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ABSTRACT. An operator T on a complex Hilbert space H is said to be skew
symmetric if there exists a conjugate-linear, isometric involution C' : H — H
such that CT'C = —T™*. In this paper, using an interpolation theorem related
to conjugations, we give a geometric characterization for a class of operators to
be skew symmetric. As an application, we get a description of skew symmetric
partial isometries.

1. INTRODUCTION

The main aim of this paper is to give a geometric characterization of a class of
operators being skew symmetric. This work is a continuation of [13] in which the
first author and Zhu characterize skew symmetric normal operators. Let us first
recall a few definitions.

Throughout this paper, we always denote by H a complex separable Hilbert
space endowed with the inner product (-,-), by B(H) the algebra of all bounded
linear operators on H, and by IC(H) the ideal consisting of all compact operators

on H.

Definition 1.1. A conjugation on H is a conjugate-linear map C' : H — H
satisfying C? = I and (Cx,Cy) = (y,z) for all z,y € H.

Definition 1.2. We say that an operator 7' € B(H) is complex symmetric, if
there exists a conjugation C' on H so that CTC = T*. An operator T € B(H) is
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said to be skew symmetric, if there exists a conjugation C' on ‘H so that CTC =
=T,

In matrix analysis, there is a lot of work on the theory of symmetric matrices
and skew symmetric matrices, which has many motivations in function theory,
complex analysis, moment problems and other mathematical disciplines. As a
generalization of complex symmetric matrices, Garcia and Putinar [1] initiated
the study for complex symmetric operators, which have many motivations in func-
tion theory, matrix analysis and other areas. Some important results concerning
the internal structure of complex symmetric operators have been obtained (see
[4, 5,10, 6, 3, 8, 2,9, 1] for references). An effective way to investigate the struc-
ture of complex symmetric operators is to characterize which special operators are
complex symmetric. In fact, a lot of work concerning complex symmetric opera-
tors focuses on this basic question. Many important classes of operators such as
compact operators, weighted shifts and partial isometries are studied [1, 8, 20].
However, less attention has been paid to skew symmetric operators. Using [/,
Lemma 1], we conclude that an operator " € B(H) is skew symmetric if and
only if T" admits a skew symmetric matrix representation with respect to some
ONB {e,} of H, that is (T'e,, e,,) = —(Tepm, e,) for all m,n. In [17], Zagorodnyuk
studied the polar decomposition of skew symmetric operators and obtained some
basic properties of skew symmetric operators. As the study of complex symmet-
ric operators, an important way to investigate the structure of skew symmetric
operators is to characterize the skew symmetry of concrete class of operators. In
[18], Zagorodnyuk studied the skew symmetry of cyclic operators. In particular,
Zhu and the first author [13] study the skew symmetry of normal operators and
give two structure theorems of skew symmetric normal operators.

For non-zero vectors u,v € H, the rank-one operator u ® v € B(H) is defined
by (u® v)x = (x,v)u, Vx € H.

The main aim of this paper is to give a geometric characterization of the fol-
lowing operators T' € B(H) to be skew symmetric.

T=3% ale’ @ f —c? @ f7) (1.1)

LIS

where A C N, a; > 0 for all i € A, {egl), 652)}1-61\, {fi(l), fi(Q)}iEA are two orthonor-
mal subsets of H. In particular, when a; # a; for all 7,7 € A and ¢ # j, the
characterization is more explicit.

For p,q € {1,2}, we denote

(v, d) =
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Theorem 1.3 (Main Theorem). Assume {e(l) 6(2)}2'6/\, {fi(l),fi@)}ie,\ are two

R I)

orthonormal subsets of H, T € B(H) can be written as
r= Y ald e 1 - o 1)
ieA

where A C N, a; > 0 for alli € A and a; # a; for all i,57 € A with i # j. Then
the following are equivalent.

(1) T is skew symmetric;

(2) There exist {\;Yiea C C with || =1 for alli € A such that A\i{e™, f;q)) =

)\j<e§p/), fi(ql)> for alli,j € A and p,q € {1,2}.

(3) [, £ = (), f9N| for alli,j € A and p,q € {1,2}, and

n—1 n—1

n n - . @)  plar)
[T, £ (e, flamy = (e, ploeny [T e, £,
k=1 k=1

for any n € N and any tuple {iy, iz, - ,i,} in A", and any pg, g € {1,2}
for1 <k <n.

The rest of this paper is organized as follows. In Sect.2, we give a polar de-
composition theorem for skew symmetric operators and recall an interpolation
theorem related to conjugations on Hilbert spaces. Further, we give a geometric
characterization of the skew symmetry of the operators with form (1.1)(See Theo-
rem 2.5). In Sect. 3, we prove Theorem 1.3. In Sect. 4, we shall characterize skew
symmetric compact operators. Our result shows that skew symmetric compact
operators admit the form (1.1). In Sect. 5, using Theorem 2.5, we characterize
skew symmetric partial isometries.

2. PRELIMINARIES

First, we introduce some notions.

Definition 2.1. An anticonjugation on H is a conjugate linear map K : H — 'H
satisfying that K? = —I and (Kz, Ky) = (y, ) for all z,y € H.

The above concept is defined in [11]. Garcia and Tener [7] prove that there
is no anticonjugation on an odd dimensional Hilbert space. In particular, they
show that a conjugate linear map K on C?" is an anticonjugation if and only if
there exists an ONB {ej, ey, - - , €9, } of H such that Ke; = e,,; and Ke,y; = —e;
for all 1 < i < n. Using a similar argument in the proof of [7, Lemma 4.4] and
Zorn’s Lemma, we can get the following result.

Lemma 2.2. Let ‘H be a complex separable infinite dimensional Hilbert space and
K be an isometric conjugate linear map on H. Then K is an anticonjugation
if and only if there exists an ONB {e,, fn}>2, of H such that Ke, = f, and
Kf, = —e, for eachn > 1.

We say that a conjugate-linear map K : 'H — H is a partial anticonjugation
supported on (ker )+ if ker K reduces K and K| ). is an anticonjugation.
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The following result is based on a technique of Garcia and Putinar [5, Theorem
2].

Lemma 2.3. Let T € B(H) be skew symmetric, that is, CTC = =T* for some
conjugation C' on H, and T = U|T| be the polar decomposition of T. Then

T = CK|T|, where K is a partial anticonjugation supported on ran (|T']), which
commutes with |T|. In particular, CUC = —U*.

Proof. Since T'= —CT*C and T = U|T| is the polar decomposition of T', we
have
T=-C|T\UC=-CUU|T|U*C = (-CU*C)(CU|T|U*C).

It is easy to check that —CU*C' is a partial isometry and CU|T|U*C is positive
with ker(—CU*C') = ker(CU|T|U*C'). By the uniqueness of the polar decompo-
sition of T', we have U = —CU*C and |T| = CU|T|U*C

We denote K = CU, it follows that K = CU = —U*C'. 1t is easy to check that
K is conjugate linear and —K? = U*U, the orthogonal projection on ran (|T).
Also, we have (Kx, Ky) = (CUx,CUy) = (Uy,Uz) = (U*Uy, z) = (y,z) for all
xz,y € ran (|T|). Since |T| = CU|T|U*C, we have |T| = —K|T|K, and hence
K|T|=|T|K. O

The following interpolation theorem related to conjugations is very useful to
study the complex symmetry of operators. Using it Zhu and the first author give

a geometric characterization for a norm-dense class of operators to be complex
symmetric, see [19].

Lemma 2.4 ([19], Theorem 2.1). Let {e;}icn and {fi}ica be two orthonormal
subsets of H, where A C N. Then there exists a conjugation C on H such that
Ce; = fi for alli € A if and only if (e;, f;) = (ej, fi) for alli,5 € A.

Let T € B(H) and assume that 7" admits the following representation
T= Z ai(ez(‘l) ® fi(l) - 652) ® fi(2))7
ieA
where A C N, a; > 0 for all i € A, {egl), 652)},-@, {fi(l), fi(Q)}Z-GA are two orthonor-

mal subsets of H. Obviously, there exists a partition A = Uger(Ag) of A such
that a; = a; if and only if 7, j € Ay, for some k € I'.

Theorem 2.5. LetT € B(H) be as above. Then T is skew symmetric if and only
if there exists an ONB {gl ,gz }161\ of VI{f; W e A} such that

(1) \/{gl(l),gl(g) i€ A} = \/I{f;-l),lfi(2 (i€ Ak} for allk eT.
(2) (gz(p),f( )> = (—1)(p+q)<g(p) fi q>> for alli,j € A and p,q € {1,2}.
(3) (gl(p), Sq)> (gj( P) q)> for alli,j € A and p,q € {1,2}.

? Z

Proof. “=." Assume that T 1s C-skew symmetric, that is, CTC = —T*. Let
Vo= C’egz) and gz-(z) = C’e for all i € A. Then {gfl),gl) : 1 € A} is an
orthonormal subset of H.
Assume that 7' = U|T| is the polar decomposition of T'. One can easily deduce

that [T = >;c4 ai(fi(l)®fi(1)+fi(2)®fi(2 Jand U =3, (e 1)®f(1 2)®f¢(2)).
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By Lemma 2.3, we have U = C'K, where K is a partial anticonjugation supported
onran |T'|and K|T'| = |T|K. It is easy to see that K is an anticonjugaton on each

eigenspace of |T'|. Tt follows that K(\/ieAk{fi(l), fi(z)}) C VieAk{fi(l), fi(z)}. Noting
that —K? = U*U, the orthogonal projection with the range \/ieA{fi(l),fi(Q)},
we have K(V,eAk{fl 1) = Vi {87, 17, smce U<vzeA,€{f§”,f§2>}> =
Viea, (7,67} and €U = K€ we bave OV, (o7, 7)] = Vi, (1", 17}
for each k 6 I'. Moreover, we have \/ZeAk{gl(l),gf)} = C’[\/zeAk{eZ , 22)}]

\/ieAk{fi(l) 2}, Hence a; # a; implies that (g f(q )=0= (gjp),fi ) for all
p,q € {1,2}.
On the other hand, if 4, j € A with a; = a;, we have
aglg”, i) = (g, Ty = (CT"eV, g

J
(70D, M) = (g2, T = g, 1),

J J ?

and hence (g f( )y = <g](2),fZ ). Also we have

2

aj(g” 1) = (g, =T = (—CTe?, Oyl
_ (1Ce? ot = (¢ T = a1,

J

and hence <g£1), fj(2)> = _(gj(.l)7 fi(2)>. Moreover, we have
(6. 1) = (o el = (T e, Col?)
= <—TCe§~”,cgi )= <—gﬁ>,T*e§”> = —ai(g”. 11V),

and hence (g”, V) = —(g\?, fV).
For all 7,7 € A, a direct calculation shows that

(9" €)") = (Ce? V) = (e ) = (g e?),

1) j ) ]
2 2 2 1
(g, ey = (Cel ey = (CeP ey = (g1, ey,

and

(g2, ey = (CeM ey = (CelV, M) = <g§2>, etV).

Z’j 7

“<: ” Since (3) holds for the orthonormal subsets {e e? e A} and

{g 791 i € A}, by Lemma 2.4, there exists a conJugamon C' on H such that
C’e(l) = g(2) and Ce; @ — g ) for all i € A. Let M = \/{61 : 12) : i€ A} and
N = \/{gl . i @ e A}. Note that ran 7" C M and ran T* C N, it suffices
to show that C’T*C’gi(l) = —Tgfl)7 C’T*C’gi(z) = —Tgfz)7 C’T*C’ez(»l) = —Tegl) and
C’T*C’e?) = —Te§2) for all 7 € A.

For 7,7 € A, we claim that az<g(1),fi(2)> = ( 2 f(2)>, a2<gjl ,fz(l)> =
aj<gi(2),f](2)> and —ai<g](-2),fi(1)> = ozj(gZ f( )> for all 4,5 € A. When a; = a;,
by condition (2), this is obvious. If a; # a;, ¢, 7 lie in different A} s, in view of
condition (1), we have (¢, f9) = 0 = (g%, £} for all 1,2}. This
ot the(cl)ziim. (9, f;") (9;° " i) p,q € {1,2}
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Let 7 € A be fixed. We have
CT° g = CT* e = ~a,Cf? = —a: > (17 gal + (17, 6795

JEA
1 2 2
= —a;[>_ (g, 1)l + (g (D))
JEA
1 2 2 1 1 1
= lag(g [P)e? — a; (g, 117)el]
JEA
= —Tg,".
Also we have
CT*CgZ@) _ CT*egl) _ Gicfi(l) _ [Z“ch(l)’g] > 1) 4 <f¢(1),9]('2)>g](-2))]
JEA
1 1 2 2 1 1
- aiz[@ﬁ- LR + (g fel]
JEA
= la; (g 1)l — a;(g®, £V)el]
JEA
= —Tg?.

From the above equalities we have T gz(l) = q;C fi(Q) and T’ gZ@) = —q;C fi(l)
Denote by Py the orthogonal projection of H onto N. We have

O1°0el) = 019" = O3 (a;(0” §) £} — aylal?. ) 117)]

JEA
= lag(el, g fD — aj(el? gy 1)
JEA
== e, g Tg? + (e, 9Py T\
JEA
1 2 1 1 1
= -7 Uel”, gP)9? + (e, gi")giV])
JEA
1 1 1 1 1 2 2
= —TPyel” = = a;[(Pyel”, fV)el) — (Pyel”, f17)el?)]
JEA
==Y al(el”, Prfiyel — (e, Py fP)el?)]
JEA
1 1 1 1 2 2 1
==Y alle” £ — (e, £ = ~Telt.
JEA

Similarly, one can prove that C'T’ *0652) = —TeEQ).
Now we prove that C'T*C' = —T" and hence T is skew symmetric. O

Using above theorem, we can get the following result, which means that not
every partial isometry of rank < 2 is skew symmetric. However, Garcia and
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Wogen [8, Corollary 1] have proved that all partial isometries of rank < 2 are
complex symmetric.

Corollary 2.6. Let {e), @}, {f f@ } be two orthonormal subsets of H and
T € B(H) can be written as T = ¢l ®f W —e@ @ fO. Then T is skew symmetric

if and only if (e ,f(1 ) = (@, ),

Proof. “==" Let ¢V = f) and ¢® = f®, then it is easy to check that
{gM, g} satisfies the Condltlons (1)(2) and (3) of Theorem 2.5. Thus T is
skew symmetric.

“—= If T is skew symmetric, by Theorem 2.5, there exists an oNB {g(!), g}
of V{fW, f@} which satisfies the conditions (1)(2) and (3) of this theorem. One
can easily deduce that ¢ = af® and ¢® = af®, where |a] = 1. Since
(gD, eV} = (g @) we have (e, FV) = (@ fO)). 0

3. PROOF OF MAIN THEOREM

Now we can give the proof of Theorem 1.3.

Proof of Theorem 1.3. For convenience, we may directly assume that A = N.
The proof for the general case is similar.

“(1)<=(2).” Since a; # a; for i 7é j, By Theorem 2.5, T is skew symmetric if
and only if there exists an ONB {9@' ,gf)} of \/{f .(2)} for all i € N such that
.12 = 6. 1) = 0, (6,19 = 62 1) and (g9, c9) = (g, ),
This means that there exist {\;};ey C C with |\;| = 1 for all i € A such that

W = XY and ¢® = A £, hence (Ael?, f;q)> = <)\je§p/), FOY for all i, j € N
and p,q € {1, 2}.

“(2):>(3).” Assume that there exist {\;i}ieny C C with |\;] =1 for all i € N

such that \;(e zp ,f(q ) =\ ( P) f ql)) for all 4,5 € N and p,q € {1,2}. Hence we

have \(egp),f N |< ,fq)>| for all i,j € Nand p, g {1,2}.

Givenn € N, the tuple (11,79, -+ ,1,) In N" and pg, qx € {1,2} forall 1 <k <mn,
we have
n—1
[)\11)\12Azn][H< (pk) fzk+1>j|< (p") fz >
k=1

];_[)\“C (pk) k+1>“ 2 < () f(qn >]

H >\Zk+1 7,Zi17 >i| I:)\'Ll <6’£1pn)’ fl(fn)>:|

n—1

= Do el A T £

k=1
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“(3)=(2).” For i,j € N, we define i ~ j if i = j or there exist iy, i, - ,i, € N
and pg, qx € {1,2} for 0 < k < n such that
n—1
(61@0), fi(fO)> [H<e§fk) fz(k+1>]< f(qn ) £ 0.
k=1
Since |(e§p), f;q))| = |<€§p/)7 fi(q/)>| for all 4, j € N and p,q € {1,2}, one can verify

that ~ is an equivalence relation on N. Denote N/, = {A, : v € I'}. Hence
AN A, =0 for all 4,7 € T with v # 7.

Let v € I" be fixed. Arbitrarily choose a I, € A, and set A\, = 1. For j € A,
with j # [, by hypothesis, there exist 41,73, , 1, € Ay, pr,qx € {1,2},0 <k <
n such that

n—1

e RO TLT e Alen. 57 #
k=1
< (po) f1q0)>[ < (p) lel”( (pn f(Qn)>

| k:i<e;:¢1,f (e, i)
We are going to show that Aj is well defined for all j € N. In fact, if there exist
Ji, 92, 2 Jm €Ny, ag, by € {1 2} for 0 < k < m such that

Set

VR

m—1
(b (b ( m) (bm)
el"/ ’ H Jk ’ ]kil ) fj > 7é 0.

It suffices to show that

<€lfO) flqo)>[ < (pr) fzk+1>]< P f(qn)>
CRNRbIN O A [N A
a b a b a'm bm
B <e§ﬂ FEN T (e, £ ele, £y
(a (‘1 ) (b ) Am ™ ’
ANl k1<%gpnk>Mé )

On the other hand, by the condition (3), it is easy to check that the above
equality holds. This shows that A; is well defined. Also it is easy to see that
|Aj| =1forall j € N.

Arbitrarily choose i, 7 € N and p, ¢ € {1,2}. We shall show that )\i<e§p), f;q)) =
/\j<€§-p,),f,-(q,)>. Ifi = jor (e, £ = 0, by condition (3), this is obvious. We

i 2Jj
may directly assume that ¢ # j and <e§p ), f](q)> # 0. Hence i ~ j. We further
assume that 7, j € A, for some v € I'. We consider the following two cases.

Case 1. ¢ = [, or j =1,. We directly assume that ¢ = [, and j # [,. It suffices
to show that <e§p>, F2) = 2 1), Since (€77, )] = (e, £17)] # 0, by
the definition of Aj, this is obv10us

Case 2. 1 # [, and j # . Then \; can be written as
(e, ) [T e, D] e £i)
(e F ) [T el )] e, 1)

i =
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Further, we have

<€(po) f(QO)>[ n— 1 pk Qk)] (pn) f(qn

1 k= 1 ZkJrl

(e ) [TEo et ) el

<e§f°> fff(’))[ < }:j3>]< on) ><e£p>, 57 o

< fl(qo >[ Zkﬂ’ } qn) (» )7f(q’)> '
= Ae)” ).

The last equality follows from the definition of A;. This completes the proof. [J

Nife?, f19) = < @Dy

qn)

Example 3.1. Let T € B(C%) and suppose that T" admits the following repre-
sentation

01 €1 0 -2 fl
T = 0 2 €2 D 0 -1 f2,
0| e3 0 I3

where {e1, e, €3, f1, f2, f3} is an ONB of C®. Then T is skew symmetric. In fact,
we have T' = (ea ® e1 — f3 ® fo) + 2(e3 ® e3 — fo ® f1). By Theorem 1.3, it is

easy to see that T is skew symmetric. On the other hand, using [21, Lemma
01 €1
0.4], one can easily deduce that A = 0 ey is not complex symmetric.

2

0 €3
Also, we claim that A is not skew symmetric. Otherwise, if C' is a conjugation
on \/{ey, ez, e3} such that CAC = —A*, it is easy to see that there exist A\, u C C
with || = |u| = 1 such that Ce; = Aez and Ceg = peq. It follows that CACe; =
CA(Ne3) = C(2Xey) = 2Mpeg and —T¥e; = —ey, a contradiction.

Example 3.2. Let T € B(C*) and suppose that T' admits the following repre-
sentation

11 0 0 w

1002 0 0| wu

00 0 =2 ug
where {uy,us, uz, us} is an ONB of C*. We claim that T is skew symmetric. In
fact, a direct calculation shows that @ are eigenvalues of |T'|. Normalized

VIOEV2 are

eigenvectors {fl(l), f1(2)} of |T| and {egl), 6%2)} of |T*| corresponding to
given by

/5 — 2] 0

ot et 0
! 10 — 45 8 V10— 4v5 \fIQ’

V5 — 1] 0

)

- JV10—2v6
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Also, normalized eigenvectors { f5 W f } of |T'| and {62 L€ } of |T*| correspond-

f\f

ing to are given by

/5 + 2] 0
I 1 —1 2) 1 0

= 5 f = )
10+ 4v/5 8 V1045 \/51+2
V5 + 1] 0
RO 1 -2 | @ _ 1 0
’ 10 + 2v/5 8 V104 2v5 ‘/5;1
It is easy to see that {fl(l), f2 , f22)} {e1 ,el ,eg , €5 )} are two orthonormal

bases of C* and T can be ertten as

V10 + /2

TIT(ei”Qéff”—e?)@ff”) VIO V2

2
Since (e(”, /1) = (e}, 7)) = , (e i) = (e V) =0 forall 1 < j < 2,

[ J

(M, fDy = (e, f >, < WY = (P 157y and (e 150y = (e, 1,

condition (3) of Theorem 1.3 is obviously satisfied.

Y W e Y - el e ).

4. SKEW SYMMETRIC COMPACT OPERATORS

In this section, we are going to study skew symmetric compact operators. The
following result shows that skew symmetric compact operators admit the form

(1.1).

Theorem 4.1. Let T € K(H) be skew symmetric, that is, CTC = —=T* for some
conjugation C' on 'H. Then T admits the following form

T= Z a;(Cfi®e; — Ce; @ f3),
e
where a; are nonzero singular values of T, repeated according to multiplicity, and
{e;, fi} are orthonormal eigenvectors of |T'| respect to a;.

Proof. Let {a;}1<i<n be the nonzero singular values of T, where N < oo when
T has finite rank otherwise N = oo. Without loss of generality, we assume that
N = o00. The proof of other case is similar. Since T is compact, the eigenspaces
H,, of |T'| respect to different nonzero singular values a,, are finite dimensional and
mutually orthogonal. By Lemma 2.3, we have T'= C'K|T|, where K is a partial
anticonjugation supported on ran (|7|) and K|7T| = |T|K. It follows that K|,
is an anticonjugation for all n. By [7, Lemma 4.4], there is an ONB {egn), f(n) Fn

% =1
of H, such Ke!™ = ™ and K™ = —e{™ for all 1 < i < k,. We have

e = CK|T|e!" = a,C ", Tf" = CK|T|f" = —a,Ce"
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forall 1 <¢ <k, and n > 1. We conclude that

) kn

T an Y (CLY @e” = Ce” © f7)]aan 1) = 0.
n=1 i=1

Note that ker T = ker | T, we have T = 3% a, S5 (C ™ @el™ —Cel @ £,
This completes the proof. O

5. SKEW SYMMETRIC PARTIAL ISOMETRIES

In order to study skew symmetric partial isometries, we introduce the following
definition.

Definition 5.1. We say that an operator 7' € B(H) is Hamiltonian, if there
exists an anticonjugation K on H such that KT K =T"*.

The notion of Hamiltonian operators is a generalization of Hamiltonian ma-
trices, which have many applications in matrix Riccati equations from control
theory, linear response theory and computational chemistry, see[l12, 15, 16]. A
matrix 7" on C?" of the form

T — {E F}

G H
is Hamiltonian if F* = F, G* =G and H = —E*. If dimH = oo and T € B(H)

is a Hamiltonian operator, then K'T'K = T™ for some anticongjugation K on H.
By Lemma 2.2, there exists an ONB {e,, f,}>2; of H such that Ke, = f, and
Kf, = —e, for each n € N. Set H; = Vo2 e, and Hy = V72, f,. We have

H ="H; ® Hs and K; admits the following representation
10 =Jy| Hy
K= {Jl 0 } Hy

where Ji, Jo are conjugate-linear, .Jie, = f, and Jof, = e, for each n € N. A
direct calculation shows that
T [E F] H,

G H| HY
where F* = —JQHjl, = Jlel and G* = JQGJQ.
Goodson [11] study normal Hamiltonian operators and give a structure theorem

for normal Hamiltonian operators. Garcia and Wogen |2, Theorem 2] proved that
a partial isometry T' € B(H) is complex symmetric if and only if the compression
of T to its initial space is complex symmetric. Motivated by this result, we aim
to characterize skew symmetric partial isometries and get the following result.

Theorem 5.2. Let T € B(H) be a partial isometry. Then T is skew symmetric if

and only if the compression of T' to its initial space is Hamiltonian. In particular,
dim(ker T')* is even.

To prove the above theorem, we give an interpolation theorem related to anti-
conjugations.
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Theorem 5.3. Let {hZ Dy N ex and {gi(l),g?)}ie/\ be two orthonormal bases of
‘H. Then there exists an anticonjugation K on H such that Kh 1 - gZ(Q) and
Khl@) = gi(l) for all i € A if and only if <h(p),g] ) = —(h( ,gl ) foralli,j e A

and p,q € {1,2}.

Proof. “=" By the Definition 2.1, this is obvious.
“=" For © = ZieA(aEUth +aPn®, y = ZieA(bE Lo 1+ 5P ¢?) | define
_ W, @, @), 1) _ M@ 5@ :
Ke=73% . ala; g7 +0a;"9;7"), Ky =23 ,cn(=b;"h, b; hi ) We are going to

7

show that (1) K is well defined, (2) (Kz, Ky) = (y,z) for all x,y € H.
If x € 'H can be written as

o= Y (@A + o) = 30060 + 175,
€A €A

we shall show that

S + Pl = - SO + i)

€A 1€EA
Denote y; = ZZ€A<CL( )91(2) + al( )gz(l)) and yp; = —ZieA(bgl)hZ@ + bz(?)hl(l)). It
suffices to show that

(y1, b)Y = (o, hV) and (y1, b)) = (yo, h?), Vi € A

K3 K3 (2

For fixed i € A, we have

1 T, (2 1 1 2 1 2), (2 2
() = S0P (g2, 1m0 (g, ) = = S [l (9P APy +aP (g hP)],

JEA jEA
2 1 2 2 1 1 1 2 1 2
() = 310 (g2, 1m0 (g, 1)) = = 3 [l (g0 APy +aP (g0 hP)],
JEA jEA

(2, BV) = 6@ (o, By = b

7

Now it suffices to prove that
1 1 1 1 2),7,(2) (2 2
> laf (n, gy +al? (0P, g = 01,3 [al (0, g +alP (0P, g)) = b2,
jEA jeA
for all 7 € A.
For each i € A, since z = Z;@( () h(l) + a( )h( N = deA(b( gjl) + b (2))>

we have
b = (o) = (v, 07) = 3 a5, 0 4, g ),

]

JEA JEA
2 2 1), (1 2)4.(2 2 1 2 2
b2 = (o0 = Qo (@ +ah), o) = Dl (Y, 0 +a (157 6.
JEA JEA

This shows that K is well defined on H.
It is easy to see that K is conjugate linear and K? = —I. We shall show that

(Kz,Ky) = (y,x) for all z,y € H. Assume that z = Zie/\(agl)hgl) + al@)hl@))
and y = 3,, (07" + 0 gP), we have
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(Kx, Ky = (3 (@ g +algM), = SO0 h? + 0P )

i€EA JEA
— = 3 [P (g2, D)+ aDb (o), p0y
i,JEA

(2) 1), T) @, M)
+a b<gza3> b<ah]>]
D, 1), 1) ;0 2 1
= " [0 (g ) + b (g )
i,jEA
+ a0 (6 5P + a6 1)
= 3679 + 0797, 3 (0 Y + P m?)
jEA ieA
= (y,x).
Thus K is an anticonjugation on H. It is easy to see that K hgl) = g,”’ and
K hl@ = ggl) for each ¢ € A. This completes the proof. O]

Now we are going to prove theorem 5.2.

Proof of Theorem 5.2. “=—>.” Assume that T is a skew symmetric partial
isometry, by Lemma 2.3, there is a partial anticonjugation supported on ran (|7]),
which commutes with |T'|. By [7, Lemma 4.3], it follows that dimran |7T'| is even.
This means that the initial space of T" has even dimension. Hence we can assume
that T" has the following form:

T=> (" e -V e ),

iEA

where A C N, {e!V, e }iex and {f7, f®}iea are two orthonormal subsets of H.
Since T is skew symmetric, by Theorem 2.5, there exists an ONB {gi(l), gi@)}ie A of

\/{f ;i € A} such that
(1) (gl(p) f( )> = (—1)(p+q)<g(p/) f; ql)) for all 4,5 € A and p,q € {1,2}.
(2) (gl(p), §Q)> (gj( #) q)> for alli,7 € A and p,q € {1 2}

Z

It is easy to see that the initial space of T is \/{fZ : i : 1 € A} and the
compression of T' to its initial space can be written as

A= g @ £V + (e, gi)glP @ £V
i,jeA
2 1 2 2 2 2 2
—(e?, g gV @ £ — (e, g g @ £2]. (%)

Since (1) holds, by Theorem 5.3, there exists an anticonjugation K on \/{ fi(l), fi@) :

i € A} such that Kfi(l) = gz@ and Kfi@) = —gfl) for each i € A. Now it suffices
to show that KAK = A*.
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For fixed 7 € A. We have
KAKgY = KAf®

= K[> (e, g")gi" + (e, ) gi)]
jeA

= > (", eV P — (g, eP) £D) (by condition (2))

JEA

==Y (g NP — (gD e )

JEA
_ A*g(l)

and

KAKg® = —KAfY
==K _((e.0,)9,” + (" 99,7

JEA

== UM e P = (g, eM) FD) (by condition (2))

JEA

== (@™ 17 = 0, ) 1)

JEA
_ A*g(Q)

Thus we have KAK = A* and A is Hamiltonian.
“«=." Assume that A is Hamiltonian and K is an anticonjugation on \/{ fi(l), fi(z) :

i € A} such that KAK = A*. Let glgl) = —Kfi(Z) and gZ@) = Kfi(l) for each 7 € A.
By Definition 2.1, {gi(l),gi(z)}ieA is an ONB of \/{fi(l),fi@) 24 € A}, Tt is easy to
verify that

(g, f17) = (—1)Er (o@D (1) (1)

foralli,j € Aand p,q € {1,2}. Now we can directly assume that the compression
of T to its initial space has the form (x). For fixed i € A, we have

KAKg®Y = KAf®
2 1 1 2 2 2
=KD _((el?, g + (e, i) g'?)]

JEX

- Z g] ) 52) j <g]( )7 2(2)>f](1)]7

JeEA

x (1 1 1 1 1 2 2
arg =3 a1 = (0" )

JEA
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KAK¢? = ~KAfY

1 1 1 1 2 2
=KD (e, gt + (el g8 g'?)]
JEA

1 1 2 2 1 1
== g e P — (gP, e £V,

JEA

and

* (2 2 1 1 2 2 2
Arg? =3 Lo ) = (0 ) )

JEA

Since KAK = A*, it follows that

<gz(p)’€§q)> _ <gj(.17)7ez(q)>7 (2)

for all 4,5 € A and p,q € {1,2}.

Since conditions (1) and (2) hold, by Theorem 2.5, we conclude that 7" is skew

symmetric. 0
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