ be the full sucategory of $U$ consisting of the objects of the $A_{n},$ $l\leqq n\leqq m$ .
Notice that $A_{n,n+1}$ is the one-point coextension of $A_{n}\cup\{b_{n+6}\}$ by the module
$D(N_{n}\oplus N_{n^{\prime}})$ , where $N_{n}=_{011111}^{00I0}$ with restriction to $A_{n}$ being preprojective and
$N_{n^{\prime}}=_{000000}^{0001}$ . The vector space category $Hom(mod (A_{n}\cup\{b_{n+6}\}), N_{n}\oplus N_{n^{\prime}})$ is of
the following form:

This is a poset of tame type (see [9] and [12]). Thus, $A_{n,n+1}$ is tame. For
1, $m\in Z$ with $l\leqq m,$ $A_{l,m+1}$ is the one-point coextension of $A_{l,m}\cup\{b_{m+6}\}$ by the
module with support in $A_{m}\cup\{b_{m+6}\}$ and with restriction to it being $D(N_{m}\oplus N_{m}^{\prime})$ .
The vector space category $Hom(mod (A_{l,m}\cup\{b_{m+6}\}), N_{m}\oplus N_{m}^{\prime})$ is isomorphic to
$Hom$ $(mod (A_{m}\cup\{b_{m+6}\}), N_{m}\oplus N_{m}^{\prime})$ , and as a set ind $A_{l,m+1}=indA_{l.m}\cup indA_{m,m+1}$ .
Therefore ind $U=\bigcup_{n\in Z}$ ind $A_{n,n+1}$ , in particular, $U$ is locally support-finite and
tame. Thus, (T-1) is tame by Proposition 4.

(T-2) $\beta Cb\succ\underline{\mu}a0\alpha$ with $\alpha^{2}=\beta^{2}=0$ .

This is a quotient of the following tame algebra: $\beta Cb\leftarrow\rightarrow a0\alpha\mu\nu$ with $\alpha^{2}=\beta^{2}$

$=\nu\alpha\mu=\mu\beta\nu=\nu\mu=\mu\nu=0$ (see [4] for details). Thus, (T-2) is tame.

REMARK. Given a representation $\psi CVO\phi$ of the quiver $\tau C\cdot 0\sigma$ with rela-

tions $\sigma^{2}=\tau^{2}=0$ , by defining the representation $\psi CV\rightarrow^{1}V0\phi$ , we obtain a full
exact embedding. Since the above algebra is a Galois covering of the algebra
$\tau C\cdot 0\sigma$ with $\sigma^{2}=\tau^{2}=\tau\sigma\tau=0$ , with Galois group $\cong Z/2Z$ , by Proposition 3, the
category of the finite dimensional representations of the quiver $\tau C\cdot 0\sigma$ with
relations $\sigma^{2}=\tau^{2}=0$ is similar to that of the quiver $\tau C\cdot 0\sigma$ with relations $\sigma^{2}=$

$\tau^{2}=\tau\sigma\tau=0$ . Note that the latter is a finite dimensional algebra.

(T-3) $\beta Cb\rightarrow^{\mu}a0\alpha$ with $\alpha\mu-\mu\beta=\alpha^{6}=\beta^{3}=0$ .
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Take the universal Galois covering $U$ with Galois group $\cong Z$ :

$\rightarrow b_{-1}\rightarrow b_{0}\beta_{-1}\rightarrow^{\beta_{0}}b_{1}\rightarrow$

$\downarrow\mu_{-1}$ $\downarrow\mu_{0}$ $\downarrow\mu_{1}$

$\rightarrow a_{-1}\rightarrow a_{0}\rightarrow a_{1}\rightarrow$

$\alpha_{-1}$ $\alpha_{0}$

with $\alpha_{i}\mu_{i}-\mu_{i+1}\beta_{i}=\alpha_{i+5}\cdots\alpha_{i+1}\alpha_{i}=\beta_{i+2}\beta_{i+1}\beta_{i}=0$ for all $i\in Z$ . For each $n\in Z$ ,

let $A_{2n}$ be the following full subcategory of $U$ :

$b_{n+4}\downarrow\rightarrow b\downarrow^{n+5}\rightarrow b_{n+6}$

$a_{n}\rightarrow a_{n+1}\rightarrow a_{n+2}\rightarrow a_{n+3}\rightarrow a_{n+4}\rightarrow a_{n+5}$

and let $A_{2n- 1}$ be the following full subcategory of $U$ :

$ b-b_{n+4}\downarrow^{n+3}\downarrow\rightarrow b_{n+5}\downarrow$

a$n-a$ $n+1\rightarrow an+2-an+3\rightarrow an+4\rightarrow an+5$ ,

these are concealed hereditary algebras of type $\tilde{E}_{8}$ , and for 1, $m\in Z$ with $l\leqq m$ ,

as before, let $A_{l.m}$ be the full subcategory of $U$ consisting of the objects of the
$A_{n},$ $l\leqq n\leqq m$ . Then, as an algebra, $A_{2n-1,2n+1}$ is isomorphic to

$[00k$ $0A_{2n}DN_{2n}$ $0M_{2n}k$

where $M_{2n}=_{000111}^{110}$ and $N_{2n}=_{011111}^{111}$ are regular modules belonging to the same
tube:

$11’|\searrow|\nearrow^{M_{2}}\searrow^{n}\nearrow\searrow\nearrow^{N_{2}}\searrow^{n}\nearrow\searrow\nearrow_{1}^{\dot{j}}\prime 1$

$IlI|\nearrow\searrow\nearrow\searrow\nearrow\searrow\nearrow\searrow\nearrow\searrow\prime l|’|’\iota$

$1^{\backslash }|11|\nearrow\backslash \nearrow\backslash _{:}\nearrow\backslash \nearrow\backslash \nearrow\dot{\downarrow^{1}|\prime i|}$

The vector space categories $Hom(M_{2n}, mod A_{2n})$ and $Hom(mod A_{2n}, N_{2n})$ belong

to the pattern $(\tilde{E}_{8},5)$ , and ind $A_{2n-1.2n+1}=P_{2n}\cup R_{2n}\cup Q_{2n}$ , where $P_{2n}$ consists of
the objects of ind $A_{2n,2n+1}$ with restriction to $A_{2n}$ being preprojective, $Q_{2n}$ con-
sists of the objects of ind $A_{2n-1,2n}$ with restriction to $A_{2n}$ being preinjective and
$R_{2n}$ consists of the regular objects of ind $A_{2n}$ except that the above tube changes
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to the following:

$\dot{1\prime 1|1}\searrow\nearrow^{M_{2}}\nearrow_{n}\searrow\searrow\nearrow\nearrow\searrow\searrow\nearrow\nearrow\searrow\nearrow^{N_{2}}\searrow^{n}\nearrow\searrow\nearrow_{I}^{\prime}\searrow 1^{1}1$

’

$\prime III1\mathfrak{l}\nearrow\backslash \nearrow\backslash \nearrow\backslash _{:}\nearrow\backslash \nearrow\backslash \nearrow\backslash ^{I}’,’|’\dagger$

Thus, $A_{2n-1,2n+1}$ is tame.
Similarly, $A_{2n-2,2n}$ is isomorphic to

$[00k$ $0DN_{2n-1}A_{2n-I}$ $0M_{2n-1}k$

where $M_{2n-1}=_{111110}^{000}$ and $N_{2n-1}=_{000000}^{011}$ are regular modules:

$\dot{11I11IIt|}\nearrow\searrow\nearrow\searrow\nearrow\searrow^{M_{2}.N_{2}\cdot i}\searrow\nearrow\searrow\nearrow\searrow\nearrow\searrow\nearrow_{1}^{I}\nearrow^{n-1}\searrow\nearrow^{n-1}\searrow\nearrow\searrow_{I}^{1}1l11$

$|l^{\backslash }t|_{1}\nearrow\backslash \nearrow\backslash _{:}\nearrow\backslash \nearrow\backslash \nearrow_{1,1}^{\prime}11$

The vector space categories $Hom(M_{2n-1}, mod A_{2n-1})$ and $Hom(mod A_{2n-1}, N_{2n-1})$

belong to the pattern $(\tilde{E}_{8},5)$ , and ind $A_{2n-2,2n}=P_{2n- 1}\cup R_{2n-1}\cup Q_{2n-1}$ , where $P_{2n-1}$

consists of the objects of ind $A_{2n-1,2n}$ with restriction to $A_{2n-1}$ being preprojec-
tive, $Q_{2n-1}$ consists of the objects of ind $A_{2n-2,2n-1}$ with restriction to $A_{2n-1}$

being preinjective and $R_{2n-1}$ consists of the regular objects of ind $A_{2n-1}$ except

that the above tube changes to the following:

$\prime I|1\searrow\nearrow\searrow\nearrow^{M_{2}}\searrow\nearrow\searrow\nearrow_{n-1}\searrow.\nearrow\searrow_{N_{2n-1}}\nearrow\searrow\nearrow\searrow\nearrow_{1}^{1}I1$

$1\prime I^{I}I|II\nearrow\backslash \nearrow\backslash \nearrow\backslash _{:}\nearrow\backslash \nearrow\backslash \nearrow\backslash _{1}1’||I||$

Thus, $A_{2n-2,2n}$ is tame.
For $l,$ $m\in Z$ with $l\leqq m,$ $A_{l-1,m+1}$ is the one-point extension of $A_{l,m+1}$ by the

module with support in $A_{l}$ and with restriction to it being $M_{l}$ . The vector
space category $Hom(M_{l}, mod A_{l,m+1})$ is isomorphic to $Hom(M_{l}, mod A_{l})$ , and
ind $A_{l-1,m+1}=indA_{l-1,l+1}\cup indA_{l,m+1}$ . Therefore ind $U=\bigcup_{n\in Z}$ ind $A_{n-1,n+1}$ , in
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particular, $U$ is locally support-finite and tame. Thus, $(T-3_{3})$ is tame.

(T-4) $\beta Cb\rightarrow^{\mu}a0\alpha$ with $\alpha\mu-\mu\beta=\alpha^{4}=\beta^{4}=0$ .
This has been proved to be tame [15], so we omit $th,e_{1}$ proof.

(T-5)
$ b\rightarrow\leftarrow a0\alpha\mu$ with $\mu\nu-\alpha^{2}=\nu\alpha\mu=0$ . $|I\nu$

$\nu$

Take the universal Galois covering $U$ with Galois gro\’up $\cong Z$ :

with $\mu_{i+1}\nu_{\iota}-\alpha_{i+1}\alpha_{i}=\nu_{i+1}\alpha_{i}\mu_{i-1}=0$ for all $i\in Z$ . For each $n\in Z$ , let $A_{n}$ be the

following full subcategory of $U$ :

this is a concealed hereditary algebra of type $D_{5}$ , let $B_{n}$ and $B_{n}^{*}$ be the full

subcategories of $U$ obtained from $A_{n}$ by adding $a_{n-1}$ and $a_{n+3}$ respectively,

these are tilted algebras of type $\tilde{E}_{6}$ , and let $C_{n}$ be the full subcategory of $U$

consisting of the objects of $B_{n}$ and $B_{n}^{*}$ , this is isomorphic to

$\left\{\begin{array}{lll}k & DL_{n} & k\\0 & A_{n} & L_{n}\\0 & 0 & k\end{array}\right\}$ ,

where $L_{n}=_{111}^{111}$ is a regular module:

$1III\searrow\nearrow^{L_{\searrow}}n\nearrow’\prime 1|1$

$|_{1}1|1\nearrow\searrow\nearrow\searrow_{t^{1},l}^{t}|$

$I\mathfrak{l}\prime 1^{\backslash }1|\nearrow:.\backslash \nearrow\prime^{\prime}111l$

The vector space categories $Hom(L_{n}, mod A_{n})$ and $Hom(mod A_{n}, L_{n})$ belong to

the pattern $(\tilde{D}_{5},2)$ , and ind $C_{n}=P_{n}\cup R_{n}\cup Q_{n}$ , where $P_{n}$ consists of the objects

of ind $B_{n}^{*}$ with restriction to $A_{n}$ being preprojective, $Q_{n}$ consists of the objects

of ind $B_{n}$ with restriction to $A_{n}$ being preinjective and $R_{n}$ consists of the regular
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objects of ind $A_{n}$ except that the above tube changes to the following:

$||II|\searrow.\nearrow^{M}\searrow_{L_{n|}^{\nearrow\searrow\nearrow|}}^{n|}\nearrow\searrow_{N_{n}}|||$

$11II|I\nearrow\backslash \nearrow:\backslash \nearrow\backslash _{t,1}^{1}I|$

Thus, $C_{n}$ is tame.
For 1, $m\in Z$ with $l\leqq m$ , define $A_{l,m}$ and $B_{l,m}$ as before. Then, $A_{n-1,n+1}$ is

isomorphic to

$\left\{\begin{array}{lll}k & DL_{n}^{\prime} & k\\0 & C_{n} & L_{n}^{\prime}\\0 & 0 & k\end{array}\right\}$ ,

where $L_{n}^{\prime}=_{01110}^{010}$ is a regular module:

$|^{1}|\searrow\nearrow^{L_{\searrow}^{\prime}}n\nearrow\dot{1^{\mathfrak{l}}I}$

$!^{1}I^{1}|\nearrow\searrow\nearrow\searrow_{1}^{1}\iota^{1}\mathfrak{l}$

’

$t^{1}t^{1}1\backslash \nearrow:\backslash \nearrow I^{I^{1}}\downarrow I$

The vector space categories $Hom(L_{n}^{\prime}, mod C_{n})$ and $Hom(mod C_{n}, L_{n}^{\prime})$ belong

to the pattern $(\tilde{E}_{6},2)$ , and ind $A_{n-1,n+1}=P_{n}^{\prime}\cup R_{n}^{\prime}\cup Q_{n}^{\prime}$ , where $P_{n^{\prime}}$ consists of the

objects of ind $A_{n,n+1}$ with restriction to $C_{n}$ lying in $P_{n},$ $Q_{n}^{\prime}$ consists of the
objects of ind $A_{n-1.n}$ with restriction to $C_{n}$ lying in $Q_{n}$ and $R_{n}^{\prime}$ coincides with
$R_{n}$ except that the above tube changes to the following:

$|_{I}I,\searrow\nearrow\searrow_{L_{n}}\nearrow^{N_{n^{\prime}}}\searrow\nearrow_{1}^{1_{1}}|_{1\cdot I}||I|\nearrow\backslash ^{M_{n}}\nearrow,\searrow\nearrow_{:}\backslash \nearrow\backslash _{1}^{\dot{1_{1_{1}}}}|||$

Thus, $A_{n-1.n+1}$ is tame.
For $l,$ $m\in Z$ with $l\leqq m,$ $B_{l,m+1}$ is the one-point extension of $A_{l,m+1}$ by the

module with support in $B_{l}^{*}$ and with restriction to it being $M_{l}$ . The vector

space category $Hom(M_{l}, mod A_{l,m+1})$ is isomorphic to $Hom(M_{l}, mod B_{l}^{*})$ and
belongs to the pattern $(\tilde{D}_{5},2)$ . Next, $A_{\iota-1,m+1}$ is the one-point extension of
$B_{l,m+1}$ by the module with support in $B_{l.l+1}$ and with restriction to it being $M_{l}^{\prime}$ .
The vector space category $Hom(M_{l}^{\prime}, mod B_{l.m+1})$ is isomorphic to $Hom(M_{l}^{\prime}, B_{l,l+1})$
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and belongs to the pattern $(\tilde{E}_{6},2)$ , and ind $A_{l-1,m+1}=indA_{l-1,l+1}\cup indA_{l.m+1}$ .
Therefore ind $U=\bigcup_{n\in Z}$ ind $A_{n-1,n+1}$ , in particular, $U$ is locally support-finite and

tame. Thus, $(T-5_{5})$ is tame.

(T-6) $ b\leftarrow\rightarrow a0\alpha\mu$ with $\mu\nu-\alpha^{2}=\nu\alpha\mu-\nu\alpha^{2}\mu=\alpha^{5}=0$ .
$\nu$

This is self-injective and the quotient by the socle is isomorphic to $(T-5_{4}^{\prime})$ .

\langle T-7)
$ b\rightarrow\leftarrow a0\alpha\mu$ with $\mu\nu-\alpha^{3}=\nu\mu=\alpha\mu=0$ .

$\nu$

Take the universal Galois covering $U$ with Galois group $\cong Z$ :

with $\mu_{i+1}\nu_{i}-\alpha_{i+2}\alpha_{i+1}\alpha_{i}=\nu_{i+1}\mu_{i- 1}=\alpha_{i+2}\mu_{i}=0$ for all $i\in Z$ . For each $n\in Z$ , let $A_{n}$

be the following full subcategory of $U$ :

this is a concealed hereditary algebra of type $\tilde{E}_{6}$ , and let $B_{n}$ be the full subcate-

gory of $U$ obtained from $A_{n}$ by adding $b_{n}$ , this is a tilted algebra of type $\tilde{E}_{7}$ .
$thevectorspacecategoryHom(M_{n},mod A_{n})be1ongstothepattern(\tilde{E}_{6},3^{0})ThenB_{n}istheone- pointextensionofA_{n}bytheregu1armodu1eM_{n}=_{0010}^{00},$

.
and

For $l,$ $m\in Z$ with $l\leqq m$ , define $A_{l.m}$ and $B_{l.m}$ as before. Then $A_{n-1,n}$ is
the one-point extension of $B_{n}$ by the preinjective module $M_{n^{\prime}}=_{1110}^{1110}$ , and the
vector space category $Hom(M_{n^{\prime}}, mod B_{n})$ is of the form:

Thus, $A_{n-\iota.n}$ is tame.

For 1, $m\in Z$ with $l\leqq m,$ $B_{l.m}$ is the one-point extension of $A_{l.m}$ by the

module with support in $A_{l}$ and with restriction to it being $M_{l}$ . The vector

space category $Hom(M_{l}, mod A_{l.m})$ is isomorphic to $Hom(M_{l}, mod A_{l})$ . Next,

$A_{l-1.m}$ is the one-point extension of $B_{l,m}$ by the module with support in $B_{l}$ and
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with restriction to it being $M_{l}^{\prime}$ . The vector space category $Hom(M_{l}^{\prime}, mod B_{l,m})$

is isomorphic to $Hom(M_{l}^{\prime}, mod B_{l})$ and ind $A_{\iota-1,m}=indA_{l-1.l}\cup indA_{l.m}$ . There-

fore ind $U=\bigcup_{n\in Z}$ ind $A_{n-1.n}$ , in particular, $U$ is locally support-finite and tame.

Thus, (T-7) is tame.

(T-8) $ b\rightarrow\leftarrow$

$ a0\alpha\mu$ with $\mu\nu-\alpha^{3}=\nu\mu=\alpha^{2}\mu=\nu\alpha^{2}=0$ .
$\nu$

Take the universal Galois covering $U$ with Galois group $\cong Z$ :

with $\mu_{i+1}\nu_{i}-\alpha_{i+2}\alpha_{i+1}\alpha_{i}=\nu_{i+2}\mu_{i}=\alpha_{i+3}\alpha_{i+2}\mu_{i}=\nu_{i+2}\alpha_{i+1}\alpha_{i}=0$ for all $i\in Z$ . For each

$n\in Z$ , let $A_{2n}$ be the following full subcategory of $U$ :

and let $A_{2n-1}$ be the following full subcategory of $U$ :

these are concealed hereditary algebras of type $\tilde{E}_{6}$ , and for $l,$ $m\in Z$ with $l\leqq m$ ,

define $A_{l,m}$ as before. Then $A_{2n-1,2n+1}$ is isomorphic to

$\left\{\begin{array}{lll}k & DL_{2n} & k\\0 & A_{2n} & L_{2n}\\0 & 0 & k\end{array}\right\}$ ,

where $L_{2n}=_{0110}^{000}$ is a regular module:

$!^{1}tl1I\searrow\nearrow^{L_{2}}\searrow.1_{!^{1}}^{I}||I11I\nearrow\searrow\nearrow^{n}\searrow^{1}\iota_{1}||$

$|||\backslash i|\nearrow:\backslash \nearrow||I\downarrow I$
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The vector space categories $Hom(L_{2n}, mod A_{2n})$ and $Hom(mod A_{2n}, L_{2n})$ belong

to the pattern $(\tilde{E}_{6},2)$ , and ind $A_{2n-1,2n+1}=P_{2n}\cup R_{2n}\cup Q_{2n}$ , where $P_{2n}$ consists of
the objects of ind $A_{2n,2n+1}$ with restriction to $A_{2n}$ being preprojective, $Q_{2n}$ con-
sists of the objects of ind $A_{2n-1,2n}$ with restriction to $A_{2n}$ being preinjective and
$R_{2n}$ consists of the regular objects of ind $A_{2n}$ except that the above tube changes
to the following:

$1^{I}|\searrow||\nearrow^{M_{2}}\searrow^{n}\nearrow\nearrow\searrow\nearrow_{I}^{I}\searrow_{N_{2n|}}1$

$1_{1}\prime 11I\nearrow\backslash \nearrow^{L_{:}}\backslash 2n\nearrow\backslash _{t}^{I_{1}}|I|$

Thus, $A_{2n-1.2n+1}$ is tame.
Similarly, $A_{2n-2,2n}$ is isomorphic to

$[00k$ $0DL_{2n-1}A_{2n-1}$ $kL_{2n-1}k$

where $L_{2n-1}=_{111}^{0110}$ is a regular module:

$\dot{1\prime tI}\searrow\nearrow^{L_{2n-1|}}\searrow\nearrow_{I}^{1}J|$

$1II|l\nearrow\searrow\nearrow\searrow_{I}^{1}1II$

$|_{1}||I^{\backslash }\nearrow_{:}.\backslash \nearrow 1|1’||$

The vector space categories $Hom(L_{2n-1}, mod A_{2n-1})$ and $Hom(mod A_{2n-1}, L_{2n-1})$

belong to the pattern $(\tilde{E}_{6},2)$ , and ind $A_{2n-2,2n}=P_{2n-1}\cup R_{2n-1}\cup Q_{2n-1}$ , where $P_{2n-1}$

consists of the objects of ind $A_{2n-1.2n}$ with restriction to $A_{2n-1}$ being preprojec-
tive, $Q_{2n-1}$ consists of the objects of ind $A_{2n-2.2n-1}$ with restriction to $A_{2n-1}$ be-
ing preinjective and $R_{2n-1}$ consists of the regular objects of ind $A_{2n-1}$ except

that the above tube changes to the following:

$t^{1}1^{1^{1}}\prime^{\prime}|^{\mathfrak{l}}1|^{1\searrow\nearrow\searrow\nearrow\searrow\nearrow_{l}^{1}}\iota_{1\backslash \nearrow_{:}\backslash \nearrow I}M_{2n_{L_{ln-1_{1}}^{-1}}}\nearrow.\searrow_{N_{2n-1}}\backslash _{\mathfrak{l}^{1}}^{1}1$

Thus, $A_{2n-2.2n}$ is tame.
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For 1, $m\in Z$ with $l\leqq m,$ $A_{l- 1.m+1}$ is the one-point extension of $A_{l,m+1}$ by the
module with support in $A_{l,l+1}$ and with restriction to it being $M_{l}$ . The vector

space category $Hom(M_{l}, mod A_{l,m+1})$ is isomorphic to $Hom(M_{l}, mod A_{l,l+1})$ , thus

belongs to the pattern $(\tilde{E}_{6},2)$ , and ind $A_{\iota-1,m+1}=indA_{l-1,l+1}\cup indA_{l,m+1}$ . There-

fore ind $U=\bigcup_{n\in Z}$ ind $A_{n-1,n+1}$ , in particular, $U$ is locally support-finite and tame.

Thus $(T-8_{5})$ is tame.

(T-9) $ b\rightarrow\leftarrow a0\alpha\mu$ with $\mu\nu-\alpha^{3}=\nu\mu-\nu\alpha\mu=\alpha^{2}\mu=\nu\alpha^{2}=0$ .
$\nu$

This is self-injective and the quotient by the socle is isomorphic to $(T-8_{4}^{\prime})$ .

(T-10) $ b\rightarrow\leftarrow a0\alpha\mu$ with $\mu\nu=\nu\mu=\nu\alpha\mu=\alpha^{3}=0$ .
$\nu$

The relation $\mu\nu=0$ is splitting-zero, thus it suffices to prove the tameness

of the following algebra:
$\alpha$

$\mu$

$\cap$

$\nu$

$b\rightarrow a\rightarrow c$ with $\nu\mu=\nu\alpha\mu=\alpha^{3}=0$.
Take the universal Galois covering $U$ with Galois group $\cong Z$ :

$b_{-1}$ $b_{0}$ $b_{1}$

$\mu_{-1}$ $\mu_{0}$ $\mu_{1}$

$\alpha_{-1}$ $\alpha_{0}$

$...\rightarrow a_{-1}\rightarrow a_{0}\rightarrow a_{1}\rightarrow\cdots$

$c\downarrow_{-1}\nu_{-1}$ $c_{0}\downarrow\nu_{0}$ $c_{1}\downarrow\nu_{1}$

with $\nu_{i}\mu_{i}=\nu_{i+1}\alpha_{i}\mu_{i}=\alpha_{i+2}\alpha_{i+1}\alpha_{i}=0$ for all $i\in Z$ . For each $n\in Z$ , let $A_{n}$ be the
following full subcategory of $U$ :

$ b_{n+1}\downarrow$ $ b_{n+2}\downarrow$

$ca_{1_{n}^{n}}\rightarrow c^{a_{n^{n_{+}+_{1}1}}}\downarrow\rightarrow a_{n+2}$

,

this is a concealed hereditary algebra of type $\tilde{E}_{6}$ , let $B_{n}$ and $B_{n}^{*}$ be the full

subcategories of $U$ obtained from $A_{n}$ by adding $b_{n}$ and $c_{n+2}$ respectively, these are
tilted algebras of type $\tilde{E}_{7}$ , and let $C_{n}$ be the full subcategory of $U$ consisting of

the objects of $B_{n}$ and $B_{n}^{*}$ , this is isomorphic to
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$\left\{\begin{array}{lll}k & DL_{n} & k\\0 & A_{n} & L_{n}\\0 & 0 & k\end{array}\right\}$

where $L_{n}=_{00}^{111}00$ is a regular module:

$!^{1}!^{1}|^{1}\mathfrak{l}^{1}I^{1^{1}}|^{\prime}\backslash \nearrow^{L_{n}}I^{1^{1}}||\nearrow\searrow\nearrow\searrow\nearrow\searrow|\searrow\nearrow\searrow\nearrow\searrow\nearrow|\backslash _{:}\nearrow\backslash \nearrow_{1^{1}}^{1}1^{I}|$

The vector space categories $Hom(L_{n}, mod A_{n})$ and $Hom(mod A_{n}, L_{n})$ belong to
the pattern $(\tilde{E}_{6},3)$ , and ind $C_{n}=P_{n}\cup R_{n}\cup Q_{n}$ , where $P_{n}$ consists of the objects
of ind $B_{n}^{*}$ with restriction to $A_{n}$ being preprojective, $Q_{n}$ consists of the objects
of ind $B_{n}$ with restriction to $A_{n}$ being preinjective and $R_{n}$ consists of the regular
objects of ind $A_{n}$ except that the above tube changes to the following:

$M_{1}M_{n_{L_{n}}n}I^{1}I^{I}1||\iota 1||\nearrow^{\prime}\backslash \nearrow\backslash \nearrow\backslash \nearrow^{\prime}\backslash ^{1}\searrow^{n}\nearrow\searrow\nearrow\searrow\nearrow\searrow\nearrow j^{n^{\prime}}\nearrow\searrow_{N_{:}N_{n}M_{1^{1}}}1$

.
Thus, $C_{n}$ is tame.

For $l,$ $m\in Z$ with $l\leqq m$ , define $A_{l.m}$ and $B_{l.m}$ as before. Let $C_{n}^{\prime}$ be the
full subcategory of $U$ obtained from $C_{n}$ by adding $c_{n-1}$ and $b_{n+3}$ Then, $A_{n-1,n+1}$

is isomorphic to

$[00k$ $D(N_{\eta^{\prime}}\bigoplus_{0\prime}N_{n}^{\prime\prime})C_{n}$ $M_{n}^{\prime}\bigoplus_{k}^{0}M_{n}^{\prime\prime}$

where $Mn_{0110}^{\prime^{0000}}=110$ $M^{\prime}n_{1000}^{\prime^{0000}}=000N_{n_{0000}^{=011}}^{\prime^{0110}}$ and $N^{\prime}n_{0000}^{\prime^{0001}}=000$ The vector space categories
$Hom(M_{n^{\prime}}\oplus M_{n^{\prime}}^{\prime}, mod C_{n}^{\prime})$ and $Hom(mod C_{n}^{\prime}, N_{n}^{\prime}\oplus N_{n}^{\prime\prime})$ belong to the pattern $(\tilde{E}_{7},4)$

$\cup\{\cdot\}$ , and ind $A_{n-1.n+1}=P_{n^{\prime}}\cup R_{n}^{\prime}\cup Q_{n}^{\prime}$ , where $P_{n^{\prime}}$ consists of the objects of
ind $A_{n.n+1}$ with restriction to $C_{n}$ lying in $P_{n}$ , $Q_{n}^{\prime}$ consists of the objects of
ind $A_{n-1.n}$ with restriction to $C_{n}$ lying in $Q_{n}$ and $R_{n}^{\prime}$ coincides with $R_{n}$ except

that the above tube changes to the following:
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$!^{1^{1^{1}}}1^{1^{1}}|^{1}\nearrow\searrow^{M_{n_{L_{n}}}}\searrow\nearrow\searrow\nearrow\searrow\nearrow\searrow\nearrow\nearrow\searrow\nearrow\searrow\nearrow\searrow^{N_{n}^{\prime\prime}}\nearrow\searrow_{N_{n}}$
$M_{n}\searrow^{\prime\prime}\nearrow_{\dot{|^{1^{1}}}}|^{1^{1}}$

$|^{\acute{|}}1^{I\backslash _{\nearrow\backslash }\nearrow\searrow_{\nearrow\backslash }\nearrow}|)_{\backslash }^{\nearrow}.\searrow\nearrow^{N_{n^{\prime}}M_{n}}\nearrow\backslash \nearrow\backslash \nearrow\backslash ^{1^{1^{I^{1}}}}\searrow\nearrow\backslash \nearrow_{1}^{!^{1^{1}}}\nearrow,\searrow_{l^{1}}$

Thus, $A_{n- 1,n+1}$ is tame.

For 1, $m\in Z$ with $l\leqq m,$ $B_{l,m+1}$ is the one-point extension of $A_{l,m+1}$ by the
module with support in $B_{l}^{*}$ and with restriction to it being $M_{l}$ . The vector

space category $Hom(M_{l}, mod A_{l,m+1})$ is isomorphic to $Hom(M_{l}, mod B_{l}^{*})$ and
belongs to the pattern $(\tilde{E}_{6},3)$ . Next, $A_{l-1,m+1}$ is the one-point extension of
$B_{l,m+1}\cup\{c_{l-1}\}$ by the module with support in $C_{l}^{\prime}$ and with restriction to it being
$M_{l}^{\prime}\oplus M_{l}^{\prime\prime}$ . The vector space category $Hom(M_{l}^{\prime}\oplus M_{\iota}^{\prime\prime}, mod (B_{l.m+1}U\{c_{l-1}\}))$ is
isomorphic to $Hom(M_{l}^{\prime}\oplus M_{l}^{\prime\prime}, mod C_{l}^{\prime})$ , and ind $A_{\iota-1.m+1}=indA_{l-1.l+1}\cup indA_{l,m+1}$ .
Therefore ind $U=\bigcup_{n\in Z}$ ind $A_{n-1,n+\iota}$ , in particular, $U$ is locally support-finite and
tame. We are done.

(T-11) $ b\leftarrow\rightarrow a0\alpha\mu$ with $\mu\nu-\alpha^{4}=\alpha\mu=\nu\alpha^{2}=0$ .
$\nu$

let $A_{2n}$ be the following ful subcategory of $U$ :

and let $A_{2n-1}$ be the following full subcategory of $U$ :
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these are concealed hereditary algebras of type $\tilde{E}_{8}$ , and for $l,$ $m\in Z$ with $l\leqq m$ ,

let $A_{l,m}$ be as before. Then, $A_{2n-1.2n+1}$ is isomorphic to

$\left\{\begin{array}{lll}k & DN_{2n} & 0\\0 & A_{2n} & M_{2n}\\0 & 0 & k\end{array}\right\}$ ,

where $M_{2n}=_{0100}^{00010},$ $N_{2n}=_{1111}^{00100}$ are regular modules:

$II||I\searrow\nearrow\searrow\nearrow^{M_{2n}}\searrow\nearrow^{N_{2}}\searrow^{n}\nearrow\searrow\nearrow_{I}^{\dot{\iota}}I1$

$!_{1}^{1}111_{1}\nearrow\searrow\nearrow\searrow\nearrow_{:})_{\backslash }^{1})\cdot\nearrow\searrow_{\mathfrak{l}}^{I_{I}}1|11^{\backslash \nearrow\backslash \nearrow\backslash }!_{\iota}^{|}1_{1}1$

The vector space categories $Hom(M_{2n}, mod A_{2n})$ and $Hom(mod A_{2n}, N_{2n})$ belong

to the pattern $(\tilde{E}_{8},5)$ , and ind $A_{2n-1,2n+1}=P_{2n}\backslash JR_{2n}\cup Q_{2n}$ , where $P_{2n}$ consists of
the objects of ind $A_{2n.2n+1}$ with restriction to $A_{2n}$ being preprojective, $Q_{2n}$ con-
sists of the objects of ind $A_{2n-1.2n}$ with restriction to $A_{2n}$ being preinjective and $R_{2n}$

consists of the regular objects of ind $A_{2n}$ except that the above tube changes

to the following:

$M_{2}\nearrow_{n}\searrow.\nearrow\searrow_{N_{2n}}$

$I^{1}II\searrow\nearrow\searrow.\nearrow\searrow\nearrow\searrow\nearrow\searrow\nearrow\searrow\nearrow\dot{|||i}$

$1^{1}I^{1}|\nearrow\backslash \nearrow\backslash \nearrow\backslash _{:}$. $\nearrow\backslash \nearrow\backslash \nearrow\backslash _{1^{I},I^{1}}1|$

Thus, $A_{2n-1,2n+1}is^{\tilde{r}}\prime_{\wedge}^{A}tame$ .
Similarly, $A_{2n-2.2n}$ is isomorphic to

$[00k$ $0D_{2}N_{n^{2_{-}n_{1}-1}}A$ $0M_{2n-1}k$

where $M_{2n-1}=_{1111}^{00110}$ and $N_{2n-1}=_{0110}^{01000}$ are regular modules:

$1I\searrow\nearrow^{M_{2n-1}}1IlI||\nearrow\searrow\nearrow\searrow\nearrow\searrow^{N_{2}}\nearrow^{n-1}\searrow\nearrow\searrow\nearrow\searrow\nearrow\searrow\nearrow\searrow\searrow|\nearrow_{I}^{I}1_{1}11||$

$\dot{1I^{\backslash }|1I}\nearrow\backslash \nearrow\backslash _{:}.\nearrow\backslash \nearrow\backslash \nearrow||\prime i||$



Tame Two-point Algebras 95

The vector space categories $Hom(M_{2n-1}, mod A_{2n-1})$ and $Hom(mod A_{2n-1}, N_{2n-1})$

belong to the pattern $(\tilde{E}_{8},5)$ , and ind $A_{2n-2,2n}=P_{2n-1}\cup R_{2n-1}\cup Q_{2n-1}$ , where $P_{2n-1}$

consists of the objects of ind $A_{2n-1,2n}$ with restriction to $A_{2n-1}$ being preprojec-
tive, $Q_{2n-1}$ consists of the objects of ind $A_{2n-2,2n-1}$ with restriction to $A_{2n-1}$ being
preinjective and $R_{2n-1}$ consists of the regular objects of ind $A_{2n-1}$ except that
the above tube changes to the following:

$\nearrow\searrow\nearrow\searrow\nearrow\searrow$

$t^{I}|||\searrow\nearrow^{M_{2n-1}}\searrow.\nearrow\searrow.\nearrow\searrow.\nearrow^{N_{2}}\backslash ^{n-1}\nearrow\searrow\nearrow_{I^{1}}^{\prime}||$

$|^{1}1^{I}1^{1}\nearrow\backslash \nearrow\backslash \nearrow\backslash _{:}.\nearrow\backslash \nearrow\backslash \nearrow\backslash ,I_{1}^{1}||^{1}$

Thus, $A_{2n-2,2n}$ is tame.
For $l,$ $m\in Z$ with $l\leqq m,$ $A_{l-1.m+1}$ is the one-point extension of $A_{l,m+1}$ by the

module with support in $A_{l}$ and with restriction to it being $M_{l}$ . The vector
space category $Hom(\lrcorner lf_{l}, mod A_{l,m+1})$ is isomorphic to $Hom(M_{l}, mod A_{l})$ , and
ind $A_{l-1.m+1}=indA_{l-1,l+1}\cup indA_{l,m+1}$ . Therefore ind $U=\bigcup_{n\in Z}$ ind $A_{n-1.n+1}$ , in
particular, $U$ is locally support-finite and tame. Thus, $(T-11_{5})$ is tame.

(T-12) $ b\leftarrow\rightarrow$

$ a0\alpha\mu$ with $\mu\nu=\alpha^{2}=0$ .
$\nu$

Since the relation $\mu\nu=0$ is splitting-zero, it suffices to consider the algebra

$\mu$

$\cap\alpha$

$\nu$

$b\rightarrow a\rightarrow c$ with $\alpha^{2}=0$ .
This can be considered as a full subcategory of the algebra obtained from the
tame one-relation algebra [12]:

with $\alpha^{\prime\prime}\alpha^{\prime}=0$ ,

by shrinking the arrow $\beta$ . Therefore (T-12) is tame.
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