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THE DIFFERENCES BETWEEN CONSECUTIVE ALMOST-PRIMES

By

Hiroshi MIKAWA

1. Introduction.
In 1940 P. Erdés proposed the problem to estimate the sum
Dx)= 3 (Prny1—pn)?

pasx

where p, denotes the n-th prime. A. Selberg and D.R. Heath-Brown
proved that

D(x)<L x(log x)3
under the Riemann hypothesis, and that, for any >0,
D(x)< x5+

under the Lindeldf hypothesis, respectively. Furthermore, Heath-Brown showed
unconditionaly that, for any ¢>0,

D(x)< zB1s+e,
and he [6] conjectured that
D(x)~ 2x(log x) as oo

U. Meyer considered in his Dissertation the almost-prime analogy of D(x).
Let P, denote the set of integers with at most two prime factors, multiple factors
being counted multiplicity. We replace the primes in D(x) by the almost-primes
P, and denote the resulting sum D,(z). In he showed, by the weighted
version of a zero density estimate for the Riemann zeta-function, that

Dy(x) < x285(log z)™.
It is the purpose of this paper to make an improvement upon this upper bound.
THEOREM. We have
D2 (x)< xl. 023
where the implied constant is effectively computable.

In contrast to the Meyer’s argument, we appeal to sieve methods, which are
the weighted linear sieve of Greaves’ type and the prototype of an additive

Received May 15, 1986. Revised October 31, 1986.



258 Hiroshi MIKAWA

large sieve inequality [9]. J. B. Friedlander considered the related proplem
from a different point of view. Our argument should be compared with in
which also sieve methods were employed.

We use the standard notation in number theory. Especially, for an integer a,
22(a) and v(a) denote the number of prime factors counted multiplicity and the
number of different prime factors of a, respectively. All the implied constants are

effectively computable.
I would like to thank Professor G. Greaves for sending me a copy of the

preprint of his paper [3].
The present paper is a revised version of part of my Master thesis at Okayama

University. I would like to thank Professor S. Uchiyama for encouraging me to
publish the paper and careful reading the original manuscript. I would also thank

the referee for making the paper easier to read.

2. Reduction of the problem.

In this section we deduce from below. We postpone the
proof of until the final section. To simplify the notation, let p, denote
the n-th almost-prime P, and write dn=pn,1—pr. Put 6=1.023.

We will show that

M 5 di< o

x<pnS2x
for all sufficiently large x. The assertion of immediately follows from

this by the routine argument.

LEMMA 1. We have unifomly for x<y=<2x, (log x)3<4=x/2,
> 1>Cd(log ) *+0dlog x)™*) +E(y, D +E:(y, D),

y—d<asy
Qa)s2

where the E;(y, 4) (j=1, 2) are some quantities depending on y and 4 to be given
explicitly in §4 below and satisfying

@ I G, Dlidy< 47222 Uog 25797, j=1,2.
Here the positive constant C is effectively computable.

Now, let

I () = (pnE Ps; x<pu=2z, 24<dn<44, pn,S2z).

It is well known that d,<€ pY/? for sufficiently large p,e P,, so we may assume



The differences between consecutive almost-primes 259

3) A< 2,
For any fixed p,e Il (4), suppose that

c 4 .
|E1<y: A)]é? logx’ J 1; 2

for some ye[prn+dn/2, pri). Then the right-hand side of (1) is positive tor
sufficiently large x. But, since

y_A>-‘é—n+Pn—ézl=Pns

the left-hand side of (1) is zero, which is impossible. Thus,

4
log =

b

c 4 C
|E: (y, A)!>'3— m or |E;(y, A)I>§

for all ye[pr+drn/2, pr,1). Namely,

@ oy ;4
4=1
where
() = \Es c _ 4 dn
J( )—{P"I«EH(A) > IEch’ A>]> 3 logx fOI‘ au ye [Pn+—~2 ’ Pn+1>}-

Now, we have

2z Dn+1
B, ovayz 3 07 B, Dlvdy

€I () IPn+dn/2
(C LA Y
mel;H\3 logx/ 27

since the intervals [pn+dn/2, pn,1] are mutually disjoint. Hence, by (2)

®) 4 e j
pnejl%u) dn<( Tog x) Sx |E;(y, D]idy
L4 2 (log )~
Since there is at most one element p,e P, such that

x<Pn§2x, 24<dn§4d, pn+1>2x,

we have uniformly for (log x)3<4=x73,

(6) X dnE 3 dat44
x<pn=2x 2= {@)]
24<d,s44

2
<> 3 dnt44
J=1 pacil ;(&H)

L4z (log )1+ 4
<4128 (log x) 71,
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by (4, () and (3.

Finally,
S di= X di+ ¥ 4
x<pnS2x x<pnS2x x<pnsS2x
dngxa_l dn>x'—1

D > S i
x<pnS2x x0-1€4Lx12 x<paS2x
24<d, 544

where 4’s run through the powers of 2. By (6) we get
n d;’;<x’+%,‘d > dn

x<pnS2x x<pnS2x |
24<dpn=44

Lx+ gx’ (log x) !

<z’

as required.

3. Lemmas.

Firstly we state the results of [3] merely in as simple a way as is sufficient

for our application.

LEMMA 2. If A=(log 2z)(log D) '<1.95544, then we have

3 1>CU)d(og x) 7+ X Aara(y, H— 21,
y—4<asy d<D y—d<n=y
2(a)s2 pein

Dvsp<Du

uniformly for
x<yL2x, 2<4Lx/2
where the positive constant C(A) is effective and depends on A only,
|a| = ()P,
ra(y, 4) =[%]_[J—§A]—§’
and u and v are the absolute constants such that 0.01 <v<u<l.

LEMMA 3. For any real t, and H>2, we have

1__ 1 1 in (1,1
t—[t]—7— ﬁ0<|hZ|]<H he(ht) +O<m1n_(1, il )>
where
e(f) =eit,
and

|}2]| =min|t—n|.
neZ
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PROOF. See [7], for example.

LEMMA 4. Let 1<A<L1. For any different real numbers (bn) and any com-

plex numbers (cn), we have
11 Sene B 1"du (457 Slenl?

where

m¥*En

PrROOF. This is the corollary 2 in [9].
LEMMA 5. Let 1<ALl. For any H>2, we have

ij min(H, ]-l—zlzﬂ>du<x(log H).
PROOF.
w min(H, L) du<5‘_,S:/2 min<H 1 )du

x—1<n§AxS7‘ [z ]] 2

nez

<Lx(log H).

4. Proof of Lemma 1.
We begin with considering

S 1= 3 El+ X 1=R;+R,, say.

y—4<nsy y—A4<n<sy y—d<n=sy
p2n 2% 2(n
Dvs=p<Du Dv=p<x1/3 x1/3gp< Du

By we have

R1 =
Dvsp<xl/3 (y—4)/p2<m=y/p?

= 4
Dv=p<xl/3 ?_l_ %rﬂ &y, D)

=0(4(log x)'3)+§ 0<%<p ﬁ{l—e(—ﬁd)}e(§y>?

. 1 . 1
0 —_— 1,
+20(min ({5 + min(L o5 re)
=0(4(og )~ + Ry3+ Ry, say.
We have then

rarar<oos o max (1,2 dime(-hd))e(Bo)re
P<ps22p
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< (log x) mgx (x+ P*) hE hl i (nzzd)

<L (log x) max (x+P4) 4
<Ldzx(log .2:) .
by Lemma 4. Moreover we have, by

2z 2z 1
Sz: | Rus|dy< DvSp2<x1/3 Sz mln<1’ P y/P2||>dy
2z /p?

_ZPS 2 min(p, ]zltll>du

<2P—§ (IOg x)
» P

<Lz (log x).
‘We next deal with R,.
R,= P P 1

xD-2u<ms2x1/3 (y—d)/m<p*sy/m

1
T m (y=d)/m<kisy/m
keZ

=2 > 1

m Vyim—4/Vmz<ksVy/m
kEeZ

~E‘/ +2r («fi, dx1%)
mx m

=0Udos 4T B sl e (=gt e (o)

+ 3 (min (1, 1wy/m||>+m‘“( m||~/y/m14/¢mxu))
=0(4(log x)~?) + Rz2+ Rai, say.

‘We have as before

2z
S IRzzlzdy
x

B3 (B
<z Z| 3 (3g) i (- e e ()|
where 3V indicates that A/ym ’s are different from each other. Since
— —\| h h h h h h
(Vi + e )| = | > (Gt V) [T~ v
h* _ h?
m my
1

= mlmz 2
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we see that

]7.1

mll’l

__}3: 1/3)-512,
'\/7712
Hence, by (5) contributes at most
—, = 1V.1 . nhd
1/3Y57/2 A2 4 2
vEWEE@® 8 (3 fRsind( )
xD-2um<2x1/3

SVE(VZ+ @D P dog )t 5 A

mS2x1/3 «/mx
<A( ‘/—x_ + (xl /3) 5/2) (.’tl 13) 1/2 (].Og x) 2
<Ldz(log x)2.

Moreover we have

CiRalay< 5 (“min(1 L )d
z aldy xD-2u< ms2x1/30% ’ m|| x/y/dnzH Y

<§%m\/%SVW min(m, H_lliﬂ>du

Vx/m
x
<3 (log )
<Lz (log x)?,
by Lemma 35l
Now we proceed to the remainder terms with the sieve estimate.
1 1 _h\e(h
B e, D= B dagrr 5 S {1-e(=Ld)le(Ly)+

-, 1
‘ +d<pzd 0(mmin (1, Zrrz7am) +in (b zrr=z7am))
=R32+R31, say.

By we have

Rarar<l], 2 (250 ) (-ga))e (Go) @
(h, d)=
<) B, (2] hin(Z4)
<A(x+D2) 2 gv(d ( 2 v(m)>
m<D
<L4(x+D?» (log »c) 5,

since p¢(dm)?=1. Moreover, yields
2z 2z 1
| | Rusldy< 5 1 201 §,"min(, g )y
2z/d 1
<d<§13) | 2a le/d m1n<d, m)du
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< 3 3@L(log z)
d<D d
<Lz (log 2)*.
Put
Ef(y’ A) =R1j+R2j+R3j, j= 1, 2.

Then, by the above argument, we see

\1E (v, 1dy<z (log 2)*

and
SZZIEZ (o D|%dy<L 4(x+ D?) (log 2)**.
Taking
D= (2x)%*5%5(log x)"°,
so that

— log 2x 1

we get [Lemma 1.

This completes our proof.
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