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Abstract. In this article we introduce the Gaussian Sobolev space W12(&, ), where &
is an arbitrary open set of a separable Banach space E endowed with a non-degenerate
centered Gaussian measure y. Moreover, we investigate the semi-martingale structure of
the infinite dimensional reflecting Ornstein-Uhlenbeck process for open sets of the form
0 ={zx € FE : G(x) <0}, where G is some Borel function on E.

Résumé. Dans cette article on commence par introduire les espaces de Sobolev Gaussiens
Wh2(0,v), ol € est un ouvert quelconque d’un espace de Banach séparable E muni
d’une mesure gaussienne -y centrée et non-dégénérée. En plus, on montre que le proces-
sus d’Ornstein-Uhlenbeck réfléchi en dimension infinie admet une décomposition en tant
que semi-martaingale pour des ouverts de la forme ¢ = {zx € E : G(x) < 0}, o G est une
fonction borélienne sur E.
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1. Introduction

Let F be a separable Banach space endowed with a non-degenerate centered Gaussian mea-
sure v and H(v) be its relevant Cameron-Martin space, which is known to be continuously
and densely embedded in E. Celada and Lunardi (2013) introduced the Sobolev spaces of
real valued functions defined on open sets € of the form & = {z € E|G(z) < 0} and for a
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suitable function G : E — R. More precisely, the Sobolev spaces WP (&, ) are defined as
the closure, in the Sobolev norm, of the operator D¢ : Lip(&) — LP(0,~; H) defined by

D§¢:=Du@s,

where Dy is the derivative in the direction of H and ¢ is any extension of ¢ to an element of
Lip(E) (Lip(&) (resp. Lip(E)) is the space of Lipschitz continuous functions on & (resp. E)).

After defining Sobolev spaces WP(&,v), Celada and Lunardi (2013) defined the trace
operator Tr of functions in W?(&,v) at ¢ and proved the following integration by parts
formula, under some ”"natural” assumptions on G

, ) DhG
Dy wdy = [ tppdy+ [ = Tredp, (1)
o Y o6 |DuGlu

for every o € WhP(&,7) (p > 1), where {vy | k € N} is an orthonormal basis of H(v) and
O is the element generated by vy (see subsection 2.2).

Now let & be an arbitrary open set of E. In particular, with the topology induced by
the one of the separable Banach space F, € is a Lusin topological space and functions in
LP(0,%(0),7¢) have to be seen as functions in LF(&, %(0), m) where m is defined by
m(A) = y(AN O) for A € $(0). In a paper in preparation by Kunze and Sauter, Sobolev
spaces W12(0,~) are defined with the same procedure but for arbitrary open sets & of E by
using another method to prove the closeability of D¢ (see Lemma 1). Moreover, a relative
Gaussian capacity of sets in @ is introduced. It is the capacity associated with the Dirichlet
form (&g, D(£p)) on L?(0, m) with domain D(&) = W12(0,~) defined by

Eolip, ) = /ﬁ DG, DGl . (2)

The Gaussian relative capacity is a Choquet capacity and is tight, which means that the
Dirichlet form (&s, D(&p)) is quasi-regular. Moreover, it is local and hence its associated
right process M = (Q, #, (Xt)i>0, (P:).ck) is, in fact, a diffusion process.

The purpose of this paper is to prove, for open sets of the form ¢ = {x € E|G(z) < 0}
where G : E — R is a suitable function, that the diffusion process (X;);>o associated with
(60, D(6¢)) is a semi-martingale with a Skorohod type decomposition. As in the finite
dimensional framework, we will use the well-known Fukushima decomposition, which holds
in the situation of quasi-regular Dirichlet forms by using the transfer method. For a relatively
quasi-continuous y—version ¢ of ¢ € W12(&,~), the additive functional (P(X;)—3(Xo))i>0
of M can uniquely be represented as

@(Xt) - SE(XO) = Mt[LP} + Nt[gp]vt Z Oa

where M) := (M[#)),5¢ is a MAF of M of finite energy and N1¥l := (N/?)),~( is a CAF
of M of zero energy.

To evaluate the bracket (M#]) of the martingale additive functional M¥! for p € W12(&, ),
we use a standard technique as for the finite dimensional case as in Bass and Hsu (1990),
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and use it in the infinite dimensional framework in the case where & = FE for a more general
E (See for example Proposition 4.5 in Albeverio and Réckner, 1991). Let p € Wh2(&,7),
then one obtains

(e, = /0 DG o(X.), DYp(X.)]mds,t > 0. @)

To evaluate N¥!, we shall characterize, as in the regular Dirichlet forms framework, the
boundedness of its variation which is an easy task by using the transfer method (see Lemma
4).

To simplify our computations, we consider two identifications: The standard one consisting
of identifying H () with its dual H ()" and the second consisting of identifying E’ x H(7)
with H(y) x H(y), which means that one consider the dualisation g/(,)r to coincide
with [,]g when restricted to E' x H(y). In this situation one obtain a countable subset
Ky = {lx, k € N} of E’ forming an orthonormal basis of H(vy) and separating the points of
E such that the linear span K C E’ of K is dense in H(7).

Our first result consists of component-wise semi-martingale structure of M. We define the
following coordinate functions: For [ € K, with |[|g = 1, define

cpl(z): g <l,z>g, z€E.

For this functions, Fukushima decomposition becomes as follows:
t t
a6 = i) = W+ [ic)as+ [ dxas (4)
0 0

where for all z € €\ S, for some relative polar set S; C @, the continuous martingale
(W}, Z, P.)i>0 is a one dimensional Brownian motion starting at zero and [ is the element
generated by [. The vector l/lG is defined by

pL.G

L _
S = DuGlu

and plays the role of the outward normal vector field in the direction of [ and L is the
positive continuous additive functional associated with the Gaussian-Hausdorff measure p
by Revuz correspondence.

After surrounding some technical problems, we will be able to prove our second main result.
It says that there exists always a map W : Q — C([0, oo[, E)) such that for r.q.e. z € & under
P.,, W = (Wy)i>0 is an (%;);>0—Brownian motion on E starting at zero with covariance

[, ] such that for r.qe. z € &

t t
Xt:z—l—Wt—i—/ Xsds—i—/ ve(Xs)dL?, (5)
0 0
where Lf := (L});>0 is as before and v¢ is a unite vector defined by
o DyG
G 7|DHG|H
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Such results of semi-martingale structures of the reflecting Ornstein-Uhlenbeck stochastic
process were already considered but for the space of BV functions and for a very smooth
sets, namely convex sets(See Barbu et al., 2009, Barbu et al., 2011, Rockner and Zhu,
2012, Fukushima and Hino, 2001 and references therein). The paper by Celada and Lunardi
(2013) opens new perspectives on dealing with open sets in infinite dimensions framework,
in particular for the infinite dimensional reflecting Ornstein-Uhlembeck stochastic process
as developed in the current paper.

2. Preliminaries

In this section we recall some facts about the theory of quasi-regular Dirichlet forms and
the associated right processes. It is the adequate framework when one wants to deal with
Sobolev spaces in infinite dimensions. Naturally, one cannot use directly the general theory
of Dirichlet forms as described in Fukushima (1980). However, it is possible to transfer our
framework in the situation of Fukushima (1980) by using a compactification method (see
Ma and Rockner (1992) for more details). A second element to introduce is the theory of
Gaussian measures as summarized in Borgachev (1998).

2.1. Quasi-regular Dirichlet forms

Let H be a real Hilbert space with inner product (,)y and norm ||.||;z. Let D be a linear
subspace of H and & : D x D — R a bilinear map. Assume that (&, D) is positive definite
(i.e. &(u) == &(u,u) > 0 for all uw € D). Then (&, D) is said to satisfy the weak sector
condition if, there exists a constant K > 0, called continuity constant, such that

| (u,v)| < K& (u,u) /& (v, v)/?

for all u,v € D. A pair (&, D(&)) is called a coercive closed form on H if D(&) is a dense
linear subspace of H and the bilinear map & : D(&) x D(&) — R is a symmetric form and
satisfies the weak sector condition. In this situation the associated operator with (&, D(&))
is defined as follow

D(A):={ue D(&)|3p € H s.t. &(u,v) = (p,v)Vv € D(&)}

Au = . ©)

Recall that a positive definite bilinear form (&, D(&)) on H is said closeable on H if for
all up,, n € N, such that &(uy, —Um) —n,m—oo 0 and w,, — 0in #, it follows that & (u,) — 0.

Now we replace H by the concrete Hilbert space L?(E;m) := L?(E;%;m) with the usual
L?—inner product where (E;%;m) is a measure space. As usual we set for u,v : £ — R,
u Vo = sup(u,v), u Av = inf(u,v), u™ = uVO0,u” = —u A0, and we write f > g
or f < g for f,g € L*(E;m) if the inequality holds m—a.e. for corresponding representatives.

A symmetric coercive closed form (&, D(&)) on L?(E;m) is called a symmetric Dirichlet
form if for all u € D(&), one has that u™ A1 € D(&) and &(ut A1) < &(u).
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Definition 1. (i) An increasing sequence (F})ien of closed subsets of E is called &—nest
if Upso D(€)F, is dense in D(&) with respect to 511/2, where

D(&)p:={ue D&):u=0in E\ F}.

(ii) A set N is called &—exceptional if N C NyenFy for some &—nest (Fj)ren.
(iii) We say that a property of points in F holds & —quasi-everywhere ( &—q.e.), if the prop-
erty holds outside some &—exceptional set.

Definition 2. A Dirichlet form (&, D(&)) on L?(E;m) is called quasi-reqular Dirichlet form
if

(i) There exists an &— nest (Ey)ren consisting of compact sets.
(ii) There exists an &} —dense subset of D(&) whose elements have &—quasi-continuous
m—versions.
(iii) There exists u, € D(&), n € N, having &—quasi-continuous m—versions ay, n € N, and
an &-exceptional set N C F such that {@,|n € N} separates the points of '\ N.

Now fix a measurable space (£2,.%) and a filtration (F):epo,00) On (2,%). Let E be a
Hausdorff topological space and let B(E) denote its Borel o—algebra. We adjoint to E
an extra point A(cemetery) as an isolated point to obtain a Hausdorff topological space
Ea = EU{A} with Borel algebra Z(EA) := #A(E) U{BU{A}|B € #(E)}. Any function
f: E — R is extended as a function on Ea by putting f(A) = 0. Given a positive measure
pon (Ex, Z(Ea)), we define a positive measure P, on (£2,.%) by

P,(A) ::/E P.(A)u(dz), Ac Z.

Definition 3. Let M = (Q,.%, (X¢)t>0, (P:):cra) be a Markov process with state space
E, life time £ and the corresponding filtration (%#;). M is called right process (w.r.t. (%))
if it has the following additional properties

(A) (Normal property) P,(Xo =z) =1 for all z € Fx.

(B) (Right continuity) For each w € Q, ¢t — X;(w) is right continuous on [0, col.

(C) (Strong Markov property) (%) is right continuous and every (%#;)—stopping time o and
every u € P(Ea)

P, (Xott € A|F,) = Px, (X, € A), P, —as.
for all A € B(Ea), t > 0.
Now we fix M a right process with state space E and life time £. (X;);>0 is measurable then
pef(2) = pi(2,9) = E:lp(Xe)], 2 € E, t 2 0, p € B(E)T,

defines a submarkovian semi-group of kernels on (E, Z(F)).
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Let (&, D(&)) be a Dirichlet form on L?(E;m) and (T});>o the associated sub-markovian
strongly continuous semi-group on L?(E;m). A right process M with state space E and
transition semi-group (p¢)>o is called associated with (&, D(&)) if pif is an m—version
of Ty f for all ¢ > 0. If, in addition, p;f is &—quasi-continuous for all ¢ > 0 and f €
By(E) N L*(E;m), M is called properly associated with (&, D(&)).

Theorem 1. Let E be a metrizable Lusin space. Then a Dirichlet form (&,D(&)) on
L?(E;m) is quasi-reqular if and only if there exists a right process M associated with
(&,D(&)). In this case M is always properly associated with (&, D(&)).

A well known characterization of local regular Dirichlet forms is still valid in the case of
quasi-regular Dirichlet forms. Let E be a Lusin topological space and (&, D(&)) a quasi-
regular Dirichlet form on L?(E;m). Note that since E is strongly Lindeldf, the support of a
positive measure on (F,%(E)) can be defined as follows: for a #(F)—measurable function
uon E we set

supplu| := supp||u|.m] (7)
and call supplu] the support of w. It is clear that by (7) supp[u] is well-defined for all
u € L*(E;m). As usual we say that (&, D(&)) has the local property (or is local) if
&(u,v) = 0 for any functions u,v € D(&) with compact disjoint support.

Let now M = (,.Z, (X1)t>0, (P:):eE,) be a right process with state space E and life time
¢ associated with (&, D(&)). Then (&, D(&)) has the local property if and only if M has
continuous sample paths. More precisely

P,(t — X, is continuous on [0,&[) =1, for & —q.e. z € E.

In this case, M is said to be a diffusion.

Now we present a general "local compactification” method that enables us to associate to
a quasi-regular Dirichlet form on an arbitrary topological space a regular Dirichlet form on
a locally compact separable metric space. This is done in such a way that we can transfer
results obtained in the later ”classical“ framework to the more general situation involving
quasi-regular Dirichlet forms.

Let E be a Hausdorfl topological space and (&, D(&)) a quasi-regular Dirihlet form on
L2(E;m). Let (E, %) be a measurable space and let i : E — E be a #(E)/%—measurable
map. Let 1 = m oi~! and define an isometry 7 : L2(E;m) — L%(E;m) by defining i(4)
to be m—class represented by % o4 for any Z—measurable m—version @ € LQ(E; m). Note
that the range of 7is always closed, but, of course, in general strictly smaller than L?(E;m).
Define R . .

D(&) = {a € L?(E;m)|i(a) € D(&)} ®)

&(a,0) = &E(i(1),i(9)), i, € D(&).

Then clearly (&, D(&)) is a symmetric positive definite bilinear form on L2(E; ) satisfying

the weak sector condition. (&, D(&)) is called the image of (&, D(&)) under i.

By Theorem VI.1.2 in Ma and Réckner (1992), there exists an &—nest (E,,),>0 consisting
of compact metrizable sets in E and locally compact separable metric space Y such that
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(i) Y is a local compactification of Y := UF,, in the following sense: Yisa locally compact
space containing Y as a dense subset and B(Y) := {A € B(Y)|ACY}.
(ii) The trace topologies on Ej induced by E, Y respectively, coincide for every k € N.
(iii) The image (&, D(&)) of (&, D(&)) under the inclusion map i : ¥ C Y is a regular
Dirichlet form on Lz(Y; 1) where M := moi~! is a positive Radon measure on Y.

Let now M = (Q,.Z, (X})t>0, (P:)2era) be a right process properly associated with the
quasi-regular Dirichlet form (&, D(&)) on Lz(E;’/Tl,). Then there exists an & —exceptional
set N C I such that £\ N is M —invariant and if M is the trivial extension to E of Mg\ y,

thenAM is a Hunt process properly associated with the regular Dirichlet form (é% , D(@’A" )) on
L2(E;m).

One can then transfer all results obtained within the analytic theory of regular Dirichlet
forms on locally compact separable metric spaces (cf. Fukushima, 1980) to quasi-regular
Dirichlet forms on arbitrary topological spaces. For example, the one-to-one correspondence
between smooth measures and the positive continuous additive functionals holds. Moreover
the well-known Fukushima decomposition Theorem also holds true. Recall that a positive
measure g is called smooth if it charges no &-exceptional set and there exists an &—nest
(Fy)nen of compact subsets of E such that u(F,) < oo for all n € N. The one-to-one
correspondence is given by

1 t
tm Bl [ F(X)dA] = [ £ forail £ € %(E),

where (A;);>0 is a PCAF’s of M. Moreover, by Theorem VI.2.5 in Ma and Rockner (1992),
or Theorem 4.3 in Albeverio and Rockner (1991) we have, for all 4 a &—quasi-continuous
m—version of u, the following Fukushima decomposition

a(X,) — @(Xo) = MM + N,

where MM .= (Mt[u])tZO is a martingale additive functional of finite energy and
N = (NI4),54 is a continuous additive functional of zero energy.

We will apply Fukushima’s decomposition in section 5 to obtain a component-wise semi-
martingale property of the infinite dimensional reflecting Brownian motion. As in the finite
dimensional case as in Bass and Hsu (1990), one needs a characterization of bounded vari-
ation of N (see Lemma 4), which we prove by using the transfer method described above.

2.2. Abstract Wiener space

In this article we will deal with measure space (€, 28(0),~), where € is an open set of a
separable Banach space F endowed with a centered non-degenerate Gaussian measure . We
recall then some facts about Gaussian measures from Borgachev (1998) in a more general
framework of locally convex space. Let E be a locally convex space, and E’ its dual space.
We call cylindrical sets (or cylinders) the sets in F which have the form

C={zeB|(lix),... 1(z)) € Co}, I € E,
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where Cy € #(R™) is called a base of C' and denotes by &(E) the o— field generated by
all cylindrical subsets of E. In other words, &(F) is the minimal oc— field, with respect
to which all continuous linear functionals on E are measurable. It is clear that &(F)
is contained in the Borel o—field Z(F), but may not coincide with it. However, in our
forthcoming situation where E is a separable Banach space, the equality &(E) = B(E)
holds true. A probability measure v defined on the o—field &(FE), generated by FE’, is
called Gaussian if, for any f € E’, the induced measure v o f~! on R is Gaussian. The
measure 7 is called centered (or symmetric) if all measures yo f~1, f € E’ are centered. It
is well-known that a Gaussian measure v is characterized by its mean a,(f) : (E')* — E’
defined by a~(f) = [ f(x)y(dz), and the covariance operator R, : E' — (E’)* defined by
R,(f)(9) = [(f(z) —ay(f))(g(z) — ay(g))v(dz), where X* denotes the algebraic dual of X.
Note that, by Fernique Theorem, we have E’ C L3().

We consider in what follows only centered Gaussian measures v on E(i.e. a, = 0) and we
denote by E! the closure of £’ embedded in L?(v), with respect to the norm of L?(v).
The space (E., ||.[[2(y)) is called the reproducing kernel Hilbert space of the measure 7.
Put |h|g(y) = supp{l(h) : I € E', |lllz2(y) < 1} and H(y) := {h € E : |h|g(y) < oo}
The space H(7) is called the Cameron-Martin space. In the literature it is also called the
reproducing kernel Hilbert space.

Note that one can extend R, from E’ to E'/w and by Lemma 2.4.1 in Borgachev (1998)
the Cameron-Martin space is precisely the space of elements h € E such that there exists
g € E, with h = R(g). In this case |h|g(y) = [|g]l2(y) and we say that the element g (we

use the notation h := g) is associated with the vector h or is generated by h. The relation
determining h is f(h) = [, f(z)h(2x)y(dx), f € E' and the Cameron-Martin space H ()
is equipped with the inner product (h,k)g(y) = (ﬁ, iﬁ)L2(y)~ The corresponding norm is
1l = llAllL2 -

Recall that a (finite non-negative) measure p defined on the o—field #(E) is called Radon, if
for every B € #(FE) and every € > 0, there exists a compact set K. C B with u(B\ K.) < €
and called tight if this condition is satisfied for B = E. For example, in our forthcoming
situation of a separable Banach spaces, all measures on Z(FE) are Radon. By Theorem
3.2.7 in Borgachev (1998), for a Radon Gaussian measure v on a locally convex space E,
the Hilbert spaces E! and H(7y) are separable. Moreover, if v is centered then E! has
countable orthonormal basis, consisting of continuous linear functionals f, (See Corollary
3.2.8 in Borgachev (1998). Once more, let 7 be a centered Radon Gaussian measure on
E, then by Theorem 3.6.1 in Borgachev (1998) the topological support of v (the minimal
closed set of full measure) coincides with the affine subspace H(v), where the closure is
meant in F, in particular the support of 7 is separable. We say that the Radon Gaussian
measure y is non-degenerate if its topological support is the whole space. It is clear that a
centered Gaussian measure is non-degenerate precisely when its Cameron-Martin space is
everywhere dense.

A triplet (¢, H, B) is called an abstract Wiener space if B is a separable Banach space, H
is a separable Hilbert space, ¢ : H — B a continuous linear embedding with dense range,
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and the norm ¢ of B is measurable on H ( more precisely ¢ o i) in the sense of Gross (see
Definition 3.9.2 in Borgachev, 1998). Clearly, when + is a centered non-degenerate Gaussian
measure on a separable Banach space F, then (i, H(y), E) is an abstract Wiener space
where i is the natural embedding of H(y) in E.

Now denote by #C the collection of all functions, on a locally convex space E, of the
form: f(z) = p(li(x),...,lh(x)), ¢ € C;°(R™), I; € E', n € N. Such functions are called
smooth cylindrical functions. A radon measure y on E is called differentiable along a vector
h € E (in the sense of Formin) if there exists a function 8}’ € L' () such that, for all smooth
cylindrical functions f, the following integration by parts formula holds true:

[ onf@intan) == [ r@si@nto,

where O f(x) = limy_,o(f(x+th) — f(x))/t. The function 3}’ is called logarithmic derivative
of the measure p along h. By Proposition 5.1.6 in Borgachev (1998), for a Radon Gaussian
measure on F, H(v) coincides with the collection of all vectors of differentiability. In addition,
if h € H(y) then 8] = —h. Remark that, in Albeverion et al. (1990), when E is a separable
Banach space and H = H(vy), the well admissible elements are exactly the elements of H(7)
(See also Albeverio and Rockner, 1991).

3. Gaussian Sobolev space

In this section we develop the notion of relative Gaussian capacity associated with Gaussian
Sobolev spaces W2(&, v), where € is an arbitrary open set on a separable Banach space E
endowed with a non-degenerate centered Gaussian measure . The starting point is an idea
developed in Celada and Lunardi (2013) to define Sobolev spaces W12(&,~) by Lipschitz
functions as starting points, but for open sets of the form & = {x € E : G(z) < 0}, where G
is a certain Borel function on E. Most results in this section are developed in the forthcoming
paper of Kiinze and Sauter we already cited. Because, the paper is not yet published, we
announce their results with complete proofs.

3.1. Gaussian Sobolev space

Let E be a separable real Banach space and v a non-degenerate centered Gaussian measure
on #A(E), the Borel o—algebra of E. The Cameron-Martin space of v is denoted by H (),
which is continuously and densely embedded in E. We say that a function ¢ : E — R is
H—differentiable at z if there is v € H(y) such that f(z + h) — f(z) = [v,h]lg + o(|h|H),
for every h € H(). In this case v is unique and we set Dy f(z) = v. Moreover for every
unite vector [ € H(v) the directional derivative DY f(z) := limy_,o(f(z +tl) — f(x))/t exists
and coincides with [Dg f(x),{]z. The domain of Dy is the Gaussian Sobolev space W12 ()
(see Section 5.2 in Borgachev, 1998), defined as the completion of the smooth cylindrical
functions under the norm

11 = /E F@)Pdy + /E |Da f (@) 2dr.

Now let & be an open set of E. In Celada and Lunardi (2013), the Sobolev space W12(&,~)
was defined by using Lipschitz functions as starting points for open sets of the form & = {z €
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E : G(z) < 0}, where G is a Borel version of an element of W12(v). In the forthcoming paper
of Kiinze and Sauter we already cited, the same approach was reproduced but for arbitrary
open sets. Let ¢ € Lip(&) and ¢ a Lipschitz continuous extension to the whole E. Since
Lip(E) € W12(v) (See Example 5.4.10 in Borgachev, 1998), Dy @ is well defined. Note that
when ¢ is another Lipschitz continuous extension of ¢ to the whole F, then D@ = Dy@ v—
a.e. by Lemma 5.7.7 in Borgachev (1998). We may thus define D¢ : Lip(0) — L?(0,~; H)
by setting

Df¢:=Du@s,

where ¢ is any extension of ¢ to an element of Lip(FE).
Lemma 1. The operator Dg 1s closeable.

Proof. Let a sequence (p,,) C Lip(&) be given with ¢, — 0 in L?(0,v) and DGy, — @
in L?(0,~; H). We have to prove that ® = 0. To that end, let v € W12(+; H) be such that
supp(v) C €. We note that, by Theorem 5.8.3 in Borgachev (1998), v belongs to the domain
of the divergence operator §. Moreover, by Lemma 5.8.10 in Borgachev (1998), also §(v) has
support in &. Consequently,

n—oo

=— lim | p,0(v)dy=0,
o

where ¢, is any extension of ¢, to an element of Lip(E). Thus, [,[®,v]gdy = 0 for all
v € Wh2(y; H) with support in &. Since such v separate the points in L?(&,~; H), it follows
that & = 0.

By slight abuse of notation, we denote the closure of D% also by D¢. The domain of D is
denoted by W2(&,~) which is a Banach space with respect to the norm

lellfi2(0q) = 2l F2(6.4) + IPGPIT2(0 ) -

Note that W12(&,~) is continuously embedded into L?(&,~).

It is a consequence of Theorem 5.11.2 in Borgachev (1998) that, for a Lipschitz continuous
function ¢, the derivative Dy exists v-a.e. as a Gateaux derivative. Moreover, |Dgy |y is
almost surely bounded. This has the following consequence, which we will use later on.

Lemma 2. If p € WY2(0,v) and ¢ € Lip(0), then pip € WH2(0,v) and
Df(ev) = (Do)t + p(Dih). (9)

Moreover, if 1 € Lip(E) with 1|gc = 0, then also il € WH2().
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Proof. If € = E and both ¢ and ¢ are Lipschitz continuous, then (9) follows from Theorem
5.11.2 in Borgachev (1998) and the product rule for Gateaux derivatives. Restricting to &,
we have (9) for Lipschitz continuous ¢ and ¢ and for general &. The case of general ¢ follows
by approximation, using the closeness of Dg. The addendum also follows by approximation.

Immediately from the Lemma 2 one can prove the assumption of representability,

Proposition 1. The Dirichlet form (&g, WY2(0,~)) satisfies the assumption of repre-
sentability, i.e.

265(p,00) — Ea(P 1) = /ﬁ DG 0(2), DG(2)] e 2(d2)

for all p € WY2(0,~) and 4 € Lip(0).
Let us now address some order properties of W2(&, ).

Lemma 3. If p € WY2(0,7), then also ot € WH2(0, ). Moreover, we have D& (pT) =
1(0)00) op- Dggp.

Proof. Let f € C*(R) with bounded derivative and ¢ € W2(&, ). We claim that fo ¢ €
WL2(0,~) and DG (f o ) = f o - D%¢. Indeed, by definition, there exists a sequence
(¢n) C Lip(€) such that ¢, — ¢ in L?(0,7) and Dg@nle — Do in L2(0,v; H). As it
is well known, see for example Remark 5.2.1 in Borgachev (1998), f o ¢, € W12(«) with
Dy (fodn) =1 o@n - Dgp,. Using the boundedness and continuity of f’, it is immediate
from dominated convergence that Dy (f o @,)|e — f' o - D%y in L?(0,~; H). The claim
thus follows from the closedness of D.

Now let ¢y, (t) = ntli ,-1)(t) + 1p-1,00)(t) and ¢y, (t) = fioo ¥n(s)ds. By the above, ¢, o
o € WH2(0,7) with DG (¢n 0 @) = ¥no - DGp. As ¢, 0 p — ¢ in L?(0,7) and
Ypo@-DGp — Lio,00) 00 D%y in L?(0,~; H), the lemma follows from the closedness of
D%.

Since ¢ A1) = ¢ — (¢ — )T, we immediately obtain the following.

Corollary 1. If ¢,vp € W12(0,), then o Ay € WH2(0,~) and
D (p A) = 1<y D + 1wy Dy

The bilinear form &5 : WH2(0,v) x WH2(0,~) — R, defined by

Eolip ) = /ﬁ DS, DGl . (10)

is densely defined, symmetric, positive semidefinite and closed. It follows immediately from
Corollary 1 that p A1 € WH2(0,v) whenever p € WH2(0,v) and, in this case, DG (o A1) =
1{p<13Df¢. Thus

sopnn) = [

IDGl2 dv < / IDG % dy = Ea(p).
{p<1} o

Consequently, & is a Dirichlet form on L?(&, ).
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3.2. Gaussian relative capacity

One can always associate a capacity €ap with the Dirichlet form &4 (See Section 1.8 in
Bouleau and Hirsch (1991)). In this article, we will consider this capacity as a relative capacity
in the sense of Arendt and Warma (2003), i.e. we allow to compute capacities of subsets
of €. To do so, we formally have to consider &5 as a form on L?(X,%(X),m) instead of
L*(0,%(0),7|s), where X = € and m(A) = y(AN O) for A € %(X). The definition is as
follows.

Definition 4. Let A C 0. Then the relative Gaussian capacity Cap5(A) of A is defined as
Cap4z(A) := inf{HuH%,Vl,g(ﬁﬂ) :3U C E open, s.t. u> 1 y-a.c.on UN O} (11)

Standard properties of €ap are easily verified and follow from the general theory (see
Proposition 1.8.1.3 in Bouleau and Hirsch, 1991).

Proposition 2. Let & C E be open. Then the following statements hold.

1. v(A) < Capz(A) for all A C O such that A € B(E).
2. For A,B C O one has

3. For every increasing sequence (Ay) of subsets of € one has
Caps(Ay) Q:apg( D Ak).
k=1
4. For every decreasing sequence (K,) of compact subsets of O one has
Caps(K,) | e:apﬁ( ﬁ Kk)

k=1

5. For every sequence (A,) of subsets of € one has

Q:apg( U Ak) <Y Capy(Ar).
k=1 k=1
The following is now a consequence of Choquet’s capacity theorem (See Corollary 30.2 in
Choquet, 1953).
Proposition 3. Let € C E be open and A C 0. If A € B(E), then
Cap;(A) = sup{Cap4(K) : K C A compact}.

For ¢ = E we write €ap rather than Capy and refer to Cap as Gaussian capacity. This
Gaussian capacity has been extensively studied in the literature, see, e.g., Section II.3 in
Bouleau and Hirsch (1991). In view of Theorem 5.7.2 in Borgachev (1998), it follows that
the capacity Cs 1, considered in Section 5.9 in Borgachev (1998) is equivalent with €ap, in
the sense that for certain constants «, § > 0, we have

aCy1(A) < Cap(A) < BCs,1(A)

forall ACE.

We adopt the following terminology from Arendt and Warma (2003).
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Definition 5. 1. A subset A of & is called relatively polar if Cap5(A) = 0.
2. Some property is said to hold on & relatively quasi everywhere (r.q.e.) if it holds outside
a relatively polar set.

We now compare relatively polar sets with polar sets, i.e. sets A with €ap(A) = 0. It turns
out that polar subsets of & are relatively polar. The converse is true for subsets of &.

Proposition 4. Let AC 0 and B C 0.

1. Capz(A) < Cap(A). In particular, polar sets are relatively polar.
2. Capz(B) = 0 if and only if Cap(B) = 0.

Proof. (1) It follows from the density of Lip(E) in W'2(y), that o € W'2(0,~) for every
© € WH2(y). Thus (1) is immediate from the definition.

(2) We only need to prove that Capz(B) = 0 implies €ap(B) = 0. Let F,, := {z € 0 :
d(z,0°) > n~'} for all n € N. Then F, is closed, contained in & and F,, 1 €. Thus
BNF, 1 B. It suffices to show that Cap(B N F,,) = 0 because then, by Proposition 2 (3),
Cap(B) = lim,, Cap(BNF,) = 0. So let n € N be fixed. Then there exists a Lipschitz function
¢ with 15, < ¢ < 14. Since €apz(B) = 0, there exists a sequence (f;) in WH?(&,~) and
open sets Uy C E containing B with f > 1 y-a.e. on Uy N & and ||ka%/V1,2(@7) — 0. As
a consequence of Lemma 2, g, := ¢fk € WH2(7) and [|gi|lwr2(y) < |l fillwr2(o,y) for a
certain constant c. It follows that €ap(B N F,,) = 0, which finishes the proof.

As a consequence of part (1), the relative capacity Cap inherits tightness from the Gaussian
capacity Cap.

Corollary 2. The relative capacity Cap is tight, i.e. for every e > 0, there exists a compact

set K, C O such that -
Qﬁapg(ﬁ\[(ﬁ) < €.

Proof. The Gaussian capacity Cap is tight (See Theorem 5.9.9 in Borgachev (1998) or Propo-
sition I1.3.2.4 in Bouleau and Hirsch, 1991). Consequently, given € > 0, there exists a compact
set K. C E with Cap(F \ K.) < €. The set K. := 0 N K, is compact and, by Proposition
4(1)
Cap5(0 \ K.) < Cap(0\ K.) < Cap(E\ K.) <e.

It now follows that the form & is a quasi-regular Dirichlet form on L2 (0,7). Thus there
exists a right process M = (Q,.%, (Xy)1>0, (P:).cr,) with state space ¢ and life time &,
which is properly associated with &¢. Moreover, one can prove, with the same method as in
Example 1.12 (1) in Ma and Rockner (1992), that

Proposition 5. The quasi-reqular Dirichlet form &g is local.
Proof. To prove the locality it is sufficient to show that

D%p =0+~ —a.e. on O\ supp|y] for all p € WH2(&, ) (12)
To this aim we use the following identity (9)

DY (ey) = vDfp+ oDy o € WH(60,7), ¢ € Lip(0). (13)
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Let ¢ € WH2(0,~). By Proposition V.4.17 in Ma and Rockner (1992) there exists a Lipschitz
function 1 such that 0 < ¢ < 15\supp[go] and ¢ > 0r.q.e. on \supp[y|. Hence by the identity
(13)

0=¢Dfe+ eDf
and thus

VDfe = pDf =0
Consequently D%y = 0 y—a.e. on & \ supp[yp)].

As a consequence of the locality of &4, the associated right process M is in fact a diffusion
process (Strong Markov process with continuous sample paths).

3.8. Quasi-continuous representatives

Next, we establish the existence of certain representatives of elements of W12(&,~) that
are unique up to a relatively polar set. This allows to consider point-wise properties of
elements which hold r.q.e. instead of merely v-a.e. For example, we will see that using these
representatives a convenient description of the closed lattice ideals of W12(&,~) can be
given.

Definition 6. A function ¢: & — R is called relatively quasi continuous if for all € > 0
there exists an open set U in E such that €apz(U N ) < € and ¢ restricted to & \ U is
continuous. Moreover, a subset M C & is called relatively quasi open if for all € > 0 there
exists an open set U in E such that Capz(U N &) < € and M UU is open in E.

The following proposition provides us with relatively quasi continuous representatives and
collects two basic properties that allow to lift point-wise properties from ~-a.e. to r.q.e. It
suffices to note that in our setting property (D) of Section 1.8.2 in Bouleau and Hirsch (1991)
holds. So the proposition is a consequence of Propositions I1.8.1.6 and 1.8.2.1 in Bouleau and
Hirsch (1991). For the corresponding properties in the case & = E, see also Lemma 5.9.5
and Theorem 5.9.6 in Borgachev (1998).

Proposition 6. For every ¢ € WY2(0,~) there exists a relatively quasi continuous and
measurable representative p: O — R, which is unique up to equality r.q.e. Moreover, one
has the following.

1. Let p € WY2(0,~). Then ¢ > 0 v-a.e. if and only if $ >0 r.q.e.
2. If o, — o in WY2(0,7), then after going to a sub-sequence one may assume @, — @
r.q.e.

4. Hausdorff-Gauss measures

In each tentative to establish a Skorohod representation one remark that establishing
an integration by parts formula is a fundamental first step. In Celada and Lunardi
(2013), such an integration by parts formula was proved for open sets with some non
restrictive regularity. Before to give the integration by parts we will define the well
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known Hausdorff-Gauss measure of Feyel-de La Pradelle. It is the equivalent notion
of Hausdorff measures in the infinite dimensional spaces. We first introduce such a
measures and then we give the integration by parts result. Our reference in this section
will be always the paper Celada and Lunardi (2013). We follow then Subsection 2.1 in
Celada and Lunardi (2013) and we recall that E is a separable Banach space endowed with
a non-degenerate centered Gaussian measure v and H is the relevant Cameron-Martin space.

We recall first of all the definitions of the 1— co-dimensional Hausdorff-Gauss measures that
will be considered in the sequel.
If m > 2 and F = R™ is equipped with a norm |.|, we define

0F (dzx) = exp(—|z|*/2)H™ ! (dx)

1
(27-(-)771/2
H™~ ! being the spherical m — 1 dimensional Hausdorff measure in R™, namely

Hm_l( = lim lnf{zwm 1T tAC UB(xi,Ti),T‘i<5Vi}
i€EN €N

where w,,_1 is the Lebesgue measure of the unite sphere in R™ 1.

For every finite dimensional subspace F' C E we consider the orthogonal (along H) projection
on F:

m

xHZ<x’fl>Hfm IGH,

i=1
where {f; : ¢ =1,...,m} is any orthogonal basis of F. Then there exists a y— measurable
projection 7" on F, defined in the whole E, that extends it. Its existence is a consequence of
Theorem 2.10.11 in Borgachev (1998), which states that for every ¢ there exists a unique (up
to changes on sets with vanishing measure) linear and p—measurable function I; : X — R
that coincides with z — (z, f;) iy on H. Then we set

If fi € QE), fi = Q(f;) for some fi € E', then (z, f;) = fi(z) for every € H and the
extension is obvious, I;(z) = f;(x) for every z € E. In particular if E is a Hilbert space, it
is convenient to choose an orthonormal basis {ej : k € N} of E made by eigenvectors of Q.
If Qes, = Agex, the function I; is the L?(E, ) limit of the sequences of cylindrical functions

m
Z (@, en)E fz>ek> C meN,

=1
which is denoted Wg-1/24, in Da Prato (2006). If F is spanned by a finite number of elements
of the basis V = {vg := v/ Ager : k € N} of H, say F = span{vy,..., vy}, then

m m

m(z) = Z<=’177 Q 'vi)pui = Z(L €i) B,

i=1 i=1
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namely 7 coincides with the orthogonal projection in E over the subspace spanned by eq,

. \em-

Let F be the kernel of 7¥". We denote by ¥ the image measure of v of F through np, and
by «F' the image measure of v on F through I — 7f'. We identify in a standard way F with
R™, namely the element > _.* | z; f; € F is identified with the vector (z1, ..., z,) € R™ and
we consider the measure #¥ on F.

We stress that the norm and the associated distance used in the definition of 8 are inherited
from the H—norm on F, not from the F—norm. For instance, if £ = R™ = F, then
dH™ ' = dS o Q=2 where dS is the usual (m — 1)—dimensional spherical Hausdorff
measure. So, for every Borel set E,

1 2
0¥ (A) = ——— “lvl/24s.
( ) (27-(-)771/2 /Ql/z(A)e

In the general case, for any Borel (or, more general, Suslin) set A C E we set
pf = / 0F (AL )dyp(z),
F

where A, := {y € F': x +y € A}. By Proposition 3.2 in Feyel (2011), the map F ~ p'(A)
is well defined (namely, the function z + 6% (A,) is measurable with respect to vz) and
increasing, i.e. if I} C Fy then p™ < p2. This is sketched in Feyel (2011), a detailed proof
is in Lemma 3.1 in Ambrosio et al. (2010). By the way, this is the reason to choose the
spherical Hausdorff measure in R™: if the spherical Haussdorf measure is replaced by the
usual Hausdorff measure, such a monotonicity condition may fails.

The Hausdorff-Gauss measure of Feyel-de La Pradelle is defined by
p(A) :=sup{p’(A) : F C H, finite dimensional subspace}. (14)
Similar definitions are considered in Ambrosio et al. (2010) :
p1(A) :=sup{p’ (A) : F C Q(E’), finite dimensional subspace} (15)

and under the assumption that V C Q(E’) in Hini (2010), the following Hausdorff-Gaussian
measure was defined

py :=sup{p’ (A) : F C H, spanned by a finite number of elements of V} (16)

where py, could depend on the choice of the basis V.

The three type of Hausdorff-Gaussian measures can be compared as follows

p(A) = p1(A)

and when V C Q(E’), we have
p1(4) > py(A).
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The following proposition is important in the sense that it enables us to say that p is a
smooth measure and then to associate with it a positive continuous additive functional L{
which we call, as in the finite dimensional case, the local time of M corresponding to p with
the Revuz correspondence. One can find the proof in Theorem 9 in Feyel and de La Pradelle
(1992).

Proposition 7. The Hausdorff-Gauss measure of Feyel-de La Pradelle p charges no set of
zero relative Gaussian capacity.

Now we give the integration by parts under the following not restrictive assumptions.

Assumptions (H).

(A.1) G € W24(E,~) for each ¢ > 1,

(A.2) y(G7Y(~00,0)) >0, G71(0) # 0,

(A.3) there exist § > 0 such that 1/|D4 G|y € L(G~(—46,0),7) for each ¢ > 1.

The following theorem (see Corollary 4.2 in Celada and Lunardi, 2013) gives a definition of
a trace operator from a limiting procedure of a sequence of Lipschitz functions,

Theorem 2. For eachp > 1 and p € WHP(0,7) there exists 1 € (., LP({G = 0}, p) with
the following property: if (¢n)n C Lip(E) are such that (¢n|s) converges to ¢ in Wip(0, ),
the sequence (pn)s) converges to ¢ in LY({G = 0},p), for every ¢ < p. In addition, if the
condition

. D4G )
—ess supdiv | —F— | < o0, 17
7 z€0 (|D§G|H ( )

holds then pn ;= converges in LP({G = 0}, p).

Theorem 2 justifies the following definition (see Definition 4.3 in Celada and Lunardi, 2013)

Definition 7. For each ¢ € WP(0,v) p > 1, we define the trace Try of ¢ at {G = 0} as
the function 1 given by Theorem 2.

Let {vy | k € N} be an orthonormal basis of H (). Now the integration by parts of functions
in Wh2(0,) is as follows (see Corollary 4.4 in Celada and Lunardi, 2013)

Theorem 3. For every o € WH2(0, ), we have
DfG
DY pdy = / brpdry +/ ———Trpdp, (18)
/ﬁ g o o0 | DGGlu

where Tr is the operator trace as defined in Definition 7.

Proposition 8. For every ¢ € WYP(E,~), the trace of Yo at G~ 1(0) coincides p—a.e.
with the restriction to G=1(0) of any continuous version ¢ of ¢.

Journal home page: www.jafristat.net, www.projecteuclid.org/as



K. Akhlil, Afrika Statistika, Vol. 12(1), 2017, pages 1117-1146. Infinite dimensional reflecting
Ornstein-Uhlenbeck stochastic process on non-convex open sets.

5. Component-wise Skorohod decomposition

To obtain the Skorohod decomposition we use, as in the finite dimensional situation, the
well known Fukushima decomposition theorem which holds in the situation of quasi-regular
Dirichlet forms by using the transfer method (See Theorem 4.3 in Albeverio and Roéckner,
1991, Theorem VI.3.5 in Ma and Rockner, 1992).

Theorem 4. Let ¢ € WH2(0,~) and let ¢ be a relatively quasi-continuous y—version of
@. Then the additive functional (P(Xy) — @(Xo))i>0 of M can uniquely be represented as

G(X,) — ¢(Xo) = M7 + Nt >0
where M1¥) = (Mt[w])tzo is a MAF of M of finite energy and N = (Ntw)tzo is a CAF
of M of zero energy.

To evaluate the bracket (M[#]) of the martingale additive functional M¥! for o € W12(0, )
we use a standard technique as for the finite dimensional case Bass and Hsu (1990) and used
in the infinite dimensional framework in Proposition 4.5 in Albeverio and Réckner (1991)
in the case ¢ = E with the help of the transfer method. The proof still the same in our
framework. Remark that one needs no regularity assumption on & and then in this step the
open set & is still arbitrary.

Proposition 9. Let ¢ € WY2(0, ), then
t
(), = [ (Dfe(X.), DX s, ¢ 0 (19)
0

Proof. Recall that we are always considering & as a form on L?(0,m) as done in Section
3. Endowing & with the topology induced by the separable Banach space E, ¢ is a Polish
space. We define now the function 6 as follows,

0(z) := {[Dg‘p(z)7Dg<P(2)]H ifz€0

DS (20)
0 ifze O\ 0O

and N, = fg H(X's)ds,t > 0. Then it follows by Lemma 5.1.6 and Theorem 3.2.3 in
Fukushima (1980) that o
PN, < oo, t>0]=1

for T.qe. z € 0. Consequently, (Nt)tzo is a CAF of M and we have for f : 0 -

[ [asoas

[0, o0, #(0')—measurable, that
1t
- / / f0ps1dids (21)
tJo Jo

L[ s o
- /5 f0d7
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where the last step follows by the fact that (X;);>o is markovian and then so is (X;)¢>o thus
psl = 14—a.e. By Theorem 5.1.3 in Fukushima (1980) it follows that the unique smooth
measure that is associated to N := (Nt)tzo is 65. For ¢ € D(&o), let ¥() denote the unique
smooth measure associated with (M[#]). We want to show also that

Vo) = 07-
By Theorem 5.2.3 in Fukushima (1980) we know that if ¢, := sup(inf(¢,n),—n), n € N,
then for all f € D(p) N L>(0,m)
2o (pn-fr) = éo(éh £) = | J(:)Dfen(). Din(ic
Consequently, by Theorem 5.2.3 in Fukushima (1980)

Ypn) (d2) = [DFpn(2), Dfpn(2)]mi(dz) (22)
Since by the proof of Lemma 5.4.6 in Fukushima (1980)

1 1\ 2
(( / Ifld%@) ( / Ifldmn>> > < 2 fllocio(@ — purp — on),

(22) implies that 4,y = 7. By uniqueness part of Theorem 5.1.3 in Fukushima (1980) we
now have that (M¥!) = N, hence clearly

t
19, = [ D). DX st 2 0
0
and the theorem is proved.

Remark 1. Here we denote with ~ what is denoted in Chapter V in Fukushima (1980) by

)

Now we focus on the CAF of zero energy N¥! for ¢ € W2(&,~). Here one cannot use the
same procedure as for the case & = F in Albeverio and Réckner (1991). To evaluate N'I¥!
we shall characterize, as in the regular Dirichlet forms framework, the boundedness of its
variation which is an easy task by using the transfer method (see Lemma 4).

An additive functional (AF) A is then said to be of bounded variation, if A;(w) is of bounded
variation in ¢ on each compact subinterval of [0, &(w)[ for every fixed w in a defining set of
A, i.e. its total variation process

n—1
[Nle(w) = sup Y 1N, (@) = No,_, (@)1
=0

is finite, where the supremum is taken over all finite partitions 0 =ty < t; < -+ <t, =t <

§(w).

Let (&, D(&)) a quasi-regular Dirichlet form on L?(X,m) where X is some Lusin space and
m a full support measure on X. We have then the following Lemma,
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Lemma 4. The following two conditions are equivalent to each other for ¢ € D(&)

1. N¥l is a CAF of bounded variation,
2. there exist smooth measures vt and v? such that

E(u,v) = (v, 0), Yv e D(&E)y (23)

for every k. Here vy, is the restriction to Fy, of the difference vt — v?. {F}.} being the
common nest associated with v' and v?. D(&)y, is the space defined by

D(&):={peD(&):¢=0q.e on E\ Fy}

Proof. By Theorem V. 1.6 in Fukushima (1980) we may extend M on E to a Hunt process
M on E. Every PCAF (A,);>0 can be extended (e.g. by zero) to a PCAF (At)t>0 of M and
vice versa. Let ¢ € D(&), we denote by ¢ the extension by zero on E \ E of ¢, and we
suppose that N¥! is of bounded variation, thus NIl is also of bounded variation, then by
Theorem 5.3.2 in Fukushima (1980) there exist smooth measures 7' and 22 such that

8(@,0) = (or, ), Vi € D(EN

for all k and where 7}, is the restriction to F’k of the difference o' — 2. {Fk}k being the
common nest associated with ! and 2 and

D(E)y:={peD(&):p=07qe on B\ Fi}

Now, It suffices to choose v' = ’>|1%(E) and v? = Dﬁ@(E) and by Theorem 1.2, Corollary 1.4
and Proposition 1.5, pages 174-176, in Ma and Rockner (1992) one can come back to (23).
The converse follows with the same transfer technique.

We want now to give a component-wise Skorohod decomposition, but a technical problem
arises since the indexation on the derivatives is on H(y) but the one of the component
process ((k, X;))i>o of the E—valued process (X;);>o are on E’. This problem can easily be
surrounded by the following procedure: First of all recall that H(v) < E continuously and
densely. By identifying H(y) and H(y)" we have that

E < H(y)— FE

continuously and densely in both embeddings. Let jp : B/ — H(7) to be the left embedding.
Thus for all [ € F’, the functional h — g/(l, h)g is continuous in H (). Hence there exists
a unique jg(I) € H(y) such that

e,k e =[ju(l), bkl (24)

Note that as H(y) = R,(E.), one can write jy explicitly as follows: ju(l) = R,(l)
for all [ € E’. Since 7 is centered, E! has a countable orthonormal basis, consisting
of continuous linear functionals l;, k& € N Corollary 3.2.8 in Borgachev (1998). Let
K = span{ly € E' : k € N} C E' thus {h; := ju(lx) : k € N} forms an orthonormal
basis of H(y) (eventually after applying Gram-Schmidt orthogonalisation). Note that, by
Hahn-Banach theorem, E’ separates the points of E, and since K is dense in E’, then K
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also separates the points of E.

Now after what is done before, one can always identify E' x H(vy) with H(vy) x H(vy) with
help of the map jg defined by (24), which means that one can consider the dualisation
g (,)E to coincide with [,]y when restricted to E’ x H(v). In this situation one have
a countable subset Ky = {lp, K € N} of E’ forming an orthonormal basis of H(v) and
separating the points of E. Moreover the linear span K C E’ of Kj is dense in H (7). In
this and the following sections we fix K and the orthonormal basis Ky of H(v) defined as
above.

Now to establish the component-wise Skorohod representation we need to use the integration
by parts in Theorem (3). We consider then, in what follow, open sets of the form & =
{z € E|G(z) < 0} where G satisfies Assumptions (H). We define the following coordinate
functions: For [ € K, with |l|g = 1, define

o(2)= g <l,z>p,z€FE

The functions ¢; are continuous Lipschitz functions on the whole E, thus the functions
1) are Lipschitz continuous functions on ¢ and belong to Wi2(0,~).

Theorem 5. In the case where ¢ = ¢, the Fukushima decomposition of MW, ¢ €
WY2(0,~) in Theorem j becomes as follows:

01(Xy) — @1(Xo) = W +/O Z(Xs)ds +/0 vh(X,)dLE (25)

where for all z € O\ S, for some relative polar set S; C € the continuous martingale
(th,ﬁth)tzo is a one dimensional Brownian motion starting at zero, [ is the element
generated by I,

DLG

!
Vg = —2
¢ |DuGlu

plays the role of the outward normal vector field in the direction of I and LY is the positive

continuous additive functional associated with the Gaussian-Hausdorff measure p by Revuz
correspondence. Moreover, LY verify

t
/ Loo(X,) dLE = LY. (26)
0

Proof. By Lemma 4 the AF N¥! is of bounded variation and its associated measure ~!#!]
is uniquely characterized by the equation

/ﬁ (DG o1, DGy — /ﬁ Pyl

for a relatively quasi-continuous function 1 € W12(&, ). By the integration by part formula
in Lemma 3 we have
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/Eiﬁdv[*”‘] Z/ﬁ[Dgs@laDgi/J]HdV

- / 1 DG iy
7

- / Df vy
17

A DL.G
— [ ipdy+ / ZHS g
/ﬁ " oo 1DuGTE

which allows us to identify the measure v1¥! associated to N¥, i.e.

Ae(dz) = I(z)1(d2) + nls(2)p(d=)
where p is the Hausdorff-Gauss measure and
DG
|DuGla
plays the role of the outward normal vector field in the direction of [. Consequently, the
CAF of zero energy Nl must be

t t
N[W]:/ f(Xs)ds+/ vo(X,)dL?
0 0

where LY = (L})¢>¢ is the continuous additive functional associated with p by the Revuz
correspondence and by Theorem 5.1.3 in Fukushima (1980) the equality (26) holds.

vk =

By Proposition 9 we know that

(arlely, = / DG o1(Xa), Dor(X.) s

t 28
— [ s (28)
0
=1

It follows by Levy’s characterization of Brownian motion that (M¥l),5 is an
(Z:)i>0—Brownian motion starting at zero under each P,, z € 0\ 5.

Let {li, k € N} the orthonormal basis of H(v) as defined above, then it is easy to see that,
by Theorem 5, we have solved a certain system of stochastic differential equations. This is
announced by the following Theorem,

Theorem 6. The stochastic process ({ m(lx, X;) |k € N}, %, P.) solves, for r.q.e. z € O,
the following system of stochastic differential equations

{dYt’“ = dWF + [, (YF)dt + nk,(YF)dL, ken (20)

V¢ =(k2)pE

where {(W[F)so,k € N} is a collection of independent one dimensional (F;)i>0— Brownian
motion starting at zero.
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Proof. The result follows from Theorem 5, and the Levy’s theorem. In fact, in virtue of the
linearity of the map ¢ +— M¥! (See Corollary 1 in Fukushima, 1980, Corollary 1, p.139) and
Proposition 9 one can conclude that

<I/Vtk7 Wtk,>t = t[lg, ]y = ték,k/, t>0and k, k' €N

which means that any vector process W = {W}, ..., Wﬂ}i is a d—dimensional
(Zt)1>0—Brownian motion starting at zero under P, for r.q.e. z € 0.

6. Skorohod decomposition

In the last section we had established the Skorohod decomposition for the components
(XF)i>o(k € N). Now we are interested in the Skorohod decomposition of the process
(X1)i>0- One remarks that passing from (XF);>0 to (Xi)i>0 is not trivial. In fact, a
problem occurs when one wants to find an E—valued Brownian motion (W;);>o verifying
g (e, W) g = WF and a map | : E — E such that El<lk,i>E = Ix. To do this we mainly
follow the procedure developed in Section 6 in Albeverio and Rockner (1991). The procedure
is based on the crucial technical Lemma 6.1 in Albeverio and Réckner (1991) that we
present also here without proof and we refer to the above cited article for detailed one.

Recall that F is a separable Banach space and denote by ||.||g the operator norm on E’,
we know then, by the Banach/Alaoglu-theorem, that

B, = {le E|ilz <n}n>0,

when equipped with the weak* —topology, is compact . Moreover, it is metrizable by some
metric d,, hence in particular separable. Let D, C K be a countable dense subset of
(Bl,d,), n €N, such that D,, C D, for every n € N. Let D,, be the Q— linear span of
D,, and set

D= s (30)

neN

Lemma 5. Let (Q,.9) be an arbitrary measurable space and let D to be as in (30). Now
let ap: Q= R, 1 € D, be o7 — measurable maps. Then there exists an <7 | B(E)—measurable
map a : Q) — E such that

gl{l,o)p =a; forallle D (31)

P—a.s. for every probability measure P on (2, 97) satisfying the following two conditions:

(i) 1 — «; is Q—linear P—a.s.
(ii) There exists a probability measure vp on (E,B(E)) such that

/exp(ioq)dP = /exp(i e {l,2)p)vp(dz) foralll € D (32)

Lemma 5 will be applied to construct an E—valued Wiener process from the components
W}, but before let us make some remarks.

Remark 2.

Journal home page: www.jafristat.net, www.projecteuclid.org/as



K. Akhlil, Afrika Statistika, Vol. 12(1), 2017, pages 1117-1146. Infinite dimensional reflecting
Ornstein-Uhlenbeck stochastic process on non-convex open sets.

(a) First of all, let us remark that the evaluation of the martingale part in the Fukushima
decomposition is not ’disturbed’ by whether we work on E or on an open set & of E.
It is why the treatment of the martingale part is similar to the one in E as we deal,
in the both situations, with F—valued Wiener processes without any kind of reflection
or perturbation. One can see it clearly from the component-wise process, where in both
situation the martingale part give arise to a one dimensional Brownian motion.

(b) One can say the same as in (a) about I, where {l; : k € N} is the orthonormal basis
of the Cameron-Martin space H(7), defined in the last section and I, is the element
generated by [j.

(c) Note that if W; is a standard Wiener process in R™, then for any unit vector v € R”,
the process (v, W;) is one dimensional Wiener. Hence one might try to define a Wiener
process in a separable Hilbert space H as a continuous process W; with values in H such
that, for every unit vector v € H, the real process (v, W;) g is Wiener. However, such a
process does not exist if H is infinite dimensional (see section 7.2 in Borgachev, 1998).

To get around the difficulty appearing in Remark 2 (c), let jg be as defined in (24) and
define

Definition 8. A continuous random process (Wy);>¢ on (,.%, P) with values in E is called
a Wiener process associated with H if, for every | € E’ with |jg(I)|g = 1, the one dimen-
sional process g/ {l, W;)g is Wiener.

Definition 9. Let .%, t > 0, be an increasing family of o—fields. A Wiener process (W;)i>0
is called an (%#);>0—Wiener process if, for all ¢,s > 7, the random vector W, — Wy, is
independent of W, and the random vector W; is .%;—measurable.

In a more general framework where E is a locally convex space, it follows by Proposition
7.2.2 in Borgachev (1998), that a Wiener process exists precisely when there exists a Hilbert
space H continuously and densely embedded into E. In particular in our situation where
E is a separable Banach space and H(v) is the relevant Cameron-Martin space, then by
Proposition 7.2.3 in Borgachev (1998), there exists a Wiener process (W;);>o associated
with H(7) such that the distribution of W; coincides with +.

Here also and by the identification in the last section, the definition of the F—valued
Wiener (or Brownian motion) process can be reformulated as follows: A continuous random
process (Wy);>0 on (Q,.%, P) with values in F is called a Wiener process (or Brownian
motion ) associated with H () if, for every | € K with |[|g = 1, the one dimensional process
E’ <l, Wt>E is Wiener.

Now remark that, in general, one can not apply Lemma 5 directly to the one dimensional
Brownian motion W} because of the duality product in (32), which justifies an extension
assumption on the standard Gaussian cylinder measure on H(v). More precisely, for ¢ > 0
let ¢ denote the standard Gaussian cylinder measure on H(7y), then one have

[ explith, kya(ah) = expl— 5tlhf). h e HO).
H(7v)

and each ; induces a finitely additive measure 7; on the cylinder sets of E defined by

Fe(AL 1) =n(Al L) (33)
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where Af

ol = {Z S E|( E/<11,Z>E,..., E’<ln,Z>E) € A} and Ag,..l = {h €
HAy) |, hy gy (I, by g) € A}, Ly, L, € B A € B(R™).

bn

In Albeverio and Rockner (1991), the following essential assumption was considered,
Each 7:, t > 0, (as in (33)) extends to a probability measure v/ on (E, Z(E)).

In our situation we don’t need such assumption, since the extension always exists and it is
unique, see Theorem 4.1 in Kuo (1975) and the paragraph after its proof.

Now, before applying Lemma 5 as in Theorem 6.2 in Albeverio and Rockner (1991) to obtain
an F—valued Brownian motion from the component-wise one dimensional Brownian motions
W} appearing in Theorem 5, let us first recall this important result from Proposition 1 in
Hohmann (1985) - (See also Theorem 5.1 in Rockner, 1988) - which permits us to be sure
of the existence of a continuous sample paths version of the process constructed by Lemma 5.

Lemma 6. Let (Y:)ier be a mean zero Gaussian stochastic process on a probability space
(Q, o, P) taking values in a real separable Banach space (X, ||.||x). Assume that

lim Ep([[Y; — Yi|%] =0, foreachtcR

Let f: Rt — R* be a continuous, increasing function such that f(0) =0 and that

sup{Ep(||Ys = Vi[IX]'/? : s, € R, s —t| <7} < f(r)

/O 1 (mi)m af ()

Then for any n € N there exists a constant 0, > 0 and an </ —measurable function B, :
Q — R* such that for all s,t € [—n,n]

Assume that

|s—t] 1/2
1Ya(w) - Yi(w)llx <an/02 t (mB’;(;“)) G), for P—aeweQ  (34)

In particular, there exists a version (ﬁ)teR of (Yi)ter (i-e. for eacht € R, Y; = Y, P—a.s. )
which has continuous sample paths.

Theorem 7. There exists a map W : Q — C([0, 0], E) having the following properties:

(i) w— Wi(w) :=W(w)(t), w € Q, is F/PB(E)— measurable for t > 0.
(11) There exists a relatively polar set S C E such that under each P,, z € E\S, W = (W)>0
is an (Ft)i>0—Brownian motion on E starting at 0 € E with covariance [, g
(i4i) For each k € N, g (lx, Wy) = W[, t >0, P,—a.s. for all z € E outside a relatively polar
set (depending on k).
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Proof. Let D C K be as (30). Since the maps | — ¢; and u — M are linear then
I — W} = (W}iso is Q—linear on D, P,—a.s. for each z € E \ S and some rela-
tively polar set S. Consequently (i) in Lemma 5 is satisfied. Moreover, by Theorem 5,
E.[exp(iW})] = exp(—%t|l|§{(v)) for all (unite vector) I € D, t > 0. Since ¥; extends to a
probability measure 7;, then (i) in Lemma 5 is also satisfied.

Now, by fixing ¢ > 0 and by applying Lemma 5 with ./ = .%; and «o; := W/}, we obtain that
there exists an .%; /% (F)—measurable map W; : ! — E such that

2L, W)E = W} , for all (unite vector) I € D, P, — a.s. for each z € E\ S. (35)

Remark that the law of Wl is precisely 7{ and then, by scaling, one obtain that the law

of Wy, — W, is (t — s)7; (See also Remark 6.3 in Albeverio and Réckner, 1991), hence for
z€ E\S,t, >0,

B [IW: - Wal] = (e = 9) [ Ielzniaa)

which is finite by Fernique/Skorohod theorem (cf. Theorem 3.41 in Strook, 1984).
Now we apply Lemma 6 to Y; = W, and f(r) = ar where a = [|z]|%7;(dz), since
the independence of the random variable B, on P, can be chosen uniformly for all
P,,z € E\S. It then follows that there exists a version (W;);>¢ of (W);>0 which is
of continuous sample paths such that for each t > 0, w — Wi(w) = W(w)(t),w € Q,
is %, —measurable and W; = WN/t, P.-as. for all z € E\ S. Since .%; is complete, (i) is proven.

By the continuity of the sample paths and (35) it follows that
(W) g =W} | forallt>0,1€ D, P, —as. for each z € E\ S.

which holds also for I € K by Corollary 1 (ii) in Fukushima (1980), page 139. This implies
(iii).

It remains to show that W = (W,);>¢ is an (#;);>0—Brownian motion on E. By Theorem
5 we may assume that for each unite vector [ € D, (W}, %, P.)i>0 is an (#)>0—Brownian
motion on R for all z € E'\ S. Hence by (35) under each P,, z € E'\ S, the random variable
g (I, Wy — W) g is mean zero Gaussian with covariance (t — s)|l|% = (t —s) forall 0 < s < ¢
and a unite vector I € D. Consequently the same is true for all [ € E’. Since for 0 < s < t
the o—algebra {(W; — W,)"1(B)| B € Z(E)} on Q is equal to the c—algebra generated by
{ g {l, Wy — Ws)g|l € D} on Q, it follows again by Theorem 5 and (35) that W; — Wy is
independent of .%,. Since W = (W});>0 has continuous sample paths and because of part
(i), it follows that W is an (.%;);>0—Brownian motion on E.

The following Theorem is a direct consequence of Theorem 5 and Theorem 7.
Theorem 8. There exists a map N : Q — C([0,00[, &) having the following properties

(i) w Ni(w) == N(w)(t), w € Q, is F;/PB(O)— measurable for each t > 0.

Journal home page: www.jafristat.net, www.projecteuclid.org/as



K. Akhlil, Afrika Statistika, Vol. 12(1), 2017, pages 1117-1146. Infinite dimensional reflecting
Ornstein-Uhlenbeck stochastic process on non-convex open sets.

(ii) For each unite vector | € K, we have

thE_/z ds—i—/ L(X,)dLP, (t > 0)

P.—a.s. for all z € O outside a relatively polar set (depending on 1).
(iti) Xe = 2+ Wi+ Nyy t >0, P,—a.s. for all z € O\ S, where W and S are as in Theorem
7.

Proof. Define N := X — W where X : Q — C([0,00][, 0) is given by X (w)(t) := X;(w) —
Xo(w), w € Q,t > 0. Then (i) holds by Theorem 7 from which (ii) and (iii) also follow in
virtue of Theorem 5.

Theorem 9. There exists a map W : Q — C([0,00[, E) such that for r.q.e. z € O under
P, W = (W)i>0 is an (Jt)t>0 Brownian motion on E starting at zero with covariance
[,]m such that for r.q.e. z € O

t t
X, =+ W+ [ Xods+ / ve(X,) dL? (36)
0 0

where LY := (LY)i>0 is a positive continuous additive functional which is associated with p
by the Revuz correspondence and verify the equality (26). In addition vg is a unite vector
defined by

DyG
|DuGlu

Proof. Let Ny be as defined in Theorem 8 and let {lx |k € N} be the orthonormal basis of
H(~), as fixed in the last section. Then by Theorem 8, we have that for all z € E'\ S

Vg =

t t
E/<lk7Nt>E:/ lk(Xg)d5+/ I/é(Xs)dLg,tZO, P, —a.s
0 0

where Zk is the element generated by [, and u’é = Vléf. As DJIEIG = [lg, DpG] g then there
exists v such that [ly, ve]y = V&, which is given explicitly by

o0
vg = E Vglk
k=1

(37)

Now by Proposition 5.1.6 and Example 7.3.3 (i) in Borgachev (1998), there exists a map
[ : E - E such that g (ly,l)g = Iy, which is exactly the identity, i.e. I(z) = z (see
also Remark 6.8 (ii) in Albeverio and Réckner, 1991). Consequently the map N :  —
C([0,00], @) defined in Theorem 8 is given, for each z € E'\ S, by

t t
Nt:/ Xsds—i—/ ve(Xs)dLl, t>0, P, —as
0 0
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Define Wy := Xy — Xo — N¢, t > 0. It follows by Theorem 5 that
e {,W)g=W,, t>0,1€D

P,—as. for all z € F'\ S, where D is as in Lemma 5. It now follows as in the last part
of the proof of Theorem 7 that W = (W});>0 is an (%,);>o—Brownian motion on E with
covariance [, ]g.

7. Examples

We give some examples to illustrate the Skorohod representation in infinite dimensions. It
includes regions below graphs and Balls.

7.1. Regions below graphs

We fix h € E' such that |[h]|z2(z) = 1 and we set h := Q(h). Then |h|y = 1 and h(h) = 1.
we split E = spanh @ Y, where Y = (I —1II,), I, (z) = h(z)h. The Gaussian measure
yo (I —TI,)~! on Y is denoted by 7y

Let F' € (,5, W2P(Y, vy ). Choose any Borel precise version of F ( for example we can
choose F' to be a Lipschitz function) and set

G:E—R, Gz)=h(z)—F(I-1)(x)).
Then, G € (1,5, W2P(E,v) and D§G(z) = h — Df_F (I —1I1,)(x)), so that
ID§G(2)[} =1+ |DGF(I — ) (2)[3, > 1

Hence G satisfies Assumptions (H). The sub-level & = G~1(—00,0) is just the region below
the graph of F'. The Skorohod decomposition of the infinite dimensional reflecting Ornstein-
Uhlenbeck process is

¢ t
thz—i—Wt—F/ X, ds—l—/ nag(Xs)dLf
0 0

where in this situation v is defined as follows

h—D§ F((I-1)(x))
(14 |DGF(I —10,)(2)%, )3

Vg(.l‘) =

7.2. Balls

In the context of balls we take E to be a separable Hilbert space endowed with a
non-degenerated centered Gaussian measure -y, with covariance @. we fix an orthonormal
basis {ex : k € N} of E consisting of eigenvectors of @, Qe = Aeg, and the corresponding
orthonormal basis of H = Q'/?(E) is V = {v}, := v/ Arer : k € N}. For each k the function

O is just Og(z) = \}ka’ where xp = (z,e) x.
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For every r > 0 the function G(z) := ||z||? — r? satisfies Assumptions (H). Indeed, it is
smooth, & = B(0,r), D§G(z) = 2Qz and 1/|DG G|y = 1/2||Q2 x| is easily seen to belong
to LP(E,~y) for every p.

Then for ¢ € WH2(B(0,r),v) the integration by parts formula reads

1 VALTE
D{pdy = —— T dy +/ e odp,
/B(O,r) F VA JBO,r) Jof=r 1QY2 |2

Consequently, the component-wise Skorohod decomposition reads

1 ¢ bR XE
X’“:z+W’“+—/ des+/ —8_q[F
k VU Jo o 1QYV2X||

and the Skorohod decomposition of the infinite dimensional reflecting Ornstein-Uhlenbeck
process (X;)>0 is given by

t t
QX
Xy = (% Xsd —————dL”
t z+ f+A < 3+/0 ||Q1/2X3|| s
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