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ABSTRACT. In Hilbert spaces, the redundancy property of g-frames is different
from that of frames, and the dilation theory is interesting and important in
many mathematical fields. In this paper, we study the redundancy and dila-
tions of g-frames in Hilbert spaces. First, we characterize g-Riesz bases and
exact g-frames under some constraints, then obtain some dilation results for
(normalized tight) g-frames, and give some properties about them. Finally we
prove some interesting properties on the canonical duals of g-frames.

1. INTRODUCTION

Throughout this paper, we use N to denote the set of natural numbers and C
to denote the set of complex numbers.

A sequence { f;}ienr of elements in a Hilbert space H is called a frame for H if
there are constants A, B > 0 so that

AlIFIP < DI F)P < BIFIP, for all f € H.
ieN
The numbers A and B are called the lower and upper frame bound respectively.
The frame is a tight frame if A = B and a normalized tight frame if A = B = 1.
The concept of frame first appeared in the late 40’s and early 50’s (see [6][21][24]).
The development and study of wavelet theory during the last decades also brought
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new ideas and attentions to frames because of their close connections. There are
many related references on this topic, see [4][7][14][15][19].

In [22], Sun raised the concept of g-frame as follows, which generalizes the
concept of frame extensively. A sequence {A; € B(H, H;) : i € N'} is called a g-
frame for H with respect to {H; : i € N'}, which is a sequence of closed subspaces
of a Hilbert space K, if there exist two positive constants A and B such that for
any f € H

AIFIP < Y IAS I < BIAIP,
ieN

where A is called the lower frame bound and B is called the upper frame bound.
The largest lower frame bound and the smallest upper frame bound are called the
optimal lower frame bound and the optimal upper frame bound respectively. We
simply call {A; : i € N'} a g-frame for H whenever the space sequence {H, : i €
N} is clear. The tight g-frame, normalized tight g-frame are defined similarly.
We call {A; : i € N'} a g-frame sequence, if it is a g-frame for span{A;(H;)}ien-
We call {A; : i € N'} a g-Bessel sequence, if only the right inequality is satisfied.
A g-frame {T'; : j € N'} for H is called an alternate dual g-frame of {A; : j € N'},
if for every f € H we have

F=Y NT;f =) TiAf

JEN JeEN
If {A;:j € N}isa g-frame for H, then the operator S € B(H) such that

Sf=> NAf VfeH,
JEN

is called the fame operator associated with {A; : j € N'}. It is well-known that
{A;S7! . j € N} is an alternate dual g-frame of {A; : j € N}, which is also
called the canonical dual g-frame associated with {A; : j € N} and we denote
it as {7\] : 7 € N}. Recently, g-frames in Hilbert spaces have been studied
intensively, for more details see [8][16][20][23][25] and the references therein.

G-frames generalize frames in Hilbert spaces extensively. It has been shown
that g-frames and frames share many similar properties. But it was pointed out
in [22] that the redundancy property is one property where g-frames and frames
behave differently. It is well-known that the class of exact frames is same as the
class of Riesz bases in Hilbert spaces, but the class of exact g-frames is different
from the class of g-Riesz bases. So there is an interesting problem: under what
conditions these two classes coincide? Recently, in [18], the authors studied such
problem. And in [26], the authors studied the excess of g-frames. In this paper
we give some new conditions such that the above classes are the same. On the
other hand, dilation theory is one of interesting and active theories in many
branches of mathematics. For general dilation theory see [1][12]. In [5][13][14],
the authors studied the dilation theory on frames in Hilbert spaces and Banach
spaces. In this paper, we also consider the dilations of g-frames in Hilbert spaces.
Finally, we know that the canonical duals of g-frames play an important role in
the analysis and reconstruction of vectors in Hilbert spaces, so we prove some
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important properties of the canonical duals of g-frame at the end section of this
paper.

2. PRELIMINARY DEFINITIONS AND LEMMAS

In this section, we introduce some basic definitions and lemmas which are
necessary for the following sections.

Definition 2.1. A g-frame {A; : j € N'} with respect to {H, : j € N} for H is
called an ezact g-frame if for any fixed jo € N, the sequence {A; : j € N, j # jo}
is not a g-frame for H with respect to {H; : j € N, j # jo}.

Definition 2.2. Suppose that A;,I'; € B(H, H;) for any j € N. If for any
i,j € N and any g; € H;,g; € Hy, (Ajgi,159;) = 0i5(9:, 95), then we call that
{A;:jeN}and {T;: j € N} are g-biorthonormal.

Definition 2.3. Let A; € B(H, H;),i € N.

(i). It {f: A;f =0,i € N} = {0}, then we say that {A; : i € N'} is g-complete.
(ii). If {A; : i € N'} is g-complete and there are positive constants A and B such
that for any finite subset J C N and ¢; € H;,j € J,

A gl < 1 Mgl < BY gl
jeJ jeJ jeJ
then we say that {A; : i € N'} is a g-Riesz basis for H with respect to {H; : i €
(iii). We say that {A; : i € N'} is a g-orthonormal basis for H with respect to
{H; : i € N'} if it satisfies the following:

STUAFIP = 117, vf € B
JeEN
Definition 2.4. {A; € B(H, H;)}52, is finitely g-linearly independent with re-
spect to {H;} if for any n € N, 377 Ajg; = 0 implies g; = 0, where g; € H; (j =
1,2, ,n).

Definition 2.5. {A; € B(H, H;)}52, is g-linearly independent with respect to
{H;}if 772, Azg; = 0 implies g; = 0, where g; € H; (j =1,2,---).

Definition 2.6. {A; € B(H, H;)}32, is g-minimal with respect to {H;} if for
any sequence {g; : j € N'} with g; € H; and any m € N with g, # 0, we have
Agm & Spanz, {77 g}

Remark 2.7. Tt is obvious that any g-frame is g-complete and any g-orthonormal
basis is a normalized tight g-frame.

Definition 2.8. We call {A; € B(H, H;)}52, a g-basis for H with respect to

{H,} if for any = € H there is a unique sequence {g;} with g; € H; such that
T = Z;; Asg;.
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Definition 2.9. Two g-frames {A; : j € N} and {['; : j € N'} for H are called
similar if there exists an invertible operator T' € B(H) such that A; = I';T for
any j € N.

The following lemma tells us that g-Riesz bases for a Hilbert space H are

precisely the sequences of operators which are similar to g-orthonormal bases for
H.

Lemma 2.10. [22] A sequence {A; : j € N'} is a g-Riesz basis for H with respect
to {H; : j € N'} if and only if there is a g-orthonormal basis {0; : j € N'} for H
and a bounded invertible linear operator T on H such that A; = 0,T,j € N.

The following lemma is from [9], which establishes a useful identity on g-frames
and some criterions used to verify some redundancy related properties of g-frames.
Since it is published in a Chinese journal, we include its detailed proof for the
sake of convenience.

Lemma 2.11. [9] Suppose {A; € B(H,H;) : j € N} is a g-frame for H with
frame bounds A and B, g] € Hj,¥j e N. Then

(1) 2 jm 1A AL g 1 = [llgmll2 1A A g2 = [l gm — AN gim12].

(2) If A Ar = Iy, thenKA* =0 for j #m. So {A; cjeEN} and{/~\j:j€
N} are g-biorthonormal if and only zfA A, =1y, VmeN.

(3) If ker(Iy, — AwAL,) # 0 or Fange(ly, — ApAL) # Hy,, then {A;}j2m is not
g-complete.

(4) If Iy, — Aij‘n is surjective or Iy, — KmAfn is surjective, then {A;};zm is a
g-frame.

Proof. (1) Since {A; : j € N'} is a g-frame for H, for any « € H, we have
r=>Y Az
JEN
So for any m € N and g,, € Hm, we have
B SINIE
jeEN
But A%, gm = > jepr Aj0jmgs- So by [22, Lemma 2.1], we have

gl =Y 105mai 1> = D~ 1A A5Gl + D A G = 8ims|*
JEN JEN JEN
= R gnl” + D 1A gl + ll9m = Rngml* + D 1A A7 0l
J#Em J#Fm

S0 3, 4 NN 9ml> = 519> = 1An A5Gl = llgm — A g0al):

(2) If ApAj, = In,,, from (1), we have that A A%, gm|> = 0 for any j # m and
any ¢,, € H,,. It implies that A Ar, =0 for any j # m. The second statement is
obvious. B

(3) If ker(Im, — AnA},) # 0, then there exists g, € H, with g, # 0 such

that gn = ApA% gm. Then from (1), we have that > igm HA A% gm||? = 0, which
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implies that KjAfngm = 0 for any j # m. So (A} gm, K;gj> = 0 for any j # m and
any g; € H;. It follows that A;gmj_span{xj(Hj)}#m. But Ay A% g = gm # 0,
50 A gm # 0. So span{K;(Hj)}#m # H, ie., {/NXj}#m is not g-complete. Since
A; = A;S71 it is easy to see that {A;};.,, is not g-complete as well. Since

range(Iy, — /N\mA;) = ker(Iy,, — Am/N\;‘n)L,
we have that
range(ly, — AnlL) # Hy & ker(Iy, — AnAL) # 0.

Since {A; : j € N'} and {A; : j € N'} are canonical dual g-frames for each other,
by interchanging A; with Kj, the second case can be proved similarly.

(4) Suppose that Iy, — /NXmA;“n is surjective, then there exists an operator T €
B(H,,, Hy,) such that (I, — Ay A% )T = Iy, . It follows that 7% (I, — A, A%,) =
Iy, . Since for any f € H, we have f = ZjeNK;‘TAjf, so for any m € N,

Amf =M Y NAF = AuNAf
JjEN JEN
= AaNAf + A A A f.

i#m

It follows that (I, — Ay A% ) A f = > itm AmK;Ajf. Since

m

I Z A A f|1? = supHg||:1|<Z AmlIA; £, 9))

jm i#m
= supjgi=1] Y (N AN <D I FI? - supygr=1 > IIA;A gl
im jAm jAm
N * 1 *

<O NAGFIP - suppgr=1 > IIAALgll> < IAF- ZHAmgH2

J#EmM JEN J#Fm

1 *
jm

so we have that

IAm FIIP = IT* (T, — AmA) A f1I?
<NT*1? - | (Ta,,, — Ay ) A 1
= TP 11> AmASA £

i#m

* 1 *
ST - - AP Y A1

j#m
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Hence

DO IAGFIP = 1A 1P+ Y 1A £

JEN jFEm
* 1 *
< (172 1 IALIP) D AP =C- > AL
j#m j#m

where C' =1+ ||T*||2 - L ||A% |12, Therefore

A
AP < ZHA FIP< YOI < D 1A fIP < BILIP.

]E/\/ j#Em JEN
It implies that {A;} ;4 is a g-frame with frame bounds 2 and B. For the second

case, by the duahty mentioned in (3), by interchanging A; with /~\], we can proved

similarly that {A }izm s a g-frame for H. Since {A;};4y, is similar to {A }itms
it is easy to see that {A;};4n is a g-frame for H. O

Note that when dimH; < oo for all j € N, then ker(Ig,, /N\mA:‘n) =0«
range(Iy, —AnA%) = Tange(ly, —AnA%) = H. The following result is obtained
directly from Lemma 2.11 (3) and (4), which was also proved in [18] differently.
It characterizes the exact g-frames under the constraint that dimH; < oo for all

jeN.

Corollary 2.12. Let A; € B(H, H;), and dimH; < oo for j € N. Then the
following statements are equivalent:

(1) The sequence {A; : j € N'} is an exact g-frame for H with respect to {H; :
jEN}.

(2) The sequence {A; : j € N'} is a g-frame for H with respect to {H; : j € N'}
and {A; : j € N,j # jo} is not g-complete for every jo € N.

The following lemma is from the same Chinese journal as that of Lemma 2.11,
which applies the results of Lemma 2.11 to study the redundancy related prop-
erties of normalized tight g-frames. We include its proof for convenience.

Lemma 2.13. [9] Suppose {A; : j € N} is a normalized tight g-frame for H.
Then for anym € N, if ker(Ig,, —AnAL,) # {0}, then {A\;}j2m is not g-complete.
If ker(I — A Ay,) = {0}, then {A;}; 2 is a g-frame for H.

Proof. Since {A; : j € N'} is a normalized tight g-frame for H, the frame operator
associated with {A; : j € N'} is S = I. It implies that the canonical dual g-frame
of {Aj: jeN}is{AS:jeN}={A;:j€ N} Forany m € N, if
ker(In,, — ApAL,) # {0}, then {A;},4, is not g-complete by Lemma 2.11 (3).
Since f = Sf =) cpy AjA;f forany f € H, 7, AjA; = I, which implies that
A A, < I If ker(1 — A* m) = {0}, then

HA:nAm“ = SUP||z||=1 <A;Aml’, JI>
= (AL Amzo, 20) < (70, 20) = 1,

where zo € {z € H : ||z|| = 1}. Hence ||[A, ALl = [[Af,An| < 1. It implies that
Iy, — Ay, A%, is invertible. So {A;};4n, is a g-frame by Lemma 2.11 (4). O
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The following lemma shows that the condition for a sequence of operators to
be a g-Riesz basis is stronger than that for it to be an exact g-frame.

Lemma 2.14. [22] A g-Riesz basis {A; : j € N'} is an exact g-frame. Moreover,
it is g-biorthonormal with its dual {A; : j € N'}.

The following lemma shows that when dimH; < oo for any j € N, any finite
sequence of operators is a g-frame for its generating subspace. Since it is from a
Chinese journal, we include its detailed proof for the sake of convenience.

Lemma 2.15. [10] Suppose dimH; < oo, A; € B(H, H;). Then for any n € N,
{A;}5, is a g-frame for span{A\;(H;)}5_,.

Proof. For any f € span{Aj(H;)}}j_,, we have

Z 1A £117 < Z 1A 117 W17 = BILFIP,
j=1 i=1

where B = 377 | [[A;]I>. So {A;}}, is a g-Bessel sequence with bound B for
span{A;(H;)}7_,. Next, we aim to show the existence of lower frame bound. Let

ZHA FIP VS € span{AL(H,)y,

then ¢ is a continuous functlon on span{A;(H;)}5_,. Since span{A;(H;)}j_, is
of finite dimensional, its unit circle is a compact set Hence there exists y €
span{\;(H;)}7_, with [|ly|| = 1 such that

ZZHAjy||2 mf{ZHA FIP1f € spam{A;(H;) Yoy, I 1] = 13-

Let A= ¢(y), then A > 0. But if A =0, then A;y =0 for j =1,--- ,n. Thus
{y, Nj(9)) = (Njy.g;) =0,Vg; € Hj,j=1,--- . n.

It implies that y Lspan{Aj(H;)}j_,. So y = 0, which contradicts with the fact
that ||y|| = 1. Therefore A > 0. Since for any f € span{Aj(H;)}?_, and f # 0,

we have
Z 1A, = Z IAE gy

= I/1* X:IIA ”f” WP > A-[IFI*.

Hence {A;}7_, is a g-frame for span{A (Hj)}j—, with fame bounds A and B. [
The following lemma characterizes g-Riesz bases from two different viewpoints.

Lemma 2.16. [11] Let A; € B(H,H;),j € N. Then the following statements
are equivalent:
(1) The sequence {\;};en is a g-Riesz basis for H with respect to {H,}jen
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(2) The sequence {A;}jen is a g-frame for H with respect to {H;}jenr and {\;}jen
s g-linearly independent.
(3) The sequence {A;}jen is a g-basis and a g-frame with respect to {H;}jen

3. REDUNDANCY OF ¢g-FRAMES

In this section, we study the redundancy of g-frames in Hilbert spaces.
The following is one of our main results which characterizes g-frames without
any redundancy, i.e., g-Riesz bases.

Theorem 3.1. Let {A; € B(H,H;) : i € N} be a g-frame for H with A as its
lower frame bound and B as its upper frame bound. Then the following statements
are equivalent.

(1). {\;:i €N} is ag-Riesz basis for H.

(2). {\;:i € N} and {A\; : i € N'} are g-biorthonormal.

(3). There exists a sequence {I'; € B(H, H;) : i € N'} which is g-biorthonormal
(4). {\; -1 € N} is g-minimal.

(5). {\;:ie€ N} is g-independent.

(6). {\;:i€ N} isag-basis for H.

In case that dimH; < oo for any j € N. Let A, denote the optimal lower
frame bound for g-frame sequence {A;}7_,. Then the above statements are also
equivalent to the following two statements.

(7). {\;:i €N} is finitely g-linearly independent and in fren Ay > 0.

(8). {A; :i € N} is finitely g-linearly independent and lim, oo A, > 0.

Proof. (1) = (2) : This implication is already proved in [22], here we include
a different argument which is more directly. Since {A; : i € N} is a g-Riesz
basis for H, there exists a g-orthonormal basis {Q; : i € N} and a bounded
invertible operator T € B(H) such that A; = Q;T for any j € N by Lemma
2.10. Let S denote the frame operator associated with {A; : j € N'}. Then Sf =
den NN, Ve He So Sf =32, TQ;Q;Tf, Vf € H. So (T*)7ISf =
> ien @;QiTf, Vf € H. It follows that (T*)~ ST = > jen @;Q; = I. Hence
S=TT. So A; = A;S~' = A, T-1(T*)~", ¥j € N. Then
Kj/\; = AjT_l(T*)_lT*Q; = AjT_lQ;f =Q;Q; = In;,VjEN.

So {A, : j € N'} is g-biorthonormal with {A; : j € N’} by Lemma 2.11 (2).

(2) = (3) is obvious.

(3) = (4) : Given m € N,g,, € H,, with g,, # 0, since {I'; : j € N} is
g-biorthogonal with {A; : j € N}, for any j € N with j # m, g; € Hj,
we have (I',gm,Ajg;) = 0. So I',g,m L Span;,,{Ajg; : g; € H;}. But
(T2 9m, N gm) = llgml* # 0. It follows that A% g, ¢ 5pamn, ., {A\ig; : g; € H;},
so {A; : j € N'} is g-minimal.

(4) = (5) : Suppose that >\ Afg; = 0. If there exists k € A such that g; # 0,
then Ajgr = —ZjGM#k Aig;. So Mg € span, {N;g; : g; € H;}, which con-
tradicts with the fact that {A; : j € N'} is g-minimal.

(5) = (6) : Since {A; : j € N'} is a g-frame, for every vector f € H, there exists
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a sequence {g; € H; : j € N'} such that f = 3"\ AZg;. Since {A; :j € N} is
g-linearly independent, the representation is unique. So {A; : j € N'} is a g-basis
for H.

(6) = (1) : By Lemma 2.16, it is true.

In case that dimH; < oo for any j € N'. We will show that (6) = (7) = (8) =
(1). Since (1) = (6) has already been shown, all the statements are equivalent
as required.

(6) = (7) : Since {A; : j € N} is a g-basis for H, {A; : j € N} is finitely
g-linearly independent. Since {A; : j € N} is a g-basis and a g-frame for H,
{A; : j € N} is a g-Riesz basis for H. So for any n € N, {A;}}_; is a g-Riesz
sequence by Lemma 2.15. Since the optimal lower frame bound of {A;}7_, is A,
we have A,, > A. Hence in frenAr > 0.

(7) = (8) : It suffices to show that lim, A, > 0. Since A, is the optimal
lower frame bound for {A;}7_,, we have that A, > A,y > infrenAr > 0. So
limy, o0 Ay exists and limy, oo A, = 0 fren A > 0.

(8) = (1) : Since {A;}}_, is g-linearly independent for any n € N, hence {A;}}_,
is a g-Riesz basis for W{A;fgj :g9; € Hj,j =1,---,n} by Lemma 2.15 and
Ag = infren Ax = limy oAy > 0 is a lower frame bound for {A;}7_,. So for any
{9} wehave Ag 370 llgjl1* < || 2272, Ajg;ll*. Let B be the upper frame bound
for {A; = j € N} Then |30, Ajg;|I> < B0, llgsll*. So Ao 327 [lgsll* <
13251 Ajgill*> < B320 llgyll* for any finite set {g; : g; € Hj,j = 1,--- ,n}.
Since {A; : j € N} is a g-frame, {A; : j € N} is g-complete. It follows that
{A;:j € N} is a g-Riesz basis for H. O

The following result gives a necessary condition for a normalized tight g-frame
to be exact.

Theorem 3.2. Suppose that {A; : j € N'} is a normalized tight g-frame for H.
If {A; : j € N'} is an ezxact g-frame then |A;|| =1 for Vj € N.

Proof. Since {A; : j € N'} is a normalized tight g-frame for H, >, A fII? =
| fII* for any f € H. So |A;f|| < ||f]| for any j € N and any f € H. It follows
that ||A;]| < 1 for any j € N. If there exists some k € N such that [|[Ag]| < 1,
then [[AjAg|l < 1. So I — AjAy is invertible. Hence {A; : j € N,j # k} is a
g-frame by Lemma 2.13, which contradicts with the fact that {A; : j € N} is
exact. So ||[A;]| =1 for all j € N. O

As an application of Theorem 3.2, we give a complete characterization for a
normalized tight frame to be exact as follows. This result is already shown in [3],
but here we prove it by the viewpoint of g-frames.

Corollary 3.3. Suppose that {f; : j € N} is a normalized tight frame for H.
Then {f; : j € N'} is an exact frame if and only if {f; : j € N'} is an orthonormal
basis for H.

Proof. The sufficient condition is obvious. Now we move to prove the necessary
condition. Suppose that {f; : 7 € N} is an exact frame. Let Af, (f) = (f, f;)
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for each f € H and each j € N. Then > .\ [[Af fII> = > icn [(f5 fi)?. So
{f; : 7 € N} is an exact frame for H if and only if {Ay, : j € N} is an exact
g-frame for H with respect to {H; : j € N} where H; = C for all j € N. So
{Ay, 1 j € N'}is an exact g-frame for H. By Theorem 3.2 we know that ||Ay, || =1
for each j € NV. Since ||[Ay,|| = ||f;|| for each j € N, therefore || f;|| = 1 for each
j € N. Since for any f € H we have that || f[|* = >\ [(f, fi)|?, in particular,

for any k € N we have || fu[|* = 3= cn [{fe, f) 12 = [{fus f)|? 4+ 200 [(fis £ 12
It follows that (f;, f;) = ;. So {f; : 7 € N'} is an orthonormal basis for H. O

The following corollary gives a complete characterization for a normalized tight
g-frame to be a g-orthonormal basis.

Corollary 3.4. Suppose that {A\; : j € N} is a normalized tight g-frame for
H. Then {A; : j € N} is a g-orthonormal basis for H if and only if A; is a
co-isometry for any j € N.

Proof. =: This direction is straightforward and we can also find its proof in [20,
Proposition 2.14].

<: One proof for this direction is given in [17, Corollary 2.6], but here we give
a new different proof by using Lemma 2.11. Since A,, is a co-isometry for any
m € N, hence A, A%, = Iy, for each m € N. So {A; : j € N'} is g-biothogonal
with itself by Lemma 2.11(2), which means that (Ajg;, Ajg;) = di;{(gi, ;) for
any i,j7 € N and any ¢; € H;,g9; € H;. Since {A; : j € N} is a normalized
tight g-frame for H, we have that [|f[|* = 3"\ [IA; f[* So {A;:j € N}isa
g-orthonormal basis for H. O

The following result is one of our main results which gives a complete charac-
terization such that the class of g-Riesz bases is the same as the class of exact
g-frames under the restriction that all H; are finite dimensional.

Theorem 3.5. Let H, K be Hilbert spaces, {H; : j € N'} be a sequence of closed
subspaces of K with dimH; < oo for any j € N'. Then {A; : j € N'} is an exact
g-frame for H with respect to {H; : j € N'} is equivalent that {A; : j € N'} is a
g-Riesz basis for H with respect to {H; : j € N'} if and only if dimH; = 1 for
any j € N.

Proof. =: Suppose that {A; : j € N'} is an exact g-frame for H is equivalent that
{A;: j € N} is a g-Riesz basis for H. If for any m € N, range(Iy,, — KmAj‘n) =
range(ly, — /NXmAfn) # H,, then {A; : j € N,j # m} is not g-complete by
Lemma 2.11 (3), hence {A; : j € N'} is an exact g-frame. It implies that {A; :
Jj € N} is a g-Riesz basis. It follows that {A; : j € N'} is g-biorthogonal with
{A; : j € N} by Lemma 2.14. Hence for any m € N, we have that A, A%, = Iy,
by Lemma 2.11 (2). So Iy, — AnAY, = 0 for any m € N. So we get that
range(Iy, — KmA;‘n) # H,, if and only if Iy — KmA,’; =0 for any m € N. It
follows that dimH; = 1 for any j € N. In fact, if there exists jo € A such that
dimH;, > 1, then range(Ip,; — KjOA;O) # Hj, # In, — KjOA;“-O = 0.

<: One proof of this direction was given by [18, Corollary 2.7]. Now we give a
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different new proof Since dimH; = 1 for any j € N, fange(Iy —A m\r) =
range(Iy, — AyA%). By the dimension formula, we have that

1 = dim(range(Iy, — AnA%)) + dim(ker((Iy,, — /~\mAfn))

So dim(range(Iy, — AnA%)) = 0 if and only if dim(ker(Iy, — AnAZ)) =1 for
any m € N. It follows that ker(Iy, — AnAZ) = H,, if and only if range(Iy, —
AnAr) = 0 for any m € N. Since dimH,, = 1, range(ly, — AnA%) = 0 or
range(Iy, — ApA%) = H,,. Thus for any m € N, we have that A, A%, = Iy if
and only if range(Iy, — AyAZ) # Hy,. It implies that {A; : j € N} is an exact
g-frame if and only if {A; : j € N'} is a g-Riesz basis for H by Lemma 2.11 (2)
and (3). O

In the last result of this section, we consider the extension of normalized tight
g-frames preserving the normalization property.

Theorem 3.6. Suppose that {A; : j € N'} is a normalized tight g-frame for H.
Then

(1) A Ar, < Iy, for anym € N.

(2) The only way to enlarge {A; : j € N'} in such a way that it remains to be a
normalized tight g-frame is to add zero operators.

Proof. (1) Since {A; : j € N'} is a normalized tight g-frame for H, we have that
1911 = 2" en 1A gl for any g € H. Thus for any m € N and f € H,,, we have

AP =D NN = A AL P+ > IAAL
JEN JEN j#m
So [IALFIP = [[AnA fI%, e
(A A f) = (A f A AT ),
o (f, AN ) > (f, (NuAZ )2 f). Hence A, A > (A, A%)?%. Tt follows that
Al (T, — ML) >0

Since A, AX, >0, Iy, — A Af >0, 1e, ApAS < Ty ,VYmeN.
(2). Suppose {A; : j € A} is a subset of {A; : 7 € N'} and it is also a normalized
tight g-frame for H. If j ¢ A and f € H;, then

1A% = D IAATFIP = D IIARATf I
1eN keA
Thus > [AAI? = 0, Vf € H. So AjAjf = 0 for all i ¢ A, in particular,
AjAf = 0. Tt follows that A} f =0, Vf € H;. Hence A} =0, so A; = 0 for all
j ¢ A, which implies that the only way to enlarge a normalized tight g-frame so
that it remains to be a normalized tight g-frame is to add zero operators. O
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4. DILATIONS OF g-FRAMES

In this section, the dilations of g-frames are studied.
Before we introduce the main results of this section we need the following
lemma.

Lemma 4.1. [2] Let {A; € B(H, H;) : i € N'} be a normalized tight g-frame for
H with respect to {H; : i € N'}. Then there exists a Hilbert space K 2 H and a
g-orthonormal basis {0; € B(KC, H;) : i € N'} for K with respect to {H; : i € N'}
such that \;P = 6;P, where P is the orthogonal projection from K onto H.

The following result tells us that normalized tight g-frame can be dilated to a
g-orthonormal basis.

Theorem 4.2. A set {A; : i € N'} is a normalized tight g-frame for a Hilbert
space H with respect to {H; : i € N'} if and only if there exists a Hilbert space M
and a normalized tight g-frame {T; : j € N'} for M such that {A; ®T;:j € N'}
1s a g-orthnormal basis for H & M.

Proof. =: Since {A; : i € N} is a normalized tight g-frame for Hilbert space
H with respect to {H; : i € N'}, by Lemma 4.1, there is a larger Hilbert space
K 2 H and a g-orthonormal basis {#; : j € N} for K such that A;P = 6,P
for each 7 € N, where P is the orthogonal projection from K onto H. Let
M = (I — P)K and T'; € B(M, H;) such that T';(I — P) = 6,(I — P), Vj € N.
Then {I'; : 7 € N'} is a normalized tight g-frame for M and {A; &T;:j e N} =
{0;P®6;,(I —P):je N} Itis casy to see that {§;,P®60;(I —P):jeN}isa
g-orthonormal basis for H & M by a simple computation.

<«: This direction is obvious. OJ

Moreover, the following result shows that the above dilation is unique in the
sense of unitary equivalence.

Theorem 4.3. The extension of a normalized tight g-frame to a g-orthonormal
basis described in the statement of above is unique up to unitary equivalence. That
is if N is another Hilbert space and {L; : j € N'} is a normalized tight g-frame
for N such that {A; ® L; : j € N} is a g-orthonormal basis for H ® N, then
there is a unitary transformation U mapping M onto N such that I';U* = L; for
all j e N.

Proof. Since {A;®T;:j € N} and {A; ® L; : j € N} are g-orthonormal bases
for H@® M and H @ N respectively, {(A; ® T;)*g; : g; € H;,j € N'} is dense in
Ho M, {(A;® L;j)*g;: g; € Hj,j € N} is dense in H ® N. Define a unitary
operator U : H&@® M — H & N by

UA; @ 15)"g; = (A © Lj)"gj,
and the values of all other points are defined by linearity and continuity of U.
Since for any n € N, we have
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and

Njg; ® 0 = ) (An ®T0) (A @ T) (A g5 ® On)
neN

Nrgi ®0x =Y (A @T,) (A, @) (Ag; © Oy)
neN

It follows that

U(Ajg; ®0y) =U Y (A, @ L,) (A, @ T,)(Afg; © Onr)
neN

= Z(An ® Ln)" (A @ Fn)(A;gj @ Or)
neN

neN
== A;gj D ON.

Thus U = I & U, where I is the identity operator in B(H) and U is a unitary
operator in B(M, N). So

UN;jeTy)g=TaU)Naly)g=1TaU)AN &l])g;
— (A} @ UTY)g;.

But (7(Aj ©Lj)*g; = (A @ Lj)*g; = (A © L})g; by the definition of U. Hence
UT% = L}, which implies that L; = T;U*, Vj € NV. O

In order to establish the dilation results on general g-frames, we need the
following simple fact, which can be proved straightforwardly, so we omit the
details.

Lemma 4.4. A g-frame is precisely the image of a normalized tight g-frame
under the right multiplying by a bounded invertible operator.

By using the dilations about normalized tight g-frames and the above lemma,
we get the following dilation about g-frames.

Theorem 4.5. Suppose {A; : j € N'} is a g-frame for H. Then there exists a
Hilbert space M and a normalized tight g-frame {T'; : j € N'} for M such that
{Aj@®T;:jeN}is ag-Riesz basis for H® M.

Proof. By Lemma 4.4, there exists a normalized tight g-frame {L; : j € N'} for H
and an invertible operator T' in B(H) such that A; = L;T, Vj € N. By Theorem
4.2, there is a Hilbert space M and a normalized tight g-frame {I'; : j € N'} for M
such that {L; ®T; : j € N'} is a g-orthonormal basis for H@® M. Then T@ I is an
invertible operator in B(H @ M) such that (L;®1;)(T'®1) = L, Tel'; = A;eT,
VjieN.So{A;®T;:j e N}isa g-Riesz basis for H® M. O

The following theorem is a collection of simple but useful facts about g-frames
which we may need in the sequel. Since most of them can be proved straightfor-
wardly, we only give the proofs of the last two statements.
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Theorem 4.6. (i) If {A; : j € N'} is a g-frame and T is a co-isometry (that is
T* is an isometry), then {A;T* : j € N'} is a g-frame. Moreover, {\;T* : j € N'}
is a normalized tight g-frame if {A\; : j € N'} is.

(ii) Suppose that {A; : j € N} and {T'; : j € N'} are normalized tight g-frames
and suppose that T is a linearly bounded operator which satisfies I'; = AT,
Vj e N. Then T is a co-isometry. If T is invertible, then it is unitary.

(iii) If {A; : 5 € N} and {T'; : j € N'} are normalized tight g-frames for Hilbert
spaces H and M respectively and {A; ® T : j € N} is a normalized tight g-
frame for H® M. If {L; : j € N'} is a normalized tight g-frame for M which is
unitarily equivalent to {T'; : j € N}, then {A; ® L; : j € N is also a normalized
tight g-frame for H & M.

(iv) If {A; : 7 € N} is a g-frame which is also a g-basis, then it is a g-Riesz
basis.

(v) If {A; : j € N'} is both a g-Riesz basis and a normalized tight g-frame, then
it 15 a g-orthonormal basis.

Proof. (iv) This statement has been proved in [I1, Lemma 2.16]. Now we give
a different new proof by using the dilation results. By Theorem 4.5, there is a
normalized tight g-frame {I'; : j € N'} for a Hilbert space M such that {A; ®T; :
j € N'} is a g-Riesz basis for H @ M. Let P be the orthogonal projection from
H ® M onto H and let z € M. Since 0y 2z € H ® M, there exists a sequence
{9;:7 € N} with g; € Hj, ¥j € N, such that Oy © 2z = >, \(A; ©T)*g;. Then

O =P0p®2)=P) (Aj@l)) g => Ag,.
JEN JEN
Since {A; : j € N'} is a g-basis for H, g; = 0 for any j € N. So z = 0. Hence
M = {0} which implies that {A; : j € N'} is a g-Riesz basis for H.
(v) By Lemma 2.10, there is an invertible operator A in B(H) such that {A;A :
j € N'} is a g-orthonormal basis for H. Since {A; : j € N'} is a normalized tight
g-frame for H, by (ii) we know that A is a unitary operator. Thus {A; : j € N'}
is a g-orthonormal basis for H. O

The following result shows that in general the dilation of a g-frame is unique
in the sense of similarity.

Theorem 4.7. Let {A; : j € N'} be a g-frame for H. Suppose that {T'; : j € N'}
is a g-frame for Hilbert space M and {L; : j € N} is a g-frame for Hilbert
space N such that {A; ®T; : j € N} and {A; & L; : j € N} are similar to a
g-orthonormal basis for H ® M and H & N respectively. Then there exists an
invertible operator A € B(M, N) such that L; =T;A, Vj € N.

Proof. Let Ty, Ty, S1, Sy be invertible operators such that {(A; & I';)(11 & T3) :
je€N}and {(A;® L;)(S1 ®Ss) : j € N} are g-orthonormal bases for H & M
and H & N respectively. For any j € N let ATy = F;, I';Ty = G4, AjS) = E;
LJSQIK] Then{F] ]EN}, {G] jEN}, {EJ jEN}, {Kj jEN}
are normalized tight g-frames. Since F; = ATy = (E;S;)Ty = E;(S7'Th),
{F; : j € N} is similar to {E; : j € N'}. By Theorem 4.6 (ii), we know that
U = S;'Ty is unitary. Thus F; @ K; = (E;® K;)(U®I). Since U@ [ is a unitary
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operator on H ® N, {F; ® K, : j € N'} is a g-orthonormal basis for H @ N. By
Theorem 4.3, there exists a unitary operator V' € B(M, N) such that K; = G,V
for any j € N. Thus L;Sy = I';T3V for any j € N. Let A = TLVS,"', then
L;=T;A for any j € N. O

The last two results in this section are two interesting results which are closely
related to the dilations of normalized tight g-frames.

Theorem 4.8. Let {A;: j € N} and {T'; : j € N'} be normalized tight g-frames
for Hilbert spaces H and K respectively. If {A;: j € N} and {T'; : j € N} are
unitarily equivalent, then {A; ® T; : j € N} is not g-complete in H ® K with
respect to {H; : j € N'}.

Proof. Let U € B(H,K) be a unitary operator such that A;U = I'; for any
j € N. Then U & I is a unitary operator from H & K onto K & K. Since
(AJ®FJ)(U@I) :A]U@FJI:F]@F] fOf anyj GNand {F]@F] jEN}
is not g-complete in K & K since x @ (—z) Lspan{(I'; ®T;)*g; : g; € Hj,j € N'}
for any z € K and x # 0. It follows that {A; & T, : j € N'} is not g-complete in
HoK. O

Theorem 4.9. Suppose that {A; : j € N} and {I'; : j € N} are normalized
tight g-frames for Hilbert spaces H and K respectively. If {A; & T, : j € N}
1s a normalized tight g-frame sequence, i.e., it is a normalized tight g-frame for
span{(A;®T;)*g; : g; € Hj, j € N}, then it is in fact a normalized tight g-frame
for H® K.
Proof. Since {A; ® T; : j € N} is a normalized tight g-frame for span{(A; ®
T;)*g; : g; € Hj,j € N}, for any fixed j € N and g; € H;, we have
(A OT) g => (A @®TW) (A @TW)(A; &T)) g,
neN
=) (A BT, (A @ T,T7)g;
neN
=) (A BT (AAg; +Tulg;)
neN
= AL(AAg +Tul5g) © > Th(AAjg; + TuTg)).
neN neN

Since {A; : j € N} and {I'; : j € N'} are normalized tight g-frames for H and K
respectively, for Vj € N and g; € H;, we have

Nigy =D A Nigy and Tigy = > TiD,Tig;.
neN neN
So
Nyg; @ Tg; = Z A AN g & Z Lo lnl5g;.
neN neN
It follows that

> AL Iigi=0and > ThANjg; =0.
neN neN
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So, for Vj € N and ¢; € H;, we have

Nigi ® 0 = 3 AZANLg @ > ThAAg;
neN neN

— Z(An &) (A ®T,)(Ajg; & 0k).
neN

and

O ®T5g; = > ALTig @ > TiT.Ig;
neN neN

=) (A ®TW) (A &) (08 @ Algy).
neN

It follows that
Aig; © 0k, 0y ©Tjg; € span{ (A, ® ) g, :n € N}

Now suppose that x € H,y € K and x @y L span{(A, ® T,)*gn : gn € Hp,,n €
N} Then x @y L Ajg; @ 0k and v @y L Oy @ Ijg;, Vg; € H; and Vj € N.
So (x,Ajg;) = 0 and (y,Tjg;) = 0, Vg; € H; and Vj € N. But span{Ajg; : g; €
Hj,j € N} = H and span{l’g; : g; € Hj,j € N} = K since {A; : j € N'} and
{T; : j € N} are g-frames for H and K respectively. Hence = 0y and y = Ok.
So x®y = 0g®0k. It implies that span{ (A, ®L,)* g, : gn € Hyyn € N} = HOK.
So {A, ®T, :n € N} is a normalized tight g-frame for H @ K. O

5. SOME PROPERTIES OF CANONICAL DUALS OF g-FRAMES

In this section, we study the canonical duals of g-frames in Hilbert spaces.
Some interesting properties are established.

The following result is the main result in this section, which gives a general
method to compute the canonical duals of g-frames.

Theorem 5.1. Let {A; : j € N} be a g-frame for H. Then there exists a
unique operator S € B(H) such that f = ZjeNA;Aij for all f € H. An
explicit formula for S is given by S = A*A, where A is any invertible operator
in B(H, K) for some Hilbert space K with the property that {A;A* : j € N'} is a
normalized tight g-frame for K. In particular, S is an invertible positive operator.

( We will denote A;S as A; in the sequel)

Proof. Let A be any invertible operator in B(H, K) for some Hilbert space K
with the property that {A;A* : j € N'} is a normalized tight g-frame for K. Let
Iy =AA* Vje N, and let S = A*A € B(H). Then

S TNNAAF =Y NTAf =) (AT'T)Af
JEN JEN JEN

=AY T Af = AT Af) = f.

JEN
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So S = A*A satisfies the requirement. For the uniqueness, suppose that T €
B(H) satisfies that for any f € H, f = ZjeNA*ATf. Then

=) NATF= (A'T)(T(A) TS

JeN JEN
=AY DA Tf = AN (AY)'T).
JEN
It follows that A™}(A*)"'T=1. SoT = A*A=S. O]

All the following results can be viewed as some applications of the above the-
orem.

Corollary 5.2. Suppose that {A 1J € N} 1s a g-frame for K and T : H - K
s an invertible 2 operator. Then A T =A, A(T7Y forany j € N. If T is a unitary
operator then AJT = A]T for any j € N.

Proof. Let S € B(H) such that /N\j = A;S, Vj € N. Then for any f € H, we

have
F=Y NAF=Y NASF=> NATTSY.

JEN JEN JEN
So
T*f =T NA(TT)Sf
JEN
= T NA(TTNSf = (AT (NT)T 'S S
JEN JEN

Hence f = 3"\ (A7) (A T)T1S(T*) 71 f. Tt follows that
AT = N T(T1S(TH) ™) = A S(T) ™ = A (TF) 1, V) e V.

In the case that T is unitary, we have that T* = T~'. So (T*)™! = T and then
AT = N;T for any j € N. O

Theorem 5.3. Let {A; : j € N} be a g -frame for H and let S be the unique
positive operator in B(H) such that A;S = A for any 7 € N. Let P be an

orthogonal projection in B(H). Then A P = A P for any j € N if and only if
PS =SP.

Proof. =: Since {A;P : j € N'} is a g-frame for PH, by Theorem 5.1, there exists
a unlque p081tlve operator T' € B(PH) such that A;P-T = A P for every j € N.
Since A P = A P, we have

AP-T=AP=AP=NM\SPYjeN.

So (PT)*A; = (SP)*A;, Vj € N. Since {A; : j € N} is a g-frame for H,
span{A;(H ) Jj € N} = H. Tt implies that (PT) (SP)*. Hence PT = SP.
It follows that PT = PSP. Thus PSP = SP. Taking adjoint on both sides, we
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get PSP = PS. Hence PS = SP.
<: Since SP = PS, for any f € PH we have

f= ZA;T\jf.
JEN
So
f=Pf= ZPA;T\jf — ZPA;Kij
JEN JEN
=Y (AP (NS)Pf =) (AP)(A;P)SS.
JEN JEN
So A;P = A;PS=N\,SP=M\,P,VjeN. 0

The following corollary is obvious, we leave the details to readers.

Corollary 5.4. Let {A\; : j € N'} be a g-frame for H. Then {A; : j € N} is a
tight g-frame if and only if A;P = A;P,Vj € N and for all orthogonal projections
P e B(H).

The last result reveals an interesting property about the duals of a g-frame,
i.e., different duals of a g-frame are never similar.

Theorem 5.5. Suppose that {A; : j € N'} is a g-frame and {T; : j € N'} is an
alternate dual g-frame for {A; : j € N'}. If T € B(H) is an invertible operator
such that {T;T : j € N'} is also a dual g-frame of {A; : j € N}, then T = 1. So
different dual g-frames of a given g-frame never similar.

Proof. Since for every f € H, we have

Tf=Y NI Tf=f
JEN
The first equality is based on the fact that {I'; : j € N} is a dual g-frame of

{A; : j € N'}. The second equality is based on the fact that {I';7: j € N} is a
dual g-frame of {A;: j € N}. So T = I. O
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