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CERTAIN NONLINEAR DIFFERENTIAL POLYNOMIAL

SHARING A NONZERO POLYNOMIAL IM

By

Abhijit Banerjee and Sujoy Majumder

Abstract. We study the uniqueness of meromorphic functions when

certain nonlinear di¤erential polynomial sharing a nonzero poly-

nomial having common poles and thus radically improve and extend

some recent results due to of Wang-Lu-Chen [17], Sahoo [16] and

Liu and Yang [14].

1. Introduction, Definitions and Results

In this paper by meromorphic functions we shall always mean meromorphic

functions in the complex plane.

Let f and g be two non-constant meromorphic functions and let a be a

finite complex number. We say that f and g share a CM, provided that f � a

and g� a have the same zeros with the same multiplicities. Similarly, we say

that f and g share a IM, provided that f � a and g� a have the same zeros

ignoring multiplicities. In addition we say that f and g share y CM, if 1=f and

1=g share 0 CM, and we say that f and g share y IM, if 1=f and 1=g share

0 IM.

We adopt the standard notations of value distribution theory (see [7]). We

denote by TðrÞ the maximum of Tðr; f Þ and Tðr; gÞ. The notation SðrÞ denotes

any quantity satisfying SðrÞ ¼ oðTðrÞÞ as r ! y, outside of a possible exceptional

set of finite linear measure.

Throughout this paper, we use PðoÞ ¼ amo
m þ am�1o

m�1 þ � � � þ a1oþ a0

as a nonzero polynomial in w with a0; a1; . . . ; am as complex constants. We also
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need the following definition:

Yða; f Þ ¼ 1� lim sup
r!y

Nðr; a; f Þ
Tðr; f Þ ;

where a is a value in the extended complex plane.

For a positive integer m and a number l, let m� ¼ wlm, where wl ¼ 0 if l ¼ 0

and wl ¼ 1 if l0 0. For the sake of simplicity we also use the notation

m�� ¼ m; if degðPðoÞÞ ¼ mðb 1Þ
0; if PðoÞ ¼ a0

�

We note that when PðoÞ ¼ amo
m þ a0 is a non constant polynomial then

m�� ¼ m�.

In 1959, W. K. Hayman ([8] see also [7], Corollary of Theorem 9) proved the

following theorem.

Theorem A. Let f be a transcendental meromorphic function and nðb 3Þ is

an integer. Then f nf 0 ¼ 1 has infinitely many solutions.

During the last couple of years or so, authors have given priorities to the

uniqueness results, involving the concept of shared values. First it has been

assumed that f and g are non-constant meromorphic functions in C and P is a

certain di¤erential polynomial such that P½ f � and P½g� share one or possibly two

values. Then the question arises under which assumptions on P, on the sharing

hypothesis of the values and others one can conclude that f 1 g or that f and

g are closely related in some other way. In this direction we first recall the

following results of Fang and Hua [4], Yang and Hua [19] who obtained a

uniqueness theorem corresponding to Theorem A.

Theorem B. Let f and g be two non-constant entire (meromorphic) functions,

nb 6ðb 11Þ be a positive integer. If f nf 0 and gng 0 share 1 CM, then either

f ðzÞ ¼ c1e
cz, gðzÞ ¼ c2e

�cz, where c1, c2 and c are three constants satisfying

ðc1c2Þnþ1
c2 ¼ �1 or f 1 tg for a constant t such that tnþ1 ¼ 1.

Afterwards, many elegant results have been obtained by di¤erent authors

in this context. Among them we mention first the following two results due to

J. Wang, W. Lu and Y. Chen [17] as this will be pertinent with our future

discussions.
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Theorem C [17]. Let f and g be two non-constant meromorphic func-

tions, and n, k, m be three positive integers with n > 9k þ 6m� þ 13: Suppose

ð f nðmf m þ lÞÞðkÞ, ðgnðmgm þ lÞÞðkÞ share 1 IM, where l, m are constants such that

jlj þ jmj0 0, and f , g share y IM.

(i) If lm0 0, m > 1 and ðn; nþmÞ ¼ 1, or while m ¼ 1 and Yðy; f Þ > 2=n,

then f 1 g;

(ii) if lm ¼ 0, then either f ¼ tg, where t is a constant satisfying tnþm � ¼ 1

or f ¼ c1e
cz2 , g ¼ c2e

�cz2 , where c1, c2 and c are three constants such that

ð�1Þkl2ðc1c2Þnþm �
½ðnþm�Þc�2k ¼ 1 or ð�1Þkm2ðc1c2Þnþm �

½ðnþm�Þc�2k ¼ 1.

Theorem D [17]. Let f , g be two transcendental meromorphic functions,

and n, k, m be three positive integers with n > 9k þ 4mþ 15: If ð f nð f � 1ÞmÞðkÞ,
ðgnðg� 1ÞmÞðkÞ share 1 IM and f , g share y IM, then either f 1 g or f nð f � 1Þm

1 gnðg� 1Þm.

In 2010, P. Sahoo treated the problem of more generalized di¤erential poly-

nomial sharing fixed point than that considered in the above two theorems.

P. Sahoo [16] obtained the following result.

Theorem E [16]. Let f and g be two transcendental meromorphic functions,

and let n, k and m be three positive integers such that n > 9k þ 4mþ 13. Let

PðzÞ ¼ amz
m þ � � � þ a1zþ a0, where a0ð0 0Þ, a1; . . . ; amð0 0Þ are complex con-

stants. Suppose that ½ f nPð f Þ�ðkÞ, ½gnPðgÞ�ðkÞ share z IM and f , g share y IM.

Then either f ðzÞ ¼ tgðzÞ for a constant t such that td ¼ 1, where d ¼ ðnþm; . . . ;

nþm� i; . . . ; nÞ, am�i 0 0 for some i ¼ 0; 1; 2; . . . ;m or f and g satisfy the alge-

braic equation Rð f ; gÞ1 0, where

Rð f ; gÞ ¼ f nPð f Þ � gnPðgÞ: ð1:1Þ

For entire functions, sharing fixed point CM, Qi-Yang [15] and Dou-Qi-Yang

[3] obtained more generalized results as follows.

Theorem F. Let f and g be two transcendental entire functions, and let n, k

and m be three positive integers with n > 2k þm� þ 4, l, m be two constants such

that jlj þ jmj0 0. If ½ f nðlf m þ mÞ�ðkÞ and ½gnðlgm þ mÞ�ðkÞ share z CM, then one of

the following conclusions hold:

(1) If lm0 0, then f d 1 gd , where d ¼ gcdðn;mÞ; in particular f 1 g, when

d ¼ 1;
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(2) If lm ¼ 0, then f 1 cg, where c is a constant satisfying cnþm � ¼ 1, or k ¼ 1

and f ðzÞ ¼ b1e
bz2 , gðzÞ ¼ b2e

�bz2 , for some constants b1, b2 and b that

satisfy 4ðlþ mÞ2ðb1b2Þnþm �
½ðnþm�Þb�2 ¼ �1.

Theorem G. Let PðoÞ ¼ amo
m þ am�1o

m�1 þ � � � þ a1oþ a0 or PðoÞ ¼ C,

where a0; a1; . . . ; am�1; amð0 0Þ, Cð0 0Þ are complex constants. Suppose that f and

g be two transcendental entire functions, and let n, k and m be three positive

integers with n > 2k þm�� þ 4. If ½ f nPð f Þ�ðkÞ and ½gnPðgÞ�ðkÞ share z CM then the

following conclusions hold:

(i) If PðwÞ ¼ amw
m þ am�1w

m�1 þ � � � þ a1wþ a0 is not a monomial, then

f ðzÞ1 tgðzÞ for a constant t such that td ¼ 1, where d ¼ gcdðnþm; . . . ;

nþm� i; . . . ; nÞ, am�i 0 0 for some i ¼ 0; 1; 2; . . . ;m, or f and g sat-

isfy the algebraic equation Rð f ; gÞ1 0, where Rðo1;o2Þ ¼ on
1 ðamom

1 þ
am�1o

m�1
1 þ � � � þ a0Þ � on

2 ðamom
2 þ am�1o

m�1
2 þ � � � þ a0Þ;

(ii) If PðwÞ1C or PðzÞ ¼ amz
m then f 1 tg for some constant t such that

tnþm�� ¼ 1, or then f ¼ b1e
bz2 , g ¼ b2e

�bz2 , for three constants b1, b2 and

b that satisfy 4a2mðb1b2Þ
nþm½ðnþmÞb�2 ¼ �1 or 4C 2ðb1b2Þn½nb�2 ¼ �1.

Very recently, Liu and Yang [14] replaced the CM fixed point sharing

concept by that of IM sharing one in the above two theorems. They proved the

following results:

Theorem H. Let f and g be two transcendental entire functions, and let n, k

and m be three positive integers with n > 5k þ 4m� þ 7, l, m be two constants such

that jlj þ jmj0 0. If ½ f nðlf m þ mÞ�ðkÞ and ½gnðlgm þ mÞ�ðkÞ share z IM, then the

conclusion of Theorem F holds.

Theorem I. Let PðoÞ ¼ amo
m þ am�1o

m�1 þ � � � þ a1oþ a0 or PðoÞ ¼ C,

where a0; a1; . . . ; am�1; amð0 0Þ, Cð0 0Þ are complex constants. Suppose that f and

g be two transcendental entire functions, and let n, k and m be three positive

integers with n > 5k þ 4m�� þ 7. If ½ f nPð f Þ�ðkÞ and ½gnPðgÞ�ðkÞ share z IM then

the then the conclusion of Theorem G holds.

So it will be interesting to investigate the above theorems in case of mero-

morphic functions sharing a non-zero polynomial IM having common poles so

that all the results can be brought under a single umbrella. The main intention of

the paper is to obtain a result in a more compact and convenient way so that

it will improve, generalize and extend all the previous results as far as IM sharing
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is concerned. We have also reduced the lower bound of n to some extent in

comparison to that obtained in Themes C, D and E. Following two theorems are

the main results of this paper:

Theorem 1. Let f and g be two transcendental meromorphic functions,

let n, k, m be three positive integers such that n > 9k þ 4m� þ 11 and l, m be

two constants such that jlj þ jmj0 0. Let pðzÞ be a non zero polynomial with

degðpÞa n� 1. Suppose ½ f nðlf m þ mÞ�ðkÞ and ½gnðlgm þ mÞ�ðkÞ share p IM and f ,

g share y IM. Then one of the following conclusions holds:

(1) when lm0 0, if mb 2, then f 1 tg, for some constant t, satisfying td ¼ 1,

where d ¼ gcdðn;mÞ; if m ¼ 1 and Yðy; f Þ þYðy; gÞ > 4
n
, then f 1 g;

(2) when lm¼ 0, then either f 1tg, where t is a constant satisfying tnþm � ¼ 1, or

if pðzÞ is not a constant then f ¼ c1e
cQðzÞ, g ¼ c2e

�cQðzÞ, where QðzÞ ¼Ð z

0 pðzÞ dz and c1, c2 and c are three constants satisfying either

m2ðncÞ2ðc1c2Þn ¼ �1 or l2½ðnþmÞc�2ðc1c2Þnþm ¼ �1,

if pðzÞ is a nonzero constant b, then f ¼ c3e
dz, g ¼ c4e

�dz, where c3, c4

and d are three constants satisfying either ð�1Þkl2ðc1c2Þnþm½ðnþmÞc�2k ¼
b2 or ð�1Þkm2ðc1c2Þn½nc�2k ¼ b2.

Theorem 2. Let f and g be two transcendental meromorphic functions and

PðoÞ ¼ amo
m þ am�1o

m�1 þ � � � þ a1oþ a0 or PðoÞ ¼ C, where a0; a1; . . . ; am�1;

amð0 0Þ, Cð0 0Þ are complex constants. Let n, k and m be three positive integers

with n > 9k þ 4m�� þ 11 and pðzÞ be a non zero polynomial with degðpÞa n� 1.

Suppose ½ f nPð f Þ�ðkÞ, ½gnPðgÞ�ðkÞ share p IM and f , g share y IM, then

(I) when PðwÞ ¼ amw
m þ am�1w

m�1 þ � � � þ a1wþ a0 is a non-constant poly-

nomial such that PðwÞ0 amw
m, one of the following two cases holds:

(I1) f ðzÞ1 tgðzÞ for a constant t such that td ¼ 1, where d ¼
gcdðnþm; . . . ; nþm� i; . . . ; nÞ, am�i 0 0 for some i ¼ 1; 2; . . . ;m,

(I2) f and g satisfy the algebraic equation Rð f ; gÞ1 0, where Rðo1;o2Þ ¼
on

1 ðamom
1 þ am�1o

m�1
1 þ � � � þa0Þ�on

2 ðamom
2 þ am�1o

m�1
2 þ � � � þa0Þ;

(II) when PðoÞ1C or PðwÞ ¼ amw
m; one of the following two cases holds:

(II1) f 1 tg for some constant t such that tnþm�� ¼ 1,

(II2) if pðzÞ is not a constant, then f ¼ c1e
cQðzÞ, g ¼ c2e

�cQðzÞ, where

QðzÞ ¼
Ð z

0 pðzÞ dz, c1, c2 and c are constants such that either

a2mðc1c2Þ
nþm½ðnþmÞc�2 ¼ �1 or C2ðc1c2Þn½nc�2 ¼ �1,

if pðzÞ is a nonzero constant b, then f ¼ c3e
cz, g ¼ c4e

�cz, where c3,

c4 and c are constants such that either ð�1Þka2mðc3c4Þ
nþm½ðnþmÞc�2k

¼ b2 or ð�1ÞkC2ðc3c4Þn½nc�2k ¼ b2.
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Remark 1. When f and g are transcendental entire functions then the

conditions n > 9k þ 4m� þ 11 and n > 9k þ 4m�� þ 11 of the Theorems 1 and 2

will be replaced by respectively n > 5k þ 4m� þ 7 and n > 5k þ 4m�� þ 7.

We now explain some definitions and notations which are used in the

paper.

Definition 1 [13]. Let p be a positive integer and a A CU fyg.
(i) Nðr; a; f jb pÞ ðNðr; a; f jb pÞÞ denotes the counting function (reduced

counting function) of those a-points of f whose multiplicities are not less

than p.

(ii) Nðr; a; f ja pÞ ðNðr; a; f ja pÞÞ denotes the counting function (reduced

counting function) of those a-points of f whose multiplicities are not

greater than p.

Definition 2 [21]. For a A CU fyg and a positive integer p we denote

by Npðr; a; f Þ the sum Nðr; a; f Þ þNðr; a; f jb 2Þ þ � � � þNðr; a; f jb pÞ. Clearly

N1ðr; a; f Þ ¼ Nðr; a; f Þ.

Definition 3. Let a; b A CU fyg. Let p be a positive integer. We denote

by Nðr; a; f jb pjg ¼ bÞ ðNðr; a; f jb pjg0 bÞÞ the reduced counting function of

those a-points of f with multiplicitiesb p, which are the b-points (not the b-points)

of g.

Definition 4 [1, 2]. Let f and g be two non-constant meromorphic

functions such that f and g share the value 1 IM. Let z0 be a 1-point of f with

multiplicity p, a 1-point of g with multiplicity q. We denote by NLðr; 1; f Þ the

counting function of those 1-points of f and g where p > q, by N
1Þ
E ðr; 1; f Þ the

counting function of those 1-points of f and g where p ¼ q ¼ 1 and by N
ð2
E ðr; 1; f Þ

the counting function of those 1-points of f and g where p ¼ qb 2, each point

in these counting functions is counted only once. In the same way we can define

NLðr; 1; gÞ, N
1Þ
E ðr; 1; gÞ, N

ð2
E ðr; 1; gÞ:

Definition 5 [1, 2]. Let k be a positive integer. Let f and g be two non-

constant meromorphic functions such that f and g share the value 1 IM. Let z0 be

a 1-point of f with multiplicity p, a 1-point of g with multiplicity q. We denote by

Nf>kðr; 1; gÞ the reduced counting function of those 1-points of f and g such that

p > q ¼ k. Ng>kðr; 1; f Þ is defined analogously.
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Definition 6 [9, 10]. Let f , g share a value a IM. We denote by

N�ðr; a; f ; gÞ the reduced counting function of those a-points of f whose multi-

plicities di¤er from the multiplicities of the corresponding a-points of g.

Clearly

N�ðr; a; f ; gÞ1N�ðr; a; g; f Þ and N�ðr; a; f ; gÞ ¼ NLðr; a; f Þ þNLðr; a; gÞ:

2. Lemmas

Let F and G be two non-constant meromorphic functions defined in C. We

denote by H and V the functions as follows:

H ¼ F 00

F 0 �
2F 0

F � 1

� �
� G 00

G 0 �
2G 0

G � 1

� �
: ð2:1Þ

V ¼ F 0

F � 1
� F 0

F

� �
� G 0

G � 1
� G 0

G

� �
: ð2:2Þ

Lemma 1 [18]. Let f be a non-constant meromorphic function and let

anðzÞð2 0Þ, an�1ðzÞ; . . . ; a0ðzÞ be meromorphic functions such that Tðr; aiðzÞÞ ¼
Sðr; f Þ for i ¼ 0; 1; 2; . . . ; n. Then

Tðr; an f n þ an�1 f
n�1 þ � � � þ a1 f þ a0Þ ¼ nTðr; f Þ þ Sðr; f Þ:

Lemma 2 [23]. Let f be a non-constant meromorphic function and p, k be

positive integers. Then

Npðr; 0; f ðkÞÞaTðr; f ðkÞÞ � Tðr; f Þ þNpþkðr; 0; f Þ þ Sðr; f Þ; ð2:3Þ

Npðr; 0; f ðkÞÞa kNðr;y; f Þ þNpþkðr; 0; f Þ þ Sðr; f Þ: ð2:4Þ

Lemma 3 [12]. If Nðr; 0; f ðkÞ j f 0 0Þ denotes the counting function of those

zeros of f ðkÞ which are not the zeros of f , where a zero of f ðkÞ is counted

according to its multiplicity, then

Nðr; 0; f ðkÞ j f 0 0Þa kNðr;y; f Þ þNðr; 0; f j< kÞ þ kNðr; 0; f jb kÞ þ Sðr; f Þ:

Lemma 4 [[7], Theorem 3.10]. Suppose that f is a non-constant meromorphic

function, kb 2 is an integer. If

Nðr;y; f Þ þNðr; 0; f Þ þNðr; 0; f ðkÞÞ ¼ S r;
f 0

f

� �
;

then f ¼ eazþb, where a0 0, b are constants.
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Lemma 5 [6]. Let f ðzÞ be a non-constant entire function and let kb 2 be a

positive integer. If f ðzÞ f ðkÞðzÞ0 0, then f ðzÞ ¼ eazþb, where a0 0; b are constant.

Lemma 6 [[22], Theorem 1.24]. Let f be a non-constant meromorphic func-

tion and let k be a positive integer. Suppose that f ðkÞ 2 0, then

Nðr; 0; f ðkÞÞaNðr; 0; f Þ þ kNðr;y; f Þ þ Sðr; f Þ:

Lemma 7. Let f and g be two non-constant meromorphic functions and

PðoÞ ¼ amo
m þ am�1o

m�1 þ � � � þ a1oþ a0 or PðoÞ ¼ C, where a0; a1; . . . ; am�1;

amð0 0Þ, Cð0 0Þ are complex constants. Let nðb 1Þ, kðb 1Þ and m��ðb 0Þ be three

integers such that n > 3k þm�� þ 1. If ½ f nPð f Þ�ðkÞ 1 ½gnPðgÞ�ðkÞ, then f nPð f Þ1
gnPðgÞ.

Proof. We have ½ f nPð f Þ�ðkÞ 1 ½gnPðgÞ�ðkÞ.
Integrating we get

½ f nPð f Þ�ðk�1Þ 1 ½gnPðgÞ�ðk�1Þ þ ck�1:

If possible suppose ck�1 0 0. Now in the view of Lemma 2 for p ¼ 1 and using

the second fundamental theorem we get

ðnþm��ÞTðr; f Þ

aTðr; ½ f nPð f Þ�ðk�1ÞÞ �Nðr; 0; ½ f nPð f Þ�ðk�1ÞÞ þNkðr; 0; f nPð f ÞÞ þ Sðr; f Þ

aNðr; 0; ½ f nPð f Þ�ðk�1ÞÞ þNðr;y; f Þ þNðr; ck�1; ½ f nPð f Þ�ðk�1ÞÞ

�Nðr; 0; ½ f nPð f Þ�ðk�1ÞÞ þNkðr; 0; f nPð f ÞÞ þ Sðr; f Þ

aNðr;y; f Þ þNðr; 0; ½gnPðgÞ�ðk�1ÞÞ þ kNðr; 0; f Þ þNðr; 0;Pð f ÞÞ þ Sðr; f Þ

a ðk þ 1þm��ÞTðr; f Þ þ ðk � 1ÞNðr;y; gÞ þNkðr; 0; gnPðgÞÞ þ Sðr; f Þ

a ðk þ 1þm��ÞTðr; f Þ þ kNðr;y; gÞ þ kNðr; 0; gÞ þNðr; 0;PðgÞÞ þ Sðr; f Þ

a ðk þ 1þm��ÞTðr; f Þ þ ð2k þm��ÞTðr; gÞ þ Sðr; f Þ þ Sðr; gÞ

a ð3k þ 2m�� þ 1ÞTðrÞ þ SðrÞ:

Similarly we get

ðnþm��ÞTðr; gÞa ð3k þ 2m�� þ 1ÞTðrÞ þ SðrÞ:
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Combining these we get

ðn�m�� � 3k � 1ÞTðrÞaSðrÞ;

which is a contradiction since n > 3k þm�� þ 1.

Therefore ck�1 ¼ 0 and so ½ f nPð f Þ�ðk�1Þ 1 ½gnPðgÞ�ðk�1Þ.

Proceeding in this way we obtain

½ f nPð f Þ�0 1 ½gnPðgÞ� 0:

Integrating we get

f nPðFÞ1 gnPðgÞ þ c0:

If possible suppose c0 0 0. Now using the second fundamental theorem we get

ðnþm��ÞTðr; f ÞaNðr; 0; f nPð f ÞÞ þNðr;y; f nPð f ÞÞ þNðr; c0; f nPð f ÞÞ

aNðr; 0; f Þ þm��Tðr; f Þ þNðr;y; f Þ þNðr; 0; gnPðgÞÞ

a ðm�� þ 1ÞTðr; f Þ þNðr;y; f Þ

þNðr; 0; gÞ þm��Tðr; gÞ þ Sðr; f Þ

a ð3þ 2m��ÞTðrÞ þ SðrÞ:

Similarly we get

ðnþm��ÞTðr; gÞa ð3þ 2m��ÞTðrÞ þ SðrÞ:

Combining these we get

ðn� 3�m��ÞTðrÞaSðrÞ;

which is a contradiction since n > 4þm��.

Therefore c0 ¼ 0 and so

f nPð f Þ1 gnPðgÞ:

This proves the Lemma. r

Lemma 8. Let f , g be two non-constant meromorphic functions and PðoÞ ¼
amo

m þ am�1o
m�1 þ � � � þ a1oþ a0 or PðoÞ ¼ C, where a0; a1; . . . ; am�1; amð0 0Þ,

Cð0 0Þ are complex constants. Let nðb 1Þ, m��ðb 0Þ and kðb 1Þ be three integers

with n > k þ 2. If ½ f nPð f Þ�ðkÞ and ½gnPðgÞ�ðkÞ share a IM, where að2 0;yÞ is a

small function of f and g, then Tðr; f Þ ¼ OðTðr; gÞÞ and Tðr; gÞ ¼ OðTðr; f ÞÞ.
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Proof. Let F ¼ f nPð f Þ. By the second fundamental theorem for small

functions {see [20]}, we have

Tðr;F ðkÞÞaNðr;y;F ðkÞÞ þNðr; 0;F ðkÞÞ þNðr; a;F ðkÞÞ þ ðeþ oð1ÞÞTðr;F Þ;

for all e > 0.

Now in the view of Lemmas 1 and 2 for p ¼ 1 and using above we get

ðnþm��ÞTðr; f ÞaTðr; ½ f nPð f Þ�ðkÞÞ �Nðr; 0; ½ f nPð f Þ�ðkÞÞ

þNkþ1ðr; 0; f nPð f ÞÞ þ ðeþ oð1ÞÞTðr; f Þ

aNðr; 0; ½ f nPð f Þ�ðkÞÞ þNðr;y; f Þ þNðr; a; ½ f nPð f Þ�ðkÞÞ

�Nðr; 0; ½ f nPð f Þ�ðkÞÞ þNkþ1ðr; 0; f nPð f ÞÞ þ ðeþ oð1ÞÞTðr; f Þ

aNðr;y; f Þ þNðr; a; ½ f nPð f Þ�ðkÞÞ þ ðk þ 1ÞNðr; 0; f Þ

þNðr; 0;Pð f ÞÞ þ ðeþ oð1ÞÞTðr; f Þ

a ðk þ 2þm��ÞTðr; f Þ þNðr; a; ½gnPðgÞ�ðkÞÞ þ ðeþ oð1ÞÞTðr; f Þ

a ðk þ 2þm��ÞTðr; f Þ þ ðk þ 1Þðnþm��ÞTðr; gÞ

þ ðeþ oð1ÞÞTðr; f Þ;

i.e.,

ðn� k � 2ÞTðr; f Þa ðk þ 1Þðnþm��ÞTðr; gÞ þ ðeþ oð1ÞÞTðr; f Þ:

Since n > k þ 2, take e < 1 and we have Tðr; f Þ ¼ OðTðr; gÞÞ. Similarly we have

Tðr; gÞ ¼ OðTðr; f ÞÞ. This completes the proof of the Lemma. r

Lemma 9. Let f , g be two transcendental meromorphic functions and PðoÞ ¼
amo

m þ am�1o
m�1 þ � � � þ a1oþ a0 or PðoÞ ¼ C, where a0; a1; . . . ; am�1; amð0 0Þ,

Cð0 0Þ are complex constants. Let F ¼ ½ f nPð f Þ�ðkÞ
p

, G ¼ ½gnPðgÞ�ðkÞ
p

, where pðzÞ is a

non zero polynomial and nðb 1Þ, kðb 1Þ and m��ðb 0Þ are integers such that

n > 3k þm�� þ 3. If f , g share y IM and H1 0, then one of the following two

cases holds:

(i) ½ f nPð f Þ�ðkÞ½gnPð f Þ�ðkÞ 1 p2, where ½ f nPð f Þ�ðkÞ � pðzÞ and ½gnPðgÞ�ðkÞ �
pðzÞ share 0 CM;

(ii) f nPð f Þ1 gnPðgÞ.
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Proof. Since H1 0, on integration we get

1

F � 1
1

bG þ a� b

G � 1
; ð2:5Þ

where a, b are constants and a0 0. From (2.5) it follows that F and G share

1 CM. We now consider the following cases:

Case 1. Let b0 0 and a0 b.

If b ¼ �1, then from (2.5) we have

F 1
�a

G � a� 1
:

Therefore

Nðr; aþ 1;GÞ ¼ Nðr;y;F Þ ¼ Nðr;y; f Þ:

So in view of Lemmas 1 and 2 for p ¼ 1 and using the second fundamental

theorem we get

ðnþm��ÞTðr; gÞaTðr;GÞ þNkþ1ðr; 0; gnPðgÞÞ �Nðr; 0;GÞ

aNðr;y;GÞ þNðr; 0;GÞ þNðr; aþ 1;GÞ

þNkþ1ðr; 0; gnPðgÞÞ �Nðr; 0;GÞ þ Sðr; gÞ

aNðr;y; gÞ þNkþ1ðr; 0; gnPðgÞÞ þNðr;y; f Þ þ Sðr; gÞ

aNðr;y; f Þ þNðr;y; gÞ þNkþ1ðr; 0; gnÞ

þNkþ1ðr; 0;PðgÞÞ þ Sðr; gÞ

a 2Nðr;y; gÞ þ ðk þ 1ÞNðr; 0; gÞ þ Tðr;PðgÞÞ þ Sðr; gÞ

a fk þ 3þm��gTðr; gÞ þ Sðr; gÞ;

which is a contradiction since n > k þ 3.

If b0�1, from (2.5) we obtain that

F � 1þ 1

b

� �
1

�a

b2
�
G þ a�b

b

� :
So

N r;
ðb� aÞ

b
;G

� �
¼ Nðr;y;FÞ ¼ Nðr;y; f Þ:
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Using Lemmas 1, 2 and the same argument as used in the case when b ¼ �1 we

can get a contradiction.

Case 2. Let b0 0 and a ¼ b.

If b ¼ �1, then from (2.5) we have

FG1 1;

i.e.,

½ f nPð f Þ�ðkÞ½gnPðgÞ�ðkÞ 1 p2;

where ½ f nPð f Þ�ðkÞ � pðzÞ and ½gnPðgÞ�ðkÞ � pðzÞ share 0 CM.

If b0�1, from (2.5) we have

1

F
1

bG

ð1þ bÞG � 1
:

Therefore

N r;
1

1þ b
;G

� �
¼ Nðr; 0;F Þ:

So in view of Lemmas 1 and 2 for p ¼ 1 and using the second fundamental

theorem we get

ðnþm��ÞTðr; gÞaNðr;y;GÞ þNðr; 0;GÞ þN r;
1

1þ b
;G

� �

þNkþ1ðr; 0; gnPðgÞÞ �Nðr; 0;GÞ þ Sðr; gÞ

aNðr;y; gÞ þ ðk þ 1ÞNðr; 0; gÞ þ Tðr;PðgÞÞ þNðr; 0;F Þ þ Sðr; gÞ

aNðr;y; gÞ þ ðk þ 1ÞNðr; 0; gÞ þ Tðr;PðgÞÞ þ ðk þ 1ÞNðr; 0; f Þ

þ Tðr;Pð f ÞÞ þ kNðr;y; f Þ þ Sðr; f Þ þ Sðr; gÞ

a fk þ 2þm��gTðr; gÞ þ f2k þ 1þm��gTðr; f Þ

þ Sðr; f Þ þ Sðr; gÞ:

Without loss of generality, we suppose that there exists a set I with infinite

measure such that Tðr; f ÞaTðr; gÞ for r A I .

So for r A I we have

fn� 3k � 3�m��gTðr; gÞaSðr; gÞ;

which is a contradiction since n > 3k þ 3þm��.
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Case 3. Let b ¼ 0. From (2.5) we obtain

F 1
G þ a� 1

a
: ð2:6Þ

If a0 1 then from (2.6) we obtain

Nðr; 1� a;GÞ ¼ Nðr; 0;FÞ:

We can similarly deduce a contradiction as in Case 2. Therefore a ¼ 1 and from

(2.6) we obtain

F 1G;

i.e.,

½ f nPð f Þ�ðkÞ 1 ½gnPðgÞ�ðkÞ:

Then by Lemma 7 we have

f nPð f Þ1 gnPðgÞ:

This completes the proof. r

Lemma 10 [22]. Let fj ð j ¼ 1; 2; 3Þ be a meromorphic and f1 be non-constant.

Suppose that

X3

j¼1

fj 1 1

and

X3

j¼1

Nðr; 0; fjÞ þ 2
X3

j¼1

Nðr;y; fjÞ < ðlþ oð1ÞÞTðrÞ;

as r ! þy, r A I , l < 1 and TðrÞ ¼ max1a ja3 Tðr; fjÞ. Then f2 1 1 or f3 1 1.

Lemma 11. Let f , g be two transcendental meromorphic functions, pðzÞ be a

non-zero polynomial with degðpÞa n� 1, where n and k be two positive integers

such that n > maxf2k; k þ 2g. Suppose ½ f n�ðkÞ½gn�ðkÞ 1 p2, where ½ f n�ðkÞ � pðzÞ,
½gn�ðkÞ � pðzÞ share 0 CM and f , g share y IM,

(i) if pðzÞ is not a constant, then f ¼ c1e
cQðzÞ, g ¼ c2e

�cQðzÞ, where QðzÞ ¼Ð z

0 pðzÞ dz, c1, c2 and c are constants such that ðncÞ2ðc1c2Þn ¼ �1,
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(ii) if pðzÞ is a nonzero constant b, then f ¼ c3e
dz, g ¼ c4e

�dz, where c3, c4

and d are constants such that ð�1Þkðc3c4ÞnðndÞ2k ¼ b2.

Proof. Suppose

½ f n�ðkÞ½gn�ðkÞ 1 p2: ð2:7Þ

Since f and g share y IM, (2.7) one can easily say that f and g are tran-

scendental entire functions.

We consider the following cases:

Case 1: Let degðpðzÞÞ ¼ lðb 1Þ:
By Lemma 8 we have Sðr; f Þ ¼ Sðr; gÞ. At first we observe that f and g

being two transcendental meromorphic functions Nðr; 0; f Þ ¼ Nðr; 0; gÞ ¼ Oðlog rÞ
¼ Sðr; f Þ ¼ Sðr; gÞ.

Let

F1 ¼
½ f n�ðkÞ

p
and G1 ¼

½gn�ðkÞ

p
: ð2:8Þ

Note that Tðr;F1Þa nðk þ 1ÞTðr; f Þ þ Sðr; f Þ and so Tðr;F1Þ ¼ OðTðr; f ÞÞ. Also

by Lemma 2, one can obtain Tðr; f Þ ¼ OðTðr;F1ÞÞ. Hence Sðr;F1Þ ¼ Sðr; f Þ:
Similarly we get Sðr;G1Þ ¼ Sðr; gÞ. Hence we get Sðr;F1Þ ¼ Sðr;G1Þ. From (2.7)

we get

F1G1 1 1: ð2:9Þ

If F1 1 cG1, where c is a nonzero constant, then by (2.9), F1 is a constant and

so f is a polynomial, which contradicts our assumption. Hence F1 2 cG1.

Let

F ¼ ½ f n�ðkÞ � p

½gn�ðkÞ � p
: ð2:10Þ

We deduce from (2.10) that

F1 eb; ð2:11Þ

where b is an entire function.

Let f1 ¼ F1, f2 ¼ �ebG1 and f3 ¼ eb. Here f1 is transcendental. Now from

(2.11), we have

f1 þ f2 þ f3 1 1:
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Hence by Lemma 6 we get

X3

j¼1

Nðr; 0; fjÞ þ 2
X3

j¼1

Nðr;y; fjÞaNðr; 0;F1Þ þNðr; 0; ebG1Þ þOðlog rÞ

a ðlþ oð1ÞÞTðrÞ;

as r ! þy, r A I , l < 1 and TðrÞ ¼ max1a ja3 Tðr; fjÞ.
So by Lemma 10, we get either ebG1 1�1 or eb 1 1. But here the only

possibility is that ebG1 1�1, i.e., ½gn�ðkÞ 1�e�bpðzÞ and so from (2.7) we obtain

F1 1 eg1G1;

i.e.,

½ f n�ðkÞ 1 eg1 ½gn�ðkÞ;

where g1 is a non-constant entire function. Now from (2.7) we get

ð f nÞk 1 ceð1=2Þg1pðzÞ; ðgnÞk 1 ce�ð1=2Þg1pðzÞ; ð2:12Þ

where c ¼G1.

Since Nðr; 0; f Þ ¼ Oðlog rÞ and Nðr; 0; gÞ ¼ Oðlog rÞ, so we can take

f ðzÞ ¼ h1ðzÞeaðzÞ; gðzÞ ¼ h2ðzÞebðzÞ; ð2:13Þ

where h1 and h2 are nonzero polynomials and a, b are two non-constant entire

functions.

We deduce from (2.7) and (2.13) that either both a and b are transcendental

entire functions or both are polynomials.

We consider the following cases:

Subcase 1.1: Let kb 2.

First we suppose both a and b are transcendental entire functions.

Let a1 ¼ a 0 þ h 0
1

h1
and b1 ¼ b 0 þ h 0

2

h2
. Clearly both a1 and b1 are transcendental

functions.

Note that

Sðr; na1Þ ¼ S r;
½ f n� 0

f n

� �
; Sðr; nb1Þ ¼ S r;

½gn� 0

gn

� �
:

Moreover we see that

Nðr; 0; ½ f n�ðkÞÞaNðr; 0; p2Þ ¼ Oðlog rÞ:

Nðr; 0; ½gn�ðkÞÞaNðr; 0; p2Þ ¼ Oðlog rÞ:
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From these and using (2.13) we have

Nðr;y; f nÞ þNðr; 0; f nÞ þNðr; 0; ½ f n�ðkÞÞ ¼ Sðr; na1Þ ¼ S r;
½ f n� 0

f n

� �
ð2:14Þ

and

Nðr;y; gnÞ þNðr; 0; gnÞ þNðr; 0; ½gn�ðkÞÞ ¼ Sðr; nb1Þ ¼ S r;
½gn� 0

gn

� �
: ð2:15Þ

Then from (2.14), (2.15) and Lemma 4 we must have

f ¼ eazþb; g ¼ eczþd ; ð2:16Þ

where a0 0, b, c0 0 and d are constants. But these types of f and g do not

agree with the relation (2.7).

Next we suppose a and b are both non-constant polynomials, since otherwise

f , g reduces to a polynomials contradicting that they are transcendental.

Also from (2.7) we get aþ b1C i.e., a 0 1�b 0. Therefore degðaÞ ¼ degðbÞ.
Suppose hi’s i ¼ 1; 2 are non-constant polynomials. We deduce from (2.13)

that

½ f n�ðkÞ 1Ahn�k
1 ½hk

1 ða 0Þk þ Pk�1ða 0; h 0
1Þ�ena 1 pðzÞena; ð2:17Þ

and

½gn�ðkÞ 1Bhn�k
2 ½hk

2 ðb
0Þk þQk�1ðb 0; h 0

2Þ�enb 1 pðzÞenb; ð2:18Þ

where A, B are nonzero constants, Pk�1ða 0; h 0
1Þ and Qk�1ðb 0; h 0

2Þ are di¤erential

polynomials in a 0, h 0
1 and b 0, h 0

2 respectively.

Since degðpÞa n� 1, from (2.17) and (2.18) we conclude that both h1 and

h2 are nonzero constants.

So we can rewrite f and g as follows:

f ¼ eg; g ¼ ed: ð2:19Þ

We deduce from (2.19) that

ð f nÞ0 ¼ ng 0eng

ð f nÞ00 ¼ ½n2ðg 0Þ2 þ ng 00�eng

ð f nÞ000 ¼ ½n3ðg 0Þ3 þ 3n2g 0g 00 þ ng 000�eng

ð f nÞðivÞ ¼ ½n4ðg 0Þ4 þ 6n3ðg 0Þ2g 00 þ 3n2ðg 00Þ2 þ 4n2g 0g 000 þ ngðivÞ�eng
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ð f nÞðvÞ ¼ ½n5ðg 0Þ5 þ 10n4ðg 0Þ3g 00 þ 15n3g 0ðg 00Þ2 þ 10n3ðg 0Þ2g 000

þ 10n2g 00g 000 þ 5n2g 0gðivÞ þ ngðvÞ�eng

� � � � � � � � � � � � � � � � � � � � �

½ f n�ðkÞ ¼ ½nkðg 0Þk þ Kðg 0Þk�2g 00 þ Pk�2ðg 0Þ�eng:

Similarly we get

½gn�ðkÞ ¼ ½nkðd 0Þk þ Kðd 0Þk�2d 00 þ Pk�2ðd 0Þ�end

¼ ½ð�1Þknkðg 0Þk � Kð�1Þk�2ðg 0Þk�2g 00 þ Pk�2ð�g 0Þ�end;

where K is a suitably positive integer and Pk�2ðg 0Þ is a di¤erential polynomial

in g 0.

Since degðgÞb 2, we observe that degððg 0ÞkÞb k degðg 0Þ and so ðg 0Þk�2g 00 is

either a nonzero constant or degððg 0Þk�2g 00Þb ðk � 1Þ degðg 0Þ � 1. Also we see

that

degððg 0ÞkÞ > degððg 0Þk�2g 00Þ > degðPk�2ðg 0ÞÞðor degðPk�2ð�g 0ÞÞÞ:

Now from (2.12) we see that ½ f n�ðkÞ and ½gn�ðkÞ share 0 CM and so the

polynomials

nkðg 0Þk þ Kðg 0Þk�2g 00 þ Pk�2ðg 0Þ

and

ð�1Þknkðg 0Þk � Kð�1Þk�2ðg 0Þk�2g 00 þ Pk�2ð�g 0Þ

must be identical but this is impossible for kb 2.

Actually the terms nkðg 0Þk þ Kðg 0Þk�2g 00 and ð�1Þknkðg 0Þk � Kð�1Þk�2 �
ðg 0Þk�2g 00 can not be identical for kb 2.

Subcase 1.2: Let k ¼ 1.

Now from (2.7) we get

f n�1f 0gn�1g 0 1 p21 ; ð2:20Þ

where p21 ¼ 1
n2
p2.

We wish to prove that both a and b are polynomials.

To this end let h ¼ fg and suppose at least one of a and b is a transcendental

entire function. We consider the following subcases:

Subcase 1.2.1: First suppose that h is a polynomial. Then from (2.13), it is

clear that h ¼ Ah1h2, where A ¼ eC and aþ b1C a constant. It follwos that

both a and b are transcendental. Therefore a 0 1�b 0.
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Now from (2.20) we see that

Aa 0ð�h 0
1h2 þ h1h

0
2 � h1h2a

0Þ1 e�ðn�1ÞC p21

ðh1h2Þn�1
� Ah 0

1h
0
2;

where
p2
1

ðh1h2Þ n�1 is a polynomial. From this it is clear that

Nðr; 0; a 0Þ ¼ Oðlog rÞ; Nðr; 0;�h 0
1h2 þ h1h

0
2 � h1h2a

0Þ ¼ Oðlog rÞ:

By the second fundamental theorem for small functions {see [20]}, we have

Tðr; a 0ÞaNðr;y; a 0Þ þNðr; 0; a 0Þ þNðr; 0;�h 0
1h2 þ h1h

0
2 � h1h2a

0Þ

þ ðeþ oð1ÞÞTðr; a 0Þ

aOðlog rÞ þ ðeþ oð1ÞÞTðr; a 0Þ;

for all e > 0. This shows that a 0 is a polynomial and so is a, which is a

contradiction.

Subcase 1.2.2: Next suppose h is a transcendental entire function. From

(2.20) we get

g 0

g
� 1

2

h 0

h

� �2

1
1

4

h 0

h

� �2

� h�np21 : ð2:21Þ

Let

a2 ¼
g 0

g
� 1

2

h 0

h
:

From (2.21) we get

a22 1
1

4

h 0

h

� �2

� h�np21 : ð2:22Þ

First we suppose a2 1 0. Then we get h�np21 1
1
4

h 0

h

� �2
and so Tðr; hÞ ¼ Sðr; hÞ,

which is impossible. Next we suppose that a2 2 0. Di¤erentiating (2.22) we get

2a2a
0
2 1

1

2

h 0

h

h 0

h

� �0
þ nh 0h�n�1p21 � 2h�np1 p

0
1:

Applying (2.22) we obtain

h�n �n
h 0

h
p21 þ 2p1 p

0
1 � 2

a 0
2

a2
p21

� �
1

1

2

h 0

h

h 0

h

� �0
� h 0

h

a 0
2

a2

� �
: ð2:23Þ
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If we suppose

�n
h 0

h
p21 þ 2p1 p

0
1 � 2

a 0
2

a2
p21 1 0;

then there exist a non-zero constant c such that a22 1 ch�np21 and so from (2.22)

we get

ðcþ 1Þh�np21 1
1

4

h 0

h

� �2

:

If c ¼ �1, then h will be a constant. If c0�1, then we have Tðr; hÞ ¼ Sðr; hÞ,
which is impossible. Next we suppose that

�n
h 0

h
p21 þ 2p1 p

0
1 � 2

a 0
2

a2
p21 2 0:

Then by (2.23) we have

nTðr; hÞ ¼ nmðr; hÞ

am r; hn 1

2

h 0

h

h 0

h

� �0
� h 0

h

a 0
2

a2

� �� �
þm r;

1

1
2
h 0

h

��
h 0

h

�0 � h 0

h

a 0
2

a2

�
0
@

1
AþOð1Þ

aT r;
1

2

h 0

h

h 0

h

� �0
� h 0

h

a 0
2

a2

� �� �
þm r; n

h 0

h
p21 þ 2p1 p

0
1 � 2

a 0
2

a2
p21

� �

aNðr; 0; a2Þ þ Sðr; hÞ þ Sðr; a2Þ: ð2:24Þ

From (2.22) we get

Tðr; a2Þa
1

2
nTðr; hÞ þ Sðr; hÞ:

Now from (2.24) we get

1

2
nTðr; hÞaSðr; hÞ;

which is impossible.
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So from the above two subcases we must conclude that both a and b are

polynomials. Also from (2.7) we can conclude that aðzÞ þ bðzÞ1C for a constant

C and so a 0ðzÞ þ b 0ðzÞ1 0. We deduce from (2.7) that

½ f n� 0 1 n½hn
1a

0 þ hn�1
1 h 0

1�ena 1 pðzÞena; ð2:25Þ

and

½gn� 0 ¼ n½hn
2b

0 þ hn�1
2 h 0

2�enb 1 pðzÞenb: ð2:26Þ

Since degðpÞa n� 1, from (2.25) and (2.26) we conclude that both h1 and h2 are

nonzero constant.

So we can rewrite f and g as follows:

f ¼ eg2 ; g ¼ ed2 : ð2:27Þ

Now from (2.7) we get

n2g 02d
0
2e

nðgþdÞ 1 p2: ð2:28Þ

Also from (2.28) we can conclude that g2ðzÞ þ d2ðzÞ1C for a constant C and

so g 02ðzÞ þ d 02ðzÞ1 0. Thus from (2.28) we get n2enCg 02d
0
2 1 p2ðzÞ. By computation

we get

g 02 ¼ cpðzÞ; d 02 ¼ �cpðzÞ: ð2:29Þ

Hence

g2 ¼ cQðzÞ þ b1; d2 ¼ �cQðzÞ þ b2; ð2:30Þ

where QðzÞ ¼
Ð z

0 pðzÞ dz and b1, b2 are constants. Finally we take f and g as

f ðzÞ ¼ c1e
cQðzÞ; gðzÞ ¼ c2e

�cQðzÞ;

where c1, c2 and c are constants such that ðncÞ2ðc1c2Þn ¼ �1.

Case 2: Let pðzÞ be a nonzero constant b.

In this case we see that f and g have no zeros and so we can take f and g

as follows:

f ¼ ea; g ¼ eb; ð2:31Þ

where aðzÞ, bðzÞ are two non-constant entire functions.

We now consider the following two subcases:

Subcase 2.1: Let kb 2.

We see that

Nðr; 0; ½ f n�ðkÞÞ ¼ 0:
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From this and using (2.31) we have

f nðzÞ½ f nðzÞ�ðkÞ 0 0: ð2:32Þ

Similarly we have

gnðzÞ½gnðzÞ�ðkÞ 0 0: ð2:33Þ

Then from (2.32), (2.33) and Lemma 5 we must have

f ¼ eazþb; g ¼ eczþd ; ð2:34Þ

where a0 0, b, c0 0 and d are constants. From (2.7) it is clear that aþ c ¼ 0.

Subcase 2.1: Let k ¼ 1.

Considering Subcase 1.2 one can easily get

f ¼ eazþb; g ¼ eczþd ; ð2:35Þ

where a0 0, b, c0 0 and d are constants.

Finally we can take f and g as

f ¼ c3e
dz; g ¼ c4e

�dz;

where c3, c4 and d are nonzero constants such that ð�1Þkðc3c4ÞnðndÞ2k ¼ b2.

This completes the proof. r

Lemma 12. Let f , g be two transcendental meromorphic functions and PðoÞ ¼
amo

m þ am�1o
m�1 þ � � � þ a1oþ a0 be not a monomial, where a0; a1; . . . ; am�1;

amð0 0Þ are complex constants. Let n, m and k be three positive integers such that

n > k. If f and g share y IM, then ½ f nPð f Þ�ðkÞ½gnPðgÞ�ðkÞ 2 p2, where pðzÞ is a

non zero polynomial.

Proof. Suppose

½ f nPð f Þ�ðkÞ½gnPðgÞ�ðkÞ 1 p2: ð2:36Þ

For the sake of the simplicity we suppose a0 0 0. Since f and g share y IM,

(2.7) one can easily say that f and g are transcendental entire functions.

Since n > k, so we can take f ðzÞ as

f ðzÞ ¼ hðzÞeaðzÞ; ð2:37Þ

where h is a nonzero polynomial and a is a non-constant entire function.
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Since f ¼ hea, then by induction we get

aið f nþiÞðkÞ ¼ tiða 0; a 00; . . . ; aðkÞ; h; h 0; . . . ; hðkÞÞeðnþiÞa; ð2:38Þ

where tiða 0; a 00; . . . ; aðkÞ; h; h 0; . . . ; hðkÞÞ ði ¼ 0; 1; 2; . . . ;mÞ are di¤erential poly-

nomials in a 0; a 00; . . . ; aðkÞ; h; h 0; . . . ; hðkÞ.

We now show that

tiða 0; a 00; . . . ; aðkÞ; h; h 0; . . . ; hðkÞÞ2 0;

for i ¼ 0;m.

On the contrary we suppose that ti 1 0 for i ¼ 0;m. Then from (2.38) we

have ð f nþiÞðkÞ 1 0 for i ¼ 0;m and so f is a polynomial, which is a contradiction.

Hence

tiða 0; a 00; . . . ; aðkÞ; h; h 0; . . . ; hðkÞÞ2 0;

for i ¼ 0;m. Also (2.36) yields ½ f nPð f Þ�ðkÞ 2 0.

From (2.36) and (2.38) we obtain

Nðr; 0; tmemaðzÞ þ � � � þ t1e
a þ t0ÞaNðr; 0; p2Þ ¼ Sðr; f Þ: ð2:39Þ

Since a is an entire function, we obtain Tðr; að jÞÞ ¼ Sðr; f Þ for j ¼ 1; 2; . . . ; k.

Hence Tðr; tiÞ ¼ Sðr; f Þ for i ¼ 0; 1; 2; . . . ;m. So from (2.39) and using second

fundamental theorem for small functions {see [20]}, we obtain

mTðr; f Þ ¼ Tðr; tmema þ � � � þ t1e
aÞ þ Sðr; f Þ

aNðr; 0; tmema þ � � � þ t1e
aÞ þNðr;y; tme

ma þ � � � þ t1e
aÞ

þNðr; 0; tmema þ � � � þ t1e
a þ t0Þ þ ðeþ oð1ÞÞTðr; f Þ

aNðr; 0; tmeðm�1Þa þ � � � þ t1Þ þ ðeþ oð1ÞÞTðr; f Þ

a ðm� 1ÞTðr; f Þ þ ðeþ oð1ÞÞTðr; f Þ;

for all e > 0. Take e < 1 and we obtain a contradiction. This completes the

Lemma. r

Lemma 13 [2]. Let f and g be two non-constant meromorphic functions

sharing 1 IM. Then

NLðr; 1; f Þ þ 2NLðr; 1; gÞ þN
ð2
E ðr; 1; f Þ �Nf>1ðr; 1; gÞ �Ng>1ðr; 1; f Þ

aNðr; 1; gÞ �Nðr; 1; gÞ:
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Lemma 14 [2]. Let f , g share 1 IM. Then

NLðr; 1; f ÞaNðr; 0; f Þ þNðr;y; f Þ þ Sðr; f Þ

Lemma 15 [2]. Let f , g share 1 IM. Then

(i) Nf>1ðr; 1; gÞaNðr; 0; f Þ þNðr;y; f Þ �N0ðr; 0; f 0Þ þ Sðr; f Þ
(ii) Ng>1ðr; 1; f ÞaNðr; 0; gÞ þNðr;y; gÞ �N0ðr; 0; g 0Þ þ Sðr; gÞ:

Lemma 16. Suppose that f and g be two non-constant meromorphic functions.

Let F ¼ ½ f nPð f Þ�ðkÞ, G ¼ ½gnPðgÞ�ðkÞ, where nðb 1Þ, kðb 1Þ, are integers. If f , g

share y IM and V 1 0, then F 1G.

Proof. Suppose V 1 0. Then by integration we obtain

1� 1

F
1A 1� 1

G

� �
:

If z0 is a pole of f then it is a pole of g. Hence from the definition of F and G

we have 1
Fðz0Þ ¼ 0 and 1

Gðz0Þ ¼ 0. So A ¼ 1 and hence F 1G. r

Lemma 17. Suppose that f and g be two non-constant meromorphic functions.

F , G be defined as in Lemma 16 and H2 0. If f , g share y IM and F , G share 1

IM, then

ðnþm�� � 3k � 3ÞNðr;y; f Þa 2ðk þm�� þ 1ÞfTðr; f Þ þ Tðr; gÞg

þ Sðr; f Þ þ Sðr; gÞ:

Similar result holds for g also.

Proof. Suppose y is an e.v.P of f and g then the lemma follows im-

mediately.

Next suppose y is not an e.v.P of f and g. Since H2 0 from Lemma 16 we

have V 2 0. We suppose that z0 is a pole of f with multiplicity q and a pole of g

with multiplicity r. Clearly z0 is a pole of F with multiplicity ðnþm��Þqþ k and

a pole of G with multiplicity ðnþm��Þrþ k. Noting that f , g share y IM from

the definition of V it is clear that z0 is a zero of V with multiplicity at least

nþm�� þ k � 1. Now using the Milloux theorem {see [7], p. 55}, and Lemma 1,

we obtain from the definition of V that

mðr;VÞ ¼ Sðr; f Þ þ Sðr; gÞ:
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Also by Lemma 14 we get

N�ðr; 1;F ;GÞ ¼ NLðr; 1;F Þ þNLðr; 1;GÞ

aNðr; 0;FÞ þNðr;y;FÞ þNðr; 0;GÞ

þNðr;y;GÞ þ Sðr; f Þ þ Sðr; gÞ

a 2ðk þ 1ÞNðr;y; f Þ þ ðk þm� þ 1ÞTðr; f Þ

þ ðk þm� þ 1ÞTðr; gÞ þ Sðr; f Þ þ Sðr; gÞ

Thus using Lemmas 1 and 2 we get

ðnþm�� þ k � 1ÞNðr;y; f ÞaNðr; 0;VÞ

aTðr;VÞ þOð1Þ

aNðr;y;VÞ þmðr;VÞ þOð1Þ

aNðr; 0;FÞ þNðr; 0;GÞ þN�ðr; 1;F ;GÞ

þ Sðr; f Þ þ Sðr; gÞ

aNkþ1ðr; 0; f nPð f ÞÞ þNkþ1ðr; 0; gnPðgÞÞ

þ kNðr;y; f Þ þ kNðr;y; gÞ

þN�ðr; 1;F ;GÞ þ Sðr; f Þ þ Sðr; gÞ

aNkþ1ðr; 0; f nÞ þNkþ1ðr; 0;Pð f ÞÞ þNKþ1ðr; 0; gnÞ

þNkþ1ðr; 0;PðgÞÞ þ 2kNðr;y; f Þ þN�ðr; 1;F ;GÞ

þ Sðr; f Þ þ Sðr; gÞ

a ðk þ 1ÞNðr; 0; f Þ þNðr; 0;Pð f ÞÞ þ ðk þ 1ÞNðr; 0; gÞ

þNðr; 0;PðgÞÞ þ 2kNðr;y; f Þ þN�ðr; 1;F ;GÞ

þ Sðr; f Þ þ Sðr; gÞ:

This gives

ðnþm�� � 3k � 3ÞNðr;y; f Þa 2ðk þm�� þ 1ÞfTðr; f Þ þ Tðr; gÞg

þ Sðr; f Þ þ Sðr; gÞ:

This completes the proof of the lemma. r
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3. Proof of the Theorem

Proof of Theorem 1. Let F ¼ ½ f nPð f Þ�ðkÞ

p
and G ¼ ½gnPðgÞ�ðkÞ

p
, where PðwÞ ¼

lwm þ m. It follows that F and G share 1 IM. Also f and g share y IM.

Case 1: Let H2 0.

From (2.1) it can be easily calculated that the possible poles of H occur at (i)

multiple zeros of F and G, (ii) those 1 points of F and G whose multiplicities are

di¤erent, (iii) poles of f and g with di¤erent multiplicities, (iv) zeros of F 0ðG 0Þ
which are not the zeros of FðF � 1ÞðGðG � 1ÞÞ. Since H has only simple poles

we get

Nðr;y;HÞaN�ðr;y; f ; gÞ þN�ðr; 1;F ;GÞ þNðr; 0;F jb 2Þ

þNðr; 0;G jb 2Þ þN0ðr; 0;F 0Þ þN0ðr; 0;G 0Þ; ð3:1Þ

where N0ðr; 0;F 0Þ is the reduced counting function of those zeros of F 0 which are

not the zeros of FðF � 1Þ and N0ðr; 0;G 0Þ is similarly defined.

Here we see that

N
1Þ
E ðr; 1;F j¼ 1ÞaNðr; 0;HÞaNðr;y;HÞ þ Sðr;F Þ þ Sðr;GÞ: ð3:2Þ

Now using Lemmas 3, 13, 14, 15, (3.1) and (3.2) we get

Nðr; 1;F ÞaN
1Þ
E ðr; 1;FÞ þNLðr; 1;F Þ þNLðr; 1;GÞ þN

ð2
E ðr; 1;FÞ

aNðr;y; f Þ þNðr; 0;F jb 2Þ þNðr; 0;G jb 2Þ þN�ðr; 1;F ;GÞ

þNLðr; 1;FÞ þNLðr; 1;GÞ þN
ð2
E ðr; 1;F Þ þN0ðr; 0;F 0Þ

þN0ðr; 0;G 0Þ þ Sðr; f Þ þ Sðr; gÞ

aNðr;y; f Þ þNðr; 0;F jb 2Þ þNðr; 0;G jb 2Þ

þ 2NLðr; 1;FÞ þ 2NLðr; 1;GÞ þN
ð2
E ðr; 1;F Þ

þN0ðr; 0;F 0Þ þN0ðr; 0;G 0Þ þ Sðr; f Þ þ Sðr; gÞ

aNðr;y; f Þ þNðr; 0;F jb 2Þ þNðr; 0;G jb 2Þ þNF>1ðr; 1;GÞ

þNG>1ðr; 1;FÞ þNLðr; 1;FÞ þNðr; 1;GÞ �Nðr; 1;GÞ

þN0ðr; 0;F 0Þ þN0ðr; 0;G 0Þ þ Sðr; f Þ þ Sðr; gÞ
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a 4Nðr;y; f Þ þN2ðr; 0;F Þ þNðr; 0;F Þ þN2ðr; 0;GÞ þNðr; 1;GÞ

�Nðr; 1;GÞ þN0ðr; 0;G 0Þ þN0ðr; 0;F 0Þ þ Sðr; f Þ þ Sðr; gÞ

a 4Nðr;y; f Þ þN2ðr; 0;F Þ þNðr; 0;F Þ þN2ðr; 0;GÞ

þNðr; 0;G 0jG0 0Þ þN0ðr; 0;F 0Þ þ Sðr; f Þ þ Sðr; gÞ

a 5Nðr;y; f Þ þN2ðr; 0;F Þ þNðr; 0;F Þ þN2ðr; 0;GÞ

þNðr; 0;GÞ þN0ðr; 0;F 0Þ þ Sðr; f Þ þ Sðr; gÞ: ð3:3Þ

Hence using (3.3), Lemmas 1, 2 and 17 we get from second fundamental theorem

that

ðnþm�ÞTðr; f ÞaNðr; 0;F Þ þNðr;y;F Þ þNðr; 1;FÞ

þNkþ2ðr; 0; f nPð f ÞÞ �N2ðr; 0;FÞ �N0ðr; 0;F 0Þ

a 6Nðr;y; f Þ þN2ðr; 0;FÞ þ 2Nðr; 0;F Þ

þNkþ2ðr; 0; f nPð f ÞÞ þN2ðr; 0;GÞ

þNðr; 0;GÞ �N2ðr; 0;FÞ þ Sðr; f Þ þ Sðr; gÞ

a 6Nðr;y; f Þ þNkþ2ðr; 0; f nPð f ÞÞ þ 2Nðr; 0;F Þ

þN2ðr; 0;GÞ þNðr; 0;GÞ þ Sðr; f Þ þ Sðr; gÞ

a 6Nðr;y; f Þ þNkþ2ðr; 0; f nPð f ÞÞ þ 2kNðr;y; f Þ

þ 2Nkþ1ðr; 0; f nPð f ÞÞ þ kNðr;y; gÞ þNkþ2ðr; 0; gnPðgÞÞ

þ kNðr;y; gÞ þNkþ1ðr; 0; gnPðgÞÞ þ Sðr; f Þ þ Sðr; gÞ

a ð4k þ 6ÞNðr;y; f Þ þ ð3k þ 4ÞNðr; 0; f Þ þ 3Tðr;Pð f ÞÞ

þ ð2k þ 3ÞNðr; 0; gÞ þ 2Tðr;PðgÞÞ þ Sðr; f Þ þ Sðr; gÞ

a
12ðk þm�� þ 1Þ
nþm�� � 3k � 3

fTðr; f Þ þ Tðr; gÞg þ 4kTðr; f Þ

þ ð3k þ 4ÞNðr; 0; f Þ þ 3Tðr;Pð f ÞÞ

þ ð2k þ 3ÞNðr; 0; gÞ þ 2Tðr;PðgÞÞ þ Sðr; f Þ þ Sðr; gÞ

a 9k þ 5m� þ 7þ 24ðk þm� þ 1Þ
nþm� � 3k � 3

� �
TðrÞ þ SðrÞ: ð3:4Þ
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In a similar way we can obtain

ðnþm�ÞTðr; gÞa 9k þ 5m� þ 7þ 24ðk þm� þ 1Þ
nþm� � 3k � 3

� �
TðrÞ þ SðrÞ: ð3:5Þ

Combining (3.4) and (3.5) we see that

ðn� 9k � 4m� � 7Þðnþm� � 3k � 3Þ � 24ðk þm� þ 1Þ
nþm� � 3k � 3

	 

TðrÞaSðrÞ: ð3:6Þ

When n > 9k þ 4m� þ 11, (3.6) leads to a contradiction.

Case 2: Let H1 0. Then by Lemma 9, we get either

f nðlf m þ mÞ1 gnðlgm þ mÞ ð3:7Þ

or

½ f nðlf m þ mÞ�ðkÞ½gnðlgm þ mÞ�ðkÞ 1 p2: ð3:8Þ

We now consider the following two subcases:

Subcase 2.1: Let lm0 0. By Lemma 12 we must have

½ f nðlf m þ mÞ�ðkÞ½gnðlgm þ mÞ�ðkÞ 2 p2:

Next we consider the relation (3.7). Let m ¼ 1. In this case noting that d ¼ 1 ¼
ð1; nÞ, proceeding in the same way as done in Lemma 6 of [11] we can show

when Yðy; f Þ þYðy; gÞ > 4=n, we have f 1 g.

Next we suppose mb 2. Let f 2 tg for a constant t satisfying td ¼ 1, where

d ¼ gcdðn;mÞ. We put h ¼ f
g
. Then hd 21, i.e., ðh� v0Þðh� v1Þ � � � ðh� vd�1Þ2 0,

where vk ¼ exp 2kpi
d

� �
, k ¼ 0; 1; 2; . . . ; d � 1. First suppose that h is constant. Now

(3.7) implies

mgmðhnþm � 1Þ1�lðhn � 1Þ:

Since gcdðn;mÞ ¼ d, it follows that gcdðnþm; nÞ ¼ d. Eliminating d common

factors namely h� vk, k ¼ 0; 1; . . . ; d � 1 from both sides we are left with

agmðh� a1Þðh� a2Þ � � � ðh� anþm�dÞ1 ðh� b1Þðh� b2Þ � � � ðh� bn�dÞ;
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where ai and bj are those zeros of hnþm � 1 and hn � 1 which are not the

zeros of hd � 1, i ¼ 1; 2; . . . ; nþm� d and j ¼ 1; 2; . . . ; n� d. Also we note that

none of the ai’s coincides with bj ’s. So if h ¼ ai or bj, then we have either

ðh� b1Þðh� b1Þ � � � ðh� bn�1�dÞ1 0 or g1 0 and in both case we get contra-

dictions. So we assume neither hnþm 1 1 nor hn 1 1. Hence we may write

gm ¼ � l

m

hn � 1

hnþm � 1
: ð3:9Þ

It follows from above that g is a constant, which is impossible. So h is non-

constant. We observe that since a non-constant meromorphic function can not

have more than two Picard exceptional values h can take at least nþm� d � 2

values among uj ¼ exp
�

2jpi
nþm

�
, where j ¼ 0; 1; 2; . . . ; nþm� 1. Since gm has no

simple pole, and so h� uj has no simple zero for at least nþm� d � 2 values of

uj, for j ¼ 0; 1; 2; . . . ; nþm� 1 and for these values of j we have Yðuj ; hÞb 1
2 ,

which leads to a contradiction.

Therefore hd 1 1. i.e., f 1 tg for a constant t satisfying td ¼ 1, where

d ¼ gcdðn;mÞ.
Subcase 2.2: Let lm ¼ 0 but jlj þ jmj0 0. Then from (3.7) we get

f nþm �
1 gnþm �

and so f 1 tg, where t is a constant satisfying tnþm � ¼ 1.

Also from (3.8) we get either

l2½ f nþm�ðkÞ½gnþm�ðkÞ 1 p2

or

m2½ f n�ðkÞ½gn�ðkÞ 1 p2:

Then by Lemma 11, we get if pðzÞ is not a constant then f ¼ c1e
cQðzÞ, g ¼

c2e
�cQðzÞ, where QðzÞ ¼

Ð z

0 pðzÞ dz and c1, c2 and c are three constants satisfying

either m2ðncÞ2ðc1c2Þn ¼ �1 or l2½ðnþmÞc�2ðc1c2Þnþm ¼ �1, if pðzÞ is a nonzero

constant b, then f ¼ c3e
dz, g ¼ c4e

�dz, where c3, c4 and d are three constants

satisfying either ð�1Þkl2ðc1c2Þnþm½ðnþmÞc�2k ¼ b2 or ð�1Þkm2ðc1c2Þn½nc�2k ¼ b2.

This completes the proof. r

Proof of Theorem 2. Let F ¼ ½ f nPð f Þ�ðkÞ=pðzÞ and G ¼ ½gnPðgÞ�ðkÞ=pðzÞ.
It follows that F and G share 1 IM and f , g share y IM. We omit the

proof since the proof of the theorem can be carried out in the line of proof of

Theorem 1. r
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