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ABSTRACT. In this paper we consider the general solution of a Jensen type
functional equation. Moreover we prove the stability theorem of this equation
in the spirit of Hyers, Ulam, Rassias and Gavruta.

1. INTRODUCTION

In 1940, S.M. Ulam [20] raised a question concerning the stability of group
homomorphisms:

Let f be a mapping from a group Gy to a metric group Gy with
metric d(-,-) such that

d(f(zy), f(z)f(y)) <e.

Then does there exist a group homomorphism L : Gy — Go and
0 > 0 such that

d(f(z), L(z)) < b
for all x € G1 7

This problem was solved affirmatively by D.H. Hyers [3] under the assumption
that G5 is a Banach space.
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In 1978, Th.M. Rassias [12] firstly generalized Hyers’s result to the unbounded
Cauchy difference. The terminology Hyers—Ulam—Rassias stability originates from
these historical backgrounds. Usually the functional equation

Ey(¢) = Ex(9) (1.1)

has the Hyers—Ulam—Rassias stability if for an approximate solution ¢, satisfying

d(Ev(s), E2(0s)) < ()
for some fixed function v (z) there exists a solution ¢ of equation (|1.1)) such that

d(¢, ¢s) < V()

for some fixed function ¥(x).

Also P. Gavruta [2] obtained further generalization of the Hyers—Ulam—Rassias
stability. Since then, stability problems concerning the various functional equa-
tions have been extensively investigated by numerous authors. We refer to
[T, 141 (51 71, 18, [T0L [T, 103, (14 [15] [16], 17, 18] for more interesting results in connection
with stability problems of functional equations.

T. Trif [19] solved a Jensen type functional equation

3f (M) + f(2)+ fy) + f(2)

-2l (50 o (157) 0 (57)

and investigated the Hyers—Ulam—-Rassias stability of this equation.
In this paper we consider the following Jensen type functional equation

mf (TEEEE) )+ 1)+ 1)

) ) o0

where m and n are nonnegative integers Wlth m,n) # (1,1). Moreover we prove
the stability theorem concerning equation in the spirit of Hyers, Ulam,
Rassias and Gavruta.

(1.2)

2. SOLUTION OF EQUATION(|1.2])

Now we consider the general solution of the Jensen type functional equation.
Throughout this section X and Y will be real vector spaces.

Lemma 2.1. Let m and n be nonnegative integers. A function f : X — Y

satisfies equation (1.2)) and f(—z) = —f(x) for all x,y,z € X if and only if f is
additive.

Proof. (Sufficiency) This is obvious.
(Necessity) Putting y = z = 0 in (1.2)) we have

mf (%) 4 f() = 2nf (%) . (2.1)
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Letting z = —y in (|1.2) we get

mf<%>+f(a:):nf (x;:y>—l—nf (x;y) (2.2)
It follows from and that we obtain
2f(z) = fx +y) + f(z —y). (2.3)

Putting y = x in (2.3) yields
2f(x) = f(22). (2.4)
=y =224 in (2.3) and using (2.4) we have
fla+y)=fz)+ fy)
for all z,y € X. Therefore f is additive. O

Replacing x =

Lemma 2.2. Let m and n be nonnegative integers with (m,n) # (1,1). A func-

tion f + X — Y satisfies equation (L.2), f(—z) = f(z) and f(0) = 0 for all
x,y,z € X if and only if f(x) =0 for allx € X.

Proof. (Sufficiency) This is obvious.
(Necessity) Putting y = —x, 2z = 0 in (1.2]) we have

f@)=nf(5). (2.5)
Letting y = 2 =0 in and using we get
fa)=mf (=), (2.6)

Thus is converted into
faty+2)+fl@)+fly)+ ) =fla+y) + fly+2)+ flz+x). (2.7)
Putting 2 = —z in yields
2f(x) +2f(y) = flz+y) + f(z—y). (2.8)

In view of (2.8) we have
1

x
f(3) = mf@ (2.9)
for any rational number k. It follows from (2.5)), (2.6) and (2.9) that

1
@) =mf (=) = = f()
1
f@)=nf (%) = ~f()
for all z € X. Since (m,n) # (1,1), we get f(x) =0 for all x € X. O

Theorem 2.3. Let m and n be positive integers with (m,n) # (1,1). A function
f: X =Y satisfies equation (1.2)) for all x,y,z € X if and only if there exist an
additive function A : X — Y and an element C € Y such that

flx) =Az)+C
for all x € X. In particular if m + 3 # 3n, then C = 0.
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Proof. (Necessity) This is obvious.
(Sufficiency) Let A(z) := i[f(x) — f(—2)] and B(z) :

2

all z € X. Then we have A(0) =0, A(—x) = —A(x), B(0) =0, B(—z) = B(x),

mA (M) +A®) + Aly) + A(2)

—nA <“Hy) .y (y”) 4 nA (Z”)
n n n

and

m
B (x+y) S nB <y+z> +nB (z—i—x)
n n n

for all z,y,2 € X. It follows from Lemmas and that A is additive and
B = 0. Letting C' := f(0) we get

mB (M) + B(z) + B(y) + B(2)

forall z € X. O

Remark 2.4. If (m,n) = (1, 1), then equation (1.2)) is

flat+y+z2)+flx)+fy)+f2)=flz+y) + fly+2)+ flz+2). (2.10)

This equation was solved by Pl. Kannappan. In fact, he proved that a func-
tion f on a real vector space is a solution of equation if and only if there
exist a symmetric biadditive function B and an additive function A such that
f(z) = B(z,x) + A(z) for all x € X (see [9]). Moreover, S.-M. Jung [6] investi-
gated the Hyers—Ulam—Rassias stability of equation on restricted domains
and applied the result to the study of an interesting asymptotic behavior of the
quadratic functions.

3. HYERS—ULAM—-RASSIAS STABILITY OF EQUATION (|1.2])

Now we are going to prove the stability theorem for Jensen type functional
equation. Throughout this section X and Y will be a normed vector space and
a Banach space, respectively. Let n be positive integer with n # 1 and let
¢ : X3 — [0,00) be a mapping satisfying one of the conditions (a), (b) and one
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of the conditions (c), (d):

@ lo2) =3 S 0(28, 9%y, 22) < oo,
~

0 a9 = 322 (5 5 ) <o

() sy, ff;¢nxn%n@

(d) Dalz,y,2) anb( =) <o

for all z,y,z € X.
For convenience, we define the operator T' by

(T ) = mf (D) 4 )+ )+ )

ar(52) o (5 (55

Lemma 3.1. Let m and n be positive integers and let ¢ : X3 — [0,00) be
a mapping satisfying one of the conditions (a), (b). Suppose that a function
f: X =Y satisfies f(—x) = —f(x) and

(T f) (@ y,2)| < oz, y,2) (3.1)
for all x,y,z € X. Then there exist a unique additive mapping A : X — Y such

that
[f(z) = Az)|| < V,(2),

where
i[<I>1(7”wc, 0,0) + @1 (nx,nx, —nx)|  if ¢ satisfies (a),
W(r) = {2
%[@g(nx, 0,0) + ®o(nx, nx, —nx)]  if ¢ satisfies (b)

forallx € X.
Proof. Putting y = z = 0 in (3.1]) we have
Hmf(%)Jrf( )—2nf( )H<¢x00) (3.2)
Letting y = x and z = —z in (3.1)) we get
Hmf (=) + f@) —nf (%”) H < ¢(x,x, —x). (3.3)

Adding (3.2)) to (3.3)) we obtain
2
nf (=) —nf (%) H < ¢(x,0,0) + ¢l x, —x). (3.4)
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Assume that ¢ satisfies the condition (a). Replacing x by nz and dividing by 2n

in we have
o) - P82 < Siot0.0.0) + o, n)].

Making use of induction argument we have

2k 1
flz) — f(QkI) < %[q)l(nx, 0,0) + ®1(nx, nx, —nz)] (3.5)
for all k € N and z € X. Replacing x by 2!z and dividing by 2! yields
f(2lz)  f(2kg 1
H ( z ) _ (2k+l ) < 5o [®1(2'n2,0,0) + & (2'nx, 2'nx, —2'nx)]

for all k,l € N and x € X. It follows from the condition (a) that {f @ s
a Cauchy sequence which converges uniformly. Thus we can define a functlon

A: X —>Y by
- f(2F)
A(x) =1 )
() := lim —5
Now replacing x,y, z by 2¥x, 2%y, 282 in (3.1)), respectively and then dividing by
2% we have

1
(T2, 2y, 252 < po(2he, 2y, 242)
for all K € N and z,y, 2z € X. Letting k — oo we get
(TA)(z,y,2) =0

for all z,y,2z € X. Also we obtain A(—z) = —A(z) for all z € X by virtue of
the assumption of f. According to Lemma 2.1, A is additive. Taking the limit
as k — oo in (3.5 we get

IIf(z) — A(z)]| < %[Ql(n:p, 0,0) + @1 (nx, nx, —nz)] (3.6)

for all z € X.
Finally we prove the uniqueness. Suppose that A’ is another additive mapping

satisfying (3.6]). Then we have
kl|A(z) — A'(2)|| = |A(kz) — A'(kz)]|
1
< —[®y(knx,0,0) + &y (knx, knz, —knx)]
n

for all k € N and = € X. Taking the limit as k — oo, we see from the condition
(a) that A(z) = A'(x) for all z € X.

On the other hand, assume that ¢ satisfies the condition (b). Replacing = by
in and then dividing by n we have

=27 ()] < 5 [e (F00) +o (55 -5)]

Making use of induction argument we get

’f(x) —2kf <2k>H <5 (IDQ(nx 0,0) + ®3(nx, nx, —nx).




STABILITY OF A JENSEN TYPE FUNCTIONAL EQUATION 97

By the similar method as that of the case (a), we can define a function A : X — Y

by
A(z) == lim 28f (=
(z) = Pl / (ﬁ)
and also easily have that A is a unique additive mapping such that
1
1 () = A@@)l| < o -[@2(nz,0,0) + @a(nw, nz, —nz)]
forall z € X. O

Lemma 3.2. Let m and n be positive integers withm # 1 and let ¢ : X3 — [0, 00)
be a mapping satisfying one of the conditions (c), (d). Suppose that a function
f: X =Y satisfies f(—x) = f(z), f(0) =0 and
I(Tf)(@,y,2)|| < oz, y, 2) (3.7)
forall z,y,z € X. Then
1f(@)]] < We(z),

where

1

§CI>3(x, —x,0) if ¢ satisfies (c),

V() ==

1 . .

§<I>4(:U, —x,0) if ¢ satisfies (d)
forallz € X.
Proof. Putting y = —x and z = 0 in (3.7) and dividing by 2 yields

1
|r@ =ns (2)] < 5000 (3.8)
Replacing = by nx in (3.8)) and dividing by n we have
f(nx) 1
— < = — )
@) - 22 < o, o)

Assume that ¢ satisfies the condition (c). Making use of induction argument we
get

f(n*z)

nk

chr) -

1
‘ < §<I>3(x, —x,0) (3.9)

for all K € N and 2 € X. Replacing by n'z and dividing by n' yields
f(n'x)  f(n!*tkz) 1
nl

l l

forall k,1 € Nand € X. By virtue of the condition (c), we can see that {f(Z—:x)}
is a Cauchy sequence. Thus we define a function B : X — Y by

e = Jim 17
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Now replacing z,y, z by n*x, n*y,n*z in (3.7), respectively and then dividing by
k

n” we have .
(T, by, )| < —lnte, nty, nt2)
for all k € N and z,y,2z € X. Letting k — oo we get
(I'B)(x,y,2) =0

for all z,y,2 € X. Also we obtain B(—z) = B(z),B(0) = 0 for all z € X by
virtue of the assumption of f. According to Lemma B(x) =0 for all x € X.
Taking the limit in (3.9)) as & — oo we obtain

@) < 3@s(z, ~,0)

for all z € X.
On the other hand, assume that ¢ satisfies the condition (d). It follows from
(3.8) and induction argument that

1
-1 ()] s 0
By the similar method as that of the case (c), we easily have that
1
IF (@)l < 5 Palz, —2,0)
for all x € X. 0J

Theorem 3.3. Let m and n be positive integers with n # 1 and let ¢ : X3 —
[0,00) be a mapping satisfying one of the conditions (a), (b) and one of the
conditions (c), (d). Suppose that the function f: X —'Y satisfies

(T, y, 2)|| < o, y,2)

for all x,y,z € X. Then there exist a unique additive mapping A : X — Y and
a unique element C' € Y such that

17(x) — Ala) — O < S[Wo() + Wyl—) + Leli) + Be(—)] + e 0),

where W, and U, are defined as in Lemma [3.1] and Lemma [B.2], respectively.
Proof. Let fy(z) := %[f(z) — f(—=)]. Then we have f,(—z) = —f,(z) and

1
||(Tf0)(l’, Y, Z)” < §[¢(ZL’, Y, Z) + ¢(_I7 -Y, _Z>]
According to Lemma [3.1], there exists a unique additive mapping A such that
1
1£o(2) = Al2)]| < 5[¥o(2) + To(—2)].

On the other hand, let f.(z) := 3[f(2) + f(—)] — f(0). Then we have f.(—z) =
fe(x), fe(0) = 0 and
1

H(Tfe)(aj? Y, Z)H < §[¢($’ Y, z) + (b(—:L‘, -y, _Z)] + ¢(07 Oa O)'
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By virtue of Lemma (3.2 we have
1
Ife(@)] < 5[We(@) + Te(=2)] + Te(0).
Let C = f(0). Since f(z) = fo(z) + fe(x) + f(0) for all z € X, it follows that

1/ (x) = A(z) = C|| < || fo(x) = A)[| + [fe(2)]]
< S IWo() + () + () + ()] 4, (0)
for all x € X. This completes the proof. O
As a consequence of Theorem [3.3| we have the following corollaries.

Corollary 3.4. Let m and n be positive integers with n # 1 and let p # 1.
Suppose that the function f : X —'Y satisfies

(T F) (g, 2)[| < ellz[[” + [ly[[” + [1=]1)

for all x,y,z € X. Then there exist a unique additive mapping A : X — Y and
a unique element C' €'Y such that

Hf(x)—A(x)—CHée< LI )npurcup

n|2 —2°|  |n—n?|

for all x € X and for all x € X\{0} if p < 0.

Corollary 3.5. Let m and n be positive integers with n # 1. Suppose that the
function f : X — Y satisfies

(T f)(,y,2)]| < e

for all x,y,z € X. Then there exist a unique additive mapping A : X — Y and
a unique element C' €'Y such that

on —4
[f(z) — A(z) = C < me

forallz € X.
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