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SOME TRANSFORMATIONS ON ðLCSÞn-MANIFOLDS

By

Absos Ali Shaikh and Helaluddin Ahmad

Abstract. The present paper deals with a study of certain trans-

formations on an ðLCSÞn-manifold. It is shown that an ðLCSÞn-
manifold remains invariant under a D-homothetic deformation.

We also study an infinitesimal CL-transformation on an ðLCSÞn-
manifold and obtain a necessary and su‰cient condition for such an

infinitesimal transformation to be a Killing or a conformal Killing

vector field. Finally, we study CL-transformation on an ðLCSÞn-
manifold and obtained a new tensor field, called CL-curvature tensor

field, which is invariant under such a transformation.

1. Introduction

In 1968, Tanno [23] introduced and studied D-homothetic deformation on a

contact metric manifold. By a D-homothetic deformation we mean a conformal

change of structure on a contact metric manifold which is invariant under such

change. Tanno [23] used D-homothetic deformation on Sasakian structure to get

results on first Betti number, second Betti number and hormonic forms and hence

D-homothetic deformation is an important transformation due to the invariance

of a structure. Again, in [11] Olszak and in [18] Shaikh et al. are respectively

studied the D-homothetic deformation on a quasi-Sasakian and a trans-Sasakian

manifold, and both the structures remain invariant under such a deformation.

In 1963, Tashiro and Tachibana [25] introduced a transformation, called CL-

transformation, on a Sasakian manifold under which C-loxodrome remains

invariant. We note that a C-loxodrome is a loxodrome cutting geodesic
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trajectories of the characterstic vector field x of the Sasakian manifold with

constant angle. Again, Takamatsu and Mizusawa [24] studied an infinitesimal

CL-transformation on a compact Sasakian manifold. In [6] Koto and Nagao

obtained a tensor field on a Sasakian manifold which is invariant under a

CL-transformation. Also, Matsumoto and Mihai [8] studied infinitesimal CL-

transformation and CL-transformation on an LP-Sasakian manifold and obtained

an invariant tensor field under a CL-transformation with many other interesting

results.

On the other hand in 2003, the first author [14] introduced the notion of

Lorentzian concircular structure manifolds (briefly, ðLCSÞn-manifolds), which

generalizes the notion of LP-Sasakian manifolds introduced by Matsumoto [7],

Mihai and Rosca [9].

Motivating from the above studies, in the present paper, we study the D-

homothetic deformation, infinitesimal CL-transformation and CL-transformation

on an ðLCSÞn-manifold. The paper is organized as follows. Section 2 provides

the rudimentary facts of ðLCSÞn-manifolds along with some curvature relations.

Section 3 is devoted to the study of D-homothetic deformation on an ðLCSÞn-
manifold. It is proved that an ðLCSÞn-manifold is invariant under a D-homothetic

deformation (see, Theorem 3.1). However, under such a deformation an LP-

Sasakian manifold is not invariant. We also prove that under a D-homothetic

deformation an h-Einstein ðLCSÞn-manifold is invariant and under such a de-

formation the f-sectional curvature of an ðLCSÞn-manifold is conformal (see,

Theorem 3.3 and 3.4).

In 1966, Takamatsu and Mizusawa [24] studied an infinitesimal CL-

transformation on a compact Sasakian manifold and proved that such a

transformation is necessarily projective. Again in [8], Matsumoto and Mihai

studied infinitesimal CL-transformation on an LP-Sasakian manifold. In Section

4 we study an infinitesimal CL-transformation on an ðLCSÞn-manifold and obtain

the expression of Lie derivative of the metric tensor with respect to such

transformation (see, Theorem 4.1), which generalizes the corresponding result of

LP-Sasakian manifold. We also obtain a necessary and su‰cient condition for

which an infinitesimal CL-transformation to be a Killing (resp. conformal Killing)

vector field (see, Theorem 4.2 (resp. Theorem 4.3)).

In [25], Tashiro and Tachibana proved that if a Sasakian manifold is related

to a locally Euclidean manifold by a CL-transformation, then it is a locally

C-Fubinian manifold and vice-versa. In [6], Koto and Nagao obtained an

invariant tensor field under a CL-transformation on a Sasakian manifold and

in [8], Matsumoto and Mihai also obtained an invariant tensor field under a
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CL-transformation on an LP-Sasakian manifold. Again in [2], Atceken proved

that a conformally flat ðLCSÞn-manifold is a manifold of quasi-constant curvature.

In Section 5 we study CL-transformation on an ðLCSÞn-manifold M and prove

that if the Levi-Civita connection ‘ of M is transformed into a flat symmetric

a‰ne connection ‘ by a CL-transformation, then M is of quasi-constant curvature

(see, Theorem 5.1). We also obtain a new tensor field A which is invariant under

the CL-transformation and such an invariant tensor field on the manifold is said

to be the CL-curvature tensor field. It is shown that the CL-curvature tensor

field A is invariant under a D-homothetic deformation if and if the deformation

is homothetic (see, Theorem 5.3).

If the CL-curvature tensor field A vanishes identically, then the ðLCSÞn-
manifold is said to be CL-flat [6]. Finally, in the last section we study CL-flat and

CL-symmetric ðLCSÞn-manifold. In [2] (Theorem 2 and Corollary 4), Atceken

proved that a conformally flat as well as a quasi-conformally flat ðLCSÞn-
manifold M is an h-Einstein manifold. But in our paper it is proved that a

CL-flat ðLCSÞn-manifold is h-Einstein if r0 nðn� 1Þða2 � rÞ. However, if

r ¼ nðn� 1Þða2 � rÞ, then the manifold is Einstein. It is shown that the scalar

curvature of a CL-flat ðLCSÞn-manifold is constant if and only if 2ar� b ¼ 0.

Again, in [2] (Theorem 3 and Theorem 6), Atceken proved that a quasi-

conformally flat ðLCSÞn-manifold is of constant curvature but a conformally flat

ðLCSÞn-manifold is of quasi-constant curvature. In our paper it is proved that a

CL-flat ðLCSÞn-manifold is of quasi-constant curvature if r0 nðn� 1Þða2 � rÞ.
However, if r ¼ nðn� 1Þða2 � rÞ, then the manifold is of constant curvature. An

ðLCSÞn-manifold is said to be CL-symmetric if ‘A ¼ 0. It is proved that a CL-

symmetric ðLCSÞn-manifold is an h-Einstein manifold. Again, it is shown that in

a CL-symmetric ðLCSÞn-manifold, grad r is codirectional with x. It is also proved

that a CL-symmetric ðLCSÞn-manifold M is locally symmetric if and only if M is

an Einstein manifold. We note that in Corollary 10 of [2], Atceken proved that

a locally symmetric ðLCSÞn-manifold is Einstein. But an Einstein manifold is not

necessarily locally symmetric unless n ¼ 3. However, our Theorem 6.5 ensures

that if an Einstein ðLCSÞn-manifold is CL-symmetric, then it is locally symmetric.

2. ðLCSÞn-manifolds

An n-dimensional Lorentzian manifold M is a smooth connected para-

compact Hausdor¤ manifold with a Lorentzian metric g, that is, M admits a

smooth symmetric tensor field g of type (0,2) such that for each point p A M,

the tensor gp : TpM � TpM ! R is a non-degenerate inner product of signature
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ð� þ � � �þÞ, where TpM denotes the tangent vector space of M at p and R is

the real number space. A non-zero vector v A TpM is said to be timelike (resp.,

non-spacelike, null, spacelike) if it satisfies gpðv; vÞ < 0 (resp., a 0; ¼ 0, > 0) [12].

The category to which a given vector falls is called its causal character.

In a semi-Riemannian manifold M a vector field P defined by gðX ;PÞ ¼
AðXÞ for any X on M, is said to to be a concircular vector field [28] if

ð‘XAÞðYÞ ¼ afgðX ;YÞ þ oðX ÞAðYÞg;ð2:1Þ

where a is a non-zero scalar and o is a closed 1-form. Let M be an n-dimensional

Lorentzian manifold admitting a unit timelike concircular vector field x, called

the structure vector field of the manifold. Then we have

gðx; xÞ ¼ �1:ð2:2Þ

Since x is a unit concircular vector field, it follows that there exists a non-zero

1-form h such that for

gðX ; xÞ ¼ hðXÞ;ð2:3Þ

the following equation

ð‘XhÞðYÞ ¼ afgðX ;YÞ þ hðXÞhðY Þgð2:4Þ

holds for all vector fields X , Y on M and a is a non-zero scalar function satisfies

‘Xa ¼ ðXaÞ ¼ daðXÞ ¼ rhðX Þ;ð2:5Þ

r being a certain scalar function given by r ¼ �ðxa). If we put

fX ¼ 1

a
‘Xx;ð2:6Þ

then from (2.4) and (2.6) we have

fX ¼ X þ hðX Þx;ð2:7Þ

from which it follows that

f2X ¼ X þ hðXÞx;ð2:8Þ

that is, f is a symmetric (1,1) tensor field, called the structure tensor of the

manifold. The n-dimensional Lorentzian manifold M together with the unit

timelike concircular vector field x, its associated 1-form h, and an (1,1) tensor

field f is said to be a Lorentzian concircular structure manifold (briefly, ðLCSÞn-
manifold) [14]. Especially, if a ¼ 1, then we can obtain the LP-Sasakian structure
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of Matsumoto [7]. The ðLCSÞn-manifold have also been studied in ([1], [3], [13],

[15], [16], [17], [19], [20], [21], [22]).

In an ðLCSÞn-manifold, the following relations hold (see [14], [15]):

ðaÞ hðxÞ ¼ �1; ðbÞ f � x ¼ 0; ðcÞ h � f ¼ 0;ð2:9Þ

gðfX ; fYÞ ¼ gðX ;YÞ þ hðXÞhðYÞ;ð2:10Þ

hðRðX ;Y ÞZÞ ¼ ða2 � rÞfgðY ;ZÞhðX Þ � gðX ;ZÞhðY Þg;ð2:11Þ

Rðx;YÞZ ¼ ða2 � rÞfgðY ;ZÞx� hðZÞYg;ð2:12Þ

SðX ; xÞ ¼ ða2 � rÞðn� 1ÞhðX Þð2:13Þ

for any vector fields X , Y , Z on M and a2 � r0 0, where R and S denotes

respectively the curvature tensor and the Ricci tensor of the manifold.

In an ðLCSÞn-manifold, we also have the following relations:

ð‘XhÞðYÞ ¼ ð‘YhÞðXÞ;ð2:14Þ

dhðX ;Y Þ ¼ 0:ð2:15Þ

We also mention that, in an ðLCSÞn-manifold the symmetric (1,1) tensor field

f is idempotent and hence the eigenvalue of f is either 1 or 0.

3. D-homothetic Deformation on an ðLCSÞn-manifold

An odd dimensional smooth manifold M is said to be an almost contact

metric manifold [30] if there exist an (1,1) tensor field f, a vector field x, an

1-form h and a Riemannian metric g on M such that hðxÞ ¼ 1, gðX ; xÞ ¼ hðXÞ,
f2X ¼ �X þ hðX Þx and gðfX ; fY Þ ¼ gðX ;YÞ � hðXÞhðY Þ for any vector fields

X , Y on M.

Let M be an almost contact metric manifold equipped with an almost

contact metric structure ðf; x; h; gÞ. A transformation on M is said to be a D-

homothetic deformation [11] if the almost contact metric structure ðf; x; h; gÞ is

transformed into ðf 0; x 0; h 0; g 0Þ such that

f 0 ¼ f; x 0 ¼ 1

a
x; h 0 ¼ ah; g 0 ¼ bgþ ða2 � bÞhn h;

where a and b are constants such that a0 0 and b > 0. If a2 ¼ b, then the

transformation is called a homothetic deformation. It can be easily seen that

ðf 0; x 0; h 0; g 0Þ is also an almost contact metric structure on M.

5Some transformations on ðLCSÞn-manifolds



Now we make a little change in the definition of a D-homothetic deformation

for Lorentzian metric.

Definition 3.1. Let M be an ðLCSÞn-manifold with structure ðf; x; h; gÞ.
If the Lorentzian concircular structure ðf; x; h; gÞ on M is transformed into

ðf 0; x 0; h 0; g 0Þ such that

f 0 ¼ f; x 0 ¼ 1

a
x; h 0 ¼ ah; g 0 ¼ bg� ða2 � bÞhn hð3:1Þ

for certain constants a and b such that a0 0 and b > 0, then the transformation is

called a D-homothetic deformation on M.

Proposition 3.1. If a Lorentzian concircular structure ðf; x; h; gÞ on an

ðLCSÞn-manifold M is transformed into ðf 0; x 0; h 0; g 0Þ under a D-homothetic de-

formation, then

ðaÞ h 0ðx 0Þ ¼ �1; ðbÞ g 0ðX ; x 0Þ ¼ h 0ðXÞ:ð3:2Þ

Proof. (3.2) follows from (3.1), (2.3) and (2.9).

Lemma 3.1. If a Lorentzian concircular structure ðf; x; h; gÞ on an ðLCSÞn-
manifold M is transformed into ðf 0; x 0; h 0; g 0Þ under a D-homothetic deformation,

then

‘ 0
XY ¼ ‘XY � ða2 � bÞa

a2
fgðX ;YÞ þ hðXÞhðYÞgx;ð3:3Þ

where ‘ and ‘ 0 are the Levi-Civita connections of g and g 0 respectively.

Proof. Using Koszul formula for ‘ 0 we get

2g 0ð‘ 0
XY ;ZÞ ¼ Xg 0ðY ;ZÞ þ Yg 0ðZ;X Þ � Zg 0ðX ;Y Þ þ g 0ð½X ;Y �;ZÞð3:4Þ

� g 0ð½Y ;Z�;XÞ þ g 0ð½Z;X �;Y Þ

for all X , Y and Z on M.

In view of (3.1), (2.14) and (2.15), (3.4) yields

bgð‘ 0
XY ;ZÞ � ða2 � bÞhð‘ 0

XYÞhðZÞð3:5Þ

¼ bgð‘XY ;ZÞ � ða2 � bÞhðZÞfhð‘XYÞ þ ð‘XhÞðY Þg:
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Setting Z ¼ x in (3.5), we get

hð‘ 0
XY Þ ¼ hð‘XY Þ þ a2 � b

a2
ð‘XhÞðY Þ:ð3:6Þ

Using (3.6) and (2.4) in (3.5), we obtain (3.3).

Lemma 3.2. If a Lorentzian concircular structure ðf; x; h; gÞ on an ðLCSÞn-
manifold M is transformed into ðf 0; x 0; h 0; g 0Þ under a D-homothetic deformation,

then

‘ 0
Xx

0 ¼ 1

a
‘Xx;ð3:7Þ

ð‘ 0
Xh

0ÞðYÞ ¼ b

a
ð‘XhÞðYÞ:ð3:8Þ

Proof. From (3.3) we have

‘ 0
Xx ¼ ‘Xx:ð3:9Þ

Then in view of (3.1) and (3.9), we have (3.7). Now using (3.7) we can easily

prove (3.8).

Proposition 3.2. If a Lorentzian concircular structure ðf; x; h; gÞ on an

ðLCSÞn-manifold M is transformed into ðf 0; x 0; h 0; g 0Þ under a D-homothetic de-

formation, then

ð‘ 0
Xh

0ÞðYÞ ¼ a 0fg 0ðX ;YÞ þ h 0ðXÞh 0ðY Þg;ð3:10Þ

where a 0 ¼ a
a
is a non-zero scalar function such that

‘ 0
Xa

0 ¼ ðXa 0Þ ¼ da 0ðX Þ ¼ r 0h 0ðXÞ;ð3:11Þ

r 0 being a certain scalar function given by r 0 ¼ �ðx 0a 0Þ.

Proof. By virtue of (2.4), (3.8) yields

ð‘ 0
Xh

0ÞðYÞ ¼ ba

a
fgðX ;Y Þ þ hðX ÞhðY Þg:ð3:12Þ

On the other hand, from (3.1) we have

g 0ðX ;YÞ þ h 0ðX Þh 0ðYÞ ¼ bfgðX ;YÞ þ hðXÞhðYÞg:ð3:13Þ
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Hence in view of (3.13) and (3.12), we obtain (3.10). Again, since a 0 ¼ a
a
and a is

a constant, in view of (2.5), (3.11) holds where r 0 ¼ r

a2 ¼ �ðx 0a 0Þ.

Proposition 3.3. If a Lorentzian concircular structure ðf; x; h; gÞ on an

ðLCSÞn-manifold M is transformed into ðf 0; x 0; h 0; g 0Þ under a D-homothetic de-

formation, then

‘ 0
Xx

0 ¼ a 0f 0X ; a 0 ¼ a

a
;ð3:14Þ

f 0X ¼ X þ h 0ðXÞx 0:ð3:15Þ

Proof. In view of (2.6) and (3.1), (3.7) gives us (3.14). Also from (3.1) and

(2.7), we obtain (3.15).

Theorem 3.1. If a Lorentzian concircular structure ðf; x; h; gÞ on an ðLCSÞn-
manifold M is transformed into ðf 0; x 0; h 0; g 0Þ under a D-homothetic deformation,

then ðf 0; x 0; h 0; g 0Þ is also a Lorentzian concircular structure on M.

Proof. By the above propositions and lemmas it follows that ðf 0; x 0; h 0; g 0Þ
is a Lorentzian concircular structure on M.

Corollary 3.1. If a Lorentzian concircular structure ðf; x; h; gÞ on an LP-

Sasakian manifold M is transformed into ðf 0; x 0; h 0; g 0Þ under a D-homothetic

deformation, then ðf 0; x 0; h 0; g 0Þ is not an LP-Sasakian structure on M.

Theorem 3.2. If a Lorentzian concircular structure ðf; x; h; gÞ on an ðLCSÞn-
manifold M is transformed into ðf 0; x 0; h 0; g 0Þ under a D-homothetic deformation,

then the curvature tensors R and R 0 with respect to the metric g and g 0 are related

by

R 0ðX ;YÞZ ¼ RðX ;YÞZ � ða2 � bÞa2
a2

½fgðY ;ZÞX � gðX ;ZÞYgð3:16Þ

þ fhðYÞX � hðX ÞYghðZÞ�:

Proof. For the curvature tensor R and R 0 we have

RðX ;YÞZ ¼ ‘X‘YZ � ‘Y‘XZ � ‘½X ;Y �Z;ð3:17Þ

R 0ðX ;Y ÞZ ¼ ‘ 0
X‘

0
YZ � ‘ 0

Y‘
0
XZ � ‘ 0

½X ;Y �Z;ð3:18Þ

where ‘ and ‘ 0 are Levi-Civita connection for g and g 0 respectively.
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Using (2.4), (3.3), (3.9) and (3.17) in (3.18), we have

R 0ðX ;Y ÞZ ¼ RðX ;Y ÞZ � ða2 � bÞa
a2

½afgðX ;ZÞhðYÞ � gðY ;ZÞhðXÞgxð3:19Þ

þ fgðY ;ZÞ þ hðYÞhðZÞg‘Xx� fgðX ;ZÞ þ hðXÞhðZÞg‘Yx�:

Using (2.6) and (2.7) in (3.19), we obtain (3.16).

Theorem 3.3. Under a D-homothetic deformation an h-Einstein ðLCSÞn-
manifold is invariant.

Proof. If an ðLCSÞn-manifold M with the structure ðf; x; h; gÞ is h-Einstein,

then the Ricci tensor S satisfies the relation

SðY ;ZÞ ¼ lgðY ;ZÞ þmhðY ÞhðZÞð3:20Þ

where l and m are smooth functions given by ([14]) l ¼ r
n�1 � ða2 � rÞ and

m ¼ r
n�1 � nða2 � rÞ. Now from (3.16) we have

S 0ðY ;ZÞ ¼ SðY ;ZÞ � ða2 � bÞfðn� 3Þa2bþ 2a2rg
a2b

ð3:21Þ

� fgðY ;ZÞ þ hðYÞhðZÞg:

In view of (3.1) and (3.20), (3.21) yields

S 0ðY ;ZÞ ¼ l 0g 0ðY ;ZÞ þm 0h 0ðYÞh 0ðZÞ

where

l 0 ¼ l

b
� ða2 � bÞfðn� 3Þa2bþ 2a2rg

a2b2

and

m 0 ¼ 1

a2
mþ lða2 � bÞ

b
� ða2 � bÞfðn� 3Þa2bþ 2a2rg

b2

� �
:

This completes the proof.

Definition 3.2. A plane section of the tangent space TxðMÞ is called a

f-section if there exists a unit vector X in TxðMÞ orthogonal to x such that
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fX ; fXg is an orthonormal basis of the plane section. Then the sectional curvature

KðX ; fXÞ ¼ gðRðX ; fX ÞfX ;X Þ is called a f-sectional curvature.

Theorem 3.4. Under a D-homothetic deformation the f-sectional curvature of

an ðLCSÞn-manifold M is conformal.

Proof. In view of (3.1) and (2.11), (3.16) yields

R 0ðX ;Y ;Z;WÞð3:22Þ

¼ bRðX ;Y ;Z;WÞ � bða2 � bÞa2
a2

½fgðY ;ZÞgðX ;WÞ

� gðX ;ZÞgðY ;WÞg þ fgðX ;WÞhðY Þ � gðY ;WÞhðX ÞghðZÞ�

þ ða2 � bÞða2r� ba2Þ
a2

fgðY ;ZÞhðX Þ � gðX ;ZÞhðY ÞghðWÞ:

Now if X is a non-zero unit vector tangent to Mðf 0; x 0; h 0; g 0Þ and orthogonal to

x 0, then (3.22) entails

K 0ðX ; f 0X Þ ¼ 1

b
KðX ; fXÞ:ð3:23Þ

This completes the proof.

4. Infinitesimal CL-transformation in an ðLCSÞn-manifold

Definition 4.1. A vector field V in an ðLCSÞn-manifold M is said to be an

infinitesimal CL-transformation [8] if it satisfies

£Vfh
jig ¼ mj d

h
i þ mi d

h
j þ aðhjfh

i þ hif
h
j Þ þ bfjix

h; fji ¼ f l
j glið4:1Þ

for certain constants a and b, where mi are components of the 1-form m, £V de-

notes the Lie derivative with respect to V and fh
jig is the Christo¤el symbol of the

Lorentzian metric g.

Proposition 4.1. If V is an infinitesimal CL-transformation on an ðLCSÞn-
manifold, then the 1-form m is closed.

Proof. From (4.1) and (2.7) we have

‘j‘iV
h þ Rh

kjiV
k ¼ ðmj þ ahjÞdhi þ ðmi þ ahiÞdhj þ ð2aþ bÞhjhixh þ bgjix

h:ð4:2Þ
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Contracting h and i in (4.2) we get

‘i‘lV
l ¼ ðnþ 1Þmi þ aðn� 1Þhi;

which yields by virtue of (2.4)

‘j‘i‘lV
l ¼ ðnþ 1Þ‘jmi þ aðn� 1Þaðgji þ hjhiÞ:ð4:3Þ

Taking skew-symmetric part of (4.3) we get the result.

Theorem 4.1. If V is an infinitesimal CL-transformation on an ðLCSÞn-
manifold M, then the relation

ða2 � rÞð£VgÞðY ;ZÞ ¼ �ð‘YmÞðZÞ þ faðaþ bÞ � ð2ar� bÞhðVÞggðY ;ZÞð4:4Þ

þ að3aþ bÞhðY ÞhðZÞ

holds for any vector fields Y and Z on M.

Proof. We know from [29] that

£VR
h
kji ¼ ‘k£Vfh

jig � ‘j£Vfh
kig:ð4:5Þ

Substituting (4.1) in (4.5) and then using (2.4), (2.6) and (2.7), we obtain

ð£VRÞðX ;YÞZ ¼ ð‘XmÞðZÞY � ð‘YmÞðZÞXð4:6Þ

þ aða� bÞfgðX ;ZÞY � gðY ;ZÞXg

þ aðaþ bÞfhðY ÞX � hðXÞYghðZÞ

þ 2aafhðYÞgðX ;ZÞ � hðXÞgðY ;ZÞgx:

Applying h on (4.6) we get

hðð£VRÞðX ;YÞZÞ ¼ ð‘XmÞðZÞhðY Þ � ð‘YmÞðZÞhðX Þð4:7Þ

þ aðaþ bÞfgðY ;ZÞhðX Þ � gðX ;ZÞhðY Þg:

Taking Lie derivative of (2.11) with respect to V and using (4.7) and then setting

Y ¼ x, we get

ða2 � rÞð£VgÞðY ;ZÞð4:8Þ

¼ �ð‘YmÞðZÞ � fð‘xmÞðZÞ þ ða2 � rÞð£VgÞðx;ZÞghðYÞ

þ faðaþ bÞ � ð2ar� bÞhðVÞg½gðY ;ZÞ þ hðY ÞhðZÞ�:
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Interchanging Y and Z in (4.8) and then subtracting from (4.8), we get

fð‘xmÞðZÞ þ ða2 � rÞð£VgÞðx;ZÞghðYÞð4:9Þ

¼ fð‘xmÞðY Þ þ ða2 � rÞð£VgÞðx;YÞghðZÞ:

Putting Y ¼ x in (4.9) we obtain by virtue of (4.8)

ða2 � rÞð£VgÞðY ;ZÞð4:10Þ

¼ �ð‘YmÞðZÞ þ fð‘xmÞðxÞ � ða2 � rÞ2hð£VxÞghðY ÞhðZÞ

þ faðaþ bÞ � ð2ar� bÞhðVÞg½gðY ;ZÞ þ hðYÞhðZÞ�:

Now taking inner product of (4.6) with W and then contracting X and W , we get

ð£VSÞðY ;ZÞ ¼ �ðn� 1Þð‘YmÞðZÞ þ afðnþ 1Þaþ ðn� 1ÞbghðYÞhðZÞð4:11Þ

� afðn� 3Þa� ðn� 1ÞbggðY ;ZÞ:

Setting Y ¼ x in (4.11), we have

ð£VSÞðx;ZÞ ¼ �ðn� 1Þfð‘xmÞðZÞ þ 2aahðZÞg:ð4:12Þ

Taking Lie derivative of (2.12) with respect to V and using (4.12) and then

setting Z ¼ x, we obtain

ð‘xmÞðxÞ � ða2 � rÞ2hð£VxÞ ¼ 2aaþ ð2ar� bÞhðVÞ:ð4:13Þ

Using (4.13) in (4.10), we obtain (4.4). This completes the proof.

In an ðLCSÞn-manifold if we take a ¼ 1, then r ¼ 0 and hence the manifold

is LP-Sasakian. Thus we have

Corollary 4.1 [8]. If V is an infinitesimal CL-transformation on an LP-

Sasakian manifold, then the relation

ð£VgÞðY ;ZÞ ¼ �ð‘YmÞðZÞ þ ðaþ bÞgðY ;ZÞ þ ð3aþ bÞhðYÞhðZÞð4:14Þ

holds.

From (4.4) we can state the following:

Theorem 4.2. An infinitesimal CL-transformation V on an ðLCSÞn-manifold

is a Killing vector field if and only if

ð‘YmÞðZÞ ¼ faðaþ bÞ � ð2ar� bÞhðVÞggðY ;ZÞ þ að3aþ bÞhðY ÞhðZÞ:ð4:15Þ
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Corollary 4.2. If an infinitesimal CL-transformation V on an ðLCSÞn-
manifold is a Killing vector field such that m is codirectional with h, then m is

concircular.

A vector field Z on M is said to be conformal Killing [30] if ð£ZgÞðX ;YÞ ¼
sgðX ;YÞ, where s is a scalar. By virtue of (4.4), this leads to the following:

Theorem 4.3. An infinitesimal CL-transformation V on an ðLCSÞn-manifold

is a conformal Killing vector field if and only if

ð‘YmÞðZÞ ¼ faðaþ bÞ � ða2 � rÞs� ð2ar� bÞhðVÞggðY ;ZÞð4:16Þ

þ að3aþ bÞhðY ÞhðZÞ:

5. CL-transformation on an ðLCSÞn-manifold

Definition 5.1. A transformation on an ðLCSÞn-manifold M, n > 3, with

structure ðf; x; h; gÞ is said to be a CL-transformation [8] if the Levi-Civita con-

nection ‘ is transformed into a symmetric a‰ne connection ‘ such that

‘XY ¼ ‘XY þ mðXÞY þ mðY ÞX þ cfhðXÞfY þ hðYÞfXg þ 2gðfX ;Y Þx;ð5:1Þ

where m is the associated 1-form and c is a constant.

Throughout the section ‘�’ represents the geometric objects with respect to

the symmetric a‰ne connection ‘ and other notations have their usual meaning.

Also throughout the section 5 and 6, we will assume an ðLCSÞn-manifold M with

n > 3.

In view of (2.7), (5.1) yields

‘XY ¼ ‘XY þ fmðX Þ þ chðX ÞgY þ fmðY Þ þ chðY ÞgXð5:2Þ

þ 2ðcþ 1ÞhðX ÞhðYÞxþ 2gðX ;YÞx:

If a symmetric a‰ne connection ‘ is related with the Levi-Civita connection

‘ on an ðLCSÞn-manifold M by a CL-transformation, then by virtue of (5.2),

(2.4), (2.6) and (2.7), the curvature tensor RðX ;YÞZ of the connection ‘ is given

by

RðX ;YÞZ ¼ RðX ;YÞZ þ fPðX ;Y Þ � PðY ;XÞgZ þ PðX ;ZÞY � PðY ;ZÞXð5:3Þ

� 2cðaþ 2ÞfgðY ;ZÞhðX Þ � gðX ;ZÞhðYÞgx
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for any vector fields X , Y , Z on M, where the tensor field PðX ;Y Þ is defined by

PðX ;Y Þ ¼ ð‘XmÞðY Þ þ ½cðaþ 2Þ � 2ðaþ mðxÞÞ�gðX ;Y Þð5:4Þ

þ ½ðcþ 2Þðc� aÞ � 2mðxÞðcþ 1Þ�hðXÞhðYÞ

� mðXÞmðY Þ � cfmðXÞhðYÞ þ hðXÞmðYÞg:

Proposition 5.1. In an ðLCSÞn-manifold M, the tensor field PðX ;Y Þ is

symmetric if and only if the 1-form m is closed.

Proof. Interchanging X and Y in (5.4) and then subtracting from (5.4), we

get the result.

A symmetric a‰ne connection ‘ on M is said to be flat if the corresponding

curvature tensor R vanishes identically on M.

Proposition 5.2. In an ðLCSÞn-manifold M, if the symmetric a‰ne connec-

tion ‘ is flat, then the tensor field PðX ;Y Þ is symmetric.

Proof. If the symmetric a‰ne connection ‘ is flat, then from (5.3) we have

RðX ;YÞZ ¼ fPðY ;XÞ � PðX ;Y ÞgZ � PðX ;ZÞY þ PðY ;ZÞXð5:5Þ

þ 2cðaþ 2ÞfgðY ;ZÞhðX Þ � gðX ;ZÞhðY Þgx:

From (5.5), it follows that

SðY ;ZÞ ¼ nPðY ;ZÞ � PðZ;YÞ � 2cðaþ 2ÞfgðY ;ZÞ þ hðY ÞhðZÞg:ð5:6Þ

Interchanging Y and Z in (5.6) and then subtracting from (5.6), we get PðY ;ZÞ ¼
PðZ;Y Þ. This completes the proof.

The Weyl conformal curvature tensor C of type (1,3) of an n-dimensional

Riemannian manifold M, n > 3, is given by [27]

CðX ;Y ÞZ ¼ RðX ;Y ÞZ � 1

n� 2
½SðY ;ZÞX � SðX ;ZÞYð5:7Þ

þ gðY ;ZÞQX � gðX ;ZÞQY �

þ r

ðn� 1Þðn� 2Þ ½gðY ;ZÞX � gðX ;ZÞY �;

where R, S, Q, r denote respectively the curvature tensor, the Ricci tensor of type

(0,2), the Ricci operator and the scalar curvature of the manifold. The manifold
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M is said to be conformally flat if the conformal curvature tensor C vanishes

identically on M.

Definition 5.2. A semi-Riemannian manifold is said to be a manifold of

quasi-constant curvature [5] if it is conformally flat and its curvature tensor R

of type (0,4) is of the form

RðX ;Y ;Z;UÞ ¼ pfgðY ;ZÞgðX ;UÞ � gðX ;ZÞgðY ;UÞgð5:8Þ

þ qfgðY ;ZÞAðXÞAðUÞ � gðX ;ZÞAðYÞAðUÞ

þ gðX ;UÞAðYÞAðZÞ � gðY ;UÞAðX ÞAðZÞg

for any vector fields X , Y , Z and U on M, where p and q are scalars such that

q0 0 and A is a non-zero 1-form. If q ¼ 0, then the manifold reduces to a

manifold of constant curvature.

It is easy to check that if the curvature tensor R is of the form (5.8), then the

manifold is conformally flat. Hence a semi-Riemannian manifold is a manifold

of quasi-constant curvature only if its curvature tensor is of the form (5.8). Thus

a manifold of quasi-constant curvature is conformally flat, but the converse is not

true, in general. However, the converse is true if the manifold is quasi-Einstein.

We also note that, in [26], Vranceanu defined the notion of almost constant

curvature by the same expression of (5.8). However, Mocanu [10] showed that

both the notions of almost constant curvature by Vranceanu [26] and quasi-

constant curvature by Chen and Yano [5] are the same.

Theorem 5.1. If the Levi-Civita connection ‘ on an ðLCSÞn-manifold M is

transformed into a symmetric a‰ne connection ‘ by a CL-transformation such that

‘ is flat, then M is of quasi-constant curvature.

Proof. Since the connection ‘ on M is flat, on account of Proposition 5.2,

(5.5) and (5.6) turns into

RðX ;YÞZ ¼ PðY ;ZÞX � PðX ;ZÞYð5:9Þ

þ 2cðaþ 2ÞfgðY ;ZÞhðX Þ � gðX ;ZÞhðYÞgx;

SðY ;ZÞ ¼ ðn� 1ÞPðY ;ZÞ � 2cðaþ 2ÞfgðY ;ZÞ þ hðYÞhðZÞg:ð5:10Þ

Taking inner product of (5.9) with U and then using (5.10), (5.9) yields
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RðX ;Y ;Z;UÞ ¼ 1

n� 1
fSðY ;ZÞgðX ;UÞ � SðX ;ZÞgðY ;UÞgð5:11Þ

þ 2cðaþ 2Þ
n� 1

½fgðY ;ZÞ þ hðYÞhðZÞggðX ;UÞ

� fgðX ;ZÞ þ hðX ÞhðZÞggðY ;UÞ�

þ 2cðaþ 2ÞfgðY ;ZÞhðX Þ � gðX ;ZÞhðYÞghðUÞ:

Using (5.11) in the relation RðX ;Y ;Z;UÞ þ RðX ;Y ;U ;ZÞ ¼ 0 and then setting

X ¼ U ¼ x and using (2.13), we obtain

1

n� 1
SðY ;ZÞ � 2cðaþ 2Þðn� 2ÞfgðY ;ZÞ þ hðYÞhðZÞg½ �ð5:12Þ

¼ ða2 � rÞgðY ;ZÞ:

In view of (5.12), (5.11) yields

RðX ;Y ;Z;UÞð5:13Þ

¼ fða2 � rÞ þ 2cðaþ 2ÞgfgðY ;ZÞgðX ;UÞ � gðX ;ZÞgðY ;UÞg

þ 2cðaþ 2ÞfgðY ;ZÞhðXÞhðUÞ � gðX ;ZÞhðY ÞhðUÞ

þ gðX ;UÞhðY ÞhðZÞ � gðY ;UÞhðXÞhðZÞg:

Moreover, from (5.7), (5.12) and (5.13), it can be easily seen that the manifold M

is conformally flat and hence the manifold M is of quasi-constant curvature.

Theorem 5.2. If the Levi-Civita connection ‘ on an ðLCSÞn-manifold M is

transformed into a symmetric a‰ne connection ‘ by a CL-transformation such that

its associated 1-form m is closed, then a tensor field A of type (1,3) is invariant

under the CL-transformation, where A is given by

AðX ;YÞZ ¼ RðX ;YÞZ � 1

n� 2
½fSðY ;ZÞX � SðX ;ZÞYgð5:14Þ

þ fSðY ;ZÞhðX Þ � SðX ;ZÞhðYÞgx�

þ ða2 � rÞ
n� 2

½fgðY ;ZÞX � gðX ;ZÞYg

þ ðn� 1ÞfgðY ;ZÞhðX Þ � gðX ;ZÞhðY Þgx�:
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Proof. Since the associated 1-form m of the transformation is closed, taking

account of Proposition 5.1, (5.3) can be written as

RðX ;YÞZ ¼ RðX ;YÞZ þ PðX ;ZÞY � PðY ;ZÞXð5:15Þ

� 2cðaþ 2ÞfgðY ;ZÞhðX Þ � gðX ;ZÞhðYÞgx;

which yields

ðn� 1ÞPðY ;ZÞ ¼ SðY ;ZÞ � SðY ;ZÞ þ 2cðaþ 2ÞfgðY ;ZÞÞ þ hðYÞhðZÞg:ð5:16Þ

Inserting (5.16) in (5.15), we obtain

HðX ;Y ÞZ ¼ HðX ;Y ÞZ � 2cðaþ 2ÞfgðY ;ZÞhðXÞ � gðX ;ZÞhðY Þgxð5:17Þ

� 2cðaþ 2Þ
n� 1

½fgðY ;ZÞÞ þ hðYÞhðZÞgX

� fgðX ;ZÞÞ þ hðXÞhðZÞgY �;

where we put

HðX ;YÞZ ¼ RðX ;Y ÞZ � 1

n� 1
fSðY ;ZÞX � SðX ;ZÞYg:ð5:18Þ

Setting X ¼ x in (5.17) and then applying h, we obtain

hðHðx;Y ÞZÞ � hðHðx;YÞZÞ ¼ � 2cðaþ 2Þðn� 2Þ
n� 1

fgðY ;ZÞ þ hðY ÞhðZÞg:ð5:19Þ

Using (5.19) in (5.17), we have

TðX ;YÞZ ¼ TðX ;YÞZ � 2cðaþ 2ÞfgðY ;ZÞhðXÞ � gðX ;ZÞhðYÞgx;ð5:20Þ

where we put

TðX ;YÞZ ¼ HðX ;YÞZ � 1

n� 2
fhðHðx;YÞZÞX � hðHðx;XÞZÞYg:ð5:21Þ

From (5.20), it follows that

gðY ;ZÞ þ hðYÞhðZÞ ¼ 1

2cðaþ 2Þ fTðY ;ZÞ � TðY ;ZÞg;ð5:22Þ

where

TðY ;ZÞ ¼
Xn

i¼1

eigðTðei;YÞZ; eiÞ; ei ¼ gðei; eiÞ;
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fei : i ¼ 1; 2; . . . ; ng being an orthonormal frame of the tangent space at any point

of the manifold.

Substituting (5.22) in (5.20), we obtain

AðX ;YÞZ ¼ AðX ;Y ÞZ;ð5:23Þ

where the tensor field A is defined by

AðX ;YÞZ ¼ TðX ;Y ÞZ þ fTðY ;ZÞhðX Þ � TðX ;ZÞhðYÞgx:ð5:24Þ

Hence the tensor field A is invariant. Using (5.18), (5.21), (2.12) and (2.13) in

(5.24) we get (5.14). This completes the proof.

The invariant tensor field A on an ðLCSÞn-manifold M obtained under a

CL-transformation is said to be the CL-curvature tensor field on M.

Theorem 5.3. In an ðLCSÞn-manifold M, the CL-curvature tensor field re-

mains invariant under a D-homothetic deformation if and only if the deformation

is homothetic.

Proof. From Theorem 3.1, it follows that under a D-homothetic deforma-

tion defined by (3.1) an ðLCSÞn-manifold Maðf; x; h; gÞ is again an ðLCSÞn-
manifold Ma 0 ðf 0; x 0; h 0; g 0Þ, where a 0 ¼ a

a
. Hence from (5.14), the CL-curvature

tensor field on Ma 0 ðf 0; x 0; h 0; g 0Þ can be written as

A 0ðX ;Y ÞZ ¼ R 0ðX ;YÞZ � 1

n� 2
½fS 0ðY ;ZÞX � S 0ðX ;ZÞYgð5:25Þ

þ fS 0ðY ;ZÞh 0ðXÞ � S 0ðX ;ZÞh 0ðYÞgx 0�

þ ða 02 � r 0Þ
n� 2

½fg 0ðY ;ZÞX � g 0ðX ;ZÞYg

þ ðn� 1Þfg 0ðY ;ZÞh 0ðXÞ � g 0ðX ;ZÞh 0ðY Þgx 0�;

where r 0 is a scalar such that r 0 ¼ �ðx 0a 0Þ.
Using (3.1), (3.16), (3.20) and (5.14) in (5.25), we obtain

A 0ðX ;YÞZ � AðX ;Y ÞZ ¼ ða2 � bÞr
a2ðn� 2Þ ½fgðY ;ZÞX � gðX ;ZÞYgð5:26Þ

þ ðn� 1ÞfgðY ;ZÞhðXÞ � gðX ;ZÞhðYÞgx

þ fhðY ÞX � hðXÞYghðZÞ�:
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Now we assume that the CL-curvature tensor field A remains invariant under

a D-homothetic deformation. Then right hand side of (5.26) is equal to zero,

which yields, for X ¼ x,

ða2 � bÞr ¼ 0;ð5:27Þ

which implies that either ða2 � bÞ ¼ 0 or r ¼ 0. If r ¼ 0, then ðXaÞ ¼ 0 and

hence a is constant, which is inadmissible. Thus we must have ða2 � bÞ ¼ 0 and

hence the deformation is homothetic.

Next we suppose that the deformation is homothetic, that is, a2 ¼ b. Hence

the right hand side of (5.26) is equal to zero. Therefore A 0 ¼ A.

6. CL-flat and CL-symmetric ðLCSÞn-manifold

Definition 6.1. An ðLCSÞn-manifold M is said to be CL-flat if the CL-

curvature tensor field A of type (1,3) vanishes identically on M.

We mention that CL-flat manifold was introduced by Koto and Nagao in [6]

for a Sasakian manifold.

Theorem 6.1. A CL-flat ðLCSÞn-manifold M is an h-Einstein manifold if

r0 nðn� 1Þða2 � rÞ.

Proof. Let M be a CL-flat ðLCSÞn-manifold. Then from (5.14) we have

RðX ;Y ÞZ ¼ 1

n� 2
½fSðY ;ZÞX � SðX ;ZÞYgð6:1Þ

þ fSðY ;ZÞhðXÞ � SðX ;ZÞhðY Þgx�

� ða2 � rÞ
n� 2

½fgðY ;ZÞX � gðX ;ZÞYg

þ ðn� 1ÞfgðY ;ZÞhðXÞ � gðX ;ZÞhðYÞgx�:

Taking inner product of (6.1) with U and then contracting over Y and Z, we get

SðX ;UÞ ¼ r

n� 1
� ða2 � rÞ

� �
gðX ;UÞ þ r

n� 1
� nða2 � rÞ

� �
hðXÞhðUÞ;ð6:2Þ

where r is the scalar curvature of the manifold. Thus the manifold is h-Einstein.

This completes the proof.
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Corollary 6.1. If r ¼ nðn� 1Þða2 � rÞ then a CL-flat ðLCSÞn-manifold M

is an Einstein manifold.

Corollary 6.2. A CL-flat LP-Sasakian manifold is an h-Einstein.

Corollary 6.3. In a CL-flat ðLCSÞn-manifold M, the scalar curvature of the

manifold is constant if and only if 2ar� b ¼ 0.

Proof. The result follows from Theorem 3.2 of [14] and Theorem 6.1.

Theorem 6.2. A CL-flat ðLCSÞn-manifold M is a manifold of quasi-constant

curvature if r0 nðn� 1Þða2 � rÞ.

Proof. Let M be a CL-flat ðLCSÞn-manifold. Then (6.1) and (6.2) holds on

M. Inserting (6.2) in (6.1) and then taking inner product with U , we obtain

RðX ;Y ;Z;UÞ ¼ pfgðY ;ZÞgðX ;UÞ � gðX ;ZÞgðY ;UÞgð6:3Þ

þ qfgðY ;ZÞhðX ÞhðUÞ � gðX ;ZÞhðYÞhðUÞ

þ gðX ;UÞhðY ÞhðZÞ � gðY ;UÞhðXÞhðZÞg;

where p ¼ 1
n�2

�
r

n�1 � 2ða2 � rÞ
�

and q ¼ 1
n�2

�
r

n�1 � nða2 � rÞ
�
. Also in view of

(6.1) and (6.2), it is clear from (5.7) that the manifold is conformally flat. Hence

the manifold is of quasi-constant curvature. This completes the proof.

Corollary 6.4. If r ¼ nðn� 1Þða2 � rÞ then a CL-flat ðLCSÞn-manifold M

is of constant curvature.

Definition 6.2. An ðLCSÞn-manifold M is said to be a CL-symmetric if

ð‘UAÞðX ;Y ÞZ ¼ 0 for all X , Y , Z and U on M.

Di¤erentiating (5.14) covariantly with respect to U , we obtain

ð‘UAÞðX ;YÞZ ¼ ð‘URÞðX ;Y ÞZ � 1

n� 2
½ð‘USÞðY ;ZÞX � ð‘USÞðX ;ZÞYð6:4Þ

þ fð‘USÞðY ;ZÞhðXÞ � ð‘USÞðX ;ZÞhðY Þgx�

� a

n� 2
½ðSðY ;ZÞfgðX ;UÞ þ 2hðX ÞhðUÞg

� SðX ;ZÞfgðY ;UÞ þ 2hðY ÞhðUÞgÞx

þ fSðY ;ZÞhðXÞ � SðX ;ZÞhðYÞgU �
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þ 2ar� b

n� 2
½fgðY ;ZÞX � gðX ;ZÞYg

þ ðn� 1ÞfgðY ;ZÞhðXÞ � gðX ;ZÞhðYÞgx�hðUÞ

þ ðn� 1Þða2 � rÞa
n� 2

½ðgðY ;ZÞfgðX ;UÞ þ 2hðX ÞhðUÞg

� gðX ;ZÞfgðY ;UÞ þ 2hðY ÞhðUÞgÞx

þ fgðY ;ZÞhðX Þ � gðX ;ZÞhðY ÞgU �:

Theorem 6.3. A CL-symmetric ðLCSÞn-manifold M is an h-Einstein mani-

fold.

Proof. Let M be a CL-symmetric ðLCSÞn-manifold. Then ð‘UAÞðX ;YÞZ
¼ 0 for all X , Y , Z and U on M and hence (6.4) yields

ð‘USÞðX ;WÞ ¼ drðUÞ
n� 1

fgðX ;WÞ þ hðXÞhðWÞgð6:5Þ

þ a
r

n� 1
� nða2 � rÞ

� �

� fgðX ;UÞhðWÞ þ gðU ;WÞhðXÞ þ 2hðXÞhðUÞhðWÞg

� ð2ar� bÞfgðX ;WÞ þ nhðXÞhðWÞghðUÞ:

Putting W ¼ x in (6.5), we obtain

SðX ;UÞ ¼ r

n� 1
� ða2 � rÞ

� �
gðX ;UÞ þ r

n� 1
� nða2 � rÞ

� �
hðX ÞhðUÞ;ð6:6Þ

that is, the manifold is h-Einstein.

Theorem 6.4. In a CL-symmetric ðLCSÞn-manifold M, grad r is codirectional

with the structure vector field x, r being the scalar curvature of the manifold.

Proof. Contracting X and U in (6.5), we get

ðn� 3Þ drðX Þ ¼ 2fdrðxÞ þ ðn� 1Þ2ð2ar� bÞð6:7Þ

þ ðn� 1Þar� nðn� 1Þ2ða2 � rÞaghðXÞ:
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Setting X ¼ x in (6.7), we get

drðxÞ ¼ �2farþ ðn� 1Þð2ar� bÞ � nðn� 1Þða2 � rÞag:ð6:8Þ

In view of (6.8), (6.7) yields

drðXÞ ¼ �drðxÞhðXÞ:ð6:9Þ

Thus the result follows from (6.9).

A semi-Riemannian manifold M is said to be locally symmetric due to

Cartan [4] if it satisfies ‘R ¼ 0.

Theorem 6.5. A CL-symmetric ðLCSÞn-manifold M is locally symmetric if

and only if M is an Einstein manifold such that

SðX ;Y Þ ¼ ðn� 1Þða2 � rÞgðX ;YÞ:ð6:10Þ

Proof. First we suppose that a CL-symmetric ðLCSÞn-manifold M is locally

symmetric. Then from (6.4) we have

ð‘USÞðY ;ZÞX � ð‘USÞðX ;ZÞYð6:11Þ

¼ �fð‘USÞðY ;ZÞhðXÞ � ð‘USÞðX ;ZÞhðYÞgx

� a½fSðY ;ZÞfgðX ;UÞ þ 2hðX ÞhðUÞg

� SðX ;ZÞfgðY ;UÞ þ 2hðYÞhðUÞggx

þ fSðY ;ZÞhðXÞ � SðX ;ZÞhðY ÞgU �

þ ð2ar� bÞ½fgðY ;ZÞX � gðX ;ZÞYg

þ ðn� 1ÞfgðY ;ZÞhðXÞ � gðX ;ZÞhðYÞgx�hðUÞ

þ ðn� 1Þða2 � rÞa½fgðY ;ZÞfgðX ;UÞ þ 2hðX ÞhðUÞg

� gðX ;ZÞfgðY ;UÞ þ 2hðY ÞhðUÞggx

þ fgðY ;ZÞhðX Þ � gðX ;ZÞhðYÞgU �:

Taking inner product of (6.11) with W and then contracting X and W and using

(2.13), we get

ð‘USÞðY ;ZÞ ¼ 0:ð6:12Þ

In view of (6.12), (6.11) yields
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aSðY ;ZÞfgðX ;UÞ þ 2hðX ÞhðUÞgxð6:13Þ

¼ a½SðX ;ZÞfgðY ;UÞ þ 2hðY ÞhðUÞgx

� fSðY ;ZÞhðXÞ � SðX ;ZÞhðY ÞgU �

þ ð2ar� bÞ½fgðY ;ZÞX � gðX ;ZÞYg

þ ðn� 1ÞfgðY ;ZÞhðXÞ � gðX ;ZÞhðYÞgx�hðUÞ

þ ðn� 1Þða2 � rÞa½fgðY ;ZÞfgðX ;UÞ þ 2hðXÞhðUÞg

� gðX ;ZÞfgðY ;UÞ þ 2hðYÞhðUÞggx

þ fgðY ;ZÞhðXÞ � gðX ;ZÞhðYÞgU �:

Again, taking inner product of (6.13) with W and contracting X and U and then

setting Y ¼ x and using (2.13), we obtain (6.10) and hence the manifold is

Einstein.

Conversely, if a CL-symmetric ðLCSÞn-manifold M is an Einstein manifold

with the Ricci tensor given as (6.10), then (6.4) entails that M is locally symmetric.
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