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PSEUDOQUOTIENTS ON COMMUTATIVE BANACH
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Communicated by M. Abel

Abstract. We consider pseudoquotient extensions of positive linear function-
als on a commutative Banach algebra A and give conditions under which the
constructed space of pseudoquotients can be identified with all Radon measures
on the structure space Â.

1. Introduction

Let A be a Banach algebra with involution. The structure space of A, denoted
by Â, is the set of all multiplicative linear functionals on A. We use x̂ to denote
the Gelfand transform of x, that is x̂(ξ) = ξ(x) for any x ∈ A and ξ ∈ Â.

A linear functional f : A → C is called positive, if

f(x∗x) ≥ 0, for all x ∈ A.

The set of all positive linear functionals on an algebra A is denoted by P(A).
The following theorem (attributed to Maltese in [5]) describes P(A) in terms of

measures on Â.

Theorem 1.1. Let A be a commutative Banach algebra with a bounded approx-
imate identity and an isometric and symmetric involution. Let f be a linear
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functional on A. Then f ∈ P(A) if and only if

f(x) =

∫
Â
x̂(ξ)dµf (ξ),

for all x ∈ A, with respect to a unique positive Radon measure on Â of total
variation ‖f‖.

By a Radon measure on Â we mean a continuous linear functional on the
space K(Â) of continuous complex-valued functions on Â with compact support
equipped with the standard inductive limit topology. The space of all such mea-
sures will be denoted by M(Â). The set of all positive Radon measures on Â
will be denoted by M+(Â) and the set of all bounded positive Radon measures

on Â will be denoted by Mb
+(Â). The topology of Mb

+(Â) is the topology of

uniform convergence on Â and the topology of M+(Â) is the topology of uniform

convergence on compact subsets of Â.
Let F : P(A) → Mb

+(Â) be the map defined by Maltese’s theorem, that is,
F(f) = µf . In terms of the introduced notation, Theorem 1.1 states that F is

an isometry between P(A) and Mb
+(Â). In this paper we give conditions under

which P(A) can be extended to a space of pseudoquotients B(P(A),S) such that

F can be extended to a bijection between B(P(A),S) and M+(Â).
In the next section we recall the construction of pseudoquotients and its basic

properties. The construction of pseudoqutients was introduced in [8] under the
name of “generalized quotients.” The motivation for the idea, early developments,
and later modifications, are discussed in [9]. The construction of pseudoquotients
has desirable properties. For instance, it preserves the algebraic structure of X
and has good topological properties. There is growing evidence that pseudoquo-
tients can be a useful tool (see, for example, [1], [2], or [3]).

In Section 3 we formulate and prove the main result of the paper. In the final
section we discuss some examples. We also show that the result in [2] is a special
case of the construction presented here.

2. Pseudoquotients

Let X be a nonempty set and let S be a commutative semigroup acting on X
injectively. The relation

(x, ϕ) ∼ (y, ψ) if ψx = ϕy

is an equivalence in X×S. We define B(X,S) = (X×S)/∼. Elements of B(X,S)
are called pseudoquotients. The equivalence class of (x, ϕ) will be denoted by x

ϕ
.

Thus x
ϕ

= y
ψ

means ψx = ϕy.

Elements of X can be identified with elements of B(X,S) via the embedding
ι : X → B(X,S) defined by ι(x) = ϕx

ϕ
, where ϕ is an arbitrary element of S.

The action of S can be extended to B(X,S) via ϕ x
ψ

= ϕx
ψ
. If ϕ x

ψ
= ι(y), for some

y ∈ X, we simply write ϕ x
ψ
∈ X and ϕ x

ψ
= y. For instance, we have ϕ x

ϕ
= x.

In the case X is a topological space or a convergence space and S is a com-
mutative semigroup of continuous injections acting on X, then we can define a
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convergence in B(X,S) as follows: If, for a sequence Fn ∈ B(X,S), there exist a
ϕ ∈ S and an F ∈ B(X,S) such that ϕFn, ϕF ∈ X, for all n ∈ N, and ϕFn → ϕF

in X, then we write Fn
I→ F in B(X,S). In other words, Fn

I→ F in B(X,S) if
Fn = xn

ϕ
, F = x

ϕ
, and xn → x in X, for some xn, x ∈ X and ϕ ∈ S.

This convergence is sometimes referred to as type I convergence. It is quite
natural, but it need not be topological. For this reason we prefer to use the
convergence defined as follows: Fn → F in B(X,S) if every subsequence (Fpn) of

(Fn) has a subsequence (Fqn) such that Fqn
I→ F .

It is easy to show that the embedding ι : X → B(X,S), as well as the extension
of any ϕ ∈ S to a map ϕ : B(X,S) → B(X,S) defined above, are continuous.

3. The main result

In this section we will assume A to be a nonunital commutative Banach algebra
with bounded approximate identities and an isometric and symmetric involution.
In addition, we assume that A satisfies the following condition:

Σ There exists a sequence a1, a2, . . . ∈ A such that â1, â2, . . . ∈ K(Â) and

for every ξ ∈ Â there is an n such that ân(ξ) 6= 0.

For a ∈ A, by Λa we denote the operation on linear functionals on A defined
by (Λaf)(x) = f(ax). Let

S =
{

Λa : â > 0 on Â
}
.

Lemma 3.1. If A satisfies Σ, then S is a nonempty commutative semigroup of
injective maps acting on P(A).

Proof. Without loss of generality, we may assume that ân ≥ 0 and that for every
ξ ∈ Â there exists an n such that ân(ξ) > 0 (otherwise, we take ana

∗
n instead of

an). If we choose λn > 0 such that
∑∞

n=1 ‖λnan‖ <∞ and define a =
∑∞

n=1 λnan,
then Λa ∈ S.

Clearly, S is a commutative semigroup. Let f ∈ P(A) and Λa ∈ S. By

Maltese’s theorem [5], f(x) =

∫
Â
x̂(ξ)dµ(ξ) for some µ ∈Mb

+(Â). Thus

(Λaf)(x) = f(ax) =

∫
Â
âx(ξ)dµ(ξ) =

∫
Â
x̂(ξ)â(ξ)dµ(ξ).

Since â(ξ) > 0 for all ξ ∈ Â, â is a positive bounded function on Â. Thus

µ̃ = âµ ∈Mb
+(Â) and Λaf(x) =

∫
Â x̂(ξ)dµ̃(ξ). Consequently Λaf ∈ P(A).

If Λaf = 0, then

0 = f(ax) =

∫
Â
âx(ξ)dµ(ξ) =

∫
Â
x̂(ξ)â(ξ)dµ(ξ),

for all x in A. Therefore âµ = 0 and µ = 0, because â > 0. Thus

f(x) =

∫
Â
x̂(ξ)dµ(ξ) = 0.

Hence Λa is injective.
�
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The map F : P(A) →Mb
+(Â) defined by Maltese’s theorem, can be extended

to a map F : B(P(A),S) →M+(Â) in the natural way:

F
(
f

Λa

)
=
F(f)

â
=

1

â
µf . (3.1)

It is clear that F is well-defined and that it is injective.

Theorem 3.2. Let A be a nonunital commutative Banach algebra with a bounded
approximate identity and an isometric and symmetric involution. If A satisfies Σ,
then the extended F defined by (3.1) is an bijection from B(P(A),S) to M+(Â).

Proof. It suffices to show that F is surjective. Let µ ∈M+(Â). There are an ∈ A
such that ân ≥ 0, supp ân is compact, and such that for every ξ ∈ Â there exists
an n such that ân(ξ) > 0. Then ânµ is a finite positive Radon measure on Â
for every n ∈ N. There exist positive numbers λ1, λ2, . . . such that

∑∞
n=1 λnânµ

defines a finite positive Radon measure on Â. By Maltese’s theorem there exist
f ∈ P(A) such that

µf =
∞∑
n=1

λnânµ.

Without loss of generality, we can assume that the numbers λ1, λ2, . . . are chosen
such that

∞∑
n=1

‖λnan‖ <∞.

Let a =
∑∞

n=1 λnan. Then Λa ∈ S and
∑∞

n=1 λnânµ = âµ. Thus

F
(
f

Λa

)
=
µf
â

=
âµ

â
= µ.

�

Theorem 3.3. The map F : B(P(A),S) →M+(Â) is a sequential homeomor-
phism.

Proof. If Fn
I→ F in B(P(A),S), then Fn =

fn
Λa

, F =
f

Λa

, and fn → f in

P(A) for some fn, f ∈ P(A), where fn → f means fn(x) → f(x) for all x ∈ A.
Consequently, ∫

Â
x̂(ξ)dµfn(ξ) →

∫
Â
x̂(ξ)dµf (ξ)

for all x ∈ A. Since the involution in A is symmetric and Γ(A) = {x̂ : x ∈ A}
strongly separates points in Â (see, for example, Theorem 2.2.7 in [6]), we obtain∫

Â
ϕ(ξ)dµfn(ξ) →

∫
Â
ϕ(ξ)dµf (ξ)

for all ϕ ∈ K(Â). Therefore,∫
Â
ϕ(ξ)

dµfn(ξ)

â(ξ)
→
∫
Â
ϕ(ξ)

dµf (ξ)

â(ξ)



64 D. ATANASIU, P.MIKUSIŃSKI, A. SIPLE

for all ϕ ∈ K(Â), which means that F(Fn) → F(F ) in M+(Â).

Now assume µn, µ ∈M+(Â) and∫
Â
ϕ(ξ)dµn(ξ) →

∫
Â
ϕ(ξ)dµ(ξ)

for all ϕ ∈ K(Â). There exist λk > 0, k ∈ N, such that
∑∞

k=1 λkâkµn is a finite
measure for all n ∈ N and Λa ∈ S, where a =

∑∞
k=1 λkak. Let

fn = F−1

(
∞∑
k=1

λkâkµn

)
= F−1(âµn)

and

f = F−1

(
∞∑
k=1

λkâkµ

)
= F−1(âµ).

Then
fn
Λa

= F−1(µn) and
f

Λa

= F−1(µ). Moreover,

fn(x) =

∫
Â
x̂(ξ)â(ξ)dµn(ξ) →

∫
Â
x̂(ξ)â(ξ)dµ(ξ) = f(x)

for every x ∈ A. Therefore
fk
Λa

I→ f

Λa

in B(P(A),S). �

4. Examples

In this section we give some examples of spaces where the assumptions of
Theorem 3.2 are satisfied.

4.1. Normal algebras. LetA be a commutative Banach algebra. We say thatA
is normal [7], if for every compact K ⊂ Â and closed E ⊂ Â such that K∩E = ∅,
there exists x ∈ A such that

x̂(ξ) = 1 for ξ ∈ K and x̂(ξ) = 0 for ξ ∈ E.

If A is a normal commutative Banach algebra and Â is σ-compact, then A
satisfies condition Σ. Indeed, if Â is σ-compact, there are compact sets Kn ⊂ Â
such that Â = ∪∞n=0Kn and Kn ⊂ K◦

n+1 for all n ∈ N, where K◦
n+1 is the interior

of Kn+1. Since A is regular, for every n ∈ N there exists bn ∈ A such that

b̂n(ξ) =

{
1 if ξ ∈ Kn

0 if ξ /∈ K◦
n+1

.

Let an = bnb
∗
n. Then ân = |b̂n|2 ≥ 0 and Kn ⊂ supp ân ⊂ Kn+2. Clearly, for every

ξ ∈ Â, there exists n such that ân > 0.
Note that a regular commutative Banach algebra is normal, [7].
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4.2. Algebras with σ-compact-open structure spaces. For our next exam-
ple we use Shilov’s idempotent theorem [10].

Theorem 4.1 (Shilov). Let A be a commutative Banach algebra. If K is a

compact and open subset of Â, then there is a unique idempotent a ∈ A such that
â is the characteristic function of K.

Let A be a commutative Banach algebra such that Â is σ-compact-open, that
is, Â = ∪∞n=0Kn where Kn are disjoint compact and open sets in the Gelfand

topology in Â. Since, by Shilov’s idempotent theorem, for every n ∈ N there
exist a unique idempotent an ∈ A such that supp ân = Kn, A satisfies condition
Σ.

4.3. Locally compact groups. Let G be a locally compact abelian group. A
continuous function f : G→ C is called positive definite if

n∑
k,l=1

ckclf(x−1
l xk) ≥ 0

for all c1, . . . , cn ∈ C and x1, . . . , xn ∈ G for any n ∈ N. We denote the cone of
positive definite functions on G by P+(G). A character α on G is a continuous

homomorphism from G into the unit circle group T. Let Ĝ denote the group of
characters. By Bochner’s theorem [4], f ∈ P+(G) if and only if there exists a

unique bounded positive Radon measure µf on Ĝ such that

f(x) =

∫
bG

x̂dµf .

In [2] it was shown that, if Ĝ is σ-compact, then the map f 7→ µf defined by
Bochner’s theorem can be extended to a map from a space of pseudoquotients

to all positive measures on Ĝ. That space of pseudoquotients was B(P+(G),S)
where

S =
{
ϕ ∈ L1(G) : ϕ̂(ξ) > 0 for all ξ ∈ Ĝ

}
.

We will show that this extension is a special case of the extension presented in
this note.

Since the convolution algebra L1(G) is regular, it satisfies Σ, as indicated in

4.1. For α ∈ Ĝ we define ϕα : L1(G) → C by

ϕα(f) =

∫
G

f(x)α(x)dx,

where dx indicates the integral with respect to the Haar measure on G. The map

α 7→ ϕα is a bijection from Ĝ onto L̂1(G) (see, for example, [6]). This allows us

to identify M+(Ĝ) and M+(L̂1(G)). If f is a positive definite function on G, we
define a positive functional on L1(G) by

F (ϕ) =

∫
G

f(x)ϕ(x)dx
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and a map from B(P+(G),S) to B(L1(G),S) by
f

ϕ
7→ F

Λϕ̃

, where ϕ̃(x) = ϕ(x−1).

Since B(L1(G),S) is isomorphic with M+(L̂1(G)), by Theorem 3.2, there is a

bijection from B(P+(G),S) to M+(Ĝ).
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