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THE BAIRE PROPERTY OF CERTAIN

HYPO-GRAPH SPACES

By

Katsuhisa Koshino

Abstract. Let X be a compact metrizable space and Y be a non-

degenerate dendrite with an end point 0. For each continuous func-

tion f : X ! Y , we define the hypo-graph # f ¼ 6
x AX fxg � ½0; f ðxÞ�

of f , where ½0; f ðxÞ� is the unique path from 0 to f ðxÞ in Y . Then

we can regard #CðX ;Y Þ ¼ f# f j f : X ! Y is continuousg as a sub-

space of the hyperspace consisting of non-empty closed sets in X � Y

equipped with the Vietoris topology. In this paper, we prove that

#CðX ;Y Þ is a Baire space if and only if the set of isolated points of

X is dense.

1. Introduction

The study on topological properties of function spaces plays a significant role

in geometric functional analysis. It is one of the most interesting problems for

many researchers when a function space is a Baire space. In this paper, we define

a hypo-graph of each continuous function from a compact metrizable space to a

non-degenerate dendrite and endow the set of hypo-graphs with certain topology.

We will discuss the Baire property of the hypo-graph space.

Throughout the paper, we assume that all maps are continuous, but functions

are not necessarily continuous. Moreover, let X be a compact metrizable space

and Y be a non-degenerate dendrite with an end point 0. Recall that a dendrite is

a Peano continuum, namely a connected, locally connected, compact metrizable

space, containing no simple closed curves. A point of a space is called an end point

provided that it has an arbitrarily small open neighborhood whose boundary is a
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singleton. Every non-degenerate dendrite contains at least two end points, see

[9, Chapter III, (6.1) and Chapter V, (1.1)]. It is well-known that any two distinct

points of a dendrite are joined by a unique arc [9, Chapter V, (1.2)]. For any two

points x; y A Y , the symbol ½x; y� means the unique arc between x and y if x0 y,

or the singleton fxg ¼ fyg if x ¼ y.

For each function f : X ! Y , we define the hypo-graph # f of f as follows:

# f ¼ 6
x AX

fxg � ½0; f ðxÞ�HX � Y :

Observe that if f is continuous, then the hypo-graph # f is closed in X � Y . Let

CldðX � YÞ be the hyperspace of non-empty closed sets in X � Y endowed with

the Vietoris topology. Then we can regard the set

#CðX ;YÞ ¼ f# f j f : X ! Y is continuousg

of hypo-graphs of continuous functions from X to Y as a subset of CldðX � YÞ.
We shall equip #CðX ;Y Þ with the relative topology of CldðX � YÞ.

A closed subset A of a metric space W ¼ ðW ; dÞ is a Z-set in W if for each

map e : W ! ð0;yÞ, there exists a map f : W ! W such that dð f ðxÞ; xÞ < eðxÞ
for all x A W and f ðWÞVA ¼ q. This notion plays a central role in the theory

of infinite-dimensional topology. A countable union of Z-sets is said to be a

Zs-set. Note that every Z-set is nowhere dense, and hence every space that is

a Zs-set in itself is not a Baire space. In this paper, we will give necessary and

su‰cient conditions for #CðX ;YÞ to be a Baire space as follows (Z. Yang [7]

proved the case that Y is the closed unit interval I ¼ ½0; 1� and 0 ¼ 0):

Main Theorem. The following are equivalent:

(1) #CðX ;YÞ is a Baire space;

(2) #CðX ;YÞ is not a Zs-set in itself;

(3) The set of isolated points of X is dense.

2. Preliminaries

In this section, we introduce some notation and lemmas used later. For a

metric space W ¼ ðW ; dÞ and e > 0, let Bdðx; eÞ ¼ fy A W j dðx; yÞ < eg. The

metric d is convex if any two points x and y in W have a mid point z, that is,

dðx; zÞ ¼ dðy; zÞ ¼ dðx; yÞ=2. It is easy to verify that when d is convex and

complete, there is a path between x and y isometric to the interval ½0; dðx; yÞ�.
Every Peano continuum admits a convex metric, see [1] and [5, 6]. From now on,

we use an admissible metric dX on X and an admissible convex metric dY on Y .
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Arcs in a dendrite have the following good property with respect to an admissible

convex metric [2].

Lemma 2.1. There exists a map g : Y 2 � I ! Y such that for any distinct

points x; y A Y , the map gðx; y; �Þ : I C t 7! gðx; y; tÞ A Y is an arc from x to y and

the following holds:

� For each xi; yi A Y , i ¼ 1; 2, dY ðgðx1; y1; tÞ; gðx2; y2; tÞÞamaxfdY ðx1; x2Þ;
dY ðy1; y2Þg for all t A I.

We also use an admissible metric r on X � Y defined by

rððx; yÞ; ðx 0; y 0ÞÞ ¼ maxfdX ðx; x 0Þ; dY ðy; y 0Þg:

Since X and Y are compact, the topology of CldðX � YÞ is induced by the

Hausdor¤ metric rH defined as follows:

rHðA;BÞ ¼ inf r > 0

�����AH 6
ðx; yÞ AB

Brððx; yÞ; rÞ;BH 6
ðx; yÞ AA

Brððx; yÞ; rÞ
( )

:

For each A A CldðX � Y Þ, we define a set-valued function A : X ! Cld�ðYÞ as

follows:

AðxÞ ¼ fy A Y j ðx; yÞ A AgHY ;

where Cld�ðYÞ is the set of closed subsets in Y . Here we set AðBÞ ¼ fAðxÞ j x A Bg
for BHX . Moreover, for each subset BHX , let

AjB ¼ fðx; yÞ A A j x A BgHX � Y :

The following lemma, that has been proved in [3], is a key lemma of this paper.

Lemma 2.2 (Digging Lemma). Let Z be a metrizable space and f : Z !
#CðX ;YÞ be a map. Suppose that X contains a non-isolated point a. Then for each

map e : Z ! ð0; 1Þ, there exist maps c : Z ! #CðX ;YÞ and d : Z ! ð0; 1Þ such

that for each x A Z,

(a) rHðcðxÞ; fðxÞÞ < eðxÞ,
(b) cðxÞðBdX ða; dðxÞÞÞ ¼ ff0gg.

3. Proof of Main Theorem

This section is devoted to proving the main theorem. For the sake of

convenience, we denote the set of isolated points of X by X0. Let #CðX ;YÞ be
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the closure of #CðX ;YÞ in CldðX � YÞ. Since X and Y are compact, CldðX � YÞ
is also compact, and hence #CðX ;YÞ is a compactification of #CðX ;Y Þ.

Lemma 3.1. The following holds:

#CðX ;YÞ ¼ fA A CldðX � Y Þ j ð�Þg;

where

(�) for each x A X , (i) AðxÞ0q, (ii) ½0; y�HAðxÞ if y A AðxÞ, and (iii) AðxÞ
is an arc or the singleton f0g if x A X0.

Proof. For simplicity, let A ¼ fA A CldðX � YÞ j ð�Þg. Obviously,

#CðX ;YÞHA. First, we shall show that A is a closed set in CldðX � YÞ. To
this end, take any sequence fAngn AN in A that converges to A A CldðX � YÞ.
According to [4, Lemma 1.11.2],

(?) A ¼ ðx; yÞ A X � Y

���� for each n A N; there is ðxn; ynÞ A An

such that limn!yðxn; ynÞ ¼ ðx; yÞ

( )
:

We will prove that A A A. Fix any point x A X .

(i) AðxÞ0q. Since each An A A, we can choose a point yn A AnðxÞ0q. By

the compactness of Y , we may assume that fyngn AN converges to some point

y A Y . Due to (?), ðx; yÞ A A. It follows that AðxÞ0q.

(ii) ½0; y�HAðxÞ for every y A AðxÞ. To show this, take any z A ½0; y�. Then
we can write z ¼ gð0; y; tÞ for some t A I, where g : Y 2 � I ! Y as in Lemma 2.1.

Because ðx; yÞ A A, according to (?), there exists ðxn; ynÞ A An, n A N, such that

limn!yðxn; ynÞ ¼ ðx; yÞ. Let zn ¼ gð0; yn; tÞ for each n A N. Since An A A for

every n A N, zn A ½0; yn�HAnðxnÞ, and hence ðxn; znÞ A An. It follows from

Lemma 2.1 that dY ðz; znÞa dY ðy; ynÞ. Since limn!y yn ¼ y, limn!y zn ¼ z. Thus

limn!yðxn; znÞ ¼ ðx; zÞ. By (?), ðx; zÞ A A, namely z A AðxÞ, which implies that

½0; y�HAðxÞ.
(iii) AðxÞ is an arc or the singleton f0g if x A X0. Suppose the contrary, that

is, x is an isolated point and AðxÞ is neither arc nor the singleton f0g. Then AðxÞ
contains a triod one of whose end points is 0. Let e1, e2 be the other end points

and b be the branch point of the triod. Define d1 ¼ minfdY ðei; bÞ; dY ðe2; bÞg > 0.

On the other hand, since x A X0, we can find d2 > 0 such that BdX ðx; d2Þ ¼
fxg. Let d ¼ minfd1; d2g. Since limn!y An ¼ A, there exists n A N such that

rHðAn;AÞ < d. Then we can choose points y1; y2 A Y so that y1; y2 A AnðxÞ and

dY ðyi; eiÞ < d, i ¼ 1; 2, respectively. Observe that AnðxÞ contains the triod whose
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end points are 0, y1 and y2, which contradicts to that An A A. Therefore AðxÞ is

an arc or the singleton f0g.
By (i), (ii) and (iii), A A A. Consequently, A is closed in CldðX � Y Þ.
Next, we will prove that #CðX ;YÞ is dense in A. Take any A A A and e > 0.

We need only to construct a map f : X ! Y such that rHð# f ;AÞ < e. Since

A is compact, it has a finite subset A 0 ¼ fðxi; yiÞ A A j i ¼ 1; . . . ; ng such that

AH6n

i¼1
Brððxi; yiÞ; e=4Þ. Recall that if xi A X0 for some i ¼ 1; . . . ; n, then AðxiÞ

is an arc or the singleton f0g. In the case that there are 1a i < ja n such

that xi ¼ xj and xi B X0, replace xj with a point x 0
j A X such that x 0

j 0 xi and

dX ðxi; x 0
j Þ < e=4. Moreover, if there are 1a i < ja n such that xi ¼ xj and

xi A X0, we may assume that yj A ½0; yi�. Then remove ðxj ; yjÞ from A 0. Repeating

these operations, we can obtain fðxi; yiÞ A X � Y j i ¼ 1; . . . ;mg for some ma n

such that xi 0 xj if i0 j, and letting

A0 ¼ X � f0gU 6
m

i¼1

fxig � ½0; yi�;

we get rHðA0;AÞ < e=2. Let l ¼ minfe; dX ðxi; xjÞ j 1a i < jamg=3 > 0. Using

the map g : Y 2 � I ! Y as in Lemma 2.1, we can define a map f : X ! Y as

follows:

f ðxÞ ¼
gð0; yi; ðl� dX ðx; xiÞÞ=lÞ if x A BdX ðxi; lÞ; i ¼ 1; . . . ;m;

0 if x A Xn6m

i¼1
BdX ðxi; lÞ:

�

Then rHð# f ;A0Þa la e=3. It follows that

rHð# f ;AÞa rHð# f ;A0Þ þ rHðA0;AÞa e=3þ e=2 < e;

which means that #CðX � YÞ is dense in A. The proof is complete. r

We show the implication (3) ) (1) in the main theorem.

Proposition 3.2. Suppose that X0 is dense in X. Then #CðX ;YÞ is a Baire

space.

Proof. Let F be the collection of finite subsets of X0. For each F A F and

n A N, we define

UF ;n ¼ fA A #CðX ;YÞ jAðxÞHBdY ð0; 1=nÞ for all x A XnFg:

Observe that UF ;n is open in #CðX ;YÞ because F HX0. Let Un ¼ 6
F AF UF ;n.

First, we shall prove that each Un is dense in #CðX ;YÞ. For each # f A #CðX ;YÞ

33The Baire property of certain hypo-graph spaces



and e > 0, we can obtain F A F so that rHð# f jF ; # f Þ < e because # f is compact

and X0 is dense in X . Define a map g : X ! Y as follows:

gðxÞ ¼ f ðxÞ if x A F ;

0 if x A XnF :

�

Then #g A UF ;n HUn and rHð#g; # f Þa rHð# f jF ; # f Þ < e. Hence Un is dense in

#CðX ;YÞ.
Next, we will show that G ¼ 7

n AN Un H #CðX ;Y Þ. Let A A G. Observe that

for each x A XnX0, AðxÞ ¼ f0g. According to Lemma 3.1, for any x A X0, AðxÞ
is an arc or the singleton f0g. Therefore A is a hypo-graph of some function

f : X ! Y . It remains to show that f is continuous at each x A XnX0. For each

n A N, we can find F A F such that A A UF ;n. Then XnF is a neighborhood of x

in X and AðyÞHBdY ð0; 1=nÞ for all y A XnF , which means that f is continuous

at x. Therefore A ¼ # f A #CðX ;Y Þ, so GH #CðX ;YÞ. Since #CðX ;YÞ is com-

pact, the Gd-set G ¼ 7
n AN Un is a Baire space and dense in #CðX ;Y Þ, so it is

also dense in #CðX ;YÞ. Consequently, #CðX ;YÞ is a Baire space. r

The following lemma is a counterpart to Lemma 5 of [7], but we can not

prove it by the same argument. The reason is because for hypo-graphs # f ; #g A

#CðX ;YÞ and a point x A X , the union # f ðxÞU #gðxÞ of values of x is not

necessarily an arc or the singleton f0g in Y , so # f U #g B #CðX ;YÞ in general.

Using the Digging Lemma 2.2, we can prove the following:

Lemma 3.3. Suppose that A ¼ BUZH #CðX ;YÞ is a closed set such that

Z is a Z-set in #CðX ;Y Þ, and there exists a point x A X such that for every

# f A B, # f ðxÞ ¼ f0g. Then A is a Z-set in #CðX ;YÞ.

Proof. Let e : #CðX ;YÞ ! ð0; 1Þ. It is su‰cient to construct a map

f : #CðX ;YÞ ! #CðX ;Y Þ such that fð#CðX ;YÞÞVA ¼ q and rHðfð# f Þ; # f Þ <
eð# f Þ for each # f A #CðX ;Y Þ. Since Z is a Z-set, there is a map

c : #CðX ;YÞ ! #CðX ;Y ÞnZ such that rHðcð# f Þ; # f Þ < eð# f Þ=2 for every # f A

#CðX ;YÞ. Fix a point y0 A Ynf0g with dY ð0; y0Þa 1 and let

tð# f Þ ¼ minfeð# f Þ; rHðcð# f Þ;ZÞ; diam Yg=2 > 0

for each # f A #CðX ;YÞ, where rHðcð# f Þ;ZÞ means the usual distance between

the point cð# f Þ and the set Z in #CðX ;Y Þ and diam Y means the diameter

of Y .
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First, we consider the case that x A X0. For each # f A #CðX ;Y Þ, we have

a map gð# f Þ : X ! Y such that #gð# f Þ ¼ cð# f Þ A #CðX ;YÞ. Define a map

f : #CðX ;Y Þ ! #CðX ;Y Þ by

fð# f Þ ¼ cð# f ÞjXnfxg U fxg � ½0; gðgð# f ÞðxÞ; y0; tð# f Þ=diam Y Þ�;

where g : Y 2 � I ! Y is as in Lemma 2.1. Obviously, fð# f ÞðxÞ0 f0g, that is,

fð# f Þ B B. Since dY is convex, we have

rHðfð# f Þ;cð# f ÞÞa dY ðgðgð# f ÞðxÞ; y0; tð# f Þ=diam YÞ; gð# f ÞðxÞÞ

¼ dY ðgð# f ÞðxÞ; y0Þ � tð# f Þ=diam Y a tð# f Þ

a rHðcð# f Þ;ZÞ=2;

which implies that fð# f Þ B Z. Moreover,

rHðfð# f Þ; # f Þa rHðfð# f Þ;cð# f ÞÞ þ rHðcð# f Þ; # f Þ < tð# f Þ þ eð# f Þ=2

a eð# f Þ=2þ eð# f Þ=2 ¼ eð# f Þ:

Next, we consider the case that x B X0. Using the Digging Lemma 2.2, we

can obtain maps x : #CðX ;YÞ ! #CðX ;Y Þ and d : #CðX ;Y Þ ! ð0; 1Þ such that

for each # f A #CðX ;YÞ,

(a) rHðxð# f Þ;cð# f ÞÞ < tð# f Þ=2,
(b) xð# f ÞðBdX ðx; dð# f ÞÞÞ ¼ ff0gg.

For each # f A #CðX ;YÞ, let

hð# f Þ ¼ 6
x 0 ABdX

ðx; dð# f ÞÞ
fx 0g � ½0; gð0; y0; tð# f Þðdð# f Þ � dX ðx; x 0ÞÞ=ð2dð# f ÞÞÞ�:

We define a map f : #CðX ;Y Þ ! #CðX ;YÞ by fð# f Þ ¼ xð# f ÞU hð# f Þ. Note that

fð# f ÞðxÞ0 f0g, and hence fð#CðX ;YÞÞVB ¼ q. For every # f A #CðX ;YÞ, we
have

rHðfð# f Þ;cð# f ÞÞ

a rHðfð# f Þ; xð# f ÞÞ þ rHðxð# f Þ;cð# f ÞÞ

< maxfdY ð0; gð0; y0; tð# f Þðdð# f Þ � dX ðx; x 0ÞÞ=ð2dð# f ÞÞÞÞ j dX ðx; x 0Þ < dð# f Þg

þ tð# f Þ=2

¼ dY ð0; y0Þ � tð# f Þ=2þ tð# f Þ=2a tð# f Þ=2þ tð# f Þ=2 ¼ tð# f Þ

a rHðcð# f Þ;ZÞ=2:
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Therefore fð# f Þ B Z. It follows that

rHðfð# f Þ; # f Þa rHðfð# f Þ;cð# f ÞÞ þ rHðcð# f Þ; # f Þ < tð# f Þ þ eð# f Þ=2

a eð# f Þ=2þ eð# f Þ=2 ¼ eð# f Þ:

This completes the proof. r

Proposition 3.4. If X0 is not dense in X , then #CðX ;Y Þ is a Zs-set in itself.

Proof. Take a countable dense set D ¼ fxn j n A Ng in XnX0. For each

n;m A N, let

Fn;m ¼ f# f A #CðX ;Y Þ j dY ð f ðxnÞ; 0Þb 1=mg:

We will show that each Fn;m is a Z-set in #CðX ;YÞ. Observe that Fn;m is closed

in #CðX ;Y Þ. Applying the Digging Lemma 2.2, for each map e : #CðX ;YÞ !
ð0; 1Þ, we can find a map f : #CðX ;YÞ ! #CðX ;Y Þ such that rHðfð# f Þ; # f Þ <
eð# f Þ and fð# f ÞðxnÞ ¼ f0g for every # f A #CðX ;YÞ. Then fð#CðX ;Y ÞÞ misses

Fn;m. It follows that Fn;m is a Z-set in #CðX ;YÞ.
Let F ¼ 7

n AN7m ANð#CðX ;Y ÞnFn;mÞ. We need only to prove that the

closure F of F in #CðX ;Y Þ is a Z-set. As is easily observed,

F ¼ f# f A #CðX ;Y Þ j f ðxnÞ ¼ 0 for each n A Ng;

which implies that f ðxÞ ¼ 0 for all # f A F and all x A XnX0, where X0 is the

closure of X0. Since X0 is not dense in X , we can choose a point x A XnX0.

Fix d > 0 such that BdX ðx; dÞHXnX0. For every # f A F, we have # f ðxÞ ¼ f0g.
Indeed, for each e A ð0; dÞ, there exists #g A F such that rHð# f ; #gÞ < e. Then we

can find ða; bÞ A #g such that rððx; f ðxÞÞ; ða; bÞÞ < e. Since dX ðx; aÞ < e < d, we get

gðaÞ ¼ 0. Hence dY ð f ðxÞ; 0Þ ¼ dY ð f ðxÞ; bÞ < e, which implies that # f ðxÞ ¼ f0g.
According to Lemma 3.3, F is a Z-set in #CðX ;YÞ. Consequently, #CðX ;Y Þ ¼
FU6

m;n AN Fn;m is a Zs-set in itself. r

Combining Propositions 3.2 and 3.4, we can prove the main theorem.

4. Topological Type of #CðX ;YÞ

The theory of infinite-dimensional topology has made meaningful contri-

butions to the study on function spaces because they are frequently infinite-

dimensional. Indeed, several function spaces have been shown to be homeomorphic
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to typical infinite-dimensional spaces. From the end of 1980s to the beginning of

1990s, many researchers investigated topological types of function spaces of real-

valued continuous functions on countable spaces endowed with the pointwise

convergence topology, see [4].

We can consider that hypo-graph spaces give certain geometric aspect to

function spaces with the pointwise convergence topology. Let Q ¼ IN be

the Hilbert cube, where N ¼ f1; 2; . . .g is the natural numbers, and c0 ¼
fðxiÞi AN A Q j limi!y xi ¼ 0g. In the case that Y ¼ I and 0 ¼ 0, we can regard

#USCðX ; IÞ ¼ f# f j f : X ! I is upper semi-continuousg

as a subspace in CldðX � IÞ. Z. Yang [7] showed the following theorem:

Theorem 4.1. Suppose that X is infinite and locally connected. Then

#USCðX ; IÞ ¼ #CðX ; IÞ and the pair ð#USCðX ; IÞ; #CðX ; IÞÞ is homeomorphic to

ðQ; c0Þ.

For spaces W1 and W2, the symbol ðW1;W2Þ means that W2 HW1. A pair

ðW1;W2Þ of spaces is homeomorphic to ðZ1;Z2Þ if there exists a homeomorphism

f : W1 ! Z1 such that f ðW2Þ ¼ Z2. In the paper [3], his result is generalized as

follows:

Theorem 4.2. If X is infinite and has only a finite number of isolated points,

then the pair ð#CðX ;YÞ; #CðX ;YÞÞ is homeomorphic to ðQ; c0Þ.

The space c0 is not a Baire space. In fact, it is a Zs-set in itself. According to

the main theorem, we can establish the following immediately.

Corollary 4.3. If #CðX ;YÞ is homeomorphic to c0, then the set of isolated

points is not dense in X.

Z. Yang and X. Zhou [8] strengthened Theorem 4.1 as follows:

Theorem 4.4. The pair ð#USCðX ; IÞ; #CðX ; IÞÞ is homeomorphic to ðQ; c0Þ if

and only if the set of isolated points of X is not dense.

It is still unknown whether the same result holds or not in our setting, that is,

the case that Y is a non-degenerate dendrite.

37The Baire property of certain hypo-graph spaces



References

[ 1 ] Bing, R. H., Partitioning a set, Bull. Amer. Math. Soc. 55 (1949), 1101–1110.

[ 2 ] Koshino, K. and Sakai, K., A Hilbert cube compactification of a function space from a Peano

space into a one-dimensional locally compact absolute retract, Topology Appl. 161

(2014), 37–57.

[ 3 ] Yang, H., Sakai, K. and Koshino, K., A function space from a compact metrizable space to

a dendrite with the hypo-graph topology, Open Math. 13 (2015), 211–228.

[ 4 ] van Mill, J., The infinite-dimensional topology of function spaces, North-Holland Math.

Library, 64, North-Holland Publishing Co., Amsterdam, 2001.

[ 5 ] Moise, E. E., Grille decomposition and convexification theorems for compact locally connected

continua, Bull. Amer. Math. Soc. 55 (1949), 1111–1121.

[ 6 ] Moise, E. E., A note of correction, Proc. Amer. Math. Soc. 2 (1951), 838.

[ 7 ] Yang, Z., The hyperspace of the regions below of continuous maps is homeomorphic to c0,

Topology Appl. 153 (2006), 2908–2921.

[ 8 ] Yang, Z. and Zhou, X., A pair of spaces of upper semi-continuous maps and continuous maps,

Topology Appl. 154 (2007), 1737–1747.

[ 9 ] Whyburn, G. T., Analytic Topology, AMS Colloq. Publ., 28, Amer. Math. Soc., Providence,

R.I., 1963.

Division of Mathematics

Pure and Applied Sciences

University of Tsukuba

Tsukuba, 305-8571, Japan

E-mail: kakoshino@math.tsukuba.ac.jp

Present Address:

Faculty of Engineering

Kanagawa University

Yokohama, 221-8686, Japan

E-mail: pt120401we@kanagawa-u.ac.jp

38 Katsuhisa Koshino


