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ABSTRACT. In this paper we give more results about inner radius spectrum
of operators on Hilbert spaces with several examples. Also, we established
an inequality for inner radius spectrum of a positive operator matrix and its
minimum moduli block matrix.

1. INTRODUCTION AND PRELIMINARIES

Let H be a complex Hilbert space and B(H) denote the algebra of all bounded
linear operators on H. For operator a € B(H), let m(a), o(a), W(a), r(a), w(a),
i(a), and w;(a) denote the minimum moduli, spectrum, numerical range, spectral
radius, numerical radius, inner spectral radius, and inner numerical radius of a,
respectively.
m(a) = inf{||laz|, x € H, and ||z|| =1 },
o(a) ={A € C : a— Al is not invertible },
Wi(a) = {(z,az), |zl =1},
r(a) =sup{|A| : A € 0(A) },
w(a) = sup{|(z, azr)|, |[z[| =1},
i(a) =inf{|\| : A € o(a) },
wia) = nf{|(z, azr)], [lz] =1 }.
Also, by definitions of m(a) and i(a) it is clear that; if A is not invertible in
B(H), then m(a) = i(a) = 0, and if a is invertible, then m(a) = |Ja™!||~! and
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i(a) = r(a=)~, where r(a) is the spectral radius of A. It is well known that for
every a € B(H), we have
i(a) > m(a) (1.1)
In addition to the inequality (1.1), the most important properties of the inner
spectral radius are the inner spectral radius formula
i(a) = lim (m(a"))",
n—oo
if and only if
1 1
lim (m(a"))» < lim (m((a™)"))" .
Also, a special of the spectral mapping theorem, which assert that
i(a™) = (i(a))", for every positive integer n,
and, if a is normal, then
ila) = m(a) = w;(a).

For the proof of above inequalities and additional properties of inner spectral
radius, the reader is referred to [6].

It follows easily from the Theorem 1.3.4 [7] that if a, b € B(H) are such that
ab = ba, then

r(a+0b) <r(a)+r(b),
and
r(ab) < r(a)r(b).

The following examples show that the inner spectral radius is neither subadditive
nor submultiplicative.

Example 1.1. Suppose that
0 1 00
=(o1) o= (1Y)
Then i(A) = i(B) = 0, but i(A+ B) = v/2 — 1. In this example AB # BA.
Example 1.2. Suppose that
2 0 -1 0
=(0s) e (0 )

Then i(A) =2 and i(B) = 1, but i(A + B) = 1 < i(A) 4+ i(B). In this example
AB = BA.

Example 1.3. Suppose that
2 1 1 -1
=) ()
Then A and B are positive as operators on C* with BA = AB, and i(A + B) =
3>14+0=14(A)+i(B).

As a result of Theorem 1.3.4 in [7] we have the following corollary.
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Corollary 1.4. Ifa,b € B(H) are positive operators such that ab = ba, then
r(a+0b) > r(a)+r().
Example 1.5. Let

Example 1.6. Let

-(33). (A1)
Then CD # DC and i(CD) = 2v/3 > 2v/2 = i(C) (D).

However, If a, b € B(H) are such that ab = ba, then by Theorem 1.3.4 in [7]
we have

i(ab) > i(a)i(b).
2. INNER SPECTRAL RADIUS OF BLOCK-MINIMUM MODULI MATRICES

In this section we try to introduce block-minimum moduli matrices associated
with an operator matrix A = (a;;j)nxn. Also we will give an open problem about
minimum moduli and inner spectral radius of the block-minimum moduli matrix
associated with an operator matrix. Let H;, ¢« = 1,--- ., n, be complex Hilbert
spaces with inner product (- ,-). As usual B(H;, H;) is the Banach space of
all bounded linear operators from H; to H; with operator norm topology. For
H =@, | H;, and A € B(H), the operator A can be represented as an n X n
matrix, that is A = (aij)nxn With a;; € B(H;, H;). The block-norm and block-
minimum moduli matrices associated with an operator matrix A = (a;;)nxn are
defined respectively by A = (||as;||)nxn and A = (m(ai;)),,,- Note that, A and
A are nonnegative matrices. Recall that an n x n complex matrix 7" = (¢;;)nxn
is said to be a nonnegative matrix if each entry t;; is a nonnegative number. An
operator a € B(H) is called positive and denoted by a > 0 if (ax,x) > 0 for all
r e H.

In recent years, a number of researchers have considered questions concern-
ing the spectral radius of an operator matrix A and its block-norm A (see for
example, [T}, 2, 4]).Jin-Chuan Hou and Hong-Ke Du proved the following theorem
[2]. In what follows, M, (B(H)) shall denote the algebra of all n x n matrices
with entries in B(H).

Theorem 2.1. Let A = (Aij)pxn € My (B(H)) and A = (|| Aij||)nxn be its block-

norm matriz. Then
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As an application of this theorem in [4] F. Kittaneh proved the following the-
orems.

Theorem 2.2. If ay,as,by,bo € B(H), then

1
r(aaby + azby) < S([[brar]| + [[Baaall) + V([lbrar | + [[b202]))> + 4| braalflb2aa |
For any vector & = (xq,--+ ,2,),2; € H, we write |z| = (||lz, -, |z
Then |z| is a unit vector in the Hilbert space C" if z is a unit vector in H. The
proof of Theorem is based on the norm monotonicity of nonnegative matrices
and the following equations.
sup (Alz[,[z]) < w(4),  sup (A"Alzl,[z[) = [|4].

ll=]|=1 [[=]|=1
Proposition 2.3. The minimum moduli has monotone property that is;
(1) If A, B € B(H) such that 0 < A < B, then m(A) < m(B).
(2) If A and B are two positive semidefinite matrices such that B — A is also
positive semidefinite, then m(A) < m(B).

Proof. If m(A) = 0, then the result is clear. Let m(A) # 0. Then A is invertible.
By Proposition 4.2.8 [3] we get B is invertible and ||[B7!|| < [|A™!||. Thus

m(A) = ATHT < [B7HIT" = m(B).
0

The following example shows that we can not replace positive semidefinte with
nonnegative in statement (2) in the above proposition.

Example 2.4. Suppose that

(1) ()

It is clear that B — A is a nonnegative matrix but m(A) = i(4) = w;(A) = 1
and m(B) = i(B) = w;(B) = 0.

This example also shows that the monotonicity property does not hold for
spectral inner radius and numerical inner radius.

Proposition 2.5. Let A = (a;l)nxn € M, (B(H)), where I is the identity
element in B(H) and A = (aij)nxn € M,(R) be a nonnegative matriz. Then

(1) wi(A) < w;(A)

(2) m(4) < m(A).
(3) i(4) < i(A).
Proof. (1). Let eq be a unit vector in the Hilbert space H. For every unit vector

X = (z1, - ,2,)T € C" we write y = (z1€0, - ,Tne0) € H". We have

n

<AX,X> = Zaijxjfi == Z(Qij[yjﬁyi) = <Ayay>

1,j=1 4,j=1
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Thus,

w(d) = inf [(AX.X)| = inf |(Ay.0)] > wi(4).

(2). Let X and y be as in part (1).
m(A)? = inf |[AX|]?> = inf (A*AX,X)

[|lzll=1 IX]I=1
| ak]x]akzxz
L Z Zl Zk 1
= IIiIH1£1| E E E (ar;y;, aniyi)|
=S =1 k=1

= inf (A"Ay,y) = inf | Aylf?

lyll=1
> m(A)2

So m(A) < m(A).
(3). Notice that for operators matrices A = (a;;1)nxn, B = (bijI)nxn in M,(H)
and nonnegative matrices A = (a;j)nxn, B = (bij)nxn in M, (R) we have

m

Using induction, we have
m(A") = m(Ar) = m((A)"),

for every positive integer n. Also,

3=

n—oo n—oo

i(A) < lim (m(A™)* = lim ( (An))’ll — i(A).

(The first inequality above is result of Equation (3.1) in [6] and the last equality
is the Fact 3.1 in [6] about properties of the inner spectral radius.) O

The following examples show that in general neither m(A4) < m(A) (i(A) <
i(A)) nor m(A) > m(A) (i(4) > i(A)).

Example 2.6. Let a = (1 1), and b = (1 0) . Consider the 2 x 2

0 1
a b
4= ( o b ) |
We have m(A) = i(A) = V3 — 1, but m(A) = i(A) = 0. Thus, m(A) = i(A) >
m(A) =i(A).

operator matrix

Example 2.7. Let a = ( 8 ), and b = ( 8 8 ) . Consider the 2 x 2

operator matrix

Since A is a positive operators, we have m(A) = i(A) = 0 < m(A) = i(A) = 1.
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(A)=1>m(A) =i(4) =3 —1and in

As we see in Example | m(A) =
i(A). Therefore in the above examples

=1

Example 2.7, m(A) = i(4) = 0 = m(A) =

we have m(A) > m(A) and i(A) > i(A). But for arbitrary operator matrix A

still we do not know what is the relation between m(A) and m(A) ( i(A) and

At the end of this section we give an inequality for positive operator matrices.

Let A = (a;j)nxn be a positive operator matrix. Then a;; is positive for every
i=1,---,nand a;; = aj; when i # j.

Theorem 2.8. If A = (a;j)nxn is a positive operator matriz, then
< mi "Ny
m(4) < min (m(a:))

Proof. Let x be unit vectors in H. Then, consider unit vector X; = (xy, -+ ,z,)T €
H", where x; = x and x; = 0 for j # 1.

(AX;, X;) = (aur, 7).
Since A and a;; are positive operators for every 1 < i <mn,
m(a;) = inf (ayzr,z) = inf (AX;, X;) > inf (AX | X) = m(A).

lafl=1" IX;]1=1 = IX]=1
Thus,
i(A) = w;(A) = m(A) < min (m(ay) = wi(a;) = i(a;), m(a;) = wi(a;) = i(ay)) .
O

Remark 2.9. In Example A is not positive because one of its eigenvalues is
—1 and we have m(A) = 1 > min(m(a) = 0, m(b) = 1). Therefore, Theorem
does not hold for arbitrary operator matrix. If A = (a;;) > 0, with a;; =0
whenever ¢ # j, then m(A) = min; <;<,{m(a;)}. If A = (a;j)nxn is a positive
semidefinite matrix with a; # 0 and a;; = V@iiljj for every 1 < 4,5 < n, then
m(A) = 0 which is strictly less than min; <, <,{m(a;)} .

3. POSITIVE OPERATOR MATRICES ON C*-ALGEBRAS

In this section we show that the last results hold for a positive operator matrix
on an arbitrary C*-algebra by GNS construction defined as for scalar matrices.
If A is an algebra, then M, (A) denotes the algebra of all n x n matrices with
entries in A. The operations on M,,(.A) are define just as for scalar matrices. If A
is a *-algebra, so is M, (A), where the involution is given by (@), = (@};)nxn-
If o : A — B is a x-homomorphism between x-algebras, then

@ My(A) :— M,(B), (aij)an - (SD(Gij))nxn

is *-homomorphism and also denoted by ¢.

A representation of a C*-algebra A is a pair (H, ¢) where H is a Hilbert space
and ¢ : A — B(H) is a *-homomorphism. We say (H,y) is faithful if ¢ is
injective. Recall that if ¢ : A — B is an injective *-homomorphism between
C*-algebras A and B, then ¢ is necessarily isometric [7, Theorem 3.2.7]. Let
(H, ) be the universal representation (in GNS construction). Then, for element
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a € A we define W(a) = {{(p(a)r,y), =,y € H}. By the GNS representation of
a C*-algebra A in [7] the following theorem and inequalities were established.

Theorem 3.1. If A is a C*-algebra, then there is a unique norm on M,(A)
making it a C*-algebra.

If Ais a C*-algebra and A € M,,(A), then

n
lall < A< D llawll, i.5 =1, ,n.

k=1
As far as C*-algebras are concerned, the results to this point lead to the following
theorem about positive operator matrices on C*-algebras.
Theorem 3.2. Let A = (ai;)nxn € M,(A) be an operator matriz and A =
(llaij||)nxn its block-norm matriz, where A is a C*-algebra. Then

(1) [IA]l < [lA]] -

(2) r(A) < r(4) .

Theorem 3.3. If ai,as,b1,by € A, then

1
7(arby + azbs) < §(|lb1a1H + [[boaz]) + v/ ([[bra || + [[b2az]])? + 4[|bras]||b2aq || -

Theorem 3.4. If A = (a;j)nxn 1S a positive operator matriz on the C*-algebra
A, then

m(A) < min {m(a;)}.

1<i<n

These inequalities follow from corresponding inequalities in M, (B(H)) and the
unique norm on M, (A) is the norm induced by the norm defined above on the
corresponding M,,(B(H)).
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