Banach J. Math. Anal. 3 (2009), no. 2, 64-76

Banacn Journar or MaraemaTicar ANarysis
ISSN: 1735-8787 (electronic)
http://www.math-analysis.org

ON A GEOMETRIC PROPERTY OF
POSITIVE DEFINITE MATRICES CONE

MASATOSHI ITO!, YUKI SEO?, TAKEAKI YAMAZAKI3* AND
MASAHIRO YANAGIDA*

Communicated by M. S. Moslehian

ABSTRACT. We shall discuss the matrix geometric mean for the positive defi-
nite matrices. The set of all n x n matrices with a suitable inner product will
be a Hilbert space, and the matrix geometric mean can be considered as a path
between two positive matrices. In this paper, we shall obtain a matrix geo-
metric mean inequality, and as an application of it, a property of Riemannian
metric space is given. We also obtain some examples related to our result.

1. INTRODUCTION

Let M, be the set of all n xn matrices on C. The set M, will be a Hilbert space
with the inner product (A, B) = trB*A for A, B € M, and the associated norm
|Ally = (trA*A)z. The set of all Hermitian matrices H,, constitutes a real vector
space on M,,. The subset P, of M, consisting of positive definite matrices is an
open subset in Hl,,. Hence it is a differentiable manifold. The tangent space to
P,, at any of its points A is the space T4P, = {A} x H,,, identified for simplicity,
with H,,. The inner product on H,, leads to a Riemannian metric on the manifold
P,. At the point A this metric is given by the differential

N

ds = | A7 dAAT ||, = [tr(A~'dA)?]2.
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This is a mnemonic for computing the length of a (piecewise) differentiable path
inP,. Iif v: [a,b] — P, is such a path, we define its length as

b
L) = [ ©7 @7 Ol
For any two points A and B in P,, let
92(A, B) = inf{L(y) : 7 is a path from A to B}.

Bhatia and Holbrook [3] show that the infimum is attained at a unique path
joining A and B. This path is called geodesic from A to B, and it is denoted
by [A, B]. This gives a metric on P,, and concrete form of d5(A, B) is given as
follows:

Theorem 1.1 ([2]). Let A and B be any two elements of P,,. Then there exists
a unique geodesic [A, B| joining A and B. This geodesic has a parametrization

v(t)= A2 (AT BAZ) Az, 0<t<I,
which is natural in the sense that
02(A, (1)) = t62(A, B)
for each t € [0,1]. Furthermore, the metric is precisely estimated by
05(A, B) = ||log A7 BAZ ||,

We remark that the geodesic from A to B is known as the generalized geometric
mean Af; B of A and B, that is,

¥(t) = AZ(AZ BA% )'As = At,B for t € [0, 1].

In particular, Af 1 B (denoted by AfB, simply) is called the matrix geometric

mean, simply, and it has many good properties. We shall introduce some prop-
erties of the generalized geometric mean in the next section. The metric o, has
an important property which is called exponential metric increasing property as
follows:

Theorem 1.2 ([2, 3]). For each pair of points A, B in P, we have
52(A, B) > ||log A — log B||».
In other words, for any two matrices H and K in H,,
do(e, ) 2 |H — K|2.
So the map
exp: (Hy, [ [[2) — (Pn,0d2) (1.1)
increases distances, or is metric increasing.
It is known that PP, is a Riemannian manifold of nonpositive curvature [1].
Another essential feature of this geometry is the semiparallelogram law for the
metric 0. To understand this, recall the parallelogram law in a Hilbert space H.

Let @ and b be any two points in H and let m = %2 be their midpoint. Given
any other points ¢ and d consider the parallelogram, one of whose diagonals is
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[a, b] and the other [c, d]. The two diagonals intersect at m and the parallelogram
law is the equality

la = b)1* + [le = dl|* = 2([la — c[* + [|b = ¢]*).
Upon rearrangement this can be written as
la—cl*+b—c[* [la—Db]?
2 4
In the semiparallelogram law this last equality is replaced by an inequality.

ml[* =

le =

Theorem 1.3 (The Semiparallelogram Law [2, 3]). Let A and B be any two
points of P, and let M = AtB be the midpoint of the geodesic [A, B]. Then for
any C in P, we have
52(A 62(B 62(A, B
5§(C,M)§ 2( 7O)+ 2( 7O> o 2( ) )
2 4

In the Euclidean space, the distance between the midpoints of two sides of a
triangle is equal to half the length of the third side. In a space whose metric
satisfies the semiparallelogram law this is replaced by an inequality as follows:

Theorem 1.4 ([2]). Let A, B and C be any three points in P,,. Then

55(A4B, ASC)) < w.

By Theorem 1.1, the matrix geometric mean is closely related to Riemannian
metric on the manifold PP,,. So we can expect that many results of the matrix
geometric mean can be applied for the study of Riemannian metric in the manifold
P,,. As a property of the matrix geometric mean, the following result is obtained
by Ando-Li-Mathias in [!]:

Theorem 1.5 ([1]). For positive definite matrices A, B,C, D, AtB = CtD im-
plies
(AfC)H(BID) = AB.

Roughly speaking, Theorem 1.5 says that for four points A, B,C, D € P, if
the diagonals [A, B] and [C, D] have the same midpoint G = AtB = C{D in
a quadrilateral ADBC', then the line joining their midpoints in opposite sides
[A, C] and [D, B] pass through the point G.

In this paper, we shall discuss an extension of Theorem 1.5. In section 2, we
shall introduce some properties of matrix means. In section 3, we will give an
extension of Theorem 1.5. In section 4, we give examples related to the result in
section 3.

2. MATRIX MEAN

In this section, we shall introduce some properties of matrix means. Let M be
a binary operation M : P, x P, — P,. Then M is called a matrix mean if
and only if the following conditions hold:

(1) M(A,B) < M(C,D)if 0 < A< C and 0 < B < D (monotonicity),
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(2) XM(A,B)X < M(XAX,XBX) holds for X > 0 (transformer inequal-

ity),
(3) M is upper semicontinuous, and
(4) M(1,1) = 1.

We remark that if X is invertible, then the transformer inequality (2) can be
replaced into the transformer equality. It is well known that the matrix arithmetic
and geometric means are typical examples of matrix mean. In this paper, we write
the matrix arithmetic and the geometric means by

avB = AT B 4 atB = Ab(aF BaT)E A},

respectively. More generally, the generalized matrix arithmetic mean AV,;B and

the geometric mean A#;B are defined as follows: For t € [0, 1],
AV,B=(1—-t)A+tB and Af,B=A2(A7 BA7)'A2.

We remark that if ¢ & [0,1], then Az(A= BA= )!A? is not a matrix mean, but

we write it Ap, B for the sake of convenience.

Here we introduce some properties of the generalized matrix arithmetic and
geometric means. Firstly, the famous arithmetic-geometric means inequality
holds, i.e.,

Next property is shown by operator concavity of =" for r € [0, 1].
A"V, B" < (AV,B)" forr € [0,1] and t € [0, 1]. (2.2)
We remark that in the case r = —1, the sign of inequality in (2.2) is reversed,
ie.,
AW, B > (AV,B)™' fort € [0,1]. (2.3)

In general, a matrix mean does not satisfy the commutative law, but the matrix
arithmetic and the geometric means satisfy

AVtB = BvlftA and AﬂtB = BﬂlftA (24)

for t € [0,1], (A;B = Bi_+A for t ¢ [0, 1] also holds.) The former equality is
obvious, and the latter one is given by

(AB?A)* = AB(BA*B)*'BA for A, B > 0 and real number a.
in [7, Lemma 1]. We remark that an argument over general matrix means is in
[5, 5.
3. RESULTS

In this section, we shall give an extension of Theorem 1.5 as follows:

Theorem 3.1. Let A, B,C,D be positive invertible matrices with 0 < mlI <
A, B,C,D < MI for some positive numbers m and M. If Aj,B = Ct,D = G
holds for a positive number o € (0,1), then for each 3 € [0, 1],

2—% 9) ~0 2_% 5 ) @0
{u} Gg(Aﬂﬁcwa(BuﬁD)g{“‘W—_j”} NCEY
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holds, where h =2 and ag = min{a, 1 — a}.
By putting o = % in Theorem 3.1, we obtain a slight extension of Theorem 1.5
as follows:

Corollary 3.2. Let A, B,C, D be positive invertible matrices. If AtB = CfD =
G holds, then for each [ € [0,1],

(AgsC)E(BEsD) = G (3.2)
holds.

Roughly speaking, Corollary 3.2 says that when we consider a quadrilateral
ADBC' with the same midpoints G in each diagonals, for each internal ratio of
1—p to g for 8 € [0, 1], the line joining their internally dividing point in opposite
sides [A, C| and [D, B] pass through the midpoint G. We would like to remark
that for any o € (0,1) — {1}, “4” in the center of the left hand side in (3.2) can
not be replaced into “f,”. Concrete example and discussion will appear in the
next section. From the viewpoint of Riemannian metric, Theorem 3.1 can be
written by the following form:

Theorem 3.1°. Let A, B,C, D be positive invertible matrices with 0 < ml <
A, B,C,D < MI for some positive numbers m and M. If Aj,B = Ct,D = G
holds for a positive number o € (0,1), then for each € [0, 1],

52((AsO)a(BtgD), G) < v/nlog {(’12—_+1>}

holds, where h = 2 and ag = min{a, 1 — a}.

To prove Theorem 3.1, we need the following lemma which is a kind of reverse
inequality of (2.3).

Lemma 3.3 ([0, 9]). Let A and B be positive invertible matrices satisfying 0 <
mil <A< MI and 0 < mol < B < Myl for some positive numbers 0 < my <
M, and 0 < me < M. Then

Av,p < Pt 1)’

(A'v,B~H! (3.3)
holds for t € [0, 1], where h = max{%—f, %—;}

It is a known result, but for the reader’s convenient, we give a proof.

Proof. Let X = A5 BA7%, and
X = / AE)
My M

be the spectral decomposition of X. Since h = max{ s m_2}7 then we have
3 < XA < h. We remark that for ¢ € (0,1) and h > 0, since h+ 3 > 2,

(1—t)2+t(1—t)(h~|—%)+t2 —(2—h—1 (t_l) L) (1)

h 2 4h 4h (34)
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Moreover A + + < h+ + for + < X\ < h. Then for t € [0, 1],
) h h

(1= 1) +1X = /{(1 )+ tA}dE)

{(1—t) +1tA}
{1—t ) A1} A

= /{(1 — )2 +t(1—-t) (A + %) +#2}{(1—t) +tA T} NEy,

£) +tA 1} AR,

/{ (1—1)? 1—75)(h+%)+z52}-{(1—t)+zsx1}—1dEA

g/ hihl) A= t) + AV UE, by (3.4)

1+ h)?
! Zh> Q-+t
Hence we have
1+ h)?
(1—t)+tX§( Ih) A=) +tX

Multiplying both sides of this inequality by A%, we have

(1+ h)?

(1-t)A+tB < {A—t)A +tB1} Y,

that is, (3.3). O

Proof of Theorem 5.1. Firstly, we prove the case a € (0, 3] (i.e., ap = ).

A$,B =G < Ai(A7 BA7)"
= (A%IBA?)O‘ =

Hence B = A%(A%GA%I)iA% = Af1G. Similarly, by (2.4), we have

CteD=G <= D§; ,C =G <= (C= DulG
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% Ata(Dij o >}ﬂa{ LG)fD

=G 16D} G

:{(G FAGT )ﬁﬂ( T DG }ﬁa{G FAGT 1 1)5G7 DGTl}
{(G FAGT)(G T DG 1—*} {G FAGT) R ,GF DG }
= (X#Y 7o) (X 5 #5Y) by putting X = GZ AG?,Y = G2 DG?

< (XVaY Ta)4a(X 5 VpY) by (2.1)
(

< (XYY TR (XT VYY) by (2:2) and S a

—

€ [0,1]

l—a [e} h2_§ ]_ 2 l—«a
swavw*wm{izg%anmwvl}

Rt 412" . .
[ s

_ {(h2+1) }”L
h2—a

where the last inequality holds since %I < X,Y < hl ensures

X%Vﬁy < M 1o

where hy = max{—— A7
Ta—1 R

} h>~« by Lemma 3.3. Hence we have

<mwmwwms¥%§§f}a (35)

Now, we shall prove the lower bound of (3.1). By 0 <mI < A, B,C,D < MI,
we have 0 < M~ < A=Y B~ C~', D! < m™!1, A”j:ll = M — . Hence by
(3.5), we obtain

(A sC (B D7) < {%} Gt

Taking the inverse of both sides,

MMWwWMZ{@jgﬁ} G,

that is, we get the desired inequality.
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Next, we prove the case o € [%, 1) (i.e.,, ap = 1 —«). By At,B = Ct,D = G,

we have Bf;_oA = D#1_,C = G. Since 1 —a € (0, 3],

1 -1+ 1 11—«
(R T +1)? (R T +1)2
e G < (BfigD)t1_o(AfigC) < { ————— G.
{ pypmas (BtsD)1-a(Als0) pypmas

So that by (2.4),

4. COUNTEREXAMPLES

In the previous section, we prove Corollary 3.2 which is an extension of a result
by Ando-Li—Mathias. But we do not show that whether “4” in the center of the
left hand side in (3.2) can be replaced into “f,” for a # % or not. One might
think that Corollary 3.2 can be extended to more general form. The aim of this
section is to give a counterexample of the problem as follows:

Proposition 4.1. There exist positive invertible matrices A, B, C and D satis-
fying

AjjaB = CﬁaD and (AﬁC)ﬂa(BﬂD) 7£ AﬂaB
for any o € (0,1) — {3}.

To prove the above proposition is a little bit complicated, so we shall give a
concrete counterexample in the case a = %, firstly.

Example 4.2. There exist positive invertible matrices A, B, C' and D satisfying
Aﬁ%B = C’jj%D and (Aij’)ﬁ%(Bij) # Ajj%B.

40 160 128 10 580 308
Proof. Let A = (o 1)’ b= (128 104>’ ¢= (0 4) and = (308 164)'

Then

8 4
A B =CtiD = (4 4> - G.

But

(AC) 7.04103 - - - 3.12431---) e

1(BED) = (3.12431 L. 365874
O

The above example is not a counterexample for the general case o € (0,1)—{1}.
Next, we shall prove Proposition 4.1, i.e., general case a € (0,1) — {%} To give
a proof of it, we prepare the following discussions:

Proposition 4.3. Fora € (0,1), assume that positive invertible matrices A, B, C, D
with Af,B = C#,D = G satisfy (AfC).(BtD) = G. Then there exist positive

tnvertible matrices X and 'Y such that

XY S = (XY) e
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Proof. Let Af,B = C4,D = G. Then B = A1 G and C' = DH%G. Then we
have

G7 {(AtO)ta(BED)} G2

# {01, 0 (o) o>

(GF AGT )G DG }aa{ GFAGT 111 )ﬁ(G_TlDG_TI)}

I
=~ Q

(GF AG?)HGF DG )1—*}ﬁ {(G FAGT)! *ﬁ(G_TIDG_Tl)}

(67 AGT G DGF )T 1, {(GF AGH) T 46T D6
AEC)t.(BED) = G is equivalent to

{(G_TIAG_Tl)ﬁ(G F DG }ﬁa {(G%AG%)‘%W(G%DG%)} ~ 1.
Let X = G2A'G2 and Y = (G2 DG )Ta. Then it is equivalent to
(XY D (X =5ty =) = 1. (4.1)

By the way, for positive invertible matrices S and T,
St =1 — T=25%.
Hence (4.1) is equivalent to
l—a, l-a
XY = (XY = ()
It completes the proof. O

so that

~—~

Hence by Proposition 4.3, we have only to consider a counterexample of
XYY" = (XtY)" (4.2)
for a positive number r with r # 1.

Proposition 4.4. For positive 2x2 matrices X andY with det(X) = det(Y) = 1.

Then
X+Y

det(X +Y)

XtY =

It is a well-known formula (see [1]), but we shall give a proof for the reader’s
convenient.

Proof. Let D = X SYX7. Then by the Cayley—Hamilton theorem, we have
D? — trace(D)D + I = 0.

Then by
(D+1)?
D=———"—2>0
trace(D) +2 — 7
we obtain
D+1

trace(D) + 2

S
Il
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Hence
X+Y

trace(D) 4+ 2

(S

X{Y = X2D2X

Here by det(X#Y) = 1, we can get

o XY
det(X +Y)

O

Then we shall give a counterexample to prove Proposition 4.1 based on the
above discussions.

Example 4.5. Let

I (20 I /31
= (0 my =55 (0 a)

Then (4.2) does not hold for all positive number r # 1.

Proof. Tt is easy to see det(X) = det(Y) = 1. Then there exist real numbers «
and 3, such that

XY = a(X +Y), hence (XtY) =a" (X +Y)",
Xrﬁyr — ﬁr(XT + Yr)
by Proposition 4.4. Put

-t vy (35 ).
XWNZMX4YU:G£§28)
If (4.2) holds for some r, then we have X;(r) = Y;(r) and X5(r) = Y3(r), so that,
Xi(r) _ Y(r)
%) Yalr) (4.3)

Hence we have only to check that (4.3) does not hold for all positive number r
with r # 1.

1
Put a unitary matrix U as U = — G 1 ) Then we have

2 —1
1 /2 0
oo (20
Hence we obtain
- - 1 3-2"4+1 2" —1
X+Y—2(\/§)r(2,,_1 2r+3>. (4.4)

By putting r = 1 in (4.4), we get

1 (71
X+Y=— .
2\/§<1 5)
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Let V' be a unitary matrix as follows:

V=l )

Then we have

v<x+y>vzi(

v 6+v2 0 )

0 6-+v2

and then

(X +Y) (4.5)

k) ( (6+Vv2)"+(3-2v2)(6 —v2)" (V2—1{(6+v2)"— (6 \/§)T}> |
(V2=1D{(6+v2) = (6 -v2)"} (3—2v2)(6+V2)" +(6—-+2)

_ 1
where ]{5(7’) = m

If X"4Y" = (X8Y)" for some r > 0 with r # 1, then by (4.3), (4.4) and (4.5)
3:-27+1  (6+v2)"+(3—2v2)(6—V2)"

21T~ (VI {6+ VI — (6-v2)} (0

if and only if
r r T r o . 6‘{‘\/§
(3-2+ (V2-1)(\" —1) = (2" = D{N\" + (3-2v2)} =0, where A = -2

if and only if
(V2 —1)22\)" — 2"+ )" — (V2 - 1)* = 0.

Let f(r) = (V2 —1)2(2\)" — 2" + A" — (/2 — 1)2. Then we have only to show
f(r) # 0 for any r > 0 such that r # 1 by the above argument. By calculation,

fi(r) = (V2 = 1)*(2))" log(2)) — 2" log 2 + A" log A
= (20)7{(V2 —1)%1og(2)) — A" log 2 + 2" log A}.
Put g(r) = (\/§ —1)?log(2\) — A"log2 + 27" log A. Then
gd(r)=—=X"logA ! log2+2"log2 ' -logA =1log2-logA- (A" —=27") >0

for r > 0 since 1 < A < 2. Therefore f'(r) = (2X\)"g(r) is strictly increasing for
r >0, so that f(r) is a convex function for » > 0. Hence f(r) # 0 for any r > 0
such that r # 1 since f(0) = f(1) = 0. O

Remark 4.6. The above calculation is a bit complicated, but only to prove the
existence of a counterexample, there is an easier calculation as follows:

For some r > 0, we assume that
XY™ = (XtY)" (4.2)

holds for any positive invertible matrices X and Y. Then by putting X; = X"
and Y7 = Y7, we have
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Hence (4.2) also holds for L. So we have only to consider the case r > 1. If (4.2)
holds for all X,Y > 0 and some r > 1, then we obtain

XTHY™ = (XT8YT) = (X8Y)”,

that is, (4.2) holds for r?. By the same way, (4.2) holds for r". Hence we have

to check it for all sufficiently large r. Here, from the left and right hand sides of

(4.6), we have
3-27+1 (

lim —— = lim
r—oo 2T — 1 r—00

(v +B-22v2)6-v2 ] V2 sl s
1

lim lim

e (VIS {6+ VI - (6= VD) () -

Hence we obtain that (4.6) does not hold for all sufficiently large r since the above
limit points are different. It completes the proof.

Consequently we can prove Proposition 4.1 as follows:

Proof of Proposition J.1. By Example 4.5, there exist positive invertible matrices
X and Y satisfying

XY £ (Xgy)
for all & € (0,1) — {3}. Therefore, by scrutinizing the proof of Proposition 4.3,

we can get desired matrices A, B, C' and D for a given positive invertible matrix
G as follows:

A=G:X"'G:, D=G2Y a°G?, B= Ap:G and C = el
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