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Introduction

In this paper, we will show that a monadic second order logic with an added
quantifier $Q$ is decidable.

We begin with a description of some known facts concerning the decision pro-
blem for the predicate calculus. It was originally shown by L. Lowenheim (1951)

that
(1) The monadic fragment of (first order) predicate calculus with equality is

decidable.
Simpler proofs of (1) have been given Th. Skolem (1919) and H. Behmann (1922).

Likewise there is the following result for the predicate calculus having the Chang

quantifier:
(2) The monadic fragment of predicate calculus without equality containing the

Chang quantifier is decidable. (A. Mostowski; 1957)

A. Slomson has extended this result further by proving, with the semantic method,

that
(3) The monadic fragment of predicate calculus with the Chang quantifier and

equality is decidable. (cf. [1])

On the other hand, it is also well-known that
(4) The monadic second order logic is decidable.
The sequential results mentioned above lead us in a natural way to the follow-

ing “semantic“ question: Is the monadic second order logic with the Chang quan-
tifier decidable ?

We extend this question to the decision problem formulated “ syntactically “

below; which turns to have an affirmative answer.
Let $L$ be a monadic second order logic with an added quantifier $Q$ , which will

be defined explicitly in \S 1. In addition to the usual symbols employed, $L$ has (a)

two sorts of unary predicate variables: free and bound, (b) no constants except
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logical constants (including the quantifier Q), (c) equality, (d) propositional constants:
$T,$ $\perp$ . For axiom sequents and rules of inference, except those for LK, $L$ has rules
of inference for second order quantifiers, a rule of inference for $Q$ (called Yasuhara’s
Q-rule, cf. [2]), and the following essentially new axiom sequent for the second
order quantifier $\exists$ and $Q$ :

$(Qv)A(v)\rightarrow(\exists\xi)((Qv)(A(v)\wedge\xi(v))\wedge(Qv)(A(v)\wedge\urcorner\xi(v)))$ ,

where $A(*)$ is a formula in $L$ .
Now, our question becomes “Is $L$ decidable ?”; and we will show that the answer

to this problem is “Yes”.
In order to solve this problem, we shall prove a kind of a representation theo-

rem (called “ Main theorem” below), by a purely syntactic method, which is ex-
plained as follows.

Let $C_{\text{\’{e}}}(*)$ be the formula

$\bigwedge_{a\in om(\epsilon)}^{\epsilon}d\alpha^{(\alpha)}(*)$

where $\epsilon$ is a map from a finite set of free predicate variables to $\{+, -\}$ and $\alpha^{+}(*)$

stands for $\alpha(*),$ $\alpha^{-}(*)$ stands for $\urcorner\alpha(*)$ . Let $(\exists^{i}v)C_{\epsilon}(v)$ be a formula expressing that
“there are exactly $i*s$ which satisfy $C_{\epsilon}(*)$ . Then our Main theorem states:

Suppose that $A$ is a sentence in $L$ whose free predicate variables are all picked
from among $\alpha_{1},$ $\cdots,$ $\alpha_{n}$ , and the numbers of whose second order and first order quan-
tifiers are less than $N,$ $K$, respectively. Then we can effectively find a Boolean com-
bination $C$, which is equivalent to $A$ in $L$ , of sentences in

$\{_{(Qv^{i})C_{\epsilon}(v)}^{(\exists v)C_{\epsilon}(v)}|$ $dom(\epsilon)=\{\alpha, \cdots,\alpha i=0,1,\cdots,2_{1}^{N}(K+_{n}1_{\}})-1;\}$

.

Now our problem can be solved immediately as an application of this Main
theorem. The reason why we use the syntactic method is because it gives us the
following advantages:

(i) There are two kinds of semantic interpretations for $Q$ (i.e. as the Chang
quantifier and as the infinite quantifier), but syntactically we are able to prove the
decidability of $L$ independently of them.

(ii) Our proof of Lemma 3 in \S 4 gives a syntactic proof of (1) and (3).

This paper consists of four sections. After formulating a monadic second order
logic $L$ with an added quantifier $Q$ explicitly in \S 1, we shall state our Main theo-
rem in \S 2, which will be proved in \S 4. In \S 3, we shall give five applications of
Main theorem. Our entire proof in \S 4 will be carried out concretely by a proof-

theoretic method. This syntactic proof is made possible as a consequence of the
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theory underlying the work (
$0bject$ logic and morphism logic“ [4] (initiated by N.

Motohashi). In the proof of Lemma 4, which corresponds to the induction step of
the elimination of second order quantifiers, we are forced to adopt the new axiom
sequent which was described previously. But this new axiom sequent can be inter-
preted as “an infinite set can be divided into two disjoint infinite sets”, and so it
is not contrary to our “mathematical commonsense”. It seems, therefore, quite re-
asonable to adopt it as one of our axiom sequents.

I am deeply indebted to Dr. Nobuyoshi Motohashi for pointing out the signi-
ficance of this “question“ and for his valuable suggestions.

\S 1. Logic $L$

1. Symbols of L.

The symbols of $L$ are divided into five groups as follows:
1.1) Individual variables:

Free variables: $a,$ $b,$
$\cdots,$ $x,$ $y,$ $\cdots$ (with or without subscripts),

Bound variables: $u,$ $v,$ $\cdots$ (with or without subscripts).
1.2) Unary predicate variables:

Free variables: $\alpha,$ $\beta,$ $\cdots$ (with or without subscripts),

Bound variables: $\xi,$ $\cdots$ (with or without subscripts).

1.3) Logical constants: $\urcorner\wedge,$ $\vee,$ $\forall,$ $\exists$ , Q.
1.4) Predicate constant: $*=*$ .
1.5) Propositional constants: $T,$ $\perp$ .

So, it should be noted that $L$ has no individual constant, function constant or
predicate constant except the symbol $=$ . We shall use the quantifier symbols $\forall,$

$\exists$

both as first order quantifiers and as second order quantifiers, and the symbol $Q$ as
a first order quantifier. The $symbols\supset and\equiv are$ used as abbreviations as usual.

2. Formation rules.

The rules of formation for the formulas in $L$ are usual ones with the follow-
ing added clause:

2.1) If $A(x)$ is a formula in $L$ and $v$ is a bound variable which does not occur
in $A(x)$ , then $(Qv)A(v)$ is a formula in $L$ .

Formulas in $L$ will be denoted by $A,$ $B,$ $C,$ $\cdots$ (with or without subscripts). If
$A(\alpha)$ and $B(x)$ are formulas in $L$ and $v$ is a bound variable which does not occur
in $B(x)$ , then by $A(\lambda vB(v))$ we shall denote the formula obtained from $A(\alpha)$ by sub-
stituting $B(*)$ for $\alpha(*)$ in $A(\alpha)$ . Notice that $A(\lambda vB(v))$ is defined so as to be a for-
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mula by avoiding any collision of the bound variables.
A sequent in $L$ is a configuration of the form $\Gamma\rightarrow\Delta$ , where $\Gamma$ and $\Delta$ are finite

(possible empty) sets of formulas in $L$ . Note that this definition is not essentially

different from the usual one. We shall therefore express $\{A_{1}, \cdots, A_{m}\}\rightarrow\{B_{1}, \cdots, B_{n}\}$

by $A_{1},$
$\cdots,$

$A_{m}\rightarrow B_{1},$
$\cdots,$

$B_{n}$ and $\Gamma_{1}\cup l_{2}^{\urcorner}\rightarrow\Delta_{1}\cup\Delta_{2}$ by $l_{1},$ $\Gamma_{2}\rightarrow\Delta_{1},$ $\Delta_{2}$ as usual.

3. Axioms and inference rules for $L$.
We use the axioms and the rules of inference for $L$ which are divided into the

following four groups.
3.1) The axioms and the rules of inference of the first order calculus LK

which are formulated in Gentzen’s style.
3.2) Inference rules for second order quantifiers $\forall,$ $\exists$ :

$(\forall\rightarrow)\frac{A(\lambda vB(v)),\Gamma\rightarrow\Delta}{(\forall\xi)A(\xi),\Gamma\rightarrow\Delta}$ ; $(\rightarrow\forall)\frac{\Gamma\rightarrow\Delta,A(\alpha)}{\Gamma\rightarrow\Delta,(\forall\xi)A(\xi)}$ ,

$(\exists\rightarrow)\frac{A(\alpha)}{\tilde{\sigma})A(}\frac{\Gamma}{)}\frac{\rightarrow\Delta}{7\rightarrow\Delta}\overline{(}\exists\xi,l$ ; $(\rightarrow\exists)\frac{I^{7}\rightarrow\Delta,A(\lambda vB(v))}{l\prime\rightarrow\Delta,(\exists\xi)A(\xi)}$ ,

where the free predicate variable $\alpha$ in $(\rightarrow\forall),$ $(\exists\rightarrow)$ does not occur in the lower sequent.
3.3) Axiom sequent for the quantifier $Q$ and the second order quantifier $\exists$ :

$(Qv)A(v)\rightarrow(\exists\xi)((Qv)(A(v)\wedge\xi(v))\wedge(Qv)(A(v)\wedge\urcorner\xi(v)))$ .
3.4) Inference rule for the quantifier $Q$ (Yasuhara’s Q-rule):

(Q) $\frac{(A(a)),I^{7}\rightarrow\Delta,B_{1}(a),\cdots.\prime.B_{n}(a)}{((Qv)A(v)),\Gamma\rightarrow\Delta,(Qv)B_{1}(v),\cdot,(Qv)B_{n}(v)}$ ,

where in the upper sequent the antecedent contains at most one formula in which
$a$ occurs, the succedent may contain no formulas in which $a$ occurs, and $a$ does
not occur in the lower sequent.

LEMMA. The following sequents are provable in $L$ :
(i) $(Qv)A(v)\rightarrow(\exists v)A(v)$ ,

(ii) $(\forall v)A(v)\rightarrow(Qv)A(v)$ ,

(iii) $(Qv)(A(v)\vee B(v))\rightarrow(Qv)A(v)\vee(Qv)B(v)$ ,

(iv) $(Qv)A(v),$ $(\forall v)(A(v)\supset B(v))\rightarrow(Qv)B(v)$ ,

(v) $(Qv)(a=v)\rightarrow$

(vi) $(Qv)A(v)\rightarrow(Qv)(A(v)\wedge v\neq a_{1})$ ,

(vii) $(Qv)A(v)\rightarrow(Qv)(A(v)\wedge v\neq a_{1}\wedge\cdots\wedge v\neq a_{n})$ ,

(viii) $(Qv)A(v)\rightarrow(\exists u_{1})\cdots(\exists u_{n})(Iq(u_{1}, \cdots, u_{n})\wedge A(u_{1})\wedge\cdots\wedge A(u_{n}))$ .
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where $Iq(u_{1}, \cdots, u_{n})$ is an abbreviation for $\wedge$ $u_{i}\neq u_{j}$ .
$1\leqq i<j\leqq n$

This lemma is easily proved, so we omit it. But it should be noted that we
have to use a cut-rule in the proof of (vi). Therefore, cut rules can not be eliminat-
ed in our system $L$ .

\S 2. Main theorem

DEFINITIONS AND NOTATIONS: A type is a mapping from a finite set of free
predicate variables to $\{+, -\}$ . We shall denote types by $\epsilon,$ $\tau,$

$\cdots$ (with or without
subscripts), and the domain of a type $\epsilon$ by $dom(\epsilon)$ . A type $\epsilon$ will be called a type
over $dom(\epsilon)$ . $C_{\epsilon}(a)$ is an abbreviation for the formula

$\bigwedge_{a\epsilon a_{om(\epsilon)}\alpha^{()}}^{\epsilon}a(a)$ ,

where $\alpha^{+}(a)$ is a formula $\alpha(a)$ and $\alpha^{-}(a)$ is a formula $\urcorner\alpha(a)$ , and if $dom(\epsilon)$ is the
empty set then $C_{\epsilon}(a)$ means the propositional constant T. Let $\overline{\alpha}$ be a repetition-
free enumeration of dom $(\epsilon)$ , then we may identify dom $(\epsilon)$ with $\overline{\alpha}$ for convenience
sake. When $dom(\epsilon)$ is to be emphasized, $C_{\epsilon}(a)$ may be expressed by $C_{\epsilon}(a,\overline{\alpha})$ .

If $A(x)$ is a formula in $L$ and $i$ is a non-negative integer, we shall use $(\exists^{i}v)A(v)$

as an abbreviation for

$(\exists v_{1})\cdots(\exists v_{i})(\forall v)(Iq(v_{1}, \cdots, v_{i})\wedge(A(v)\equiv(v=v_{1}\cdots v=v_{i})))$ .
A sentence in $L$ is a formula in $L$ with no free individual variables. So, a sentence
in $L$ may be have free predicate variables. If $A$ is a formula in $L$ , by $nsq(A)$ and
$nfq(A)$ , we mean the number of second order quantifiers and first order quantifiers,
respectively, which occur in $A$ . Then our Main theorem is as follows:

MAIN THEOREM: Let $A$ be a sentence in $L$ whose free predicate variables are
all among $\overline{\alpha}$ , where $\overline{\alpha}$ is a finite sequence of distinct free predicate variables. If
$nsq(A)\leqq N$ and $nfq(A)\leqq K$ for some non-negative integers $N$ and $K$, then $A$ is equi-
valent in $L$ to a Boolean combination $C$ of sentences in

$\{_{\backslash }^{(\exists v)C_{\epsilon}(v)}(Qv^{i})C_{\epsilon}(v)|$ $dom(\epsilon)=\overline{\alpha}i=0,1,\cdots,$ $2^{N}(K+1)-1;\}$

.

Furthermore, $C$ is obtained from $A$ by a primitive recursive procedure.

The sentences of the form $(\exists^{i}v)C_{\epsilon}(v),$ $(Qv)C_{\epsilon}(v)$ will be called Basic sentences
over the domain of $\epsilon$ below. We shall give a proof of our Main theorem in \S 4.
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\S 3. Some applications of Main theorem

By $\vdash_{L}\Gamma\rightarrow\Delta$ , we mean the sequent $\Gamma\rightarrow\Delta$ is provable in $L$ and by $\vdash_{L}A$ , the
formula $A$ is provable in $L$ .

1. Decidability of $L$

For any sentence $A(\alpha_{1}, \cdots, \alpha_{n})$ in $L$ whose free predicate variables are all among
$\alpha_{1},$ $\cdots,$ $\alpha_{n}$ , let $(\forall\xi_{1})\cdots(\forall\xi_{n})A(\xi_{1}, \cdots, \xi_{n})$ be the sentenoe which results from $A(\alpha_{1}, \cdots, \alpha_{n})$

on binding, by the quantifier $\forall$ , all of the predicate variables that occur free in
$A(\alpha_{1}, \cdots, \alpha_{n})$ . Then it is clear that

$\vdash_{L}A(\alpha_{1}, \cdots, \alpha_{n})$ if and only if $\vdash_{L}(\forall\xi_{1})\cdots(\forall\xi_{n})A(\xi_{1}, \cdots, \xi_{n})$ .
Now, by our Main theorem, $(\forall\xi_{1})\cdots(\forall\xi_{n})A(\xi_{1}, \cdots, \xi_{n})$ is equivalent to a Boolean

combination of Basic sentences over the empty set (i.e. T) in $L$ . Hence
$(\forall\xi_{1})\cdots(\forall\xi_{n})A(\xi_{1}, \cdots, \xi_{n})$ and so $A(\alpha_{1}, \cdots, \alpha_{n})$ is decidable in $L$ .

2. Completeness of $L$ with respect to some semantics.

DEFINITIONS: An L-structure is a pair $(|\mathfrak{A}|, \mathfrak{A})$ , where $|\mathfrak{A}|$ is an infinite set and
$\mathfrak{A}$ is a map from the set consisting of all free predicate variables and the predicate
constant $‘‘=$ of $L$ to the set of finitary relations on $|\mathfrak{A}|$ such that (i) $\mathfrak{A}(\alpha)\subseteq|\mathfrak{A}|$ for
any free predicate variable $\alpha$ ; (ii) $\mathfrak{A}(=)$ is the identity relation on $|\mathfrak{A}|$ . We shall
express L-structures $(|\mathfrak{A}|, \mathfrak{A}),$ $\cdots$ by $\mathfrak{A},$ $\cdots$ simply.

Let $\mathfrak{A}$ be an L-structure, $A(x_{1}, \cdots, x_{n})$ be a formula in $L$ , and $a_{1},$ $\cdots,$ $a_{n}$ be in
$|\mathfrak{A}|$ , then we define the relation $a_{1},$ $\cdots,$ $a_{n}$ satisfies $A(x_{1}, \cdots, x_{n})$ in $\mathfrak{A}$ , which we write
$\mathfrak{A}|=A[a_{1}, \cdots, a_{n}]$ , as one obtained from usual definition by adding the following
induction step:

Suppose that $A(x_{1}, --, x_{n})$ is of the form $(Qv)B(v, x_{1}, \cdots, x_{n})$ :
(1) $\mathfrak{A}F(Qv)B(v)[a_{1}, \cdots, a_{n}]$ if and only if there exist exactly $\overline{\overline{\mathfrak{A}}}$ elements $a\prime s$ in $|\mathfrak{A}|$

such that $\mathfrak{A}FB[a, a_{1}, \cdots, a_{n}]$ ; or
(2) $\mathfrak{A}F(Qv)B(v)[a_{1}, \cdots, a_{n}]$ if and only if there exist at least $\omega$ elements $a\prime s$ in $|\mathfrak{A}|$

such that $\mathfrak{A}FB[a, a_{1}, \cdots, a_{n}]$ .
$Q$ is said to be interpreted as the Chang quantifier (or as the infinite quantifier)

in case (1) (or in case (2)). Whenever we make no reference to the quantifier $Q$

particularly, one may interpret $Q$ as either the Chang quantifier or the infinite
quantifier.

Let $\mathfrak{A}$ be an L-structure, $(\Gamma\rightarrow\Delta)(x_{1}, \cdots, x_{n})$ be a sequent in $L$ , where all free
variables which occur in the elements of $ l^{7}\cup\Delta$ are among $x_{1},$ $\cdots,$ $x_{n}$ , and $a_{1},$ $\cdots,$ $a_{n}$

be in $\mathfrak{A}$ , then we define the relation $a_{\iota_{f}}\cdots,$ $a_{\eta}$ satisfies $(\Gamma\rightarrow\Delta)(x_{1}, \cdots, x_{n})$ in $\mathfrak{A}$ , which
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we write as $\mathfrak{A}F(\Gamma\rightarrow\Delta)[a_{1}, \cdots, a_{n}]$ , in the following manner:
$\mathfrak{A}F(1^{7}\rightarrow\Delta)[a_{1}, \cdots, a_{n}]$ if and only if $\mathfrak{A}kA[a_{1}, \cdots, a_{n}]$ for some $A(x_{1}, \cdots, x_{n})$ in $\Gamma$ ,

or $\mathfrak{A}FB[a_{1}, \cdots, a_{n}]$ for some $B(x_{1}, \cdots, x_{n})$ in $\Delta$ . A formula $A(x_{1}, \cdots, x_{n})$ (sequent
$(1^{7}\rightarrow\Delta)(x_{1}, \cdots, x_{n}))$ is valid, denoted by $FA(F\Gamma\rightarrow\Delta)$ , if and only if it is satisfied by
$a_{1},$ $\cdots,$ $a_{n}$ in $\mathfrak{A}$ for any $a_{1},$ $\cdots,$ $a_{n}$ in $|\mathfrak{A}|$ and any $\mathfrak{A}$ .

Note that since we consider the infinite models only, the sequents which are
provable in $L$ are valid from the above definition.

THEOREM (Completeness): A sentence is provable in $L$ if and only if it is valid.

PROOF. Suppose $A$ is a sentence in $L$ . It is obvious that if $A$ is provable in
$L$ , then it is valid by the previous notes, and so we may only prove “ if “ part of
the theorem. We assume that $A$ is valid.

Let $A$ be $A(\overline{\alpha}),$ $nsq(A)\leqq N$, and $nfq(A)\leqq K$. Then by our Main theorem $A$ is
equivalent to a Boolean combination $C$ of the Basic sentences over bl in $L$ . If $\overline{\alpha}$ is
the zero-sequence (i.e., the length of $\overline{\alpha}$ is equal to zero), then $C$ is the Boolean com-
bination of the Basic sentences over the empty set (i.e. T) and so either $\vdash_{L}A\equiv T$

or $\vdash_{L}A\equiv\perp$ holds. By the hypothesis $A$ is valid, so $\vdash_{L}A\equiv T$ must hold. Hence
$A$ is provable in $L$ . Therefore we may assume that $\overline{\alpha}$ is a non-zero-sequence.

Suppose $C$ is of the form

$\bigwedge_{i=1}^{q}$ $j^{r}=1\vee^{i}D_{ij}$

and $\{D_{i1}, \cdots, D_{ir_{i}}\}=\{\urcorner A_{i1}, \cdots, \urcorner A_{in_{i}}, B_{i1}, \cdots, B_{im_{i}}\}$ , where $A_{i1},$
$\cdots,$

$A_{in_{i}}$ are mutually dis-
tinct Basic sentences over $\overline{\alpha},$ $B_{i1},$

$\cdots,$ $B_{im_{i}}$ are also mutually distinct Basic sentences
over

$\overline{\alpha}_{\vdash Aiff\vdash D_{ij}foranyi\in\{1,\cdots,q\}}a_{L}ndm_{i}+n_{L}i_{j^{r}=1}\leqq_{i}r_{i}.Thenthefo11owing$

equivalence relations hold:

iff $\vdash_{L}B_{i1}\vee\cdots\vee B_{im_{i}}\vee\urcorner A_{i1}\vee\cdots\vee\urcorner A_{in_{i}}$ for any $i\in\{1, \cdots, q\}$

iff $\vdash_{L}A_{i1},$
$\cdots,$ $A_{in_{i}}\rightarrow B_{i1},$ $\cdots,$ $B_{im_{i}}$ for any $i\in\{1, \cdots, q\}$ .

Since such equivalence relations also hold for validity by the previous notes, we
need only prove that for any $i\in\{1, \cdots, q\}$ ,

$FA_{i1},$
$\cdots,$ $A_{in_{i}}\rightarrow B_{i1},$ $\cdots,$ $B_{im}i$ implies $\vdash LA_{i1},$

$\cdots,$ $A_{in_{i}}\rightarrow B_{i1},$ $\cdots,$ $B_{im_{i}}$ .

To show this, it is sufficient to prove that for any distinct Basic sentences $A_{1},$ $\cdots$ ,
$A_{n}$ over $\overline{\alpha}$ and any distinct Basic sentences $B_{1},$

$\cdots,$
$B_{m}$ over $\overline{\alpha}$ ,

$FA_{1},$
$\cdots,$

$A_{n}\rightarrow B_{1},$
$\cdots,$

$B_{m}$ implies $\vdash_{L}A_{1},$
$\cdots,$

$A_{n}\rightarrow B_{1},$
$\cdots,$

$B_{m}$

in general.
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Let $\Gamma_{0}=\{A_{1}, \cdots, A_{n}\},$ $\Delta_{0}=\{B_{1}, \cdots, B_{m}\}$ and assume that $I_{0}^{7}\rightarrow\Delta_{0}$ is not provable in
$L$ . Let $\Phi$ be the set

$\{_{(Q^{i}v)C(v)}^{(\exists v)C_{\epsilon^{\epsilon}}(v)}$ $|$ $dom(\epsilon)=\overline{\alpha}i=0,1,\cdots,$ $2^{N}(K+1)-1;\}$

.
Then using a cut-rule we can easily construct the sets $\Gamma,$ $\Delta$ which satisfy the fol-
lowing properties (1), (2) and (3):

(1) $\Gamma_{0}\subseteq\Gamma$ and $\Delta_{0}\subseteq\Delta$ ;
(2) $\Gamma\cup\Delta=\Phi$ ;
(3) $\Gamma\rightarrow\Delta$ is not provable in $L$ .

We put $\Gamma-\Gamma_{0}=\{A_{n+1}, \cdots, A_{s}\},$ $\Delta-\Delta_{0}=\{B_{m+1}, \cdots, B_{t}\}(s+t=\Phi<\omega)=$ and we consider the
following condition $[*]$ .

$[*]\left\{\begin{array}{l}(4) A_{i}=B_{j}forsomei,jsuchthat1\leqq i\leqq n,1\leqq j\leqq m\cdot.\\or (5) A_{i}=(\exists^{p}v)C_{\epsilon}(v)andA_{j}=(\exists^{q}v)C_{\epsilon}(v)forsomep\neq q,\epsilon,i,j\cdot.\\or (6) A_{i}=(Qv)C_{\text{\’{e}}}(v)andA_{j}=(\exists^{k}v)C_{\epsilon}(v)forsomek,\epsilon,i,j\cdot.\\or (7) \{(Qv)C_{\epsilon}(v)\}_{dom(\epsilon)\Rightarrow\alpha}^{-}\subseteq\Delta.\end{array}\right.$

If $[*]$ holds, then $\Gamma\rightarrow\Delta$ is provable in $L$ . In fact, we assume that $[*]$ holds and so
at least one of (4)$-(7)$ holds. If (4) or (5) holds then $\vdash_{L}\Gamma\rightarrow\Delta$ is clear, and if (6) holds
then it is also obvious by using (viii) of lemma. In the case of (7), we can prove that
$\vdash_{L}\rightarrow\{(Qv)C_{\epsilon}(v)\}_{dom(\epsilon)=\overline{a}}$ from $\vdash Lydom(\epsilon)=\alpha- C_{6}(x)$ and (iii) of lemma, hence $\vdash_{L}\Gamma\rightarrow\Delta$ .
Therefore, $\mu_{L}\Gamma\rightarrow\Delta$ implies that the condition $[*]$ does not hold, and so it is ade-
quate for our purposes to show $\#\Gamma\rightarrow\Delta$ on the assumption that the condition $[*]$

does not hold.
Suppose that the condition $[*]$ does not hold (i.e., all of (4) $-(7)$ are not true).

Since (4) is not true, all of elements of $\Gamma\cup\Delta$ are mutually distinct Basic sentences
over $\overline{\alpha}$ by the construction of $\Gamma,$ $\Delta$ . So each of them has an uniquely correspond-
ing type over $\overline{\alpha}$ . We can assume, therefore, that $\epsilon_{i}$ corresponds to $A_{i}(1\leqq i\leqq s)$ ,

and $\tau_{j}$ to $B_{j}(1\leqq j\leqq t)$ . By the hypothesis, the following are easily checked:
(8) $\epsilon_{i}\neq\epsilon_{j}$ if $i\neq j$ ,

(9) $\epsilon_{i}=\tau_{j}$ holds in the following three cases only:

9.1. $A_{i}=(\exists^{r_{i}}v)C_{i}\epsilon(v),$ $B_{j}=(\exists^{s}jv)C_{\tau}j(v),$ $r_{i}\neq s_{j}$ and $\epsilon_{i}=\tau_{j}$ ;

9.2. $A_{i}=(\exists^{r_{i}}v)C_{\epsilon}i(v),$ $B_{j}=(Qv)C_{\tau}j(v)$ and $\epsilon_{i}=\tau_{j}$ ;

9.3. $A_{i}=(Qv)C_{\epsilon}i(v),$ $B_{JJ}=(\exists^{s}Jv)C_{\tau}(v)$ and $\epsilon_{i}=\tau_{j}$ .
Owing to these (8), (9); for each $\epsilon_{i},$ $\tau_{j}$ we can define its degree $d(\epsilon_{i}),$ $d(\tau_{j})$ , respec-
tively, as follows :
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$d(\epsilon_{i})=\left\{\begin{array}{l}r_{i} if A_{i}=(\exists^{r_{i}}v)C_{\epsilon}i(v),\\\kappa if A_{i}=(Qv)C_{\epsilon}i(v),\end{array}\right.$

where $\kappa$ is an arbitrary infinite cardinal number. And

$d(\tau_{j})=2^{N}(K+1)$ if $\tau_{j}\neq\epsilon_{i}$ for any $1\leqq i\leqq s$ .

Clearly $\{\epsilon_{i}, \tau_{j} ; 1\leqq i\leqq s, 1\leqq j\leqq t\}=\{\epsilon;dom(\epsilon)=\overline{\alpha}\}$ , so we could define the degree $d(\epsilon)$

for each $\epsilon$ such that $dom(\epsilon)=\overline{\alpha}$ . Then, for each $\epsilon$ with $dom(\epsilon)=\overline{\alpha}$ we shall define
a set X. of free individual variables by

$X_{\epsilon}=\left\{\begin{array}{l}\{a_{U}^{\epsilon}\cdot.\nu<d(\epsilon)\} if d(\epsilon)>0,\\theemptyset if d(\epsilon)=0\cdot.\end{array}\right.$

and let
$|\mathfrak{A}|=\bigcup_{dom(\epsilon)=\alpha}^{-}X_{\epsilon}$ ;

$\mathfrak{A}(\alpha)=\{\bigcup_{th^{aom(\epsilon)=\overline{\sigma}\prime\epsilon(\alpha)\Rightarrow+}}X_{\epsilon}forany\alpha\in\overline{\alpha}eemptysetforanyfreepre$

dicate variable $\alpha\not\in\overline{\alpha}$ .

Then $\overline{\overline{\mathfrak{A}}}=\kappa$ because $(Qv)C_{\epsilon}(v)\in\Gamma$ for some $\epsilon$ with $dom(\epsilon)=\overline{\alpha}$ on the assumption that
(7) does not hold, so $\mathfrak{A}$ is an L-structure. And $\Gamma\rightarrow\Delta$ is not satisfied in $\mathfrak{A}$ . In order
to show this, it suffices to prove that $\mathfrak{A}FA_{i}$ for any $i$ and $\mathfrak{A}$ te $B_{j}$ for any $j$ . We
first show that the following $[+]$ holds:
$[+]$ $\{x\in|\mathfrak{A}| : \mathfrak{A}FC_{\epsilon}(x)\}=X_{\epsilon}$ for any $\epsilon$ with $dom(\epsilon)=\overline{\alpha}$ .
[Proof] $(\supseteqq)$ Let $x\in X_{\epsilon}$ and let $\alpha$ be in $\overline{\alpha}$ . If $\epsilon(\alpha)=+$ , then $x\in \mathfrak{A}(\alpha)$ by the definition
of $\mathfrak{A}(\alpha)$ and so $\mathfrak{A}F\alpha(x)$ . Hence $\mathfrak{A}F\alpha^{\epsilon}(\alpha)(x)$ . If $\epsilon(\alpha)=-$ , then $x\not\in \mathfrak{A}(\alpha)$ by the defini-
tion of $\mathfrak{A}(\alpha)$ and so $\mathfrak{A}$ te $\alpha(x)$ . Henoe $\mathfrak{A}F\alpha^{()}\epsilon\alpha(x)$ . We can therefore conclude that
$\mathfrak{A}F\alpha^{()}\epsilon a(x)$ . This shows that

$\mathfrak{A}F\bigwedge_{a\in\overline{a}}\alpha^{()}\epsilon\alpha(x)$ i.e., $\mathfrak{A}FC_{\epsilon}(x)$

sinoe $\alpha$ is an arbitrary member in $\overline{\alpha}$ .
$(\subseteqq)$ Let $x\not\in X_{\epsilon}$ and $x\in|\mathfrak{A}|$ . Then $x\in X_{\epsilon^{\prime}}$ for some $\epsilon^{\prime}\neq\epsilon$ with $dom(\epsilon^{\prime})=\overline{\alpha}$ . By $\epsilon^{\prime}\neq\epsilon$ ,

$\epsilon^{\prime}(\alpha)\neq\epsilon(\alpha)$ for some $\alpha$ in $\overline{\alpha}$ . Therefore if $\epsilon(\alpha)=+$ , then $\epsilon^{\prime}(\alpha)=$ –and so $x\not\in \mathfrak{A}(\alpha)$ by
the definition of $\mathfrak{A}(\alpha)$ . Henoe $\mathfrak{A}P\alpha(x)$ , that is, $\mathfrak{A}P\alpha^{6(\alpha)}(x)$ . If $\epsilon(\alpha)=-$ , then $\epsilon^{\prime}(\alpha)=+$

and so $x\in \mathfrak{A}(\alpha)$ by the definition of $\mathfrak{A}(\alpha)$ . Henoe $\mathfrak{A}F\alpha(x)$ , that is, $\mathfrak{A}\rho:_{\alpha^{()}}^{\epsilon}\alpha(x)$ . We
can therefore conclude that $\mathfrak{A}\mu_{\alpha^{()}}^{6}a(x)$ . This shows that $\mathfrak{A}$ )$\not\in C_{\epsilon}(x)$ , so our proof of
$[+]$ is completed.

Now suppose $1\leqq i\leqq s$ . We can divide our proof into two cases according to the
form of $A_{i}$ , sinoe $A_{i}$ is a Basic sentenoe.

Case 1. $A_{i}=(\exists^{r_{i}}v)C_{\epsilon}i(v)$ . $\overline{\overline{X}}_{\epsilon}=r_{i}i$ because $d(\epsilon_{i})=r_{i}$ . Henoe by $[+]$ ,

$\overline{\overline{\{x\in|\mathfrak{A}|}}$: $\mathfrak{A}FC_{\epsilon}i(x)$ } $=r_{i}$ , that is, $\mathfrak{A}FA_{i}$ .
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Case 2. $A_{i}=(Qv)C_{i}\text{\’{e}}(v)$ . $X_{i}=\kappa=_{\epsilon}$ because $ d(\epsilon_{i})=\kappa$ . Henoe by $[+]$ ,

$\overline{\overline{\{x\in|\mathfrak{A}|:\mathfrak{A}FC_{\epsilon}i(x)\}}}=\kappa$ .

If $Q$ is interpreted as the infinite quantifier, then clearly $\mathfrak{A}FA_{i}$ as $\kappa\geqq\omega$ . If $Q$ is
interpreted as the Chang quantifier, then also $\mathfrak{A}FA_{i}$ by $\overline{\overline{\mathfrak{A}}}=\kappa$ . In any case, it fol-
lows therefore that $\mathfrak{A}FA_{i}$ for any $1\leqq i\leqq s$ .

Also, suppose $1\leqq j\leqq t$ . If $\tau_{j}\neq\epsilon_{i}$ for any $1\leqq i\leqq s$ , then $d(\tau_{j})=2^{N}(K+1)$ without
referenoe to the form of $B_{j}$ . So, $d(\tau_{j})$ is not an integer less than $2^{N}(K+1)$ and fur-
thermore it is not $\kappa$ . Henoe $\mathfrak{A}\triangleright B_{j}$ . If $\tau_{j}=\epsilon_{i}$ for some $1\leqq i\leqq s$ , then the possibility
is limited to the previous case (9). But $\mathfrak{A}|=A_{i}$ holds in any subcase $9.1.-9.3$ . of
case (9), and so $\mathfrak{A}\mu B_{j}$ . In any case, it follows therefore that $\mathfrak{A}$ lt $B_{j}$ for any $1\leqq j\leqq t$ .

Thus we have shown $\mathfrak{A}k\Gamma\rightarrow\Delta$ and $\mathfrak{A}\triangleright\Gamma_{0}\rightarrow\Delta_{0}$ . Henoe $l_{0}^{\urcorner}\rightarrow\Delta_{0}$ is not valid.
This completes our proof of Completeness theorem.

3. Compactness of the Chang quantifier

For any infinite set $\Gamma$ of sentences in $L$ of power $\kappa\geqq\omega$ , the following theorem
holds.

THEOREM (Compactness of the Chang quantifier): If $Q$ is interpreted as the
Chang quantifier, then $\Gamma$ has a model if and only if any finite subset of $\Gamma$ has a
model.

PROOF. As “only if” part is obviously shown, we need only prove “if“ part.
Suppose that any finite subset of $\Gamma$ has a model. Let $\Omega$ be the set of all pre-

dicate variables that occur free in $\Gamma$ . Clearly $\Omega\leqq\kappa=$ but if $\Omega<\kappa=$ then we can make
$\Omega^{=}=\kappa$ by adding to $\Omega$ new free predicate variables which do not occur in $\Gamma$ . Let
$\Phi$ be the set of Basic sentences over each finite subset of $\Omega$ , so it is clear that $\Phi==$

$\kappa$ . Then let $\{C_{\nu} : \nu<\kappa\}$ be a repetition-free enumeration of all elements of $\Phi$ , and
we shall construct an extension $\tilde{\Gamma}$ of $\Gamma$ as follows:

$\Gamma_{0}=\Gamma$ ;

$\Gamma_{\nu+1}=\dagger_{\Gamma_{\nu}^{\nu}\{C_{\nu}\}}^{\Gamma\bigcup_{\cup}\{C\}}\urcorner^{\nu}ifanyfini_{;}teotherwise$

subset of $\Gamma_{\nu}\cup\{C_{\nu}\}$ has $a$ model,

$\Gamma_{\nu}=\bigcup_{\mu<\nu}\Gamma_{\mu}$ if $\nu$ is a limit ordinal;

and

$\tilde{\Gamma}=\bigcup_{\nu<\kappa}\Gamma_{\nu}$ .
By the construction of $\tilde{\Gamma}$ , it is easily seen that $\tilde{\Gamma}$ has the following properties:
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(1) $\Gamma\subseteq\tilde{\Gamma}$ ,

(2) any finite subset of $\tilde{\Gamma}$ has a model,
(3) $\tilde{\Gamma}$ is complete about $\Phi$ ; that is, $A\in\tilde{\Gamma}$ or $\urcorner A\in\tilde{\Gamma}$ for any $ A\in\Phi$ .
Now, for each type $\epsilon$ over a finite subset of $\Omega$ , we define the degree $d(\epsilon)$ by

$d(\epsilon)=\left\{\begin{array}{l}i if (\exists^{i}v)C_{\text{\’{e}}}(v)\in\Gamma,\\\kappa if (Qv)C_{\epsilon}(v)\in\tilde{\Gamma},\\\kappa otherwise.\end{array}\right.$

Note that this definition is well-defined from the properties of $\tilde{\Gamma}$ . For any two
types $\epsilon,$

$\tau$ , by writing $\epsilon\prec\tau$ we mean that $\tau$ is an extension of $\epsilon$ as a mapping. Then
$\epsilon\prec\tau$ implies $d(\epsilon)\geqq d(\tau)$ . Because if $\epsilon\prec\tau$ and $d(\epsilon)<d(\tau)$ , then there exists a finite
subset of $\tilde{\Gamma}$ which has no models by trivial classification.

A full-type is an element of $\{+, -\}^{\Omega}$ . For any full-type $f$, we have a type $\epsilon\prec f$

with the following property $[*]$ :
$[*]$ $\epsilon\prec\tau\prec f$ implies $d(\tau)=d(\epsilon)$ , for any type $\tau$ .

We take such a type $\epsilon$ at will and fix it. We call this $\epsilon$ a fixed type of $f$, write
$\epsilon_{f}$ , and define the degree of the full-type $f$ by

$d(f)=d(\epsilon_{f})$ .
Then the following hold:
(I) For any type $\epsilon$ over a finite subset of $\Omega$ such that $ d(\epsilon)<\omega$ ,

$d(\epsilon)=\Sigma_{f\succ\epsilon}d(f)$ .
(II) Let $\epsilon$ be either a fixed type of some full-type or a type with $d(\epsilon)=\kappa^{+}$ or $\kappa$ .

Then there exists a full-type $ f_{\epsilon}\succ\epsilon$ such that $d(\epsilon)=d(f_{\epsilon})$ .
[Proof of (I)] We first note that if $f$ is a full-type and $ f\succ\epsilon$ , then $d(f)\leqq d(\epsilon)$ . Let
$\epsilon$ be a type over a finite subset of $\Omega$ with $ d(\epsilon)<\omega$ , and let $\mathcal{F}_{\epsilon}$ be a set { $ f:f\succ\epsilon$ and
$d(f)>0\}$ . Then $\mathcal{F}_{\text{\’{e}}}$ is a finite set. 0therwise, there exists k-elements $f_{1},$ $\cdots,f_{k}(k>$

$d(\epsilon))$ of $\mathcal{F}_{\epsilon}$ such that

$\vdash_{L}(\forall v)(C_{\tau}i(v)\supset C_{\epsilon}(v))$

and
$\vdash_{L}\urcorner(\exists v)(C_{\tau}i(v)\wedge C_{\tau}j(v))$ if $i\neq j$ ,

where $\tau_{i}=\epsilon_{f_{i}}\cup\epsilon;\epsilon_{f_{i}}$ is a fixed type of $f_{i}(i=1, \cdots, k)$ . Then consider a set

$\{(\exists^{d()}\tau_{i}v)C_{i}(v):1\leqq i\leqq k\}\cup t\exists^{d()}\epsilon v)C_{\epsilon}(v)\}$ .

This set is a finite subset of $\tilde{\Gamma}$ but has no models. This is contrary to the property
of $\tilde{\Gamma}$ . Henoe $\mathcal{F}_{\epsilon}$ is a finite set.

Moreover if $d(\epsilon)\neq\Sigma_{f\succ\epsilon}d(f)$ then there is a finite subset of $\tilde{\Gamma}$ which has no



56 Chiharu MIZUTANI

models, contradicting to the property of $\tilde{\Gamma}$ .
[Proof of (II)] If $\epsilon$ is a fixed type of some full-type, we have nothing to prove.
Assume first that $ d(\epsilon)=\kappa$ . From the definition of $d(\epsilon),$ $(Qv)C_{\epsilon}(v)\in\tilde{\Gamma}$ .

Now, let $X.=\{\alpha_{\nu} : \nu<\kappa\}=0_{-}-dom(\epsilon)$ , and we shall define a set $Y.=\{\beta_{\nu} ; \nu<\kappa\}$

which satisfies the following conditions (1). and (2) :
(1) : for each $\nu<\kappa,$ $\beta_{\nu}(*)=\alpha_{\nu}(*)$ or $\urcorner\alpha_{\nu}(*)$ .
(2) : for each finite subset $\nu_{0}$ of $\kappa$ ,

$\tilde{\Gamma}\ni(Qv)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\nu}0\beta_{\nu}(v))$ .

Suppose $\zeta<\kappa$ and we have defined $Y_{\zeta}=\{\beta_{\nu} : \nu<\zeta\}$ so as to satisfy the conditions
(1) and (2) , but that (2) is not satisfied if we put $\beta_{\zeta}(*)=\alpha_{\zeta}(*)$ . We show that
in this case it is satisfied if we put $\beta_{\zeta}(*)=\urcorner\alpha\zeta(*)$ .

On the assumption that (2) $1$ is not satisfied, there is some finite subset $\zeta_{0}$ of
$\zeta$ such that

$\tilde{I^{7}}\$(Qv)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in c_{0}}\beta_{\nu}(v)\wedge\alpha\zeta(v))$ . [1]

Let $\eta_{0}$ be any finite subset of $\zeta$ and let $\sigma_{0}=\zeta_{0}\cup\eta_{0}$ , then as $\sigma_{0}$ is a finite subset of
$\zeta$ , it follows that

$\tilde{\Gamma}\ni(Qv)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\sigma_{0}}\beta_{\nu}(v))$ ,

by the hypothesis. So, by the properties of $\tilde{\Gamma}$ , either

$\tilde{\Gamma}\ni(Qv)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\sigma_{0}}\beta_{\nu}(v)\wedge\alpha\zeta(v))$ [2]

or
$\tilde{\Gamma}\ni(Qv)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\sigma_{0}}\beta_{\nu}(v)\wedge\urcorner\alpha\zeta(v))$ . [3]

If [2] holds, then since $\zeta_{0}\subseteq\sigma_{0}$ ,

$\tilde{\Gamma}\ni(Qv)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in}c_{0}\beta_{\nu}(v)\wedge\alpha_{\zeta}(v))$ ,

contradicting to [1]. Therefore [3] holds. But $\eta_{0}\subseteq\sigma_{0}$ , so

$\tilde{\Gamma}\ni(Qv)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\eta 0}\beta_{\nu}(v)\wedge\urcorner\alpha\zeta(v))$ .

Thus we can define $Y_{\zeta+1}$ so as to satisfy the conditions (1) and (2) . If $\zeta$

is a limit ordinal, then we define $Y_{\zeta}=\bigcup_{\nu<\zeta}Y_{\nu}$ , and $Y.=\cup Y$ . This $Y_{\kappa}$ satisfies
(1). and (2).. The full-type is now defined as follows:

$ f_{-}\uparrow_{dom(\epsilon)}=\epsilon$

$f_{\epsilon}(\alpha_{\nu})=\{-+$ $ifif\beta_{\nu}^{\nu}(*)=\urcorner^{\nu}\alpha\beta(*)=\alpha(*_{\nu})_{(*)}$ for any $\alpha_{\nu}\in X_{\kappa}$ ;

Then it is obvious $\epsilon\prec f_{\epsilon}$ and $d(f_{\epsilon})=\kappa^{+}=d(\epsilon)$ by our construction. Therefore (II)
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holds if $d(\epsilon)=\kappa^{+}$ .
Suppose next that $ d(\epsilon)=\kappa$ . By the definition of $d(\in)$ ,

$\tilde{\Gamma}\ni\urcorner(\exists^{i}v)C_{\epsilon}(v)$ for any $ i<\omega$ and $\tilde{\Gamma}\ni\urcorner(Qv)C_{\epsilon}(v)$ .
Now let $X_{\kappa}=\{\alpha_{\nu} ; \nu<\kappa\}=\Omega- dom(\epsilon)$ , and we shall define a set $Y.=\{\beta_{\nu} : \nu<\kappa\}$ which
satisfies the following conditions (1) and (2) :

(1). : for each $\nu<\kappa,$ $\beta_{\nu}(*)=\alpha_{\nu}(*)$ or $\urcorner\alpha_{\nu}(*)$ .
(2). : for each finite subset $\nu_{0}$ of $\kappa$ ,

$\tilde{\Gamma}\ni\urcorner(\exists^{i}v)(C_{\in}(v)\wedge\bigwedge_{\nu\in\nu_{0}}\beta_{\nu}(v))$ for any $ i<c\iota$)

and
$\tilde{\Gamma}\ni\urcorner(Qv)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in b}0\beta_{\nu}(v))$ .

Suppose $\zeta<\kappa$ and we have defined $Y_{\zeta}=\{\beta_{\nu} : \nu<\zeta\}$ so as to satisfy the conditions
(1) and (2) $c$ , but that (2) is not satisfied if we put $\beta_{\zeta}(*)=\alpha\zeta(*)$ . We show that
in this case it is satisfied if we put $\beta\zeta(*)=\urcorner\alpha\zeta(*)$ . Let $\eta_{0}$ be any finite subset of
$\zeta$ . It is sufficient to show that

$\tilde{\Gamma}\ni\urcorner(\exists^{i}v)(C_{\epsilon}(v)\wedge\bigwedge_{u\in\eta 0}\beta_{\nu}(v)\wedge\urcorner\alpha c(v))$ for any $ i<\omega$ [1]

and
$\tilde{\Gamma}\ni\urcorner(Qv)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\eta_{0}}\beta_{\nu}(v)\wedge\urcorner\alpha\zeta(v))$ . [2]

If [2] does not hold, then by the properties of $\tilde{\Gamma}$ ,

$\tilde{\Gamma}\ni(Qv)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\epsilon}\eta_{0}\beta_{\nu}(v)\wedge\urcorner\alpha\zeta(v))$ .
While, sinoe $\eta_{0}$ is a finite subset of $\zeta$ and $Y_{\zeta}$ satisfies (2) ,

$\tilde{\Gamma}\ni\urcorner(Qv)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\eta_{0}}\beta_{\nu}(v))$ .

Henoe we have a finite subset

$\{(Qv)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\eta_{0}}\beta_{\nu}(v)\wedge\urcorner\alpha\zeta(v)), \urcorner(Qv)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\eta 0}\beta_{\nu}(v))\}$

of $\tilde{\Gamma}$ which has no models in contradiction to the property of $\tilde{\Gamma}$ . Therefore [2]

holds and so we need only to prove [1].

By assumption, there exists a finite subset $\zeta_{0}$ of $\zeta$ such that, either

$\tilde{\Gamma}\ni(\exists^{i}v)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\zeta_{0}}\beta_{\nu}(v)\wedge\alpha\zeta(v))$ for some $ i<\omega$ [3]

or
$\tilde{\Gamma}\ni(Qv)(C_{\text{\’{e}}}(v)\wedge\bigwedge_{\nu\in\zeta_{0}}\beta_{\nu}(v)\wedge\alpha\zeta(v))$ . [4]

It is easily seen that [4] does not hold in the same manner in which we have shown
that [2] holds. Therefore [3] only holds. Now let $\sigma_{0}=\zeta_{0}\cup\eta_{0}$ Since $\sigma_{0}$ is a finite
subset of $\zeta$ ,

$\tilde{\Gamma}\ni\urcorner(\exists^{i}v)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\sigma_{0}}\beta_{\nu}(v))$ for any $ i<\omega$ [5]
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by the hypothesis of (2) . Hence, the following [6] or [7] holds:

$\tilde{\Gamma}\ni\urcorner(\exists^{i}v)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\sigma_{0}}\beta_{\nu}(v)\wedge\alpha\zeta(v))$ for any $ i<\omega$ [6]

$\tilde{\Gamma}\ni\urcorner(\exists^{i}v)(C_{\epsilon}(v)\bigwedge_{\nu\in\sigma_{0}}\beta_{\nu}(v)\wedge\urcorner\alpha\zeta(v))$ for any $ i<\omega$ [7]

Because; suppose that neither [6] nor [7] hold there are some $ i,j<\omega$ such that,

$\tilde{\Gamma}\ni(\exists^{i}v)(C_{\epsilon}(v)\wedge\bigwedge_{v\in\sigma_{0}}\beta_{\nu}(v)\wedge\alpha\zeta(v))$ ,

and
$\tilde{\Gamma}\ni(\exists^{j}v)$ ( $C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\sigma_{0}}\beta_{\nu}(v)$ A $\urcorner\alpha_{\backslash }\vee(v)$ ).

Hence,
$\tilde{\Gamma}\ni(\exists^{i\vdash j}v)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\sigma_{0}}\beta_{\nu}(v))$ .

On the other hand, by [5],

$\tilde{\Gamma}\ni\urcorner(\exists^{i+j}v)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\sigma_{0}}\beta_{\nu}(v))$

also holds. So we have a finite subset of $\tilde{\Gamma}$ which has no models, contradicting to
the property of $\tilde{\Gamma}$ .

Suppose [6] holds. Sinoe $\zeta_{0}\subseteq\sigma_{0}$ and [3] holds, if we take $ j<\omega$ which satisfies
[3], we have a finite subset

$\{(\exists^{j}v)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\zeta_{0}}\beta_{\nu}(v)\wedge\alpha_{\zeta}(v)), \urcorner(\exists^{i}v)(C_{\epsilon}(v)\wedge\bigwedge_{\nu\in\sigma_{0}}\beta_{\nu}(v)\wedge\alpha\zeta(v)):i\leqq j\}$

which has no models. This also contradicts to the property of $\tilde{\Gamma}$ . Hence [7] holds.
Therefore [1] holds as $\eta_{0}\subseteq\sigma_{0}$ .

We have now defined $Y_{\zeta+1}$ so as to satisfy the conditions (1) and (2) . The
definitions of Y. and $f_{e}$ are similar to the case $ d(\epsilon)=\kappa$ , and they lead to $ f_{\text{\’{e}}}\succ\epsilon$ and
$d(f_{\epsilon})=\kappa=d(\epsilon)$ ; so our proof of (II) is completed.

Now we return to the proof of the theorem. Let $\mathcal{E}$ be a set { $\epsilon:\epsilon$ is a fixed
type or a type of $d(\epsilon)=\kappa^{+},$ $\kappa$ }; and let $\mathcal{F}=1f_{*}:$ $\epsilon\in \mathcal{E}$ }, then $clearly\mathcal{F}==\kappa$ . For each

$f\in \mathcal{F}$ , we define a set $X_{f}$ of free individual variables by

$X_{f}=\left\{\begin{array}{l}\{a_{\nu}^{f}.\nu<d(f)\} ifd(f)>0,\\theemptysetifd(f)=0\cdot.\end{array}\right.$

and let
$|\mathfrak{A}|=\bigcup_{f\in \mathcal{F}}X_{f}$ ;

$\mathfrak{A}(\alpha)=\{^{\bigcup_{th^{J\in \mathcal{F},f(\alpha)=}}X_{f}}eempty^{+}setforanyfreepredicateforany\alpha\in\Omega$

,

variable $\alpha\not\in\Omega$ .
Clearly $(Qv)C_{\epsilon}(v)\in\tilde{\Gamma}$ for some $\epsilon$ and so $\mathfrak{A}=\kappa^{+}=$ , therefore $\mathfrak{A}$ is an L-structure. More-
over $\mathfrak{A}$ is a model of $\tilde{\Gamma}$ . We shall show this in the following way. We first prove
that the following (III) and (IV) hold.
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$(IV)(III)$ $IfD\epsilon\Phi,thenD\in\tilde{\Gamma}if^{\epsilon\prec}a^{f\in}n^{\mathcal{F}}don1yif?[|=D\{x\in|\mathfrak{A}|:\mathfrak{A}FC_{\epsilon}(x)\}=\cup X_{f}foranytype\epsilon$

.

[Proof of (III)] Fix an arbitrary $\epsilon$ . $(\supseteq)$ Suppose $x\in\bigcup_{\epsilon\prec f\in \mathcal{F}}X_{f}$ , then $x\in X_{f}$ for some
$\epsilon\prec f\in \mathcal{F}$ Let $\alpha\in dom(\epsilon)$ . Then either $f(\alpha)=+orf(\alpha)=-$ . If $f(\alpha)=+$ , then $x\in \mathfrak{A}(\alpha)$

and so $\mathfrak{A}t=\alpha(x)$ i.e., $\mathfrak{A}F\alpha^{f()}\alpha(x)$ . Henoe $\mathfrak{A}F\alpha^{\epsilon}(a)(x)$ . If $f(\alpha)=-$ , then $x\not\in \mathfrak{A}(\alpha)$ and so
$\mathfrak{A}$ re $\alpha(x)$ i.e., $\mathfrak{A}F\alpha^{f(\alpha)}(x)$ . Henoe $\mathfrak{A}F\alpha^{8}(\alpha)(x)$ . In any case it follows that $\mathfrak{A}F\alpha^{\epsilon}(\alpha)(x)$ .
Sinoe $\alpha$ is an arbitrary element of $dom(\epsilon)$ ,

$\mathfrak{A}F\bigwedge_{\alpha\in dom(e)}\alpha^{\in}(a)$ that is, $\mathfrak{A}FC_{\epsilon}(x)$ .

$(\subseteq)$ Suppose $x\not\in\bigcup_{\epsilon\prec f\in \mathcal{F}}X_{f}$ , then $x\not\in X_{f}$ for any $\epsilon\prec f\in \mathcal{F}$ . So $x\in X_{f^{\prime}}$ for some
$f^{\prime}\in \mathcal{F}$ and clearly this $f^{\prime}$ } $\epsilon$ . Hence $f^{\prime}(\alpha)\neq\epsilon(\alpha)$ for some $\alpha\in dom(\epsilon)$ . If $f^{\prime}(\alpha)=+(so$ ,

$\epsilon(\alpha)=-)$ , then $x\in \mathfrak{A}(\alpha)$ i.e., $\mathfrak{A}F\alpha(x)$ . Henoe $\mathfrak{A}\not\in\alpha^{\in(\alpha)}(x)$ . If $f^{\prime}(\alpha)=-$ (so, $\epsilon(\alpha)=+$ ),

then $x\not\in \mathfrak{A}(\alpha)$ i.e., $\mathfrak{A}|\not\simeq\alpha(x)$ . Hence $\mathfrak{A}$ )$\epsilon_{\alpha^{()}}^{\epsilon}a(x)$ . In any case, it follows also that $\mathfrak{A}\#$

$\alpha^{\epsilon\alpha}()(x)$ for some $\alpha$ in $dom(\epsilon)$ . That is,

$x\not\in\bigcap_{\alpha\in dom(\epsilon)}\{x\in|\mathfrak{A}| : \mathfrak{A}F\alpha^{\in()}\alpha(x)\}=\{x\in|\mathfrak{A}| : \mathfrak{A}FC_{\epsilon}(x)\}$ .

[Proof of (IV)] From now on, for each type $\epsilon$ let $X_{\epsilon}$ be a set $\{x\in|\mathfrak{A}| : \mathfrak{A}FC_{\epsilon}(x)\}$ .
Suppose $ D\in\Phi$ . We can divide our proof into the following two cases according to

the form of $D$ .
Case 1. $D=(\exists^{i}v)C_{\epsilon}(v)$ .

$D\in\tilde{\Gamma}$ iff $d(\epsilon)=i$ by the definition of $d(\epsilon)$ ,

iff $\Sigma_{J\succ\text{\’{e}}}d(f)=i$ by (1),

iff $\overline{\overline{\bigcup_{f\succ\text{\’{e}}}X_{f}}}=i$ ,

iff $X.=i=$ by (III) and the definition of $X_{\epsilon}$ ,

iff $\mathfrak{A}1=D$ .
Case 2. $D=(Qv)C_{\text{\’{e}}}(v)$ . $ d(\epsilon)=\kappa$ by $D\in\tilde{\Gamma}$ . From (II), $d(\epsilon)=d(f_{\epsilon})$ for some $ f_{\epsilon}\succ\epsilon$ . So,

$\kappa^{+}=d(\epsilon)=d(f_{\epsilon})^{==}=X_{f_{\epsilon}}\leqq\overline{\overline{\cup}_{f\succ\epsilon}\overline{X_{f}}}=\Sigma_{f\succ\epsilon}X_{f}\leqq\kappa\kappa^{\vdash}=\kappa^{+}$ .
Hence,

$\overline{\overline{X}}.=\overline{\overline{\bigcup_{f\succ\epsilon}}\overline{X_{f}}}=\kappa^{\perp}$

by (III). Therefore $\overline{\overline{\mathfrak{A}}}=X_{e}=$ , that is, $\mathfrak{A}FD$ .
Conversely, suppose $D\not\in\tilde{\Gamma}$ . Then $\urcorner D\in\tilde{\Gamma}$ by the completeness of $\tilde{\Gamma}$ about $\Phi$ . If

$(\exists^{i}v)C_{\epsilon}(v)\in\tilde{\Gamma}$ , then $\mathfrak{A}t=(\exists^{i}v)C_{\epsilon}(v)$ by case 1. For this reason $\mathfrak{A}\#(Qv)C_{\epsilon}(v)$ i.e., $\mathfrak{A}kD$ .
If $(\exists^{i}v)C_{\epsilon}(v)\not\in\tilde{\Gamma}$ , then $\urcorner(\exists^{i}v)C_{\text{\’{e}}}(v)\in\tilde{\Gamma}$ and $\urcorner D$ i.e. $\urcorner(Qv)C_{\text{\’{e}}}(v)\in\tilde{\Gamma}$ , so $ d(\epsilon)=\kappa$ by the
definition of $d(\epsilon)$ . Hence $X_{\epsilon}\leqq\kappa=$ . Because

$X_{c}=\overline{\overline{\bigcup_{f\succ\epsilon}X_{f}}}=\Sigma_{f\succ\epsilon}d(f)\leqq\kappa=$

by $ d(f)\leqq d(\epsilon)=\kappa$ if $ f\succ\epsilon$ . Thus $\overline{X}$. is not equal to $\mathfrak{U}=$ as $\mathfrak{A}=\kappa=$ . This means that
$\mathfrak{A}\#(Qv)C_{\epsilon}(v)$ , that is, $\mathfrak{A}PD$ . Now (IV) has been proved.
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Finally we must prove that $\mathfrak{A}$ is a model of $\tilde{\Gamma}$ , but it is easily shown by using
our Main theorem.

4. Compactness of the infinite quantifier

Let $\Gamma$ be an infinite set of sentences in $L$ of power $\kappa\geqq\omega$ , and $l^{7}$ satisfies the
following conditions (1) and (2):

(1) The predicate variables which occur free in $\Gamma$ are finite.
(2) The number of second order quantifiers and the number of first order quan-

tifiers, which occur in the sentences in $l^{\urcorner}$ , are both bounded.
Then the following theorem holds.

THEOREM (Compactness of the infinite quantifier): If $Q$ is interpreted as the
infinite quantifier, then $\Gamma$ has a model if and only if any finite subset of $l^{7}$ has a
model.

PROOF. It is obvious by our Main theorem.
Counterexamples: (i) The following example of / shows that the condition

(1) is necessary to prove the above-mentioned theorem.

$/=\dagger_{(\exists v)\alpha(v),\urcorner(\exists v)(\alpha_{n}(v)\wedge\alpha_{m}(v))}^{\urcorner(Qv)_{n}\alpha(v),(\forall v)(\alpha_{n}(v)\supset\alpha(v))}|$ $ n\neq mn,m<\omega$

,

where $\{\alpha, \alpha_{n}\}_{n<\omega}$ are countable free predicate variables.
(ii) The following example of 1’ shows that the condition (2) is necessary to

the above-metioned theorem.

$J^{7}=\{\urcorner(Qv)\alpha(v), \urcorner(\exists^{i}v)\alpha(v):i<\omega\}$ .

5. Interpolation theorem.

In this system $L$ , we cannot hope that a cut-elimination theorem holds, but we
can prove the following interpolation theorem.

INTERPOLATION THEOREM 1 Suppose that $A(\alpha, \beta)$ and $B(\beta, \gamma)$ are first order $ sen\rightarrow$

tences in $L$ , and the only predicate variables which occur in $A$ and in $B$ are $\alpha,$ $\beta$

and $\beta,\overline{/}\cdot$ , respectively. If $A(\alpha, \beta)\rightarrow B(\beta, \gamma)$ is provable in $L$ , then there is a first order
sentence $C(\beta)$ in $L$ such that the only predicate variable which occurs in $C$ is $\beta$ , and
moreover $A(\alpha, \beta)\rightarrow C(\beta)$ and $C(\beta)\rightarrow B(\beta, \gamma)$ are both provable in $L$ .

PROOF. Let $(\exists\xi)A(\xi, \beta)$ be the sentence obtained from $A(\alpha, \beta)$ by binding all
$\alpha$ which occur in $A(\alpha, /9)$ . Suppose $nfq(A)\leqq K$, then $nfq((\exists\xi)A(\xi, \beta))\leqq K$ and
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$nsq((\exists\xi)A(\xi, \beta))=1$ . By our Main theorem, $(\exists\xi)A(\xi, \beta)$ is equivalent in $L$ to a
Boolean combination $C(\beta)$ of elements in the following set:

$\{(\exists^{i}v)C_{\epsilon}(v), (Qv)C_{\epsilon}(v):i=0,1, \cdots, 2K+1;dom(\epsilon)=\{\beta\}\}$ .

\S 4. A proof of Main theorem.

Let $L^{1},$ $L^{2}$ be two object logics obtained from $L$ by attaching 1, 2 to every sym-
bol, except individual variables or logical constants, in every formula in $L$ , respec-
tively. If $A$ is a formula in $L$ , by $A^{i}$ we shall denote the formula in $L^{i}$ obtained
from $A$ by applying the operation stated above $(i=1,2)$ . If $\Gamma$ is a set of formulas
in $L$ , then by $\Gamma^{i}$ we shall denote the set $\{A^{i} : A\in\Gamma\}$ of formulas in $L^{i}$ .

From these two object logics $L^{1},$ $L^{2}$ we construct the morphism logic $\epsilon C=$

$\Leftrightarrow C(L^{1}, L^{2})$ by the method which has explicitly defined in [4]. That is, we define $\sim C$

as follows:
1. Formation rules for formulas in $\mathcal{L}$ .

1.1) If $A$ is a formula in $L$ and $i=1,2$ , then $A^{i}$ is a formula $in\Leftrightarrow C$ .
1.2) If $A$ and $B$ are formulas in $\Leftrightarrow C$ , then $\urcorner A,$ $A\wedge B$ and $A\vee B$ are formulas

in $\mathcal{L}$ .
1.3) If $A(x)$ is a formula in $\mathcal{L}$ and $v$ is a bound variable which does not occur

in $A(x)$ , then $(\forall v)A(v)$ and $(\exists v)A(v)$ are formulas in $\mathcal{L}$ .
1.4) All the formulas in $X$ are obtained from $1.1$ )$-1.3$ ).

2. Axioms and inference rules for $\mathcal{L}$ .
2.1) The axiom sequents in $\mathcal{L}$ are the sequents of the form $I^{1}i\rightarrow\lrcorner^{i}$ , where

$\Gamma\rightarrow\Delta$ is a provable sequent in $L$ and $i=1,2$ .
2.2) The rules of inference of $\mathcal{L}$ are defined as those for LK which are for-

mulated in Gentzen’s style: only the following should be added to those.

$(\forall\rightarrow)\frac{A(\lambda vB(v))^{i},l\urcorner\rightarrow\Delta}{(\forall\xi)A(\xi)^{i},l^{\urcorner}\rightarrow\Delta}$ ; $(\rightarrow\forall)\frac{\Gamma\rightarrow\Delta,A(\alpha)^{i}}{l\prime\rightarrow\Delta,(\forall\xi)A(\xi)^{i}}$ ,

$(\exists\rightarrow)\frac{A(\alpha)^{i},\Gamma\rightarrow\Delta}{(\exists\xi)A(\xi)^{i},\Gamma\rightarrow\Delta}$ ; $(\rightarrow\exists)\frac{l^{1}\rightarrow\Delta,A(\lambda vB(v))^{i}}{\Gamma\rightarrow\Delta,(\exists\xi)A(\xi)^{i}}$ ,

where $i=1,2$ and $\alpha^{i}$ does not occur in the lower sequent.
Now, our Main theorem is easily proved by the following Theorem 1 and the

Interpolation theorem in MOTOHASHI [3].

MOTOHASHI’S INTERPOLATION THEOREM\ddagger Let $S$ be the set of sentences in $L$

and let $\Psi=\{E^{1}\supset E^{2} : E\in S\}$ . Suppose that $\Delta(\Psi)$ be the set of sentences which is con-
structed from $S\cup\{T,$ $\perp I$ by applying $\wedge,$ $\vee$ a finite number of times. For any $sen$ .
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tence $A,$ $B$ in $L$ , if the proof-figure of
$\Psi^{*},$ $A^{1}\rightarrow B^{2}$ ( $\Psi^{*}$ is a.fnite subset of $\Psi$ )

is given concretely, then we can obtain a sentence $C$ in $\Delta(\Psi)$ concretely (primitive

recursively) such that

$\vdash_{L}A\rightarrow C$ and $\vdash {}_{L}C\rightarrow B$ .
Let $k$ be a non-negative integer and let $\overline{\alpha}$ be a finite sequenoe of distinct free

predicate variables. Then we put

$l^{1}(k;\overline{\alpha})=\{_{(Qv^{i})C_{\epsilon}(v)\equiv(Qv)^{i}C(v)^{2}}^{(\exists v)C_{\epsilon}(v_{1})^{1}\equiv(\exists v_{\epsilon})C_{\epsilon}(v)^{2}}|$ $dom(\epsilon)=\overline{\alpha}^{;}i=0,\cdots,$$k\}$

Notioe that $\overline{\alpha}$ in theorems below is the same sequenoe which occurs in Main theorem.

THEOREM 1: Suppose that $A$ is a sentence in $L$ whose free predicate variables
are all among $\overline{\alpha}$ . Let $nsq(A)\leqq N$ and $nfq(A)\leqq K$ Then

$l^{7}(2^{N}(K+1)-1;\overline{\alpha})\vdash \mathcal{L}A^{1}\equiv A^{2}$ .
Note: Theorem 1 means that $A^{1}\equiv A^{2}$ is provable from $I^{7}(2^{N}(K+1)-1;\overline{\alpha})$ in $\mathcal{L}$

primitive recursively according to the form of A. (In the following theorems and
lemmas, the similar notes work.)

In order to prove Theorem 1, it is sufficient to show that the following Theo-
rem 2 holds. Let $\overline{x}=\langle x_{1}, \cdots, x_{p}\rangle,\overline{y}=\langle y_{1}, \cdots, y_{p}\rangle$ be finite sequences of distinct free
individual variables which have no common variables. Then we put

$\Gamma(\overline{\alpha};\overline{x},\overline{y})=\{x_{i}=^{1}x_{i}\equiv yi=^{2}yJ^{I}1\leqq i,j\leqq p\}$

$\cup\{C_{\epsilon}(x_{i},\overline{\alpha})^{1}\equiv C_{\epsilon}(y_{i},\overline{\alpha})^{2} : i=1, \cdots,p;dom(\epsilon)=\overline{\alpha}\}$

THEOREM 2: Suppose that $A(\overline{x})$ is a formula in $L$ whose free predicate varia-
bles and free individual variables are all among $\overline{\alpha},\overline{x}$ , respectively. Let $nsq(A(\overline{x}))\leqq N$

and $nfq(A(\overline{x}))+p\leqq K$. Then

$\Gamma(2^{N}(K+1)-1;\overline{\alpha}),$ $\Gamma(\overline{\alpha};\overline{x},\overline{y})\vdash \mathcal{L}A(\overline{x})^{1}\equiv A(\overline{y})^{2}$ .
Theorem 2 can be easily proved by induction on the complexity of $A(\overline{x})$ , using the
following two lemmas. In lemmas below, we take $\overline{\alpha},\overline{x}$ and $\overline{y}$ as in Theorem 2.

LEMMA 3: Let $x,y$ be two distinct free individual variables which do not occur
in $\overline{x},\overline{y}$ , respectively. Suppose $A(\overline{x}, x)$ is a formula in $L$ whose free variables are all
among $\overline{x},$ $x$ and $\overline{\alpha}$ . Moreover let $p+1\leqq k$ . If

$f^{1}(k;\overline{\alpha}),$ $l^{7}(\overline{\alpha};\overline{x}^{\wedge}x,\overline{y}^{\wedge}y)\vdash \mathcal{L}A(\overline{x}, x)^{1}\equiv A(\overline{y}, y)^{2}$ ,
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then the following (1) and (2) hold:
(1) $\Gamma(k;\overline{\alpha}),$ $\Gamma(\overline{\alpha};\overline{x},\overline{y})\vdash \mathcal{L}(Qv)A(\overline{x}, v)^{1}\equiv(Qv)A(\overline{y}, v)^{2}$ ,

(2) $\Gamma(k;\overline{\alpha}),$ $\Gamma(\overline{\alpha};\overline{x},\overline{y})\vdash \mathcal{L}(\exists v)A(\overline{x}, v)^{1}\equiv(\exists v)A(\overline{y}, v)^{2}$ .

LEMMA 4: Let $\alpha$ be a new free predicate variable which does not occur in $\overline{\alpha}$ .
Suppose $A(\overline{x},\overline{\alpha}, \alpha)$ is a formula in $L$ whose free variables are all among $\overline{x},\overline{\alpha}$ and
$\alpha$ . Moreover let $p\leqq k$ . If

$\Gamma(k;\overline{\alpha}^{\wedge}\alpha),$ $\Gamma(\overline{\alpha}^{\wedge}\alpha;\overline{x},\overline{y})\vdash \mathcal{L}A(\overline{x},\overline{\alpha}, \alpha)^{1}\equiv A(\overline{y},\overline{\alpha}, \alpha)^{2}$ ,

then
$\Gamma(2k+1;\overline{\alpha}),$ $\Gamma(\overline{\alpha};\overline{x},\overline{y})\vdash \mathcal{L}(\exists\xi)A(\overline{x},\overline{\alpha}, \xi)^{1}\equiv(\exists\xi)A(\overline{y},\overline{\alpha}, \xi)^{2}$ .

PROOF OF LEMMA 3. We put $\Gamma=I^{7}(k;\overline{\alpha})\cup\Gamma(\overline{\alpha};\overline{x},\overline{y})$ and assume that all of

the hypothesis of Lemma 3.
[Proof of (1)] In order to prove (1), by the symmetry it suffices to show that

$\Gamma\vdash \mathcal{L}(Qv)A(\overline{x}, v)^{1}\rightarrow(Qv)A(\overline{y}, v)^{2}$ [1]

By induction on the length of $\overline{\alpha}$ it is easily seen that

V $dom(\epsilon)=\overline{\alpha}C\epsilon(x)$

is provable in $L$ , so we have

$\vdash_{L}A(\overline{x}, x)\equiv _{dom(\epsilon)=\overline{\alpha}}(A(\overline{x}, x)\wedge C_{\epsilon}(x))$ .

On the other hand, we know by (iii) of Lemma in \S 1 that for any formulas $B,$ $C$

in $L$

$\vdash_{L}(Qv)(B(v)C(v))\equiv(Qv)B(v)(Qv)C(v)$

holds. Therefore we can get

$\vdash_{L}(Qv)A(\overline{x}, v)\equiv _{dom(\text{\’{e}})\Leftarrow\overline{\alpha}}(Qv)(A(\overline{x}, v)\wedge C_{\epsilon}(v))$ .

Hence, all we need to prove is that

$\Gamma\vdash \mathcal{L}V_{dom(\epsilon)=\overline{\alpha}}(Qv)(A(\overline{x}, v)\wedge C_{\epsilon}(v))^{1}\rightarrow(Qv)A(\overline{y}, v)^{2}$ [2]

To show this [2], we must prove that for any arbitrary fixed type $\epsilon$ such that
$dom(\epsilon)=\overline{\alpha}$ ,

$\Gamma\vdash_{\mathcal{L}}(Qv)(A(\overline{x}, v)\wedge C_{\text{\’{e}}}(v))^{1}\rightarrow(Qv)A(\overline{y}, v)^{2}$ . [3]

From (Q)-rule and (viii) of Lemma in \S 1, it follows obviously that

$\vdash_{L}(Qv)(A(\overline{x}, v)\wedge C_{\epsilon}(v))\rightarrow(\exists v)(v\neq\overline{x}\wedge A(\overline{x}, v)\wedge C_{\epsilon}(v))\wedge(Qv)C_{\epsilon}(v)$ ,
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and henoe it is enough to prove the following [4] in order to show [3], where $v\neq\overline{x}$

is an abbreviation for $v\neq x_{1}\wedge\cdots\wedge v\neq x_{p}$ . (We shall use similar abbreviations below.)

$\Gamma\vdash \mathcal{L}x\neq 1\overline{x},$ $A(\overline{x}, x)^{1},$ $C_{\epsilon}(x)^{1},$ $(Qv)C_{\epsilon}(v)^{1}\rightarrow(Qv)A(\overline{y}, v)^{2}$ [4]

It is easily proved that for any $B$ in $\Gamma(\overline{\alpha};\overline{x}^{\wedge}x,\overline{y}^{\wedge}y)$ ,

$\Gamma\vdash \mathcal{L}x\neq 1\overline{x},$ $y\neq 2\overline{y},$ $C_{\epsilon}(x)^{1},$ $C_{\epsilon}(y)^{2}\rightarrow B$

holds, and sinoe the hypothesis states that:

$\Gamma(k;\overline{\alpha}),$ $\Gamma(\overline{\alpha};\overline{x}^{\wedge}x,\overline{y}^{\wedge}y)\vdash \mathcal{L}A(\overline{x}, x)^{1}\rightarrow A(\overline{y}, y)^{2}$ ,

it follows that
$l^{\urcorner}\vdash \mathcal{L}x\neq 1\overline{x},$ $y\neq 2\overline{y},$ $C_{\epsilon}(x)^{1},$ $C_{\epsilon}(y)^{2},$ $A(\overline{x}, x)^{1}\rightarrow A(\overline{y}, y)^{2}$ [5]

Whence we get the following [6]:

$\Gamma\vdash \mathcal{L}x\neq 1\overline{x},$ $C_{\epsilon}(x)^{1},$ $A(\overline{x}, x)^{1}\rightarrow(\forall v)(v\neq\overline{y}\wedge C_{\epsilon}(v)\supset A(\overline{y}, v))^{2}$ [6]

Moreover, by (iv) and (vii) of Lemma in \S 1

$(Qv)(v\neq\overline{y}\wedge C_{\epsilon}(v)),$ $(\forall v)(v\neq\overline{y}\wedge C_{\epsilon}(v)\supset A(\overline{y}, v))\rightarrow(Qv)A(\overline{y}, v)$

and
$(Qv)C_{\epsilon}(v)\rightarrow(Qv)(v\neq\overline{y}\wedge C_{\epsilon}(v))$

are both provable in $L$ , then the following [7] and [8] hold.

$\vdash_{\mathcal{L}}(Qv)(v\neq\overline{y}\wedge C_{\epsilon}(v))^{2},$ $(\forall v)(v\neq\overline{y}\wedge C_{\epsilon}(v)\supset A(\overline{y}, v))^{2}\rightarrow(Qv)A(\overline{y}, v)^{2}$ [7]

$\vdash_{\mathcal{L}}(Qv)C_{\epsilon}(v)^{2}\rightarrow(Qv)(v\neq\overline{y}\wedge C_{\epsilon}(v))^{2}$ [8]

Applying a cut-rule between [6] and [7], and next between the obtained sequent and
[8], we get

$I^{7}\vdash \mathcal{L}x\neq 1\overline{x},$ $C_{\epsilon}(x)^{1},$ $A(\overline{x}, x)^{1},$ $(Qv)C_{\epsilon}(v)^{2}\rightarrow(Qv)A(\overline{y}, v)^{2}$ [9]

Since,
$\Gamma\vdash \mathcal{L}(Qv)C.(v)^{1}\rightarrow_{\backslash }^{\prime}Qv)C_{\epsilon}(v)^{2}$ [10]

obviously holds, we can get [4] by applying a cut-rule between [9] and [10].

[Proof of (2)] To show (2), by the symmetry it is sufficient to prove that

$\Gamma\vdash \mathcal{L}(\exists v)A(\overline{x}, v)^{1}\rightarrow(\exists v)A(\overline{y}, v)^{2}$ ,

and so,
$\Gamma\vdash \mathcal{L}A(\overline{x}, x)^{1}\rightarrow(\exists v)A(\overline{y}, v)^{2}$ . [1]

Sinoe $x=\overline{x}x\neq\overline{x}$ is obviously provable in $L$ , it suffices to prove the following [2]

and [3] in order to show [1], where $x=\overline{x}$ is an abbreviation for $x=x_{1}\cdots x=x_{p}$ .

$l^{1}\vdash 1ix=^{1}\overline{x},$ $A(\overline{x}, x)^{1}\rightarrow(\exists v)A(\overline{y}, v)^{2}$ [2]



Monadic Second Order Logic with an Added Quantifier $Q$ 65

$\Gamma\vdash \mathcal{L}x\neq 1\overline{x},$ $A(\overline{x}, x)^{1}\rightarrow(\exists v)A(\overline{y}, v)^{2}$ [3]

While, it follows from the assumption that for any $i\in\{1, \cdots,p\}$ ,

$\Gamma\vdash \mathcal{L}A(\overline{x}, x_{i})^{1}\rightarrow A(\overline{y}, y_{i})^{2}$

and so,
$\Gamma\vdash \mathcal{L}x=^{1}x_{i},$ $A(\overline{x}, x)^{1}\rightarrow A(\overline{y}, yi)^{2}$ .

Applying $(\rightarrow\exists)$ , for each $i\in\{1, \cdots,p\}$

$\Gamma\vdash x=^{1}x,$ $A(\overline{x}, x)^{1}\rightarrow(\exists v)A(\overline{y}, v)^{2}$

holds, and we get

$\Gamma\vdash \mathcal{L}x=^{1}\overline{x},$ $A(\overline{x}, x)^{1}\rightarrow(\exists v)A(\overline{y}, v)^{2}$

by $(\rightarrow)$ .
Therefore, all we have to do is to prove [3] only. Sinoe V $dom(\epsilon)=\overline{\alpha}C_{\epsilon}(x)$ is pro-

vable in $L$ , in order to show [3], it suffices to prove that for each type $\epsilon$ such that
$dom(\epsilon)=\overline{\alpha}$ ,

$I^{7}\vdash \mathcal{L}x\neq 1\overline{x},$ $C_{\epsilon}(x)^{1},$ $A(\overline{x}, x)^{1}\rightarrow(\exists v)A(\overline{y}, v)^{2}$ $[4]_{\epsilon}$

holds. Let $\epsilon$ be a type such that $dom(\epsilon)=\overline{\alpha}$ . Above [4]. is proved if we show the
following [5]:

$l^{7}\vdash \mathcal{L}x\neq 1\overline{x},$ $C_{\epsilon}(x)^{1}\rightarrow(\exists v)(v\neq\overline{y}\wedge C_{\epsilon}(v))^{2}$ [5]

The reason is as follows: Since it is obviously seen that

$1’\vdash \mathcal{L}y\neq 2\overline{y},$ $C_{\epsilon}(y)^{2},$ $x\neq 1\overline{x},$ $C_{6}(x)^{1},$ $A(\overline{x}, x)^{1}\rightarrow A(\overline{y}, y)^{2}$ ,

if we first apply $(\rightarrow\exists)$ to this sequent, next do $(\wedge\rightarrow)$ and last do $(\exists\rightarrow)$ , then we
get

$I’\vdash \mathcal{L}(\exists v)(v\neq\overline{y}\wedge C_{\epsilon}(v))^{2},$ $x\neq 1\overline{x},$ $C_{\epsilon}(x)^{1},$ $A(\overline{x}, x)^{1}\rightarrow(\exists v)A(\overline{y}, v)^{2}$ . [6]

Applying a cut-rule between [5] and [6], we can conclude that [4], holds. In order
to show [5], since

V $ki=o(\exists^{i}v)C_{\epsilon}(v)(\bigwedge_{i=0}^{k}\urcorner(\exists^{i}v)C_{\epsilon}(v))$

is provable in $L$ , it is adequate to prove that for each $i(0\leqq i\leqq k)$ ,

$\Gamma\vdash \mathcal{L}(\exists v)C_{\epsilon}(v)^{1},$ $x\neq\overline{x},$ $C_{\epsilon}(x)^{1}\rightarrow(\exists v)(v\neq\overline{y}\wedge C_{\epsilon}(v))^{2}$ $[7]_{i}$

holds and
$\Gamma\vdash x$ A $k_{=}i0^{\urcorner(\exists^{i}v)C_{C}(v)^{1},x\neq\overline{x},C_{\epsilon}(x)^{1}}1\rightarrow(\exists v)(v\neq\overline{y}\wedge C_{\epsilon}(v))^{2}$ [7]

[7] obviously holds because the length of $\overline{x}$ ( $=length$ of y) is equal to $p$ , which we
know to be less than or equal to $k$ , and $[7]_{0}$ also holds. The proof is therefore
completed if we prove $[7]_{i}$ for each $i$ such that $1\leqq i\leqq k$ .
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Fix an arbitrary $i$ such that $1\leqq i\leqq k$ . To prove $[7]_{i}$ , we need only show that
for any new free individual variables $z_{1},$ $\cdots,$ $z_{i}$ ,

$\Gamma\vdash \mathcal{L}Iq(z_{1}, \cdots, z_{i})^{2},$ $C_{\epsilon}(z_{1})^{2},$
$\cdots,$

$C_{\text{\’{e}}}(z_{i})^{2},$ $(\exists^{i}v)C_{\text{\’{e}}}(v)^{1}$ ,

$x\neq 1\overline{x},$ $C_{\epsilon}(x)^{1}\rightarrow z_{1}\neq 2\overline{y},$
$\cdots,$

$z_{i}\neq 2\overline{y}$ .
Let $z_{1},$ $\cdots,$ $z_{i}$ be new free individual variables. To show this, it suffices to prove
that

$\Gamma\vdash_{\mathcal{L}}Iq(z_{1}, \cdots, z_{i})^{2},$ $C_{\epsilon}(z_{1})^{2},$
$\cdots,$

$C_{\epsilon}(z_{i})^{2},$ $(\exists^{i}v)C_{\epsilon}(v)^{1},$ $x\neq 1\overline{x}$ ,

$C_{\epsilon}(x)^{1},$ $z_{1}=^{2}y_{1}\cdots z_{1}=^{2}y_{p},$
$\cdots,$

$ z_{i}=^{2}y_{1}\cdots z_{i}=^{2}y_{p}\rightarrow$ ,

which will follow if we show that: if $r_{1},$ $\cdots,$
$r_{i}$ are any elements in $\{1, \cdots,p\}$ ,

$\Gamma\vdash \mathcal{L}Iq(z_{1}, \cdots, z_{i})^{2},$ $C_{g}(z_{1})^{2},$
$\cdots,$

$C_{\epsilon}(z_{i})^{2},$ $(\exists^{i}v)C_{\epsilon}(v)^{1},$ $x\neq 1\overline{x}$ ,

$C_{\epsilon}(x)^{1},$ $z_{1}=^{2}y_{r_{1}},$ $\cdots,$ $ z_{i}=^{2}y_{r_{i}}\rightarrow$ . $[8]_{i}$

Let $r_{1},$ $\cdots,$ $r$. be elements in $\{1, \cdots,p\}$ . If $r_{s}=r_{t}$ for some $s,$
$t$ such that $s\neq t$ , then $[8]_{i}$

is obviously true. Hence we may assume that $r_{s}\neq r_{l}$ if $s\neq t$ , that is, $r_{1}=1,$ $\cdots,$
$r_{t}=i$ ,

after some exchanging if necessary. Then $[8]_{i}$ is

$\Gamma\vdash \mathcal{L}Iq(z_{1}, \cdots, z_{i})^{2},$ $C_{\epsilon}(z_{1})^{2},$
$\cdots,$

$C_{g}(z_{i})^{2},$ $(\exists^{i}v)C_{\epsilon}(v)^{1}$ ,

$x\neq 1\overline{x},$ $C_{\text{\’{e}}}(x)^{1},$ $z_{1}=^{2}y_{1},$
$\cdots,$

$ z_{i}=^{2}y_{i}\rightarrow$ . $[8]_{i^{\prime}}$

By the way,
$\vdash_{\mathcal{L}}z_{1}=^{2}y_{1},$

$\cdots,$
$z_{i}=^{2}y_{i},$ $Iq(z_{1}, \cdots, z_{i})^{2},$ $C_{\epsilon}(z_{1})^{2},$

$\cdots,$
$C_{\epsilon}(z_{i})^{2}$

$\rightarrow(Iq(y_{1}, \cdots, yi)\wedge C_{\epsilon}(y_{1})\wedge\cdots AC_{\epsilon}(y_{i}))^{2}$

clearly holds, and hence, in order to show $[8]_{i^{\prime}}$ , it is enough to prove that

$\Gamma\vdash \mathcal{L}Iq(y_{1}, \cdots, yi)^{2},$ $C_{\epsilon}(y_{1})^{2},$
$\cdots,$

$C_{\epsilon}(y_{i})^{2},$ $(\exists^{i}v)C_{\epsilon}(v)^{1}$

$x\neq 1\overline{x},$ $ C_{\epsilon}(x)^{1}\rightarrow$ . $[9]_{i}$

Moreover, it is easily seen that

$\Gamma\vdash_{\mathcal{L}}Iq(y_{1}, \cdots, yi)^{2}\rightarrow x_{m}\neq 1x_{n}$ for any $1\leqq m<n\leqq i$

and
$\Gamma\vdash {}_{\mathcal{L}}C_{\epsilon}(y_{r})^{2}\rightarrow C_{\epsilon}(x_{r})^{1}$ for any $1\leqq r\leqq i$

hold. Henoe we get

$\Gamma\vdash \mathcal{L}Iq(y_{1}, \cdots, y_{i})^{2},$ $C_{\epsilon}(y_{1})^{2},$
$\cdots,$

$C_{\epsilon}(yi)^{2}$

$\rightarrow(Iq(x_{1}, \cdots, x_{i})\wedge C_{\epsilon}(x_{1})\wedge\cdots\wedge C_{\epsilon}(x_{i}))^{1}$ .
Then, to show $[9]_{i}$ , it suffices to prove that

$\Gamma\vdash \mathcal{L}Iq(x_{1}, \cdots, x_{i})^{1},$ $C_{\epsilon}(x_{1})^{1},$
$\cdots,$

$C_{\epsilon}(x_{i})^{1},$ $(\exists^{i}v)C_{\epsilon}(v)^{1}$

$x\neq 1\overline{x},$ $ C_{\epsilon}(x)^{1}\rightarrow$ ,



Monadic Second Order Logic with an Added Quantifier $Q$ 67

which will follow immediately if we show that

$\vdash_{L}Iq(x_{1}, \cdots, x_{i}),$ $C_{\epsilon}(x_{1}),$
$\cdots,$

$C_{\epsilon}(x_{i}),$ $(\exists^{i}v)C_{\epsilon}(v),$ $x\neq\overline{x},$ $ C_{\epsilon}(x)\rightarrow$ ,

but this holds evidently. Therefore Lemma 3 is here proved.

Next we shall first give a sublemma and a definition which we need to prove
Lemma 4.

SUBLEMMA: Let $k$ be a non-negative integer. Suppose that $Y=\{y_{1}, --, y_{p}\}(p\leqq k)$

is a set of distinct free individual variables and let $Y=Y_{+}\cup Y_{-}$ (disjoint union). If
$A(x)$ is a formula in $L$ and $D(\alpha)$ is a formula

$(\forall v)(\alpha(v)\supset A(v))\wedge\bigwedge_{y\in Y_{+}}\alpha(y)\wedge\bigwedge_{y\in Y-}\urcorner\alpha(y)$ ,

then the following sequents (1)$-(10)$ are provable in $L$ .

(1) $(\exists^{i}v)A(v),$ $Iq(y_{1}, \cdots, y_{p}),$ $\{A(y)\}_{y\in Y}\rightarrow(\exists\xi)(D(\xi)\wedge(\exists^{j}v)\xi(v))$ ,

where $\overline{Y}_{+}\leqq j\leqq i-\overline{Y}_{-}$ .
(2) $(\exists^{i}v)A(v),$ $Iq(y_{1}, \cdots, y_{p}),$ $\{A(y)\}_{y\in Y}\rightarrow(\exists\xi)(D(\xi)\wedge(\exists^{j}v)(A(v)\wedge\urcorner\xi(v)))$ ,

where $\overline{Y}_{-}\leqq j\leqq i-\overline{Y}_{+}$ .
(3) $\{\urcorner(\exists^{i}v)A(v)\}_{i^{k_{=}+_{0}1}}^{2},$ $\urcorner(Qv)A(v),$ $Iq(y_{1}, \cdots, y_{p}),$ $\{A(y)\}_{y\in Y}$

$\rightarrow(\exists\xi)(D(\xi)\wedge(\exists^{j}v)\xi(v))$ ,

where $\overline{Y}_{+}\leqq j\leqq k$ .

(4) $\{\urcorner(\exists^{i}v)A(v)\}_{i^{k_{=}+_{0}1}}^{2},$ $\urcorner(Qv)A(v),$ $Iq(y_{1}, \cdots, y_{p}),$ $\{A(y)\}_{y\in Y}$

$\rightarrow(\exists\xi)(D(\xi)\wedge(\exists^{j}v)(A(v)\wedge\urcorner\xi(v)))$ ,

where $\overline{Y}_{+}\leqq j\leqq k$ .

(5) $\{\urcorner(\exists^{i}v)A(v)\}_{i^{k_{=}+_{0}1}}^{2},$ $\urcorner(Qv)A(v),$ $Iq(y_{1}, \cdots, y_{p}),$ $\{A(y)\}_{y\in Y}$

$\rightarrow(\exists\xi)(D(\xi)\wedge(\exists>kv)\xi(v)\wedge(\exists>kv)(A(v)\wedge\urcorner\xi(v)))$ .

(6) $(Qv)A(v),$ $Iq(y_{1}, \cdots, y_{p}),$ $\{A(y)\}_{y\in Y}\rightarrow(\exists\xi)(D(\xi)\wedge(\exists^{j}v)\xi(v))$ ,

where $\overline{Y}_{+}\leqq j$ .
(7) $(Qv)A(v),$ $Iq(y_{1}, \cdots, y_{p}),$ $\{A(y)\}_{y\in Y}\rightarrow(\exists\xi)(D(\xi)\wedge(\exists^{j}v)(A(v)\wedge\urcorner\xi(v)))$ ,

where $\overline{Y}_{-}\leqq j$ .
(8) $(Qv)A(v),$ $Iq(y_{1}, \cdots, y_{p}),$ $\{A(y)\}_{y\in Y}\rightarrow(\exists\xi)(D(\xi)\wedge(\exists>kv)\xi(v)\wedge(Qv)(A(v)\wedge\urcorner\xi(v)))$ .

(9) $(Qv)A(v),$ $Iq(y_{1}, \cdots, y_{p}),$ $\{A(y)\}_{y\in Y}\rightarrow(\exists\xi)(D(\xi)\wedge(Qv)\xi(v)\wedge(\exists>kv)(A(v)\wedge\urcorner\xi(v)))$ .

(10) $(Qv)A(v),$ $Iq(y_{1}, \cdots, y_{p}),$ $\{A(y)\}_{y\in Y}\rightarrow(\exists\xi)(D(\xi)\wedge(Qv)\xi(v)\wedge(Qv)(A(v)\wedge\urcorner\xi(v)))$ .
where $(\exists>kv)A(v)$ is an abbreviation for

$(\exists v_{1})\cdots(\exists v_{k+1})(Iq(v_{1}, \cdots, v_{k+1})\wedge A(v_{1})\wedge\cdots\wedge A(v_{k+1}))$ .
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PROOF OF SUBLEMMA. (1) We may assume $p\leqq i$ . Let $m=i-p$ and $n=j-\overline{Y}\{$

so $n\leqq m$ . We take $m$ distinct free individual variables $a_{1},$ $\cdots a_{n},$ $\cdots,$ $a_{m}$ which are
not in $Y$ and do not occur in $A(x)$ . Let $F(a)$ be a formula

$(_{y\in Y+}a=yV_{r=1}^{n}a=a_{r})\wedge\bigwedge_{y\in Y-a\neq y\wedge\bigwedge_{r}^{m_{=n\vdash 1}}a\neq a_{r}}$ .
Then, it is easily shown that

$\vdash\iota(\exists^{i}v)A(v),$ $Iq(y_{1}, \cdots, y_{p}, a_{1}, \cdots, a_{m}),$ $\{A(y)\}_{y\in Y},$ $\{A(a_{r})\}_{r=1}^{m}$

$\rightarrow D(\lambda vF(v))\wedge(\exists^{j}v)F(v)$ .
Applying $(\rightarrow\exists)$ , we get

$\vdash_{L}(\exists^{i}v)A(v),$ $Iq(y_{1}, \cdots, y_{p}, a_{1}, \cdots, a_{m}),$ $\{A(y)\}_{y\in Y},$ $\{A(a_{r})\}_{r}^{m_{=1}}$

$\rightarrow(\exists\xi)(D(\xi)\wedge(\exists^{j}v)\xi(v))$ .

We divide $Iq(y_{1}, \cdots, y_{p}, a_{1}, \cdots, a_{m})$ into $Iq(y_{1}, \cdots, y_{p}),$ $Iq(a_{1}, \cdots, a_{m})\wedge\bigwedge_{1\leqq i\leqq m}a_{i}\neq y_{j}$ in the
$1\leqq j\leqq p$

anteoedent in this sequent. Next, connecting $Iq(a_{1}, \cdots, a_{m})\wedge\bigwedge_{i.j}a_{i}\neq y1$ and all of the
elements in $\{A(a_{r})\}_{r=1}^{m}$ by $\wedge in$ the antecedent and applying $(\exists\rightarrow)$ in turn, since
$a_{1},$ $\cdots,$ $a_{m}$ do not occur in any of $(\exists^{i}v)A(v),$ $Iq(y_{1}, \cdots, y_{p})$ , any $A(y),$ $(y\in Y)$ , we get

$\vdash_{L}(\exists^{i}v)A(v),$ $lq(y_{1}, \cdots, y_{p}),$ $\{A(y)\}_{y\in Y}$ ,

$(\exists v_{1})\cdots(\exists v_{m})(Iq(v_{1}, \cdots, v_{m})\wedge\bigwedge_{1\leqq i\leqq m}v_{i}\neq y_{j}\wedge\bigwedge_{1\leqq i\leqq m}A(v_{i}))$

$1\leqq j\leqq p$

$\rightarrow(\exists\xi)(D(\xi)\wedge(\exists^{j}v)\xi(v))$ .
On the other hand, we have

$\vdash_{L}(\exists^{i}v)A(v)\rightarrow(\exists v_{1})\cdots(\exists v_{m})(Iq(v_{1}, \cdots, v_{m})\wedge\bigwedge_{1\leqq i\leqq m}v_{i}\neq y_{j}\wedge\bigwedge_{1\leqq i\leqq m}A(v_{i}))$ .

by $m+p=i$ . Hence, by using a cut-rule, it follows that

$\vdash_{L}(\exists^{i}v)A(v),$ $Iq(y_{1}, \cdots, y_{p}),$ $\{A(y)\}_{y\in Y}\rightarrow(\exists\xi)(D(\xi)\wedge(\exists^{j}v)\xi(v))$ .
We can prove (2)$-(7)$ in the same manner in which we could (1).

(10) We take a free unary predicate variable $\alpha$ which does not occur in $A(x)$

and consider the following formula $F(a)$ :

$A(a)\wedge(\alpha(a)_{y\in Y+}a=y)\wedge\bigwedge_{\nu\in Y-}a\neq y$ .
Then, we get

$\vdash_{L}(Qv)(A(v)\wedge\alpha(v))\wedge(Qv)(A(v)\wedge\urcorner\alpha(v)),$ $(Qv)A(v),$ $Iq(y_{1}, \cdots, y_{p})$ ,

$\{A(y)\}_{y\in Y}\rightarrow D(\lambda vF(v))\wedge(Qv)F(v)\wedge(Qv)(A(v)\wedge\urcorner F(v))$ .
Applying $(\rightarrow\exists)$ ,

$\vdash L(Qv)(A(v)\wedge\alpha(v))\wedge(Qv)(A(v)\wedge\urcorner\alpha(v)),$ $(Qv)A(v),$ $Iq(y_{1}, \cdots, y_{p})$ ,

$\{A(y)\}_{y\in Y}\rightarrow(\exists\xi)(D(\xi)\wedge(Qv)\xi(v)\wedge(Qv)(A(v)\wedge\urcorner\xi(v)))$ .
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Since $\alpha(*)$ does not occur in $(Qv)A(v)$ or any $A(y)(y\in Y)$ , using $(\exists\rightarrow)$ , we get

$\vdash_{L}(\exists\xi)((Qv)(A(v)\wedge\xi(v))\wedge(Qv)(A(v)\wedge\urcorner\xi(v))),$ $(Qv)A(v)$ ,

$Iq(y_{1}, \cdots, y_{p}),$ $\{A(y)\}_{y\in Y}$

$\rightarrow(\exists\xi)(D(\xi)\wedge(Qv)\xi(v)\wedge(Qv)(A(v)\wedge\urcorner\xi(v)))$ .

Therefore, by applying a cut-rule between this sequent and our axiom sequent for

$Q$ and the second order quantifier $\exists$ :

$(Qv)A(v)\rightarrow(\exists\xi)((Qv)(A(v)\wedge\xi(v))\wedge(Qv)(A(v)\wedge\urcorner\xi(v)))$

we get
$\vdash_{L}(Qv)A(v),$ $Iq(y_{1}, \cdots, y_{p}),$ $\{A(y)\}_{y\in Y}$

$\rightarrow(\exists\xi)(D(\xi)\wedge(Qv)\xi(v)\wedge(Qv)(A(v)\wedge\urcorner\xi(v)))$ .

(8), (9) are easily shown from (10) by using (viii) of Lemma in \S 1.

DEFINITION. Let $X$ be a finite set of free individual variables. A set $\Delta$ of

formulas in $L$ is a complete equality set (we call an X-set for short) if $\Delta$ satisfies

the following conditions (1), (2):

(1) $ x=y\in\Delta$ or $ x\neq y\in\Delta$ for any $x,$ $y\in X$.
(2) If we define the relation $\tilde{\Delta}$ by

$x\tilde{\Delta}y$ if and only if $ x=y\in\Delta$ , for any $x,$ $y\in X$ ,

then $\tilde{\Delta}$ is an equivalenoe relation on $X$.
If $\Delta$ is an X-set, then by $n(\Delta)$ we mean the number of equivalenoe classes of $X$

by $\tilde{\Delta}$ .

PROOF OF REMMA 4. In the following, we assume that all of the hypothesis

of Lemma 4 and let $\Gamma=\Gamma(2k+1;\overline{\alpha})\cup\Gamma(\overline{\alpha};\overline{x},\overline{y})$ for simplicity. By the symmetry,

it suffices to show that

$\Gamma\vdash \mathcal{L}(\exists\xi)A(\overline{x},\overline{\alpha}, \xi)^{1}\rightarrow(\exists\xi)A(\overline{y},\overline{\alpha}, \xi)^{2}$ , [1]

If we prove the following [2], [1] is shown from [2] by applying an inferenoe rule

$(\exists\rightarrow)$ for the second order quantifier in our morphism logic $\mathcal{L}$ :

$\Gamma\vdash \mathcal{L}A(\overline{x},\overline{\alpha}, \alpha)^{1}\rightarrow(\exists\xi)A(\overline{y},\overline{\alpha}, \xi)^{2}$ [2]

So, we shall show [2]. Let $\sigma\tau$ be $\{\tau;dom(\tau)=\overline{\alpha}^{\wedge}\alpha\}$ . In order to prove [2], sinoe

$x=yx\neq y$ and ${}_{\tau\in \mathcal{F}}C_{\tau}(x)$ are both provable in $L$ , it is enough to demonstrate that

for any partition $\{X_{r}\}_{\tau\in \mathcal{F}}$ of $X=\{x_{1}, \cdots, x_{p}\}$ and any X-set $\Delta$ ,

$\Gamma\vdash \mathcal{L}\Delta^{1},$ $\{C_{\tau}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{x\in X_{\tau}.\tau\epsilon \mathcal{F}},$
$A(\overline{x},\overline{\alpha}, \alpha)^{1}\rightarrow(\exists\xi)A(\overline{y},\overline{\alpha}, \xi)^{2}$ [3]

In the antecedent of [3], if $x\in X_{\tau},$ $x^{\prime}\in X_{\tau},$ $\tau\neq\tau^{\prime}$ and $x=^{1}x^{\prime}\in\Delta^{1}$ , then [3] clearly holds;
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and if $x\in X_{\tau},$ $x^{\prime}\in X_{\tau^{l}},$ $\tau\neq\tau^{\prime}$ and $x\neq x\in\Delta^{1}$ , then $x\neq x$ need not occur in $\Delta^{1}$ . Hence
we may take $\Delta$ as a set of X.-sets $(\tau\in\sigma r)$ , that is, all we need to prove is that for
any set $\{\Delta_{r}\}_{\tau\in \mathcal{F}}$ such that $\Delta_{\tau}$ is a $X_{\tau}$-set for each $\tau\in \mathcal{F}$ ,

$I^{7}\vdash \mathcal{L}\{\Delta_{T}^{1}\}_{\tau\in\sigma},$ $\{C_{\tau}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{x\in X_{\tau}.\tau\in\xi T},$ $A(\overline{x},\overline{\alpha}, \alpha)^{1}\rightarrow(\exists\xi)A(\overline{y},\overline{\alpha}, \xi)^{2}$ [4]

holds. Then we shall define $\Gamma_{f}(\overline{\beta}, n)$ for each map $f$ from a finite set $\{\tau:dom(\epsilon)=$

$\overline{\beta}\}$ of types to $\{0,1, \cdots, n, n+1, \omega\}$ as follows:

$\Gamma_{f}(\overline{\beta}, n)=\{(\exists^{f()}\tau v)C_{\tau}(v,\overline{\beta}):dom(\tau)=\overline{\beta}, f(\tau)\leqq n\}$

$\cup\{(Qv)C_{r}(v,\overline{\beta}):dom(\tau)=\overline{\beta}, f(\tau)=\omega\}$

$\cup\{\urcorner(\exists^{0}v)C_{=}(v,\overline{\beta}), \cdots, \urcorner(\exists^{n}v)C_{\tau}(v,\overline{\beta}), \urcorner(Qv)C_{\tau}(v,\overline{\beta}):dom(\tau)=\overline{\beta}, f(\tau)=n+1\}$ .
Sinoe for any $\tau\in \mathcal{F}$ ,

(Vi $=0(\exists^{i}v)C_{\tau}(v)(Qv)C_{\tau}(v)$ ) $(\bigwedge_{i=0}^{k}\urcorner(\exists^{i}v)C_{\tau}(v)\wedge\urcorner(Qv)C_{\tau}(v))$

is provable in $L$ , in order to prove [4] it is sufficient to show that for any map $f$

from $\{\tau;dom(\tau)=\overline{\alpha}^{\wedge}\alpha\}$ to $\{0,1, \cdots, k, k+1, \omega\}$ ,

$\Gamma\vdash \mathcal{L}\{\Delta_{\tau}^{1}\}_{C\in\sigma r},$ $\{C_{\tau}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{x\in X_{\tau}.\tau\in\sigma},$ $\Gamma_{f}(\overline{\alpha}^{\wedge}\alpha, k)^{1},$ $A(\overline{x},\overline{\alpha}, \alpha)^{1}\rightarrow(\exists\xi)A(\overline{y},\overline{\alpha}, \xi)^{2}$ . $[5]_{f}$

For each $\tau\in \mathcal{F}$ , let $Y_{\tau}$ be the set of $y\prime s$ which corresponds to $x\prime s$ in $X_{\tau}$ . Then
$\{Y_{\tau}\}_{r\in\xi T}$ is obviously a partition of $Y=\{y_{1}, \cdots, y_{p}\}$ . Let $\Delta_{\tau}^{2}$ be the set of formulas
obtained from $\Delta_{\tau}^{1}$ by replacing $x\prime s$ which occurs in formulas in $\Delta_{\tau}^{1}$ by $y\prime s$ and 1 by
2. (This obtained set $\Delta_{\tau}$ is a $Y_{\tau}$-set.) We fix a map $f$ from $\{\tau\ddagger dom(\tau)=\overline{\alpha}^{\wedge}\alpha\}$ to
$\{0,1, \cdots, k, k+1, \omega\}$ . Clearly, for any $B$ in $\Gamma(k;\overline{\alpha}^{\wedge}\alpha)\cup\Gamma(\overline{\alpha}^{\wedge}\alpha;\overline{x},\overline{y})$

$\vdash_{\mathcal{L}}\{\Delta_{\tau}^{1}\}_{\tau\in\sigma\tau},$ $\{C_{\tau}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{X\in X_{\tau},\tau\in\sigma r},$ $\Gamma_{f}(\overline{\alpha}^{\wedge}\alpha, k)^{1}$ ,
$\{\Delta_{\tau}^{2}\}_{r\in\xi\Gamma},$ $\{C_{\tau}(y,\overline{\alpha}^{\wedge}\alpha)^{2}\}_{y\in Y_{\tau}.\tau\in \mathcal{F}},$ $\Gamma_{f}(\overline{\alpha}^{\wedge}\alpha, k)^{2}\rightarrow B$

holds. Therefore, by using the hypothesis which states that

$\Gamma(k;\overline{\alpha}^{\wedge}\alpha),$ $\Gamma(\overline{\alpha}^{\wedge}\alpha;\overline{x},\overline{y})\vdash \mathcal{L}A(\overline{x},\overline{\alpha}, \alpha)^{1}\rightarrow A(\overline{y},\overline{\alpha}, \alpha)^{2}$ ,

we can get

$\vdash_{\mathcal{L}}\{\Delta_{\tau}^{1}\}_{\tau\in\sigma},$ $\{C_{\tau}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{X\in X_{\tau},\tau\in z},$ $\Gamma_{f}(\overline{\alpha}^{\wedge}\alpha, k)^{1}$ ,

$\{\Delta_{r^{2}}\}_{\tau\in\sigma r},$ $\{C,(y,\overline{\alpha}^{\wedge}\alpha)^{2}\}_{y\in Y_{\tau^{r}},\in\sigma r},$ $\Gamma_{f}(\overline{\alpha}^{\wedge}\alpha, k)^{2}$ ,

$A(\overline{x},\overline{\alpha}, \alpha)^{1}\rightarrow A(\overline{y},\overline{\alpha}, \alpha)^{2}$ . [61

Applying $(\rightarrow\exists)$ to [6], it follows that

$\vdash_{\mathcal{L}}\{\Delta_{\tau}^{1}\}_{\tau\in f},$ $\{C_{\tau}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{x\in X_{\tau},\tau\in\sigma r},$ $\Gamma_{f}(\overline{\alpha}^{\wedge}\alpha, k)^{I}$ ,

$\{\Delta_{\tau}^{2}\}_{\tau\in\xi\Gamma},$ $\{C_{\tau}(y,\overline{\alpha}^{\wedge}\alpha)^{2}\}_{y\in\tau\in\xi T}Y_{\tau},,$ $I_{J}^{7}(\overline{\alpha}^{\wedge}\alpha, k)^{2}$ ,

$A(\overline{x}, \alpha^{=}, \alpha)^{1}\rightarrow(\exists\xi)A(\overline{y},\overline{\alpha}, \xi)^{2}$ . [7]
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In the antecedent of [7], we may replace

$\{C_{\tau}(\overline{y},\overline{\alpha}^{\Lambda}\alpha)^{2}\}_{y\in Y_{\tau},\tau\in g^{r}}$

by
$\{C_{\epsilon}(y,\overline{\alpha})^{2}\}_{y\in Y_{\epsilon},\in}\vee\cdot$ $\{\alpha^{2}(y)\}_{y\in Y_{\epsilon^{4,\in}}}.\cup\{\urcorner\alpha^{2}(y)\}_{y\in Y_{\epsilon}-,\epsilon\in}\cdot$ ,

where $\mathcal{E}=\{\epsilon:dom(\epsilon)=\overline{\alpha}\},$ $\epsilon\lrcorner=\epsilon\cup\{\langle\alpha, +\rangle\},$ $\epsilon^{-}=\epsilon\cup\{\langle\alpha, -\rangle\}$ and so $Y.=Y_{\epsilon\neg}\cup Y_{\epsilon-}$ . Then

we write the formula, which is obtained by connecting all of the elements in
$\{\alpha^{2}(y)\}_{y\in Y_{\in}+,\epsilon\in}\cup\{\urcorner\alpha^{2}(y)\}_{y\in Y_{\epsilon}-,\epsilon\in}\circ$ and $l_{f}^{7}(\overline{\alpha}^{\wedge}\alpha, k)^{2}$ by $\wedge$ , as

$\wedge(\{\alpha(y)\}_{y\in Y_{\epsilon}+,\epsilon\in}\cup\{\urcorner\alpha(y)\}_{y\in Y_{\epsilon}-,\epsilon\in}\cup l_{f}^{1}(\overline{\alpha}^{\wedge}\alpha, k))^{2}$ .

Since $\alpha^{2}$ occurs in this formula only in the antecedent of [7], by applying $(\exists\rightarrow)$ to

[7] we get

$\vdash_{\mathcal{L}}\{\Delta_{\tau}^{1}\}_{\tau\in \mathcal{F}},$ $\{C_{r}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{x\in X_{\tau},\tau\in \mathcal{F}},$ $\Gamma_{f}(\overline{\alpha}^{\wedge}\alpha, k)^{1}$ ,

$\{\Delta_{\tau}^{2}\}_{\tau\in \mathcal{F}},$ $\{C_{\tau}(y,\overline{\alpha})^{2}\}_{y\in Y_{\text{\’{e}}},\epsilon\in}\lrcorner\backslash $

$(\exists\xi)\wedge(\{\xi(y)\}_{y\in Y_{\epsilon}+,\epsilon\in}\lrcorner^{\circ}\cup\{\urcorner\xi(y)\}_{y\in Y_{\epsilon}-,\epsilon\epsilon^{\gamma}}\lrcorner\cup\Gamma_{f}(\overline{\alpha}^{\wedge}\xi, k))^{2}$ ,

$A(\overline{x},\overline{\alpha}, \alpha)^{1}\rightarrow(\exists\xi)A(\overline{y}, \alpha, \xi)^{2}$ . [8]

Therefore, if we show that

$\Gamma\vdash \mathcal{L}\{\Delta_{r^{1}}\}_{\tau\in\sigma},$ $\{C_{\tau}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{x\in X_{\tau},\tau\in\sigma},$ $\Gamma_{f}(\overline{\alpha}^{\wedge}\alpha, k)^{1}$

$\rightarrow(\exists\xi)\wedge(\{\xi(y)\}_{y\rightarrow\cup\{\urcorner\xi(y)\}_{y\in Y_{\epsilon}-,\epsilon\epsilon_{-}}\cup\Gamma_{f}(\overline{\alpha}^{\wedge}\xi,k))^{2}}\in Y_{\epsilon}+,\epsilon\in$ [9]

then $[5]_{f}$ is proved in the following manner. It is easily seen that

$\Gamma(\overline{\alpha};\overline{x},\overline{y})\vdash \mathcal{L}\{\Delta_{\tau}^{1}\}_{r\in\sigma\tau}\rightarrow E_{\tau}^{2}$ for any $E_{r}^{2}\in\Delta_{\tau}^{2}$ , any $\tau\in \mathcal{F}$

and
$\Gamma(\overline{\alpha};\overline{x},\overline{y})\vdash \mathcal{L}\{C_{\epsilon}(x,\overline{\alpha})^{1}\}_{x\in X_{\text{\’{e}}},\epsilon\in}\Omega\rightarrow C_{\epsilon}(y,\overline{\alpha})^{2}$ for any $y\in Y_{\epsilon}$ , any $\epsilon\in \mathcal{E}$

Whence we get

$\Gamma(\overline{\alpha};\overline{x},\overline{y})\vdash \mathcal{L}\{\Delta_{\tau}^{1}\}_{\tau\in\sigma\tau}\rightarrow(\wedge\{\Delta_{\tau}\}_{\tau\in \mathcal{F}})^{2}$

and
$\Gamma(\overline{\alpha};\overline{x},\overline{y})\vdash \mathcal{L}\{C_{\epsilon}(x,\overline{\alpha})^{I}\}_{x\epsilon x_{\epsilon^{\epsilon\in}},\circ}\rightarrow(\wedge\{C_{\epsilon}(y,\overline{\alpha})\}_{y\in Y_{\epsilon},\epsilon\epsilon^{\underline{\rho}}})^{2}$ ,

where $\wedge\{\Delta_{\tau}\}_{\tau\in \mathcal{F}},$ $\wedge\{C_{\epsilon}(y,\overline{\alpha})\}_{y\in Y_{\epsilon},\epsilon\epsilon^{\circ}}$ are formulas obtained by connecting all of the

elements $\bigcup_{\tau\in \mathcal{F}}\Delta_{\tau},$ $\bigcup_{\text{\’{e}}\in \mathcal{E}}\{C_{\epsilon}(y,\overline{\alpha})\}_{y\in Y_{\epsilon}}$ , respectively, by $\wedge$ . Since we can divide

$\{C_{\tau}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{x\in X_{\tau}.\tau\in f}$

into
$\{c_{\epsilon}(X,\overline{\alpha})^{1}\}_{x\in x_{\epsilon^{\epsilon\in}},\circ,\{\alpha^{1}(x)\}_{x\in X_{\epsilon}+,\epsilon\epsilon^{o}}\cup\{\urcorner\alpha^{I}(x)\}_{x\in X_{\epsilon}-,\epsilon\in}\circ}J$

in the antecedent in a sequent similarly to the case of

$\{C_{\tau}(y,\overline{\alpha}^{\wedge}\alpha)^{2}\}_{y\in Y_{\tau}.\tau\in f}$ ,
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it follows that

$l^{1}(\overline{rv};\overline{x},\overline{y})\vdash \mathcal{L}\{\Delta_{\tau}^{1}\}_{\tau\in\sigma},$ $\{C_{-}(x,\overline{\alpha}^{\Lambda}\alpha)^{1}\}_{x\in X_{\tau},\tau\in\sigma\tau}$

$\rightarrow(\wedge\{\Delta_{\tau}\}_{\tau\in \mathcal{F}}\wedge\wedge\{C_{\epsilon}(y,\overline{\alpha})\}_{y\in Y_{\epsilon}.\epsilon\in c})^{2}$ [10]

By using a cut-rule between [10] and the sequent obtained from [8] by applying
$(\wedge\rightarrow)$ a finite number of times, we get

/ $(\overline{\alpha};\overline{x},\overline{y})\vdash \mathcal{L}\{\Delta_{\tau}^{1}\}_{\tau\in\sigma},$ $\{C_{\tau}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{x\in X_{\tau}.\tau\in \mathcal{I}},$ $f_{f}(\overline{\alpha}^{\wedge}\alpha, k)^{1}$ ,
$(\exists\xi)\wedge(\{\xi(y)\}_{y\in Y_{\epsilon}} \epsilon\epsilon^{\sigma\cup\{\urcorner\xi(y)\}_{y\in Y_{\epsilon}-.\epsilon\in}}\cup\Gamma_{J}(\alpha^{=}\wedge\xi, k))^{2}$ ,

$A(\overline{x},\overline{\alpha}, \alpha)^{1}\rightarrow(\exists\xi)A(\overline{y},\overline{\alpha}, \xi)^{2}$ [11]

Applying a cut-rule between [11] and [9], $[5]_{f}$ is shown if we notioe that $\Gamma(\overline{\alpha};\overline{x},\overline{y})$

is a subset of $\Gamma$ .
We shall prove [9]. It is adequate for our purposes to prove that for any map

$g$ from $\{\epsilon:dom(\epsilon)=\overline{\alpha}\}$ to $\{0,1, \cdots, 2k+1,2(k+1), \omega\}$ ,

$1’\vdash \mathcal{L}\{\Delta_{\tau}^{1}\}_{\tau\in\xi r},$ $\{C_{\tau}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{x\in X.\llcorner}\tau^{\tau\in t,f}l^{1}(\overline{\alpha}^{\wedge}\alpha, k)^{1},$ $\Gamma_{g}(\overline{\alpha}, 2k+1)^{1}$

$\rightarrow(\exists\xi)\wedge(\{\xi(y)\}_{y\in Y.,+,\epsilon\in}\cup\{\urcorner\xi(y)\}_{y\in Y_{\text{\’{e}}}}\epsilon\in\cup I_{f}^{7}(\overline{\alpha}^{\wedge}\xi, k))^{2}$ $[12]_{g}$

We fix an arbitrary map $g$ from $\{\epsilon\ddagger dom(\epsilon)=\overline{\alpha}\}$ to $\{0,1, \cdots, 2(k+1), \omega\}$ .
For each $\epsilon\in \mathcal{E}$ , we take a free unary predicate variable $\beta_{\epsilon}$ and define a formula

$F_{\epsilon}(\beta_{\epsilon})$ in the following way. First let $D_{\epsilon}(\beta_{\epsilon})$ be a formula

$(\forall v)(\beta_{\epsilon}(v)\supset C_{\epsilon}(v))\wedge\bigwedge_{y\in Y_{\epsilon}+}\beta_{\epsilon}(y)\wedge\bigwedge_{y\in Y_{\epsilon}-\urcorner}\beta_{\epsilon}(y)$ .
for each $\epsilon\in \mathcal{E}$ .

Case 1. $f(\epsilon^{+})\leqq k$ .
$F_{\epsilon}(\beta_{\epsilon}):D_{\epsilon}(\beta_{\epsilon})\wedge(\exists^{f()}\epsilon+v)\beta_{\epsilon}(v)$ .

Case 2. $f(\epsilon^{-})\leqq k$ .
$F_{\epsilon}(\beta_{\epsilon}):D_{\epsilon}(\beta_{\text{\’{e}}})\wedge(\exists^{f()}\epsilon-v)(C_{\epsilon}(v)\wedge\urcorner\beta_{\epsilon}(v))$ .

Case 3. $f(\epsilon^{+})=f(\epsilon^{-})=k+1$ .
$F_{\epsilon}(\beta_{\epsilon}):D_{\epsilon}(\beta_{\epsilon})\wedge(\exists>kv)\beta_{\epsilon}(v)\wedge(\exists>kv)(C_{\epsilon}(v)\wedge\urcorner\beta_{\epsilon}(v))$ .

Case 4. $f(\epsilon^{+})=k+1,$ $ f(\epsilon^{-})=\omega$ .
$F_{\epsilon}(\beta_{\epsilon}):D_{\epsilon}(\beta_{\epsilon})\wedge(\exists>kv)\beta_{\epsilon}(v)\wedge(Qv)(C_{\epsilon}(v)\wedge\urcorner\beta_{\epsilon}(v))$ .

Case 5. $f(\epsilon^{+})=\omega,$ $f(\epsilon^{-})=k+1$ .
$F_{\epsilon}(\beta_{\epsilon}):D_{\epsilon}(\beta_{\epsilon})\wedge(Qv)\beta_{\epsilon}(v)\wedge(\exists>kv)(C_{e}(v)\wedge\urcorner\beta_{\epsilon}(v))$ .

Case 6. $ f(\epsilon^{+})=f(\epsilon^{-})=\omega$ .
$F_{\epsilon}(\beta_{\epsilon}):D_{e}(\beta_{\epsilon})\wedge(Qv)\beta_{\epsilon}(v)\wedge(Qv)(C_{\epsilon}(v)\wedge\urcorner\beta_{\epsilon}(v))$ .
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Let $F(a)=_{\epsilon\in}.\urcorner\beta_{\epsilon}(a)$ . Then we get

$\Gamma\vdash_{\mathcal{L}}\{\Delta_{\tau}^{1}\}_{\tau\in\xi T},$ $\{C_{\tau}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{x\in X_{\tau},\tau\in?},$ $l_{f}^{7}(\overline{\alpha}^{\wedge}\alpha, k)^{1}$ ,
$I_{g}^{7}(\overline{\alpha}, 2k+1)^{1},$ $\{F_{\epsilon}(\beta_{\epsilon})^{2}\}_{\epsilon\in}\neg$

$\rightarrow\wedge(\{F(y)\}_{y\in Y_{\epsilon}+,\epsilon\in}\backslash \cup\{\urcorner F(y)\}_{y\in Y_{\epsilon}-,\in\in}\cup f_{f}^{7}(\overline{\alpha}^{\wedge}\lambda vF(v), k))^{2}$ . [13]

By applying $(\rightarrow\exists)$ , it follows ’that
$\Gamma\vdash_{\mathcal{L}}\{\Delta_{\tau}^{1}\}_{\tau\in \mathcal{F}},$ $\{C_{\tau}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{x\in X_{\tau}.\tau\in\sigma\tau},$ $I_{f}^{1}(\overline{\alpha}^{\wedge}\alpha, k)^{1}$ ,

$I_{g}(\overline{\alpha}, 2k+1)^{1},$ $\{F_{\epsilon}(\beta_{\epsilon})^{2}\}_{\epsilon\in}.$ ,

$\rightarrow(\exists\xi)\wedge(\{\xi(y)\}_{y\in Y_{\epsilon}\vdash,\epsilon\in}\cup\{\urcorner\xi(y)\}_{y\in Y_{\epsilon}-,\epsilon\in}\neg\cup l_{f}^{\urcorner}(\overline{\alpha}^{\wedge}\xi, k))^{2}$ . [14]

Sinoe all of the elements of $\{\beta_{\epsilon}^{2}\}_{\epsilon\in \mathcal{E}}$ are mutually distinct in the antecedent in [14],

by applying $(\exists\rightarrow)$ to every $\beta_{\epsilon}^{2}$ one by one, we can get

$\Gamma\vdash_{\mathcal{L}}\{\Delta_{\tau}^{1}\}_{\tau\in \mathcal{F}},$ $\{C_{\tau}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{x\in X_{\tau},\tau\in\sigma\tau},$ $l_{f}^{\gamma}(\overline{\alpha}^{\wedge}\alpha, k)^{1}$ ,

$\Gamma_{g}(\overline{\alpha}, 2k+1)^{1},$ $\{(\exists\xi)F_{\epsilon}(\xi)^{2}\}_{\epsilon\in}$

$\rightarrow(\exists\xi)\wedge(\{\xi(y)\}_{y\in Y_{\epsilon}+,\epsilon\epsilon_{z}^{\rho}}\cup\{\urcorner\xi(y)\}_{y\in Y_{\epsilon}-,\epsilon\in}\circ\cup\Gamma_{f}(\overline{\alpha}^{\wedge}\xi, k))^{2}$ . [15]

In order to show $[12]_{g}$ , therefore, it is sufficient to prove that for each $\epsilon\in \mathcal{E}$ ,

$\Gamma\vdash \mathcal{L}\Delta_{\epsilon}^{1}$ $\Delta_{\epsilon-}^{1},$ $\{C_{\epsilon+}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{x\in X_{\epsilon}+},$ $\{C_{\epsilon-}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{x\in X_{\text{\’{e}}}-}$ ,

$l_{f}(\overline{\alpha}^{\wedge}\alpha, k)^{1},$ $\Gamma_{g}(\overline{\alpha}, 2k+1)^{1}\rightarrow(\exists\xi)F_{\epsilon}(\xi)^{2}$ . $[16]_{\epsilon}$

Now we fix an arbitrary $\epsilon\in \mathcal{E}$ and we shall prove [16].. We first note the fol-
lowing fact. It is enough to check that $[16]_{\epsilon}$ holds for each case of Case l–Case
6 in accordanoe with the definition of $F_{\epsilon}(*)$ , and further we can divide the proofs

of Case 1 and Case 2 into three subcases, respectively, according to the value of
$g(\epsilon)$ . Then, in subcase 1.1 of Case 1 (i.e. $f(\epsilon^{+})\leqq k$ and $g(\epsilon)\leqq 2k+1$ ), $[16]_{\text{\’{e}}}$ clearly holds
if $n(\Delta_{\text{\’{e}}+})>f(\epsilon^{+})$ or $n(\Delta_{\epsilon-})>g(\epsilon)-f(\epsilon^{+})$ , and henoe we may assume that $n(\Delta_{\epsilon+})\leqq f(\epsilon^{+})$

and $n(\Delta_{\epsilon-})\leqq g(\epsilon)-f(\epsilon^{+})$ ; similarly in subcase 2.1 of Case 2 (i.e. $f(\epsilon^{-})\leqq k$ and $ g(\epsilon)\leqq$

$2k+1)$ , we may assume that $n(\Delta_{\epsilon-})\leqq f(\epsilon^{-})$ and $n(\Delta_{\text{\’{e}}+})\leqq g(\epsilon)-f(\epsilon^{-})$ .
Now, in the antecedent in [16]., we may rewrite

$\{C_{\epsilon+}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{x\in X_{\epsilon}+},$ $\{C_{\epsilon-}(x,\overline{\alpha}^{\wedge}\alpha)^{1}\}_{x\in X_{\epsilon}-}$

by
$\{C_{\epsilon}(x,\overline{\alpha})^{1}\}_{x\in X_{\epsilon}},$ $\{\alpha^{1}(x)\}_{x\in X_{\epsilon}+},$ $\{\urcorner\alpha^{1}(x)\}_{x\in X_{\epsilon}-}$ ,

then we can get the following sequent in the same way in which we get [10]:

$\Gamma(\overline{\alpha};\overline{x},\overline{y})\vdash\Delta^{1},$ $\Delta_{\epsilon-}^{1},$ $\{C_{\epsilon}(x,\overline{\alpha})^{1}\}_{x\in X_{\epsilon}}$

$\rightarrow(\wedge\Delta_{\epsilon+}\cup\Delta_{\text{\’{e}}-}\wedge\wedge {}_{y\in Y_{\epsilon}}C_{\epsilon}(y,\overline{\alpha}))^{2}$ ,

where in the succedent $\Delta_{\epsilon+},$ $\Delta_{\epsilon-}$ are $Y_{\epsilon+}$ -set, Y.–set, respectively, and $\wedge\Delta_{\epsilon+}\cup\Delta_{\epsilon-}$

means the conjunction of all the elements in $\Delta_{\epsilon+}\cup\Delta_{\epsilon-}$ . Moreover, if we express the
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formula obtained by connecting all of the elements of $/_{g}^{\urcorner}(\overline{\alpha}, 2k+1)$ with $\wedge by$

$\wedge f_{g}^{\tau}(\overline{\alpha}, 2k+1)$ , then

$\Gamma(2k+1;\overline{\alpha})\vdash/7(\overline{\alpha}, 2k+1)^{1}\rightarrow(\wedge/7g(\overline{\alpha}, 2k+1))^{2}$

holds. Hence we get

$1’\vdash\Delta_{\epsilon}^{1},$ $\Delta_{\epsilon-}^{1},$ $\{C_{\epsilon}(x,\overline{\alpha})^{1}\}_{x\in X_{\epsilon}},$ $\Gamma_{g}^{7}(\overline{\alpha}, 2k+1)^{1}$

$\rightarrow(\wedge\Delta_{\epsilon\vdash}\cup\Delta_{\epsilon-}\wedge\wedge {}_{y\in Y_{\epsilon}}C_{\epsilon}(y,\overline{\alpha})\wedge\wedge l_{g}^{\urcorner}(\overline{\alpha}, 2k+1))^{2}$ .
In order to show [16]., therefore, it suffices to prove that

$I^{\urcorner}\vdash \mathcal{L}(\Delta_{\epsilon+}\cup\Delta_{\epsilon-})^{2},$ $\{C_{\epsilon}(y,\overline{\alpha})^{2}\}_{y\in Y_{\epsilon}},$ $l_{g}^{7}(\overline{\alpha}, 2k+1)^{2},$ $f_{f}(\overline{\alpha}^{\wedge}\alpha, k)^{1}$ ,
$\{\alpha^{1}(x)\}_{x\in X_{\epsilon}+},$ $\{\urcorner\alpha^{1}(x)\}_{x\in X_{\epsilon}-}\rightarrow(\exists\xi)F_{\epsilon}(\xi)^{2}$ , [17]

and so

$\vdash_{\mathcal{L}}(\Delta_{\epsilon}T\cup\Delta_{\epsilon-})^{2},$ $\{C_{\epsilon}(y,\overline{\alpha})^{2}\}_{y\in Y_{\epsilon}},$ $I_{g}(\overline{\alpha}, 2k+1)^{2}\rightarrow(\exists\xi)F_{\epsilon}(\xi)^{2}$ ,

Hence all we have to do is to prove that

$\vdash L\Delta_{\epsilon+}\cup\Delta_{\epsilon-},$ $\{C_{\epsilon}(y,\overline{\alpha})\}_{y\in Y_{\epsilon}},$ $\Gamma_{\sigma}(\overline{\alpha}, 2k+1)\rightarrow(\exists\xi)F_{\epsilon}(\xi)$ . [18]

Let
$\tilde{Y}_{\epsilon+}=\{y_{1}^{\epsilon+}, \cdots, y_{n(\Delta_{\circ}+)}^{\text{\’{e}}+}\},\tilde{Y}_{\epsilon-}=\{y_{1}^{\text{\’{e}}-}, \cdots, y_{n(\Delta_{\epsilon}-)}^{o}\vee^{-}\}$

be the sets consisting of all representative elements of equivalence classes of $Y_{\epsilon+}$ ,
$Y_{\epsilon-}$ , respectively and let $\tilde{Y}_{\text{\’{e}}}=\tilde{Y}_{\epsilon+}\cup\tilde{Y}_{\epsilon-}$ . Then we may substitute $Y_{\text{\’{e}}}$ by $\tilde{Y}_{\epsilon}$ in the
antecedent in [18]. The reason is in the following. Since, for any $y\in Y_{\epsilon}$ , there is
$\tilde{y}\in\tilde{Y}_{\epsilon}$ such that $y=\tilde{y}\in\Delta_{\epsilon+}\cup\Delta_{\epsilon-}$ , it follows that

$\vdash L\Delta_{g+}\cup\Delta_{\epsilon-},$ $\{C_{\epsilon}(\tilde{y},\overline{\alpha})\}_{\tilde{y}\in\tilde{Y}_{\epsilon}}\rightarrow C_{\epsilon}(y,\overline{\alpha})$

for any $y\in Y_{\epsilon}$ , and so, we get

$\vdash L\Delta_{\epsilon+}\cup\Delta_{\epsilon-},$ $\{C_{6}(\tilde{y},\overline{\alpha})\}_{\overline{y}\in\tilde{Y}_{\epsilon}}\rightarrow\bigwedge_{y\in Y_{\epsilon}}C_{\epsilon}(y,\overline{\alpha})$ .
Hence, applying a cut-rule between this sequent and the sequent obtained from [18]

by connecting all of the elements of

$\{C_{\epsilon}(y, \alpha^{=})\}_{y\in Y_{\epsilon}}$

by $\wedge we$ get the $se^{r}\vee$]$uent$ obtained from [18] by substituting $\tilde{Y}_{\epsilon}$ for $Y_{\epsilon}$ . Further,

we may replaoe $\Delta_{\epsilon+}\cup\Delta_{e}$-by $\tilde{\Delta_{\epsilon+}\cup\Delta_{\epsilon-}}$ , where $\tilde{\Delta_{\epsilon+}\cup\Delta_{\epsilon-}}$ is the set obtained from $\Delta_{\epsilon+}\cup$

$\Delta_{e-}$ by eliminating all of the formulas of form $x=y$ . In other words, to show [18],

it is sufficient to prove that

$\vdash_{L}\tilde{\Delta_{\epsilon+}\cup\Delta_{\epsilon-}},$

$\{C_{\epsilon}(y,\overline{\alpha})\}_{y\in\tilde{Y}_{\epsilon}},$ $\Gamma_{g}(\overline{\alpha}, 2k+1)\rightarrow(\exists\xi)F_{\epsilon}(\xi)$ . [19]

Clearly, for any $i,j$ such that $1\leqq i\leqq n(\Delta_{\epsilon+}),$ $1\leqq j\leqq n(\Delta_{\epsilon-})$ ,
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$\vdash_{L}\Delta_{\epsilon+}\tilde{\cup\Delta_{\text{\’{e}}-},}\{C_{\epsilon}(y,\overline{\alpha})\}_{y\in\tilde{Y}\epsilon}\rightarrow y\iota^{\epsilon+}\neq y_{j^{e-}}$

holds, hence in order to prove [19] it is adequate to show that

$\vdash_{L}\bigwedge_{1\leqq i\leqq n()}\Delta_{e}+y_{i^{\epsilon+}}\neq y_{J^{\epsilon-}},$

$\Delta_{\epsilon+}\tilde{\cup\Delta_{6-}},$

$\{C_{\epsilon}(y,\overline{\alpha})\}_{y\in\tilde{Y}\epsilon}$ ,
$1\leqq j\leqq n(\Delta_{\epsilon}-)$

$\Gamma_{g}(\overline{\alpha}, 2k+1)\rightarrow(\exists\xi)F_{\epsilon}(\xi)$ .

The formula which is obtained by connecting $\bigwedge_{i,j}y_{i^{\epsilon+}}\neq y_{j^{\epsilon-}}$ and all of the elements

of $\tilde{\Delta_{\text{\’{e}}+}\cup\Delta_{\epsilon-}}$ by $\wedge is$ equivalent to

$Iq(y_{1}^{\epsilon+}, \cdots, y_{n(\Delta_{\epsilon}+)}^{e+}, y_{1}^{\epsilon-}, \cdots, y_{n(\Delta_{\text{\’{e}}^{-}})}^{\epsilon^{-}})$

in $L$ , and henoe all we need to prove is that the following [20] holds:

$\vdash LIq(y_{1}^{\epsilon+}, \cdots, y_{n(\Delta_{\epsilon}+)}^{\epsilon+}, y_{1}^{\epsilon-}, \cdots, y_{n(\Delta_{\epsilon}}^{\epsilon^{-}}-)),$ $\{C_{\vee}(y,\overline{\alpha})\}_{y\in\tilde{Y}_{6}}$ ,

$l_{g}^{7}(\overline{\alpha}, 2k+1)\rightarrow(\exists\xi)F_{\epsilon}(\xi)$ . [20]

Case 1. $f(\epsilon^{+})\leqq k$ . In this case, $(\exists\xi)F_{\epsilon}(\xi)$ is

$(\exists\xi)(D_{\epsilon}(\xi)\wedge(\exists^{f(\epsilon+}\rangle v)\xi(v))$ .

[Subcase 1.1] $g(\epsilon)\leqq 2k+1$ . Then [20] is

$\vdash_{L}Iq(y_{1}^{\epsilon+}, \cdots, y_{n(\Delta_{\epsilon^{-)}}}^{\epsilon^{-}}),$ $\{C_{\epsilon}(y,\overline{\alpha})\}_{y\in\tilde{Y}_{g}},$ $(\exists^{g()}av)C_{\epsilon}(v,\overline{\alpha})$

$\rightarrow(\exists\xi)(D_{\epsilon}(\xi)\wedge(\exists^{f()}\epsilon+v)\xi(v))$ .

From the previous notes, we know that $n(\Delta_{\epsilon+})\leqq f(\epsilon^{+})$ and $n(\Delta_{\epsilon-})\leqq g(\epsilon)-f(\epsilon^{+})$ and so,
$=$

$\tilde{Y}_{\epsilon+}=n(\Delta_{\text{\’{e}}+})\leqq f(\epsilon^{+})$ and $\tilde{Y}_{\epsilon-}=n(\Delta_{\epsilon-})\leqq g(\epsilon)-f(\epsilon^{\vdash})$ . Henoe [20] holds clearly by (1) of
Sublemma.
[Subcase 1.2] $g(\epsilon)=2(k+1)$ . Then [20] is

$\vdash_{L}Iq(y_{1}^{\epsilon+}, \cdots, y_{n(\Delta_{\text{\’{e}}^{-)}}}^{\epsilon^{-}}),$ $\{C_{\epsilon}(y,\overline{\alpha})\}_{y\in\tilde{Y}_{\epsilon}},$ $\{\urcorner(\exists^{i}v)C_{\epsilon}(v)\}_{i^{k_{=}+_{0}1}}^{2}$ ,
$\urcorner(Qv)C_{\epsilon}(v,\overline{\alpha})\rightarrow(\exists\xi)(D_{\epsilon}(\xi)\wedge(\exists^{f()}\epsilon+v)\xi(v))$ .

This is clear by (3) of Sublemma.
[Subcase 1.3] $ q(\epsilon)=\omega$ . Then [20] is

$\vdash_{L}Iq(y_{1}^{\epsilon+}, \cdots, y_{n(\Delta_{\text{\’{e}}}-)}^{\epsilon^{-}}),$ $\{C_{\epsilon}(y,\overline{\alpha})\}_{y\in\tilde{Y}_{\epsilon}},$ $(Qv)C_{\epsilon}(v,\overline{\alpha})$

$\rightarrow(\exists\xi)(D_{\epsilon}(\xi)\wedge(\exists^{f()}\epsilon+v)\xi(v))$ .

This is also trivial by (6) of Sublemma.
Case 2. $f(\epsilon^{-})\leqq k$ . In this case, $(\exists\xi)F_{\epsilon}(\xi)$ is

$(\exists\xi)(D_{\epsilon}(\xi)\wedge(\exists^{f(\epsilon-)}v)(C_{\epsilon}(v,\overline{\alpha})\wedge\urcorner\xi(v)))$ .

It suffices to check three subcases according to the value of $g(\epsilon)$ in the same manner
to Case 1.
Case 3. $f(\epsilon^{+})=f(\epsilon^{-})=k+1$ . In this case, $(\exists\xi)F_{e}(\xi)$ is



76 Chiharu $MIZ\cup\Gamma ANI$

$(\exists\xi)(D_{\epsilon}(\xi)\wedge(\exists>kv)\xi(v)\wedge(\exists>kv)(C_{\epsilon}(v,\overline{\alpha})\wedge\urcorner\xi(v)))$ ,

and $g(\epsilon)=2(k+1)$ . Hence [20] is

$\vdash_{L}Iq(y_{1}^{\epsilon+}, \cdots, y_{n(\Delta_{\epsilon}}^{\in^{-}}-)),$ $\{C_{\epsilon}(y,\overline{\alpha})\}_{y\in\tilde{Y}_{\epsilon}},$ $\{\urcorner(\exists^{i}v)C_{\epsilon}(v,\overline{\alpha})\}_{i=0}^{2k+1}$ ,
$\urcorner(Qv)C_{\epsilon}(v,\overline{\alpha})\rightarrow(\exists\xi)(D_{\epsilon}(\xi)\wedge(\exists>kv)\xi(v)\wedge(\exists>kv)(C_{\epsilon}(v,\overline{\alpha})\wedge\urcorner\xi(v)))$ .

This is also clear by (5) of Sublemma.
Case 4. $f(\epsilon^{\dashv})=k+1,$ $ f(\epsilon^{-})=\omega$ . In this case, $(\exists\xi)F_{\epsilon}(\xi)$ is

$(\exists\xi)(D_{\epsilon}(\xi)\wedge(\exists>k)\xi(v)\wedge(Qv)(C_{\epsilon}(v,\overline{\alpha})\wedge\urcorner\xi(v)))$ .
and $ g(\epsilon)=\omega$ . Henoe [20] is

$\vdash_{L}Iq(y_{1}^{\epsilon-}, \cdots, y_{71(\Delta_{\epsilon}-)}^{\leftrightarrow-}),$ $\{C_{\epsilon}(y,\overline{\alpha})\}_{y\in\tilde{Y}_{\epsilon}},$ $(Qv)C_{\epsilon}(v,\overline{\alpha})$

$\rightarrow(\exists\xi)(D_{\epsilon}(\xi)\wedge(\exists>kv)\xi(v)\wedge(Qv)(C_{\epsilon}(v,\overline{\alpha})\wedge\urcorner\xi(v)))$ .
This is obvious by (8) of Sublemma.
Case 5. $f(\epsilon^{\vdash})=\omega,$ $f(\epsilon^{-})=k+1$ . This case is a dual case of Case 4 and so it is easily
shown by (9) of Sublemma.
Case 6. $ f(\epsilon)=f(\vee^{-}-\cdot)=\omega$ . In this case, $(\exists\xi)F_{\epsilon}(\xi)$ is

$(\exists\xi)(D_{F}(\xi)\wedge(Qv)\xi(v)\wedge(Qv)(C_{\epsilon}(v,\overline{\alpha})\wedge\urcorner\xi(v)))$ ,

and $\Gamma/(\vee e)=\ell j$ . Henoe [20] is

$\vdash_{L}Iq(y_{1}^{\text{\’{e}}\vdash}, \cdots, y_{n(J_{\epsilon^{-}})}^{\epsilon^{-}}),$ $\{C_{\epsilon}(y, (\overline{\gamma})\}_{y\in\tilde{Y}_{\epsilon}},$ $(Qv)C_{\epsilon}(v,\overline{\alpha})$

$\rightarrow(\exists\xi)(D_{\epsilon}(\xi)\wedge(Qv)\xi(v)\wedge(Qv)(C_{\epsilon}(v,\overline{\alpha})\wedge\urcorner\xi(v)))$ .
This is also clear by (10) of Sublemma.

Our proof of Lemma 4 is here completed and so is our proof of Main theorem.

References

[1] Slomson, A., The Monadic Fragment of Predicate Calculus with the Chang Quantifier
and Equality. in Proceedings of the Summer School in Logic Leeds, 1967, Lecture
Notes in Math., 70, Springer-Verlag (1968), 279-301.

[2] Yasuhara, M., An axiom System of the First order language with an Equi-cardinality
Quantifier. J.S.L., 31, 4 (1966), 633-640.

[3] Motohashi, N., Interpolation theorem and characterization theorem. Ann. Japan Assoc.
Philos. Soc., 4 (1972), 85-150.

[4] Motohashi, N., Object logic and morphism logic. J. Math. Soc. Japan, 24, 4 (1972),
684-697.

Chiharu MIZUTANI
Department of Mathematics
University of Tsukuba
Sakuramura Ibaraki, 300-31
Japan


	MONADIC SECOND ORDER LOGIC ...
	Introduction
	\S 1. Logic $L$
	2. Formation rules.
	\S 2. Main theorem
	\S 3. Some applications ...
	1. Decidability of $L$
	3. Compactness of the ...
	4. Compactness of the ...
	5. Interpolation theorem.
	\S 4. A proof of Main ...
	References


