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ABSTRACT. In this paper, we establish necessary and sufficient conditions for
the solvability of the system of real quaternion matrix equations

A X = Ch,

Y B =D,

Ay X +YBy+CyZDy = Fy.
We also present an expression of the general solution to the system. The
findings of this paper widely extend the known results in the literature.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper we denote the set of all m xn matrices over the quaternion
number field H

H = {ao + a1i + azj + ask | i* = j> = k* = ijk = —1, ao, a1, as, a3 € R}

by H™*™. For a matrix A, A* and R (A) stand for the conjugate and the column
space of A, respectively. I,, denotes the n x n identity matrix. The Moore-Penrose
inverse A" of A is defined to be the unique matrix A, such that

(i) AATA = A, (ii) ATAAT = AT (iii) (AAT)* = AAT (iv) (ATA)" = ATA.

Linear matrix functions and their special cases- linear matrix equations are
fundamental subjects of study in matrix theory (e.g. [3]-[8], [21]-[27]). The
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matrix function is a matrix-valve map between two linear spaces. The definition
of matrix function and introduction of some matrix functions can be seen in [9]. In
matrix theory and applications, many problems can be transformed in equivalent
rank problems. In recent years this has been applied in seeking for the solvability
for matrix equations (see, e.g. [16, 17, 24, 25]).

It is well known that in engineering and linear models, many problems can be
expressed by some matrix functions. The limited conditions can be interpreted in
limited matrix equations. With the developments of statistical and other science
subjects, more parameters and variables are demanded for the matrix equations.
Thus, investigations on some matrix functions with more parameters and vari-
ables are necessary for the matrix theory and the practical applications. For
instance, Roth [13] developed the Sylvester’s matrix equation

AX - XB=C,
giving a necessary and sufficient condition for the consistency of
AX -YB=C. (1.1)

In statistics, the growth curve model is consistent if and only if the more gener-
alized matrix equation

AY;B+CY,D = E (1.2)

is consistent [18]. A regression model related to equation (1.2) is M = AXB +
CYD + ¢, where both X and Y are unknown parameter matrices and ¢ is a
random error matrix. This matrix function is also called the nested growth curve
model (see [14, 15]). In general, more limited equations means more complexity
because more parameters and variables must be considered. Therefore, we first
retrospect the development of some matrix equations and investigate the more
complex ones.

There have been many papers discussing the classical system of matrix equa-
tions

AlXBl = Ol, AQXBQ = Cg. (13)

For instance, Mitra [10] first studied the system (1.3) over C. Vander Woude [21]
investigated it over a field in 1987. Ozgiiler and Akar [12] gave a condition for
the solvability of the system over a principle domain in 1991. In 2004, Wang [20]
gave some necessary and sufficient conditions for the existence of the solution to
the system (1.3) and provided the expression of the general solution when it is
solvable. Moreover, Wang, Chang and Ning [27] provided some necessary and
sufficient conditions for the existence of and an explicit expression for a common
solution to the six classical linear quaternion matrix equations

A1X = Cl,XBg = OQ,AQX = Cg,XBg = O4,A3XB3 = 05,A4XB4 = 06.
(1.4)
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Observe that (1.1), (1.3) and (1.4) are special cases of the following system of
real quaternion matrix equations

AlX = C(17

YBl = D17

AQZ == CQ, ZB2 - DQ,Angg - Cg,
A4X + YB4 + C4ZD4 = E1

However, to our knowledge, so far there has been little information on the expres-
sion of the general solution to (1.5) with more variables and more parameters.
This paper aims to give some solvability conditions and the expressions of the
general solution to (1.5).

In order to get some necessary and sufficient conditions for the existence of the
solution to the system (1.5), we need to derive the maximal and minimal ranks
of the real quaternion matrix function with triple variables

(1.5)

g(X,}/,Z) :El —A4X—YB4—C4ZD4, (16)
where X, Y and Z satisfy the following consistent matrix equations
A X =C, YB =Dy, AyZ =Cy, ZBy = D5, AsZBs=(C}. (1.7)

The investigation on extremal ranks has been actively ongoing for more than
30 years. It is worthy to say that Professor Yongge Tian made great contributions
in the literature. Minimal and maximal ranks and inertias are found to be useful

in control theory (e.g. [l], [2]). In 2002, Tian [20] considered the maximal and
minimal ranks of the matrix function
subject to

BQXCQ = AQ. (19)

In 2008, Wang, Yu and Lin [22] studied the extremal ranks of the quaternion
matrix function

subject to
AlX:C’1, XBQZCQ, A3XB3203. (111)

Note that (1.8) and (1.10) are special cases of (1.6). The other goal of this
paper is to consider the extremal ranks of (1.6) with more variables.

The remaining of this paper is organized as follows. In Section 2, we consider
the extremal ranks of the real quaternion matrix function (1.6) subject to (1.7).
In Section 3, we give some necessary and sufficient conditions for the solvability
to the system of real quaternion matrix equations (1.5) and present an expression
of the general solution to system (1.5).

2. Extremal ranks of (1.6) subject to (1.7) with applications

In this section, we investigate the matrix function (1.6) subject to (1.7). The
conclusion extends the known results in [20] and [22]. We begin with the following
lemmas.
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Lemma 2.1. [23] Let Ay € H™™ By € H*9, C5 € H™", Dy € HP?*9,Cy €
H™*"s D, € HP**, and E; € H™*? be given. Set

A = RAng, B = DgLBl, C = RA1047 D = D4L317
E =Ry ELg,M=RsC,N=DLg,S=CLy.

Then the following statements are equivalent:
(1) Equation

A1X1 + X2B1 + 03X3D3 + C4X4D4 - E1 (21)

18 consistent.

(2)
RAE =MM'E, FELg = EN'N, RAELp =0, RcELp =0.
(5)

E,

4 D

E, C, C; A D, 0 4
T[Bi 04 0‘3 01:|:T|:C4 Cs A1]+T(B1),T D;L ol =7 D3| +7r(Ay),

B, 0 By

E1 03 Al D El 04 Al D
r{B; 0 0 :7“[03 Aﬂ%—r{ 4},7" By 0 0 :r[C’4 AJ—{—T[ 3].
D4 0 0 D3 0 0

In this case, the general solution of (2.1) can be expressed as

X, = Al(E, — C5X3D3 — C4X4Dy) — AlW,By + Ly, Wy,

Xy = Ra, (B, — C5X3Ds — C4,X4Dy) Bl + A1 AIW, + W3R,

X;=A'EB" — AICM'EB" — ATSCTENTDB' — ATSV,RyDB' + L4V; + ViR,
X, = M'ED'" + STSCTEN' 4+ Ly, LsU, + Ly ViRy + VsRp,

where Vi, Vo, V3, Vy, Vs, W1, Wo, W3 are arbitrary matrices over H with appropriate
S12€8.

Lemma 2.2. [I 1] Let A € ™", B € H™* C € H>*", D € H™?, E € H”*", Q €
H™ >k and P € H>*™ be given. Then

(1) r(A) + r(RaB) = r(B) + r(RgA) =r[A B].

(2) r(A) +7(CLA) =7r(C)+r(ALc) =r [é,] :
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(3) r(B) +r(C) + r(RaALc) = r | ﬂ
A B 0
(4) r(P)+r(Q)+r[RAC BgQ}:r cC 0P
P 0 Q 0
A D B
(5)r[R§’2LC RgD]+r(B)+r(o>:r E 0 0
© cC 0 0
Lemma 2.3. [22] Let Ay and Cy be given. Then the equation A1 X, = Cy is

consistent if and only if r [Al Cl] =r(Ay). In this case, the general solution to
A1 X7 = Oy can be expressed as

X, = AlC) + LUy,
where Uy 1s an arbitrary matriz over H with appropriate size.
Lemma 2.4. [22] Let By and Dy be given. Then the equation XoBy = Dy is
consistent if and only if r [gj = r(By). In this case, the general solution to
XoB1 = Dy can be expressed as
X, = DyB] + UsRp,,
where Uy 1s an arbitrary matriz over H with appropriate size.
Lemma 2.5. [22] Let Ay, By, Cy, Do, Az, B3 and C5 be given. Set
As = AsLa,, Bs = Rp,Bs, Cs = Cy — A3(ALCy + La,DyBl)Bs.

Then the following statements are equivalent:
(1) System of real quaternion matriz equations

AQZ - CQ, ZBQ - DQ, A32B3 = Cg (22)

15 consistent.
(2)
RA2CQ = O, D2L32 = 0, RA505 = 0, C%LB5 = 07 A2D2 = CQBQ.

(3)
B,

S I I

D
T [AQ 02] = T(Ag), |: 2:| = T’(BQ), A2D2 = CQB27

Ay CyBs Ag Bs B,
In this case, the general solution to (2.2) can be expressed as
Z = AlCy + La,DyBl + L, ALCs BIRp, + La,La,UsRp, + L4,UsRp, Rp,,
where Us and Uy are arbitrary matrices over H with appropriate sizes.

The next Lemma is due to Tian.
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Lemma 2.6. |

p(X17X27 X3, X4) =A—- B X1 — XoCy — B3 X305 — B4 X4Cy

be a matriz expression over H, where A € H™*™,

Then the extremal ranks of
p(X1, Xo, X3, Xy) are the following

A B
. 02 0 A Bl BS B4
1’{1})21]}(7‘[]9 (X17X27X37X4)] = min {m,n,r 03 0 , T |: 02 0 0 0 )
Cy O
A Bl Bg A Bl B4
r CQ 0 0 , T CQ 0 0 },
Cy 0 O C; 0 O
and
A B
. _ CQ 0 A Bl B3 B4
?}l{l}}?”[p(Xl,Xg,Xg,XgO]—T 0 +r o, 0 0 0 —r(By)—r(Cy)
Cy O
A B, B A B, B; By é% %’
4+max<{r| Co 0 0 —r|{ Cy 0 0 O —r 02 o o |
3
c, 0 0 Cs 0 0 O c, 0 0
A B, By A B, By By, A By B
Cy 0 0
r| Cy 0 —r| Cy 0 0 O "l 0 o
3
C; 0 c; 0 0 O c, 0 0

For convenience, we adopt the following notations:

I = {X‘AlX _ 01} Jy = {Y‘YBl - Dl}

Jy = {Z‘AQZ — Oy, ZBy = Dy, AsZBs — 03} .

Theorem 2.7. Let Al, Bl, Cl, Dl, Az, BQ, Cg, Dg, A3, Bg, 03, A4, B4, 04, D4 and
E, € H™™ be given. Assume that J, — J3 are not empty sets. Denote that

E1 A4 D1 C4D2

E1 A4 04 D1

_|Bs 0 By 0 | Ba 0 0 B
M=1p, 0 0o B "™ o o4 0 of

i A 00 C2Dy 0 Ay 0



214 X. ZHANG, Q.-W. WANG

- FE, A, C, D; 0 0
E, A, C, D, 0
B, 0 0 B 0 0 B o 0 B 0
4 1
D, 0 0 0 Bs By
Ny = Ny=| Dy 0 0 0 B,
c, A, 0 0 0 0
cC, A, 0 0 0
0 0 Ay 0 —Cy —A3D, CD. 0 A 0 0o
Dy, 0 Ay, 0 0 0 274 2

By Ay Cy Dy CyDyT
By 0 0 B 0
Dy, 0 O 0 By

El A4 04 D1 0 O
By 0O 0 B 0 O
Ns=| Dy 0 0 0 By By|,Ng=

C; A, 0 0 0 0 Cp A 00 0
CwDi 0 A, 0 0 0 0 0 4 0 0
24 2 (0 0 Ay, 0 0 |

Then we have the following:
(a) The maximal rank of (1.6) subject to (1.7) is

XeJ1,Yedq, Zeds

max rg(X,Y,Z)] = min {m, n,r(Ny) —r(Ay) —r(By) — r(Ba),

r(¥a) = £ (A1) = r(B) = (), r(00) = ) = (1) =7 2] = [Bo B }

(2.3)
(b) The minimal rank of (1.6) subject to (1.7) is
i r[g(X,Y, 2)) = r(N) + (V) — 7 [jj (B B+
max {r(N3) — r(N5) — r(Ng), —r(Ny)} . (2.4)

Proof. Tt follows from Lemma 2.3, Lemma 2.4 and Lemma 2.5 that the general
solutions of

AIX - 017 YBl = D17 AQZ == 02, ZBQ == DQ, AgZBg == 03
can be expressed as

X = Xo + LAlUla Y = Yb + UQRBI, J = Zg + L,42L,45(];3RB2 + LA2U4RB5RBQ,
(2.5)

where Xy, Yy, Zy are special solutions of the corresponding matrix equations, U; —
U; are arbitrary matrices over H with appropriate sizes. Substituting (2.5) into
(1.6) yields

g(X,K Z) =A— A4LA1U1 — UQRBlB4 — C4LA2LA5U3RBQD4 — O4LA2U4RBSRBQD4,
(2.6)

where

A = El - A4X[) - YbB4 - C4ZOD4.
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Applying Lemma 2.6 to (2.6) gives

xen BRX LT lg(X,Y,Z)] = min{m,n,l, s, 15} (2.7)

xen D T lg(X,Y,Z)] =
ll + lg — T’(A4LA1) — T(RBl B4) + max{t3 - t5 — fi@, —f}4}, (28)
where
A ALy, A ALa, CiLa,
l1 =T RBlel O s lg =T R B O O 5
Rg,D, 0 B4
A ALy, CyLa,La, A ALy, CuLy,]
Is=r| Rp DBy 0 0 . ly =7 |Rp, By 0 0o |,
|Rp,Rp,Dy 0 0 Rp,Dy 0 0
A AyLy, CyLy, A A4Ly, CyLa, Ly, ]
l5 =T RBlB4 0 0 s lg =T RB1B4 0 0
|Rp,Rp,Dy 0 0 Rp,D, 0 0 |

By Lemma 2.2 and
AlXO = Cla }/E)Bl = D17 AZZO = CZ: ZOBZ = D27 ASZOBS = 037

we obtain that

l1 =r(Ny) —r(Ay) —r(By) — r(Ba), (2.9)

lo =7(Nay) — (A1) —7r(B1) — r(Ag), (2.10)

ls=r(N3)—r(A) —r(By) —r {ﬁﬂ —r[By Bs], (2.11)

l4 = T(N4) — T‘(Al) — T’(Bl) — T(AQ) — T(Bg), (212)

ls = r(Ns) —r(Ay) —r(B1) — r(As) —r [Ba Bs], (2.13)

ls = #(Ng) — r(Ay) — #(By) — 7 [ﬁj —(By). (2.14)

Substituting (2.9)-(2.14) into (2.7) and (2.8) yields (2.3) and (2.4). O

In Theorem 2.7, let Ay, By,C1, D1, Ay and B, vanish. Then we can obtain the
extremal ranks of (1.10) subject to (1.11).

Corollary 2.8. The extremal ranks of the quaternion matriz expression f(X) =
Cy — A4 X By subject to the consistent system (1.11) are the following:

max r(f(X)) = min{a, b, c},
A X =0
XBy = (Csy
A3X Bs = Cs
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where
_ CiBy Ay
a—r[ &) A4:|—7“(A1),
_ By By
b=r | ACy Oy ] —7(Ba),
(A0 0 OB,
_ A3 _ASCQ —03 O Al
=T A, 0 0 Cy ‘T{AS]—T[Bz Bs |,
B 0 B2 B3 B4
: CiBy A4 By, B,
min r(f(X)):r{ ]4-7«[ ]
Ale = Cl 04 A4 A4Cg 04
XBy = (s
AsX By = Cs
(A, 0 0 C,B,
AB _ABCZ —Cg 0
T A4 0 0 04
Al 0 01B4 Al O 0 CIB4
As —A3Cy 0
-r —-r| A 0 0 Cy
A 0 Cs 0O B, B; B
0 B, B, 2 b3 4

Remark 2.9. Corollary 2.8 is Theorem 2.5 in [22].

In Theorem 2.7, let Ay, By, C1, D1, Ay, By, Cy, Dy, Ay and By vanish. Then we
can obtain the extremal ranks of (1.8) subject to (1.9).

Corollary 2.10. Suppose that the matrix equation Bo XCs = Ay is consistent.
Then
(a) The maximal rank of p(X) = Ay — B1 XC} subject to BoXCy = Ay is

A1 0 Bl A
— i _ _ _ 1
B2)r(rlca2>iA2r(p(X)) = min {r 0 —As By |—r(Bg)—r(Cy),r [ o } A B
ci, Cy 0

(b) The minimal rank of p(X) = A; — B1 X subject to BoXCy = Ay is

. - Al Al Bl 0
i OOy = | 2 B ) < 2B 0
Al Bl Al 0 Bl
T Cl 0 “+r 0 _A2 BQ
0 B2 01 C12 0

Remark 2.11. Corollary 2.10 is Theorem 3.2 in [20)].
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3. The solvable conditions and the expression of the general solution
to (1.5)

Our goal in this section is to give some solvable conditions for (1.5) and to
provide an expression of this general solution when the solvability conditions are
met.

Theorem 3.1. Let Al,Bl,Cl,Dl,AQ,Bz,CQ,DQ,Ag,Bg,Cg,A4,B4,C4,D4 and
FE; be as in Theorem 2.7. Set

As = AsL4,, Bs = Rp,Bs, Cs5 = C5 — A3(ALCy + La,D2BY)Bs, Ag = AyL 4, ,
Bs = Rp, B4,Cs = CyLa,La;, Ds = Rp,Dy,C7 = CyLy,, D7 = Rp;Rp, Dy,
Ey, = Fy — A,AIC) — D\BIB, — C4(ALCy + L4, DoB) + Ly, AlCsBIRp,) Dy,
A= Ru,Cs,B=Dg¢Lp,,C = Ra,Cr,D = D;Lp,,

E = Ry EsLp,, M = RyC,N = DLy, S = CLy.

Then the following statements are equivalent:
(a) System (1.5) is consistent.

(b)
RAiCi - 0, DzLBl - 0, l - 1, 2, RA505 - 0, C5LBS - O, A2D2 - 02327

RAE=MM'E, ELy = EN'N, R4ELp =0, RcELp = 0.

T [Az Ol} = T(Ai), [gz] = T(Bi), 7= 1, 2, A2D2 = CQBQ,
Ag Cg o Ag 03 A3D2 _
’I“|:A2 CQBJ_T{AJ’T{B;; B, —T[Bg BQ],
q Ay Cy
T'(Nl) =T |:1131 +r |:ZB)4 %l 59 :| ,T’(Ng) =T Al 0 +r [B4 Bl} s
4 4 2
] 0 A,
A4 C’4- A4
. Al 0 B4 B1 0 0 . B4 B1 0
riNg) =11 g g ”{DZL 0 By BQ] ’T<N4)_T[D4 0 BJ o
0
0 As]
In this case, the general solution of (1.5) can be expressed as
X = AlCy + LUy, (3.1)
Y = DBl + UyRjp,, (3.2)

Z = AlCy + La,DyBl + L, ALCs BIRp, + La,La.UsRp, + L4,UsRp. Rp,,

Cy
0
Ay
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Uy, = Al(Ey — CsUsDg — C7UyDy) — ALW,Bg 4+ L4 WA, (3.3)

Uy = Ruy(Ey — CsUsDg — CU D7) Bl + AgALWy + W3R, , (3.4)
Us=A'EB" — A"CMTEB" — ATSCTENTDB" — ATSV,RNDB' + L4V; + VaRp,
(3.5)

Uy = MTED" + STSCTEN' + Ly LsVs + Ly ViRy + VsRp, (3.6)

where Vi, Vo, V3, Vy, Vi, Wi, Wo, W3 are arbitrary matrices over H with appropriate
siz€s.

Proof. (b) <= (c) : It follows from Lemma 2.2, Lemma 2.3, Lemma 2.4 and
Lemma 2.5 that

RaCi=0<=r[A; Ci] =r(4;), DiLp, =0<=r B@} =r(B), i=1,2,

o A3 03 o A3
Ry.Cs=0<=r [A2 0233] =7 [Ag] ,

Cy AsD
05L35=0<:>T[B§ 3322]:7’[33 B,],

E, C; Cg A
R E = MM'E <— 2 07 Ce As| _ ot o4 B
! T[BG 0 o o|="lC G As]+r(Bo)
E AyLy, C4L
= [R312B4 40 " 40 A2} =r By AsLa, CiLa,] +7(Rp,By)
Ay Cy
= r(Ny)=r A 0| +7r[Bs Bi],
0 A
Ey A Dy
ELp = EN'N < r gﬁ 8 =r |D7| +1r(As)
7
Bs 0 Bs
E2 A4LA1 B RBlB4
< r |Rp, By 0 =75 "D +1r(AsL4,)
RBQD4 0 By M4
_ Al B4 Bl 0
(M) =r {AJ +r [D4 0 BJ :
Ey, Cs As

RA,ELp=0<«<—=17r|Bg 0 0Of=r [06 A6:| +r |:D7:|
D; 0 0
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E, AyLs, CyLa,La,

Rp B
<71 | Rp B 0 0 =r[A4La, CiLa,La] + { R % ‘*D }
Rp.Rp,Dy 0 0 Bs7tBa
Ay Cy
_ Al 0 B4 Bl 0 0
< 1r(N;3)=r 0 A, +r {D4 0 B, Bg] ,
0 Az
Ey C; Ag D
RcELB:O<:>T Bg O 0 :7’[07 A6}+T|:BG:|
Dg 0 0 0
Ey  AyLa, CilLa, R B
<7 RBlB4 0 0 =r [A4LA1 C4LA2] +r |:RBlD4:|
Rp,Dy 0 0 B2
Ay Cs
—r(My)=r|A 0| +r By By 0 :
Dy 0 B,
0 As

(a) = (c¢) : Suppose that (X, Yy, Zp) is a solution of (1.5). It follows from
Lemma 2.3, Lemma 2.4 and Lemma 2.5 that

D;

rlA G| =r(4), [Bi

:| = T(Bi>7 1= 1, 2, AQDQ = 02327
A3 03 o A3 C13 A3D2 _
7‘|:A2 CQBE}:|_T|:A2:|7T|:B3 32}—7”[33 Bﬂ.

Applying
A Xo=Ch, YWBy =Dy, AyZy=Cy, ZyBy = Dy, AsZyBs = Cs

and elementary matrix operations, we obtain

I =Y, -C,Z, 0 I 000 0 A4, 0 0
0 I 0 O v [~Xo T 00 By, 0 B, 0
0 0 I o>t 0o 0110 D, 0 0 By|’
0 0 0 I 0 00 I 0 A 0 0
I =Y, 00 I 000 0 A, Cy O
0 I 00|y | -X 100 _|B 0 0 B
0 0 I 0| ?%|=ZyDsy 0 1 0 0 A 0 0]
0 0 0 I 0 00 I 0 0 Ay, 0
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1

0 0 0 0 O
é—}/o 8 888 ~ X 71 000 0 B£)A4 Cs O 0 0
, 0 0 By 0 O
0 0 I 000 —ZoDs 0 I 0 0 0 Di 0 O O Bs B
0 0 0100N3888é?8:0A10000’
0 0 A3Zy, 0 I O o 000 0 I 0O 0 A3 O 0 O
0 O 0O 0 0 I 0O 0O A, O 0 0
I =Y, 00 I 000 3%400428
OIOON—XOIOO_D40001B
0 0 [ 0| "*|=ZyDy 0 I 0O O4A 0 0 02
0 0 0 I 0 00 I ooleo
2

(¢) = (a): Suppose that the equalities in (c¢) hold. It follows from Lemma
2.3, Lemma 2.4 and Lemma 2.5 that the equations in

AlX = 017 YBl = Dl, AQZ = CQ, ZB2 = DQ, AgZBg = Cg.
are consistent, respectively. On the other hand, by Theorem 2.7, we obtain that
min r (El - A4X - YB4 - C4ZD4) =0.

XeJ,Yedy,ZeJds

Hence, the system (1.5) has a solution.
(a) <= (b): We separate the equations in system (1.5) into two groups

A X =C,, YB, = Dy, AyZ = Cy, ZBy = Dy, A3ZBs = Cs, (3.7)

A X +YBy+CyZDy = B, (3.8)

It follows from Lemma 2.3, Lemma 2.4 and Lemma 2.5 that matrix equations in
(3.7) are consistent, respectively, if and only if

RAiCi - 0, DzLBZ - O, Z = 1,2, RA505 == O, C5LB5 - O, AQDQ - CQBQ.
And the general solutions to these matrix equations in (3.7) can be expressed as
X = AlCy + LUy, (3.9)
Y = DBl + UyRjp,, (3.10)
Z = AYCy 4 La,DyBY + L4, AlCs BIRp, + La,La,UsRp, + L4,UsRp. Rp,,

(3.11)

Substituting (3.9)-(3.11) into (3.8) gives
AUy + Uy Bg + CgUsDg + C7Uy D7 = Ej. (3.12)

Hence, the system (1.5) is consistent if and only if the matrix equations in (3.7)
and (3.12) are consistent, respectively. By Lemma 2.1, we know that the matrix
equation (3.12) is consistent if and only if

RAE=MM'E, ELg = EN'N, R4ELp, =0, ReELg = 0.

We know by Lemma 2.1 that the general solutions of equation (3.12) can be
expressed as (3.3)-(3.6). O
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In Theorem 3.1, let Ay, By, Cy and Dy vanish. We can obtain the general
solution to the following system

A X =Cy,YB, = Dy,
Ay 7By = Cq (3.13)
AsX + Y By + CsZDs = Ey.

COI‘OH&I‘y 3.2. Let Al, Bl, Cl, Dl, Ag, ng OQ,Ag, Bg, Cg, D3, E1 and N1 - N(; be
given. Set

Ay = AsLy,, By = Rp, B3,Cy = C3Ly,, Dy = Rp, Ds,
E, = Ey — AsAlC, — DBl Bs — C5AYC, Bl Ds,
A=R,,Cy,B=DsLg,, C = RuCs,D= DL,
E = Ry,EyLp,,M = RyC,N = DLy, S = CLy;.

Then the following statements are equivalent:
(a) System (3.13) is consistent.

(b)
RA,Cy =0, DyLp, =0, Ry,C5 =0, C5Lp, =0, AsDy = CyDBs,

RAE=MM'E, ELy = EN'N, RAELp =0, RcELp = 0.

r Al 0:|+T[Bg Bl},

El Ag 03 D1 0

By 0 0 B 0 As C4
rlDy 0 0 0 By|=r|A 0 +r[g3 % g}
C, A0 0 0 0 A ’ 2

0 0 A 0 -G

I —

E1 Ag 03 D1

S| Bs 00 B _ A 0], [Bs B
Dy 0 0 0|~ "]A G Ds 0]

C; A4 0 0
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In this case, the general solution of (3.13) can be expressed as
X =AlC, + Lo Uy, Y = DyBl + UyRp,, Z = AYCoBl + La,Us + UyRp,,
U, = A{(E, — CyUsDs — C3U,Dy) — AiWo By + L, Wi,
Uy = Ra,(E; — CyUsDy — C5U,Dy) Bl + Ay AW, + Wi R,
Us=A"EB" — A"CMTEB" — ATSCTENTDB" — A'SV,RyDB' + L,Vi + VaRp,

U= M'ED" + STSCTENT + Ly LsVs + Ly VaRy + VsRp,

where Vi, Vo, V3, Vy, Vs, W1, Wo, W3 are arbitrary matrices over H with appropriate
S12€8.

In Theorem 3.1, let Ay, By, C1, D1, A4 and By vanish. We can derive the general
solution to the following system

AsZ = Cy, ZBy = Dy, A3ZBy = Cy,C4ZD, = Ej. (3.14)
Corollary 3.3. Let Ay, By, Co, Do, Az, Bs, Cs,Cy, Dy and E; be given. Set
As = A3La,, Bs = Rp,Bs, Cs = C3 — A3(ASCy + La, D2 BY) By,
A=CyLs,La,B=Rp,Dy,C=CyLa,,D=Rp.Rp,Dy,
E = By — Cy(ALCy + L, Dy B + La, ALC5BERp,) Dy,
M = R4C,N = DLg,S = CLy,.

Then the following statements are equivalent:
(a) System (3.14) is consistent.

(0)
RAiCi - Oa DZLBZ = 07 1= 17 2a RA5C5 = 07 C5LB5 - Oa A2D2 = 02327

R,E =MM'E, ELg = EN'N, R4ELp =0, RoELp = 0.

r[Ay Co] =r(Ay), {32] =71(Ba), AsDy = (5B,

o S]] G A e 8,

Ay CyB3 Ay Bs B,
E1 04 . 04 El C4D2 _
T|:CQD4 A2:|_T|:A2:|7T|:D4 B, :|—T|:BQ D4},
E, Cy 0 0 o
D, 0 Bs B, 4
0 A, 0 0| " 213 +r [Bg D, BQ} ;
2

0 A 0 0
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r D4 0 BQ

E, Cy O
=T |:
0 Ay 0

C
Ai:| +r [D4 Bg] .

In this case, the general solution to (3.14) can be expressed as

Z = AlCy + La,DyBl + Lo, ALCs BIRp, + La,La,UsRp, + L4,UsRp, Rp,,
Us; = ATEB" — ATCMTEB' — ATSC'ENTDB' — A'SV,RyDB' + L Vi + VaRp,

Uy = M'ED" + STSC'ENT + Ly LsVs + Ly VaRy + VsRp,
where Vi, Vo, V3, Vy, Vs are arbitrary matrices over H with appropriate sizes.

Remark 3.4. Our expression of the general solution to system (3.14) is different
from the expression in [27].

4. Conclusions

In this paper we have given the extremal ranks of the matrix function (1.6)
subject to (1.7), which extend the known results in [20] and [22]. We have derived
some solvable conditions for the existence of the general solution to system (1.5),
and proved that (3.1)-(3.6) are solutions of system (1.5) when the solvability
conditions are met. Using the results on (1.5), we have established some necessary
and sufficient conditions for the existence of the general solution to (3.13) and
(3.14), respectively. The expressions of such solutions to (3.13) and (3.14) have
also been given, respectively. There is no doubt that most of the results in this
paper can be extended to the corresponding system for linear operators on a
Hilbert space or elements in a ring with involution.
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