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ABSTRACT. Some new refined multidimensional Hardy-type inequalities for
p > 2 and their duals are derived and discussed. Moreover, these inequalities
hold in the reversed direction when 1 < p < 2. The results obtained are based
mainly on some new results for superquadratic and subquadratic functions.
In particular, our results further extend the recent results in [J.A. Oguntuase
and L.-E. Persson, Refinement of Hardy’s inequalities via superquadratic and
subquadratic functions, J. Math. Anal. Appl., 339 (2008), no. 2, 1305— 1312]
to a multidimensional setting.

1. Introduction

In 1920 G.H. Hardy [4] announced and proved in [5] (see also [6, @, 10]) the
following result: Let p > 1 and f € LP(0, 00) be a non-negative function, then

/OOO (i /Oxf(t)dt)pdx < (%)p/om () L)

p
holds, where the constant <p%1) on the right hand side of 1| is the best

possible. This interesting result is today referred to as the classical Hardy’s
integral inequality. Inequality (|1.1)) has an interesting prehistory and history (see
e.g. [6l 8 @] and the references given there). A well-known simple fact is that
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1D can equivalently (via the substitution f(z) = h(.rl*%)af%) be rewritten in

the form
o0 1 x p o)
/ <_ / h(t)dt) dr / e
0 T Jo z 0 x

and in this form it even holds with equality when p = 1 (see [9] and also [7]).
In this form we see that Hardy’s inequality is a simple consequence of Jensen’s
inequality but this was not discovered in the dramatic period when Hardy dis-
covered and finally proved his inequality in 1925 (see [6], 8, 9]).

In a recent paper Oguntuase and Persson [I1] used mainly the notion of su-
perquadratic and subquadratic functions to obtain a new refinement of the Hardy
inequality for p > 2, which holds in the reversed direction for 1 < p < 2. The
result is indeed surprising and in the breaking point p = 2 we even get equality
(like some new Parseval formula for this operator) and this is completely different
from the usual Hardy situation where the breaking point is p = 1 and no such
equality can appear in this point. In this paper we prove a multidimensional
version of this result. The key point is to use the notion of superquadratic and
subquadratic functions introduced by Abramovich, Jameson and Sinnamon in [2]
(see also [3]).

The paper is organized as follows: In Section 2 we present and prove some mul-
tidimensional inequalities involving superquadratic and subquadratic functions of
independent interest. In Section 3 our new multidimensional refined Hardy type
inequalities and their proofs are presented. Our final Section is devoted to some
concluding remarks and examples.

Notations and Conventions Throughout this paper we use bold letters to
denote n—tuples of real numbers, e.g. x =(xy,...,2,), or Yy = (y1,...,¥n) . Also,
we set 0 =(0,...,0) € R*and 1 = (1, ..., 1) € R". Furthermore, the relations <, <,
>, and > are, as usual, defined componentwise. For example, for x,y € R", we
write x < y if x; < y;, i = 1, ...,n. Moreover, 0 < b < oo means that 0 < b; < oo,
1 =1,...,n. In addition, we introduce a notation for n—cells, that is, axis parallel
rectangular blocks in R". For a,b € R", a < b, let

(a,b) = (a1,b1) X ... X (ap,b,) ={x € R" : a < x < b},
(a,b] = (a1,l1] x ... X (ap,b,] ={x € R" :a < x < b},

and analogously also for [a,b) and [a, b]. In particular, we have R} = (0,00),
(0, co] = {0 <x < oo}, and [0,00) = {x € R™: x > 0}. Furthermore, all
functions are assumed to be measurable and expressions of the form 0 - oo, 22,
and g are taken to be equal to zero. Moreover, u(x) denotes a weight function,
i.e. a nonnegative and measurable function on R”, and we define a corresponding

weight function v(t) by

b1 bn  u(x)
t1..t, s dx, tc(0,b),
’U(t) = { 1 Ll Ln x5..x2 ( ) (1‘2)

t1..1.tn btll fb: u<w>dm < o, t € (b7oo)
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2. Multidimensional Hardy-type inequalities for superquadratic
functions

First, we state a definition and some results in [2], which are germane to the
proofs of our propositions below.

Definition 2.1. (See [2, Definition 2.1].) A function ¢ : [0,00) — R is su-
perquadratic provided that for all x > 0 there exists a constant C, € R such
that

py) — (@) —¢(ly—=) > Co(y— ) foraly>0.
We say that ¢ is subquadratic if —¢ is superquadratic.

Lemma 2.2. (See [2, Theorem 2.3]|.) Let (Q, i) be a probability measure space.

The inequality
o) duts)
(2.1)

o ([ 1) < [ otinants (]f - [ rs)an

holds for all probability measures p and all nonnegative p—integrable functions f
if and only if @ is superquadratic. Moreover, holds in the reversed direction
if and only if p is subquadratic.

Lemma 2.3. (See [2, Lemma 3.1].) Suppose ¢ : [0,00) — R is continuously
differentiable and ¢(0) < 0. If ¢’ is superadditive or “0( ) s nondecreasing, then
Y s superquadratic.
Remark 2.4. According to Lemmas 2.2 and [2.3] it yields that if ¢(t) = ", p > 2,
in Lemma [2.2] then

- [ #s)duts

(/f Ju(s )S/Q(f( wuts) - [ |f) " du(s)

holds and the reversed inequality holds when 1 < p < 2 (see also [I, Example 1,
p. 1448]).

Proposition 2.5. Let b € (0,00), u : (0,b) — R be a weight which is locally
integrable in (0,b) and v(x) be defined by (1.3). Suppose I = (a,c), 0 < a < c <
00, p: I =R, and f: (0,b) — R is an integrable function, such that f(x) € I
for all € (0, b).

(1) If ¢ is superquadratic, then the following inequality holds:

/Ob1 /Obn u(x)p (Jcllxn /CE1 /xn f(t)dt) a:ldw
+/0b1 /Ub/tb/tbgp< xn/ / £t dtD %( ) it
< [M [ e (22)
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(17) If o is subquadratic, then holds in the reversed direction.
Remark 2.6. If we consider Proposition 2.5 for u(x) = 1, then we have

b1 bn n T,
xn/ / t2 t2_H<1_b_Z>7w€<Ovb)a

reads as follows: If ¢ is a superquadratic, then

/“ Lo [ ) 2
+Ahmlwlhm/%¢Qﬂﬂ— $MA mA“ﬂﬂﬁDx;Z§ﬁ
< /Obl.../obngo 1j<1_ 5‘3_) xldwxn’ (2.3)

=1

S

and ([2.3) holds in the reversed direction when ¢ is subquadratic.

Proof. (1) Let ¢ be superquadratic. Then, by applying the refined Jensen’s in-
equality (2.1)) to the first term on the left hand side of (2.2) and then Fubini

theorem repeatedly, we have that

/Ob1 /Ob u(a)p (:vllxn /Ozl /0% f(t)dt) fv1d$xn
[ ([ [ et ae
_AhmlmgﬁélmmA%¢Qﬂﬂ—miwémméhﬂnﬁbﬁm
= [ et [T [
L LL T L)
-

from which . follows.

(74) Similar to the proof of () and by making the same calculations with ¢
subquadratic we see that only the inequality sign will be reversed. The proof is
complete. O

IA

Proposition 2.7. Let b € [0,00), u : (b,00) — R be a weight which is locally
integrable in (0, b) and v(x) be defined by (1.9). Suppose I = (a,c), 0 <a <c <
00, ¢ : I =R, and f : (b,00) — R is an integrable function, such that f(x) € I
for all x € (b, 00).
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(1) If ¢ is superquadratic, then the following inequality holds:

[ Lo [ o) o5
+/b1 /bn /b1 /bn90<f( — .. xn/ / £(t) t2
< [Mo [ et 24

(13) If ¢ is subquadratic, then the inequality sign in 18 reversed.

dt
) (w)dwt% 12

ln

Proof. The proof is similar to that of Proposition so we omit the details. [J

Remark 2.8. By setting u(x) = 1 in Proposition we obtain that

/ / dt— (1—b—>,w6(b,oo).
xn bl bn i=1 ’L

Thus, (2.4) becomes

/bl / (1:1 . / / £t) tht ) d
el e [ /zn 07| ) do

o0 ° - ; dx
< 1—— , 2.5
- /bl /bn gp 11 ( Z) X1...Xy, ( )

7

for any superquadratic function ¢ and the inequality sign in (2.5)) is reversed
when ¢ is subquadratic.

Remark 2.9. Note that in the one-dimensional case (n = 1), Propositions [2.5| and
reduce to the corresponding Propositions 2.1 and 2.2 in [I1], respectively.

3. Refined Multidimensional Hardy-type inequalities

Our first result in this section reads:

Theorem 3.1. Let 1 < p < oo, k = (ky...k,) € R™ be such that k; > 1 (i =
l,..,n), 0 <b < oo, and let f be locally integrable on (0,b) such that 0 <

fobl e S T 2278 fP (@) da < oo
(i) If p > 2, then
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/ob1 /Obnljfﬂk (/Oxl .../Oxnf(t)dt)pdw
‘xx/ ---/nf(t)dt n

pdwﬁtp_
i=1

() LA e o

(17) If 1 < p <2, then inequality holds in the reversed direction.

k

(3

p—ki—
i

Remark 3.2. For the case n = 1 Theorem coincides with the corresponding
Theorem 3.1 in [11].

Proof. (i) Applying Proposition [2.5{ with the superquadratic function p(z) = z?,
p>2, and u(x) =1 (cf. Remark [2.6]), we find that

[of Gl f e ")

by bn by bn Tn p dw
+/ /// F(t) — / / F(t)dt it
0 0o Ju tn ®) T1...Tn Jo 0 (t) 2322

< / " / bH (1 _ —) Pl (3:2)

Denote the first and second terms on the left hand side of (3.2) by I; and
I, and the term on the rlght hand side by I3, respectively. Replace the pa-

rameter b; by a; b B , 1 = 1,2,...,n, and choose for f the function x —
_p

. _p -1 p
flx ™ e ) T, """ . Thereafter, use the substitutions y; = ;""" and
p

—1
i=1 "1

k;—1 .
si=t;" ,1=1,...,n. Then

al an 1 1 Tn
11:/ / / / £

) L .xn/f
(1)

nkl
=

=1

dx
’“n ) t’“ it
H ) T1...Tp,

p

1p—1 IF d
/ f(s)ds T
n Yn
f

1
L b i i
0 0 i 0

s)ds)p dy, (3.3)
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e [ e H
xn/ /ft’“l,.. knlnt“

( ks —1) /b1 /bn/ / f[ e
_xllxn /0 / f(s)ds xzd‘”xg Z]isfpl‘lds
(i f Y /"” [

Y1 Yn noooi-k
/ s)ds H y, " dy H s;
k;—1

=(ﬁ’“ Ve /b"/“ [l > T

Y1 n
y/ /f as| T[T ay [
n i=1

=1

~—

s (3.4)

and

The proof of (3.1)) follows by combining (3.2))-(3.5]).
(77) The proof for the case 1 < p < 2 is similar and the only difference is that

in this case all the inequalities signs are reversed. O]

In the next result we state the dual of Theorem 3.1l

Theorem 3.3. Let 1 < p < oo, k = (k1,...k,) € R" be such that k; < 1,
1=1,2,..n,0<b< oo and let f be locally integrable on (b, 00) and such that

0< fpr o Sy Tl 27 “fr(a)de < oo
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(23i) If p > 2, then

00 co M 00 0o P
/ / [[=" (/ / f(t)dt> da
b1 bn i=1 x1 Tn
n 1— kz /oo /oo /t1 /tn P <tz > I_Tf%—i-l
+ — f(t
(H p ) by b Jby by }—Il 1—Fk; \x; ()
p_n noog-1
/ / f(t)dt sz dz [t " Lt
o =1 i=1

g( ) / /boonl (1—[ }_pki>xf_kifp(w)dm. (3.6)

() If 1 < p <2, then inequality (3.6]) holds in the reversed direction.

Remark 3.4. Note that for the case n = 1 Theorem B.3] reduces to Theorem 3.2
n [11].

Proof. (ii1) By applying Proposition [2.7| with the superquadratic function p(z) =
2P, p > 2 and u(x) =1 (cf. Remark [2.8]), we find that

[ (v [T [0 ) 25
+/bl /b /b /b )= 1. mn/ / 1(t) ﬁ thﬁ
<[ [(1-2) e (37)

n =1

dx

Again, denote the first and second terms on the left hand side of (3.7) by I

and I and the term on the right hand side by I3, respectively. Then, in ({3.7))
1—k;

replace the parameter b; by a; = b, 7 , i = 1,2,...,n, and the function f by

P _p
x— f(z, = s ) T, x;*kiﬂ. The rest of the proof is similar to the proof
of Theorem B.1l
(iv) The proof for the case 1 < p < 2 is similar and the only difference is that
in this case all the inequalities signs are reversed. O

4. Concluding remarks and examples

Example 4.1. In Theorem ifwelet 1 <p< oo, ky = ... =k, =k, where
k>1€eR,0<b< oo, and the function f be locally integrable on (0, b) such
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that 0 < fobl oSy T 2 “Ffr(x)dx < oo, then for p > 2, inequality 1’ reads

/Obl /Ob]ja:‘k (/O .../Oxnf(t)dt)pdm
+<E>n/bl_../bn/bl.../bn (%)"ﬁ(gj)l—%lﬂw
xn/ / f(t) dt kel

5 deti” dt
np  rby bp T T, %
< <%> /0 /0 11 (1— {b—] >x?’“f”<w>dw- (4.1)

-1
The sign of the inequality in (4.1 is reversed if 1 < p < 2.

Remark 4.2. By applying Example with p = 2 we obtain the following inter-
esting identity: If £ > 1, then

/obl /Ob ﬁx"“ (/0 /0 f(t)dt)de
+ (%)n/obl.../obn/bl._./bn (%)nlj(;—)l_kgl o
_xl..l.:vn /O/Oxf dt 2-k—E51 det“ B

() /H (1 -] ) 4 a)do

Note that for the case n = 1 this identity coincides with that pointed out in
Remark 3.1 in [11].

Remark 4.3. For the special case k£ = p in Example the inequality (4.1)) takes
the form: If p > 2, then

/bl.../bn (Illxn /xl.../wnf(t)dt)pdm n
LA ¢ —1)711}1(%)

1
xlxn/o - " ryat|
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The sign of the inequality in (4.2) is reversed if 1 < p < 2.

Note that in the one-dimensional case (n = 1) and b; = by = ...b, = 00, these
inequalities coincide with those given in Example 4.3 in [11].
Example 4.4. In Theorem ifwelet 1 <p<oo, by =...=k, =k, where

k<1eR,0<b< oo, and the function f be locally integrable in (b, co) and
such that 0 < [ .. [ [T, 2P 7* fP(x)da < co. Then for p > 2, we obtain that

/b1 /b ’“(/:.../:f(t)dt)pdw

(1_ ) /b /b /b /b (1_ )nli( l)lpkﬂf(t)
7lxl i fitz -

R T
< ) / /OM1 (“LJ ) () da (4.3)

Inequality E ) holds in the reversed direction if 1 < p < 2.

Remark 4.5. In Example by setting p = 2, inequality (4.3)) can be replaced
by the following interesting identity: If £ < 1, then

/ / [ x; " (/:.../:f(t)dt)Qdm
L (D) e

n

1 & o0 2 Lokyo k " Al
i /I1 / f(t)dt) Hajl deti

=1

L))

In particular, for the one dimensional case (n = 1) and by = by = ... = b, =0
inequality (4.4)) reduces to the identity in Remark 3.2 in [I1]

1
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