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STRUCTURAL PROPERTIES OF IDEALS OVER Pkl I

By

Yoshihiro Abe

Abstract. We try to take a first step to a theory of the structural

properties of ideals over Pkl, that was studied in detail by Baum-

gartner, Taylor and Wagon [1] for k. In defining the basic notions,

P-points, Q-points, and selective ideals,we put importance on the

behavior of the function on Pkl to the bounded ideal and Rudin-

Keisler ordering.

Several facts hold similarly as on k, for instance, the bounded

ideal is a nowhere Q-point. However some di¤erences exist such

as the bounded ideal is isomorphic to another ideal. We state the

su‰cient condition for ideals to be Q-points and the weakly normal

ideals selective.

1 Introduction

Throughout k denotes a regular uncountable cardinal and l a cardinalb k.

Let Pkl denote the set of the subsets of l with the cardinality less than k, that is,

Pkl ¼ fxH l : jxj < kg.

Definition 1.1. Let X HPkl.

We say X is unbounded if for every x A Pkl there exists y A X such that

xH y. The set fX HPkl : X is not unboundedg denoted by Ik;l is called the

bounded ideal. For each a A Pkl let âa ¼ fx A Pkl : aH xg. Thus X A Ik;l if and

only if X V âa ¼ q for some a A Pkl.
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X is said to be closed if 6C A X for every H-chain CHX with jCj < k. X

is a club if it is closed and unbounded. X is stationary if X VC0q for any

club C. The set fX HPkl : X is not stationaryg denoted by NSk;l is called the

non-stationary ideal.

Definition 1.2. We say I is an ideal over Pkl if the following hold:

(1) I HPðPklÞ,
(2) q A I and Pkl B I ,

(3) if X HY A I , then X A I ,

(4) 6D A I for every DH I with jDj < k

(we say I is k-complete),

(5) Ik;l H I (we say I is fine).

Let Iþ ¼ PðPklÞnI and I � ¼ fX HPkl : PklnX A Ig. For X A Iþ I 0X ¼ fY H
Pkl : Y VX A Ig, which is an ideal extending I .

A function f is regressive if f ðxÞ A x for every x A domð f Þnfqg.
An ideal I over Pkl is normal if for any X A Iþ and regressive function f

on X there exists Y A PðXÞV Iþ such that f 0Y is constant.

I is weakly normal if for any X A Iþ and regressive function f on X there

exists g < l such that fx A X : f ðxÞa gg A Iþ.

Note that Ik;l is the minimal, and NSk;l the minimal normal ideal over Pkl.

For a function f and X H domð f Þ f ½X � denotes the set f f ðxÞ : x A Xg
together with an abuse f �1½Y � ¼ fx : f ðxÞ A Yg for a set Y .

The structural properties of ideals on k was almost completely described in

Baumgartner-Taylor-Wagon [1]. We state the basic notions.

Definition 1.3. We say I HPðkÞ is an ideal on k if the following hold:

(a) q A I and k B I ,

(b) if X HY A I , then X A I ,

(c) I is k-complete,

(d) Ik H I (Ik ¼ fxH k : jxj < kg, the bounded ideal on k).

Suppose that I is an ideal on k and f : k ! k.

(1) f is I -small if Ea < kf �1½fag� A I .

(2) I is a P-point if for every I -small f there exists X A I � such that f 0X is

Ik-small.

(3) I is a Q-point if every Ik-small f is injective on a set in I �.
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(4) I is selective if every I -small f is injetive on a set in I �.

(5) f�ðIÞ ¼ fX H k : f �1½X � A Ig.
Several notions for subsets of k were first translated into Pkl by Jech [3].

Later Zwicker and some others tried to develop Pkl analogue of the theory

for the structural properties unsccesfully [2], [7]. We have several choices and

di‰culties in defining basic notions in [1]. For instances,

(1) X A Ik if and only if jX j < k. While some X A Ik;l has the cardinality jPklj
for l > k. Note that Ik 0 Ik;k.

(2) For every f : k ! k and X A Ik, f ½X � A Ik. However, for some f : Pkl !
Pkl and X A Ik;l, f ½X � A Iþk;l.

The follwing motivates our definition.

Fact 1.4. For an ideal I on k, f�ðIÞ is an ideal if and only if f is I -small.

Definition 1.5. Let I be an ideal over Pkl and f : Pkl ! Pkl.

(1) f is I-fine if Ea < lfx A Pkl : a B f ðxÞg A I .

(2) I is a P-point if for every I -fine f there exists X A I � such that f is

Ik;l 0X -fine, that is, Ea < lfx A X : a B f ðxÞg A Ik;l.

(3) I is a Q-point if every Ik;l-fine f is injective on a set in I �.

(4) I is selective if every I -fine f is injetive on a set in I �.

(5) f�ðIÞ ¼ fX HPkl : f �1½X � A Ig.

By definition we have:

Fact 1.6. (1) f�ðIÞ is an ideal if and only if f is I -fine.

(2) Every normal ideal is a P-point.

(3) I is selective if it is both a P-point and a Q-point.

(4) Let I be a Q-point and I H J. Then, J is a Q-point. Furthermore, J is

selective if J is a P-point.

(5) The following are equivalent for every X A Iþk;l:

(a) f is Ik;l 0X-fine,

(b) Ik;l 0 f ½X �H f�ðIk;l 0XÞ,
(c) EY HPkl ðY V f ½X � A Ik;l ! f �1½Y �VX A Ik;lÞ,
(d) EY HPklðY VX A Iþk;l ! f ½Y VX � A Iþk;lÞ.

(6) If f is I -fine and f is Ik;l 0X-fine for some X A I �, there is an Ik;l-fine g

such that f�ðIÞ ¼ g�ðIÞ; for instance, g ¼ f 0X U Id 0 ðPklnX Þ.
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Remark 1.7. The converse of (3) does not hold.

Fact 1.8 (Usuba). Suppose that Pkl carries a selective ideal and the GCH

holds. Then, there is a selective ideal which is not a P-point.

2. The Bounded Ideal

Clearly the bounded ideal Ik;l is a P-point.

First we give some definitions and present known facts on Ik.

Definition 2.1. Let J and K be ideals on a set S.

(1) J and K are isomorphic and denoted by JGK if there is a bijection

F : S ! S such that K ¼ F�ðJÞ.
(2) We write JG� K if K ¼ F�ðJÞ and F 0X is injective for some X A J �.

Fact 2.2. (1) Ik has no isomorph except itself.

(2) f�ðIkÞ ¼ Ik 0 f ½k� for any Ik-small f .

(3) For any A;B A Iþk nI�k , Ik 0AG Ik 0B.

(4) If f 0X is injective and I 0 Ik 0X for some X A I �, then I G f�ðIÞ. Thus,
for two ideals on k, G and G� are equivalent.

We show some of the above do not hold in Pkl. Our first interest is f�ðIk;lÞ.
It holds that Ik;l 0 f ½Pkl�H f�ðIk;lÞ for every f . However we have:

Theorem 2.3. For each X A Iþk;lnI�k;l there is an Ik;l-fine function f such that

f�ðIk;lÞ ¼ Ik;l 0X 0 Ik;l 0 f ½Pkl�.

Proof. Let Y ¼ PklnX A Iþk;l and choose a non-empty a A Pkl. Define f

as:

(1) f ðxÞ ¼ x for x A X V âa

(2) xH f ðxÞ A X for x A âanX
(3) xH f ðxÞ A Y V âa for x A Pklnâa

Since xH f ðxÞ for every x A Pkl, f is Ik;l-fine.

For any x A Pkl, xna A Pklnâa and f ðxnaÞ A Y V âa. Hence f ðxnaÞI ðxnaÞU a

¼ x. Thus f ½Pklnâa� A Iþk;l and f ½Pklnâa� B Ik;l 0 f ½Pkl�.
Since f ½âa�HX and f ½Pklnâa�HY , f �1½ f ½Pklnâa�� ¼ Pklnâa A Ik;l. Hence

f ½Pklnâa� A f�ðIk;lÞ, which says f�ðIk;lÞ0 Ik;l 0 f ½Pkl�.
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To show f�ðIk;lÞ ¼ Ik;l 0X , first suppose that Z A Ik;l 0X . Since f is Ik;l-

fine, f �1½ZVX � A Ik;l. f �1½ZVY �HPklnâa A Ik;l. So, f �1½Z� ¼ f �1½ZVX �U
f �1½ZVY � A Ik;l and Z A f�ðIk;lÞ.

Second let Z A f�ðIk;lÞ. Since f 0X V âa ¼ Id:, Z VX V âaH f �1½ZVX V âa�H
f �1½Z� A Ik;l. Hence ZVX A Ik;l. r

Remark 2.4. EY HPklð f �1½Y �VX A Ik;l ! Y V f ½X � A Ik;lÞ , f�ðIk;l 0XÞ
H Ik;l 0 f ½X �.

So, f�ðIk;l 0X Þ ¼ Ik;l 0 f ½X � , f is Ik;l 0X -fine and EY HPklð f �1½Y �VX A

Ik;l ! Y V f ½X � A Ik;lÞ.
In particular, f�ðIk;lÞ ¼ Ik;l , f is Ik;l-fine and EX HPklð f �1½X � A Ik;l !

X A Ik;lÞ.

For every X H k and f : k ! k, the following is clear:

(1) X A Ik ! f ½X � A Ik.

(2) f �1½X � A Ik ! X A Ik.

For X HPkl we have the following:

Proposition 2.5. Suppose that f is Ik;l-fine and EY A Ik;l f ½Y � A Ik;l. Then,

f�ðIk;l 0X Þ ¼ Ik;l 0 f ½X � for every X A Iþk;l.

Proof. We only have to show f�ðIk;l 0X ÞH Ik;l 0 f ½X �.
For Y A f�ðIk;l 0X Þ, f �1½Y �VX A Ik;l and f ½ f �1½Y �VX � ¼ Y V f ½X �. By

our assumption, we have Y V f ½X � A Ik;l. r

Remark 2.6. (1) It may happen that f �1½Y �VX W f �1½Y V f ½X ��.
(2) The assumption that EY A Ik;l f ½Y � A Ik;l is stronger than EX ð f �1½X � A

Ik;l ! X A Ik;lÞ: choose an a < l and set f 0dfagfag ¼ Id 0dfagfag and f ðxÞ ¼ xU fag if

a B x.

Now we show that G� is equivalent to G.

The following is clear.

Lemma 2.7. Suppose that I is an ideal over Pkl, f is I -fine, and f 0A is

injective with A A I �. If one of the following holds, then I G f�ðIÞ:

(1) jPklnAj ¼ jPkln f ½A�j
(2) jPklnAj > jPkln f ½A�j and there is X A PðAÞV I such that jX j ¼ jPklnAj
(3) jPklnAj < jPkln f ½A�j and there is X APðAÞV I such that jX j ¼ jPkln f ½A�j.
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The proof of the next proposition is by the referee to whom the author is very

grateful. She/He showed that the author’s assumptions in Proposition 2.8, 2.9,

and 2.10 of the original manuscript are not necessary.

Proposition 2.8. Suppose that I is an ideal over Pkl, f : Pkl ! Pkl is

I -fine, and f 0A is injective for some A A I �. Then I G f�ðIÞ. (Hence I G J and

I G� J are equivalent.)

Proof. If jAj < l<k, (1) in Lemma 2.7 holds and the assertion follows.

So, we assume jAj ¼ l<k.

Case 1: There exists B A PðAÞV I with jBj ¼ jAj.
When jPklnAj ¼ jPkln f ½A�j, the assertion follows from (1) in Lemma 2.7.

If jPklnAj > jPkln f ½A�j, we can find C A PðAÞV I with jCj ¼ jPklnAj by our

assumption and (2) in Lemma 2.7 works. In case that jPklnAj < jPkln f ½A�j,
we have D A PðAÞV I with jDj ¼ jPkln f ½A�j and the assertion follows by (3) in

Lemma 2.7.

Case 2: There is no B A PðAÞV I with jBj ¼ jAj.
First note that jfx A Pkl : 0 B xgj ¼ l<k. If jPklnAj < l<k, we have

jfx A Pkl : 0 B xgnAj < l<k hence jfx A Pkl : 0 B xgVAj ¼ l<k ¼ jAj. However

fx A Pkl : 0 B xgVA A I , which contradicts our assumption. Hence jPklnAj ¼ l<k.

Suppose that jPkln f ½A�j < l<k. Since f is I -fine, we have that jfx A A :

0 B f ðxÞgj < l<k by our assumption. Hence jfx A f ½A� : 0 B xgj < l<k. Since

jPkln f ½A�j < l<k, we know that jfx A Pkl : 0 B xgj < l<k. This contradiction tells

us that jPkln f ½A�j ¼ l<k. Now we have that jPklnAj ¼ jPkln f ½A�j ¼ l<k and

the assertion holds by (1) in Lemma 2.7. r

It is possible to have an unbounded set of Pkl with the cardinality < l<k.

An ideal which satisfies the following might exist:

there is A A I � with the cardinality l<k such that every X A PðAÞV I has

the cardinality < l<k.

We show this is not the case.

Proposition 2.9. Suppose l > k. Then every X HPkl has a subset Y A Ik;l

with jY j ¼ jX j.

Proof. We may assume X A Iþk;l. Since l > k, we have that jX j > k.
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Case 1: cofðjX jÞ > k.

For a < k, let Ba ¼ fx A X : a B xg. Then Ba A PðX ÞV Ik;l and X ¼
6fBa : a < kg. Since cofðjX jÞ > k, there is a < k with jBaj ¼ jX j. Then Ba is as

desired.

Case 2: cofðjX jÞa k.

Since jX jb lb kþ, it holds that jX j > kþ.

For a < kþ, let Ca ¼ fx A X : xV kþ H ag. Then Ca A PðX ÞV Ik;l and X ¼
6fCa : a < kþg. Note that for a < b < kþ, we have Ca HCb. Then for every

cardinal m < jX j, the set fa < kþ : jCaja mg is bounded in kþ; Otherwise, there is

a cardinal m < jX j such that jCaja m for every a < kþ. Then jX j ¼ j6fCa : a <

kþgja kþ � m < jX j. Contradiction.

Now we know that for every m < jX j, the set fa < kþ : jCaja mg is bounded

in kþ. Since cofðjX jÞa k, there is a < kþ such that jCaj > m for every m < jX j.
Now Ca is as reqired. r

Proposition 2.10. There is a bijection f : Pkl ! Pkl such that f�ðIk;lÞI
Ik;l 0A for some A A Iþk;lnI�k;l.

Proof. Let fsa : a < l<kg be an enumeration of Pkl. By induction on

a < l<k we define hðxa; yaÞ j a < l<ki such that

(a) sa H xa; ya

(b) xa 0 ya

(c) xa; ya B fxb; yb : b < ag.

This is possible since jâaj ¼ l<k for every a A Pkl; there is an injection from

PkðlnaÞ into âa.

Define f : Pkl ! Pkl by f ðsaÞ ¼ xa. Since f ðsaÞI sa for every a < l<k, f

is Ik;l-fine. We know that fxa : a < l<kg and fya : a < l<kg are two disjoint

unbounded sets. Hence fxa : a < l<kg ¼ f ½Pkl� A Iþk;lnI
�
k;l. Cleary f is injective.

Hence f�ðIk;lÞG Ik;l by Proposition 2.8, and we have f�ðIk;lÞI Ik;l 0 f ½Pkl�.
r

Corollary 2.11. Ik;l has an isomorph other than itself.

Moreover the referee kindly pointed out the following:

Proposition 2.12. Ik;l is isomorphic to Ik;l 0A for some A A Iþk;lnI�k;l.
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Proof. Define f : Pkl ! Pkl by

f ðxÞ ¼ xU fsupðxV kÞg if supðxV kÞ B x

xU fsupðxV kÞ þ 1g otherwise

�

It is easily seen that f is an Ik;l-fine injection and f ½Pkl� A Iþk;lnI�k;l. By 2.8 it

holds that f�ðIk;lÞG Ik;l. We have f�ðIk;lÞ ¼ Ik;l 0 f ½Pkl� if we show f�ðIk;lÞH
Ik;l 0 f ½Pkl�.

Let X A f�ðIk;lÞ. Then we have a A Pkl such that for any x A âa, f ðxÞ B X .

Let b ¼ aU fsupðaV kÞ þ 1g. We show X V f ½Pkl�V b̂b ¼ q. Choose any x A Pkl

such that bH f ðxÞ A X . In case that supðxV kÞ B x, we have aU fsupðaV kÞ þ 1g
H xU fsupðxV kÞg and supðxV kÞ is a limit ordinal. Hence aH x A f �1½X �, which
contradicts to the choice of a. When supðxÞ A x, it holds that aU fsupðaV kÞ þ 1g
H xU fsupðxV kÞ þ 1g. Again we have aH x. r

Definition 2.13. An ideal I is a weak Q-point (weakly selective) if for

any Ik;l-fine (I -fine) f and X A Iþ there is Y A PðXÞV Iþ such that f 0Y is

injective. I is said to be a nowhere Q-point if for any X A Iþ I 0X is not a

Q-point.

Theorem 2.14. (1) The bounded ideal Ik;l is a weak Q-point (hence weakly

selective).

(2) Ik;l is a nowhere Q-point.

Proof. Choose any A A Iþk;l and set g ¼ minfjY j : Y A ðIk;l 0AÞþg.
(1) Let f : Pkl ! Pkl be Ik;l-fine. We will find a B A PðAÞV Iþk;l such that

f 0B is injective.

Let X A PðAÞV Iþk;l with jX j ¼ g and fxa : a < gg be an enumeration of X .

By induction we define hsa j a < gi such that

(a) xa H sa A X

(b) f ðsaÞ0 f ðsbÞ for any b < a.

Suppose hsb j b < ai is defined. There is a A Pkl such that f f ðsbÞ : b < agV
âa ¼ q. Since f is Ik;l-fine, fx A Pkl : aH f ðxÞg A I�k;l. Choose sa from bxaxa V
X V fx A Pkl : aH f ðxÞg0q.

Now fsa : a < gg is a desired set.

(2) We define an Ik;l-fine f : Pkl ! Pkl such that for any X A ðIk;l 0AÞ�

f 0X is not injective. Pick a B ¼ fbx : x < gg A Iþk;l VPðAÞ.
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By induction on x < g we define hðxx; yxÞ j x < gi such that

(a) xx 0 yx A bbxbx VA

(b) xx; yx B fxz : z < xgU fyz : z < xg

Suppose hðxz; yzÞ j z < xi is defined. Since fxz : z < xgU fyz : z < xg A Ik;l

and bbxbx VA A Iþk;l, we can find xx 0 yx A bbxbx VAnfxz : z < xgU fyz : z < xg.
Set C ¼ fxx : x < ggU fyx : x < gg. Then C A PðAÞV Iþk;l.

Let f 0 ðPklnCÞ ¼ Id 0 ðPklnCÞ and for each x < g f ðxxÞ ¼ f ðyxÞI xx U yx.

f is Ik;l-fine since f ðxÞI x for every x A Pkl.

Suppose that X A ðIk;l 0AÞ�. Since PklnX A Ik;l 0A, we have an a A Pkl such

that AV âaV ðPklnXÞ ¼ q. For some x < g, aH bx. bbxbx VAV ðPklnXÞ ¼ q hencebbxbx VAHX . Now xx; yx A X and f ðxxÞ ¼ f ðyxÞ. r

Remark 2.15. Usuba proved more general fact that I is a nowhere Q-point

if nonðIÞ ¼ cofðIÞ, where nonðIÞ ¼ minfjX j : X A Iþg and cofðIÞ ¼ minfjW j :
W H I5EX A I bY A W X HYg. It is easily seen that nonðIk;lÞ ¼ cofðIk;lÞ.

3. Weakly Normal Ideals and Selectivity

For an ideal I on k the weak normality coincides with the normality, and the

sup-function is injective on k. This implies the selectivity of normal ideals and the

fact an ideal extending the non-stationary ideal is a Q-point.

In the following we state a Pkl version. The proof is essentially by Menas’ [4]

for fine ultrafilters over Pkl.

Definition 3.1. Let Jw ¼ fX HPkl : bf : X ! l; regressive; Eg < lfx A X :

f ðxÞa gg A Ik;lg.

Shioya [6] proved (3) and (4) in the follwoing.

Fact 3.2. (1) Jw is an ideal and fx : supðxÞ A xg A Jw.

(2) Jw ¼ Ik;l if and only if cofðlÞ < k.

(3) Jw is the minimal weakly normal ideal over Pkl if cofðlÞ ¼ k.

(4) The minimal weakly normal ideal over Pkl is a proper extension of Jw if

cofðlÞ > k.

Lemma 3.3. Let cofðlÞb k, Jw H I be an ideal over Pkl, f Ik;l-fine, and

f ½Pkg� A Ik;l for all g < l. Then there is S A I � such that supðxÞ ¼ supðyÞ whenever
f ðxÞ ¼ f ðyÞ and fx; ygHS.
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Proof. Otherwise, X ¼ fx A Pkl : byxðsupðyxÞ < supðxÞ5 f ðxÞ ¼ f ðyxÞÞg A

Iþ. Since X B Jw, we have a g < l such that Y ¼ fx A X : supðyxÞ < gg A Iþk;l. Let

Z ¼ fyx : x A Yg. Since f is Ik;l-fine, f ½Y � A Iþk;l. However f ½Y � ¼ f ½Z�H f ½Pkg�
A Ik;l. Contradiction. r

It might be better to assume f ½X � A Ik;l for all X A Ik;l, which implies f ½Pkg� A
Ik;l for all g < l. Other choices are g<k < l or the sup function isa h to one for

some h < l.

By the same argument we have the following theorem, which seems the most

natural Pkl version of the fact that an ideal extension of NSk is a Q-point:

Theorem 3.4. Let cofðlÞb k.

(1) Suppose that Jw H I and sup 0X is injective for some X A I �. Then I is a

Q-point.

(2) If I is a weakly normal ideal over Pkl and sup 0X is injective for some

X A I �, then I is selective.

Remark 3.5. Usuba proved several facts for weak normality and selectivity.

For instances:

(1) Suppose that l is regular. Then, weakly normal prime ideal I is selective

if and only if sup 0X is injective for some X A I �.

(2) For n A o, Pkk
þn carries a normal selective ideal I such that sup 0X is

not injective for any X A I �.

(3) NSk;kþn is not a Q-point for any n A o.

Definition 3.6. Two ideals I and J are coherent if there is an ideal K such

that I U JHK. This is equivalent to I � V J ¼ q.

In [1] the coherence with the non-stationary ideal NSk is mentioned. We in-

vestigate that with Jw.

Definition 3.7. For an ideal I , let RðIÞ ¼ f f : X ! Pkl : f is I-fine and

X A I �g. For f ; g A RðIÞ, f o g if fx : supð f ðxÞÞ < supðgðxÞÞg A I �.

Clearly o is well-founded.

Lemma 3.8. Suppose that cofðlÞb k, f is o-minimal in RðIÞ, and supð f ðxÞÞ
B f ðxÞ for any x A domð f Þ. For every A A f�ðIÞ� and regressive function g on A,

there is a g < l such that fx A A : gðxÞa gg A f�ðIÞþ.
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Proof. Let A A f�ðIÞ�, g be regressive on A, and X ¼ f �1½A�. Since

supðyÞ B y for any y A f ½X �, gðyÞ < supðyÞ for every y A f ½X �. Define h : X !
Pkl by hðxÞ ¼ f ðxÞV gð f ðxÞÞ. Then supðhðxÞÞ < supð f ðxÞÞ for all x A X . Hence

h is not I -fine, and we have a g < l such that Y ¼ fx A X : g B hðxÞg A Iþ. Since

f is I -fine, we may assume g A f ðxÞ for all x A Y . Thus, gð f ðxÞÞa g for every

x A Y . Now fx : gðxÞa gg A f�ðIÞþ. r

Definition 3.9. A function f : Pkl ! Pkl is said to be incompressible for

I if f A RðIÞ and o-minimal in RðI 0AÞ for all A A Iþ.

Proposition 3.10. If f : Pkl ! Pkl is incompressible for I and supð f ðxÞÞ B
f ðxÞ for any x A Pkl, then f�ðI 0AÞ is weakly normal for every A A Iþ.

Proof. Suppose that A A Iþ and h is regressive on X A f�ðI 0AÞþ. Set

Y ¼ f �1½X �VA. Then Y A Iþ and X A f�ðI 0YÞ�. Since f is o-minimal in

RðI 0Y Þ, fx A X : hðxÞa gg A f�ðI 0Y Þþ for some g < l by the previous lemma.

Clearly f�ðI 0Y Þþ H f�ðI 0AÞþ. r

Definition 3.11. For an ideal I over Pkl, let R 0ðIÞ ¼ f f A RðIÞ : Eg <
lðfx : supð f ðxÞÞa gg A Ik;lÞg.

Fact 3.12. If f is Ik;l-fine, then f A R 0ðIÞ.

Fact 3.13. For every ideal I over Pkl, the following are equivalent.

(1) I and Jw are coherent.

(2) For every A A I � and regressive h on A, there is g < l such that

fx A A : hðxÞa gg A Iþk;l.

Lemma 3.14. Let cofðlÞb k and f A R 0ðIÞ.
(1) If f is Ik;l-fine, o-minimal in R 0ðIÞ, and fx : supð f ðxÞÞ B f ðxÞg A I �, then

f�ðIÞ and Jw are coherent.

(2) If f�ðIÞ and Jw are coherent and f ½X � A Ik;l for all X A Ik;l, then f is o-

minimal in R 0ðIÞ.

Proof. (1) Suppose that X A f�ðIÞ� and g is regressive on X . For x A

f �1½X �, let hðxÞ ¼ f ðxÞV gð f ðxÞÞ. We may assume supð f ðxÞÞ B f ðxÞ for any

x A f �1½X �. Hence fx : supðhðxÞÞ < supð f ðxÞÞg A I �. Thus, for some g < l, Y ¼
fx : supðhðxÞÞa gg A Iþk;l. For any x A Y , gþ 1 B f ðxÞV gð f ðxÞÞ. Since f is Ik;l-
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fine, fx : gþ 1 B f ðxÞg A Ik;l. So, Z ¼ fx A Y : gð f ðxÞÞagg A Iþk;l. Now f ½Z� A Iþk;l
since f is Ik;l-fine. For every x A f ½Z�, gðxÞa g.

(2) Suppose that A A I �, g A RðIÞ, and supðgðxÞÞ < supð f ðxÞÞ for all x A A.

For each y A f ½A�, choose xy A A such that y ¼ f ðxyÞ and set hðyÞ ¼ supðgðxyÞÞ.
Then hðyÞ < supðyÞ for all y A f ½A�. Since f�ðIÞ is coherent with Jw and

f ½A� A f�ðIÞ�, fy A f ½A� : hðyÞa gg A Iþk;l for some g < l. By our assumption, we

have fxy : supðgðxyÞÞa gg A Iþk;l. Hence g B R 0ðIÞ. r

Remark 3.15. (1) If Jw and f�ðIÞ are coherent, then fx : supð f ðxÞÞ B
f ðxÞg A Iþ.

(2) If Jw H f�ðIÞ, then fx : supð f ðxÞÞ B f ðxÞg A I �.

Definition 3.16. A function f : Pkl ! Pkl is said to be weakly incom-

pressible for I if f A R 0ðIÞ and o-minimal in R 0ðI 0AÞ for all A A Iþ.

We get a result analogous to the previous lemma.

Proposition 3.17. Let cofðlÞb k and f A R 0ðIÞ.
(1) If f is Ik;l-fine, weakly incompressible, and fx : supð f ðxÞÞ B f ðxÞg A I �,

then Jw H f�ðIÞ.
(2) If Jw H f�ðIÞ and f ½X � A Ik;l for all X A Ik;l, then f is weakly incom-

pressible for I .

Proof. (1) Let X A f�ðIÞþ. Then, f �1½X � A Iþ and f is o-minimal in

R 0ðI 0 f �1½X �Þ. Since X A f�ðI 0 f �1½X �Þ�, X B Jw by the above lemma.

(2) Clear by the above lemma. r

Definition 3.18. An ideal I over Pkl is a weak P-point if for every X A Iþ

and I 0X -fine f there is Y A PðXÞV Iþ such that f is Ik;l 0Y -fine.

Proposition 3.19. Suppose that cofðlÞb k, I is a weak P-point, f ½X � A Ik;l

for every X A Ik;l, and fx : supð f ðxÞÞ B f ðxÞg A I �. Then the following are

equivalent.

(1) f is incompressible for I .

(2) f�ðIÞ is weakly normal.

(3) Jw H f�ðIÞ.
(4) f is weakly incompressible for I .
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Proof. By the previous argument we only have to show ð4Þ ! ð1Þ. Let

A A Iþ, g A RðI 0AÞ, and supðgðxÞÞ < supð f ðxÞÞ for all x A A. Since I is a weak

P-point, we can find a B A PðAÞV Iþ such that for every g < l, fx A B : g B gðxÞg
A Ik;l. Now g A R 0ðI 0BÞ and go f in R 0ðI 0BÞ, which contradicts to f is weakly

incompressible. r

References

[ 1 ] J. E. Baumgartner, A. D. Taylor, and S. Wagon, Structural properties of ideals, Dissertationes

Math. 197 (1982).

[ 2 ] D. M. Carr and D. H. Pelletier, Towards a structure theory of ideals on Pkl, Set Theory and

its aplications, Lecture Notes in Math. 1401 (1989), Springer, 41–54.

[ 3 ] T. Jech, Some combinatorial problems concerning uncountable cardinals, Ann. Math. Logic 5

(1973), 165–198.

[ 4 ] T. K. Menas, On strong compactness and supercompactness, Ann. Math. Logic 7 (1974/75),

327–359.

[ 5 ] R. Mignone, A direct weakening of normality for filters, Rocky Mountain J. Math. 22 (1992),

1447–1458.

[ 6 ] M. Shioya, Weakly normal closures of filters on Pkl, J. Symbolic Logic 58 (1993), 55–63.

[ 7 ] W. S. Zwicker, Pkl combinatorics I, Axiomatic Set Theory, Baumgartner, Martin, and Shelah

eds., Contemporary Math. 31 (1984), American Mathematical Society, 243–259.

Department of Mathematics

Kanagawa University

Hiratsuka 259-1293, Japan

E-mail: abey0001@kanagawa-u.ac.jp

95Structural properties of ideals over Pkl I


