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ABSTRACT. Let X be a pointed metric space and let E be a Banach space. It
is known that the Lipschitz space Lip(X, E*) is isometrically isomorphic to
(F(X)®&-E)*, the dual of the projective tensor product of the Lipschitz-free
space F(X) and E. Since the injective norm € on F(X)® E is smaller than the
projective norm 7, we study Lipschitz Grothendieck-integral operators which
are exactly those elements in Lip,(X, E*) which correspond to the elements of
(F(X)®:E)*, the dual of the injective tensor product of F(X) and E.

INTRODUCTION

Let X be a pointed metric space with a base point denoted by 0, and let E be
a Banach space over K. The Lipschitz space Lip,(X, E) is the Banach space of
all Lipschitz maps f from X into E that vanish at 0, under the Lipschitz norm
defined by

Lip(f) = sup { Hf(?(;yf;y)n cx,y e X, x# y} :

The elements of Lipy(X, F) are referred as Lipschitz operators. Lipy(X,K) is
known as the Lipschitz dual of X and denoted by X#. The closed linear subspace
of the dual of X# spanned by the point evaluation functionals 6, on X# with
r € X is a predual of X# called the Lipschitz-free space over X and denoted JF(X)
by Godefroy and Kalton in [8]. The Weaver’s book [13] contains a complete study
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of Lipy(X) and its predual F(X) which is called the Arens—Eells space of X and
denoted by A(X) there.

Let E and F' be Banach spaces. As usual, Bg stands for the closed unit ball
of E, E* for the topological dual of £ and kg for the canonical injection from
F into E**. We denote by E®,F the completion of the algebraic tensor product
E ® F in the injective norm defined by

€ <i$z ®yi> = SUP{
i=1 ;

> f)g(y:)

:feBE*,geBF*},

and by E®,F the completion of E ® F in the projective norm defined by

n k k n
. (wa) =mf{z||x;u ol Zw;®y;=zxi®yi}-
i=1 j=1 =1 =1

The space Lip, (X, E*) is isometrically isomorphic to (F(X)®,E)*, via the map

f = T(f) given by

(L(f),0: @ €) = (f(x),€)
for f € Lipy(X,E*) and §, ® e € F(X) ® E (essentially, [10, Theorems 4.1
and 5.8]). Since ¢ < 7w on F(X) ® E, we are interested in determining those
Lipschitz operators f in Lipy(X, £*) which correspond to the elements of the
space (F(X)®.E)*. We will prove that those Lipschitz operators are exactly
Lipschitz Grothendieck-integral operators from X into E*, defined as follows.

Definition 1. Let X be a pointed metric space and let £ be a Banach space.
A Lipschitz operator f € Lipy(X, E) is called a Lipschitz Grothendieck-integral
(G-integral for short) operator if there exist a finite measure space (€, 3, u),
a bounded linear operator A € L(Li(u), E**) and a Lipschitz operator b €
Lipy(X, Loo (1)) such that the following diagram commutes:

K
X / E—2F
bh A
Ioo 1
Loo(pt) Ly ()

where I 1: Loo(pt) = Li(p) is the formal inclusion operator. The triple (A, b, u)
is called a Lipschitz G-integral factorization of f. The Lipschitz G-integral norm
of f is defined by Lip;(f) = inf || A|| Lip(b)(£2), where the infimum is taken over
all Lipschitz G-integral factorizations of f. The set of all Lipschitz G-integral
operators from X to E will be denoted by Lipy.;(X, £). Multiplying A or b by
a constant, we can assume that p is a probability measure.

In 2009, Farmer and Johnson started in [7] the study of Lipschitz p-summing
operators between metric spaces, a nonlinear generalization of p-summing opera-
tors. From then, some Lipschitz versions of different classes of bounded linear op-
erators have been investigated as, for example, Lipschitz (p, r, s)-summing ((g, p)-
mixing, completely (g, p)-mixing) operators by Chavez-Dominguez in [1, 2, 3],
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Lipschitz p-nuclear (p-integral, p-dominated) operators by Chen and Zheng in
[4, 5], Lipschitz strongly p-summing operators by Saadi in [12], and Lipschitz
compact (weakly compact, finite-rank, approximable) operators by Sepulcre, Vi-
llegas and the second-named author in [9].

This paper is devoted to the study of Lipschitz G-integral operators from X
to E and their relationships with other classes of Lipschitz operators as Lipschitz
finite-rank operators, Lipschitz Pietsch-integral operators and Lipschitz nuclear
operators.

Before going to describe the contents of this paper, we recall the following
concepts.

Definition 2. Let X be a pointed metric space and let £ be a Banach space.
For any ¢ € X7 and e € E, let g - e be the map from X to E defined by
(g-e)(z) =g(x)e for all x € X. Let A(X, E) be a linear subspace of Lip,(X, F)
equipped with a norm || - || 4. Consider the following conditions:

(i) Lip(f) <[|f||a for every f € A(X, E).

(i) (A(X, E),||-||la) is a Banach space.

(iii) If g € X* and e € E, then g-e € A(X, E) and ||g - €|]|a < Lip(g)||e]].

(iv) The ideal property: Let Y be a pointed metric space and let F' be a
Banach space. If h € Lipy(Y, X), f € A(X,E) and T € L(E, F), then

Tfhe A(Y,F) and |[Tfh|[a < || T [|f]|, Lip(h).
It is said that (A(X, E),||-||a) is a Banach space (Banach ideal) of Lipschitz
operators if it satisfies the properties (i), (ii) and (iii) (respectively, (ii), (iii) and

(iv).

Section 1 gathers the main properties of Lipschitz finite-rank operators, some
preliminary results about the Lipschitz-free space F(X) and an integral descrip-
tion for the elements of (F(X)®.E)*.

In Section 2, we show that (Lipy, (X, E£), Lips;) is a Banach space and a Ba-
nach ideal of Lipschitz operators. Our main result in Section 2 characterizes
Lipschitz G-integral operators from X to E as those Lipschitz operators f in
Lipy (X, F) whose associate linear functionals I'(kg f) on F(X) ® E* are contin-
uous on F(X)®.E*. Furthermore, Lipg;(f) = [T (kgf)||. We also show that the
space Lo (1) in Definition 1 can be replaced by the space Cy«(Byx#) of all weak*
continuous functions from By# into K.

Let us recall that the Lipschitz transpose operator of a Lipschitz operator
f € Lipy(X, E) is the bounded linear operator ft: E* — X# defined by f!(¢) =
¢o f for all ¢ € E*. Furthermore, |f!| = Lip(f) and f! = Q3 (T})*, where
Qx: X# — F(X)* is the canonical isometric isomorphism and T;: F(X) — E'is
the linearization of f provided by a known result of Weaver [13, Theorem 2.2.4].
We will prove that a Lipschitz operator f € Lip,(X, E) is Lipschitz G-integral
if and only if its Lipschitz transpose operator f* (or its linearization T}) is an
integral linear operator from E* into X# (respectively, from F(X) into E), in
whose case Lipg;(f) coincides with the integral norms of f* and 7.

Section 3 deals with a subclass of Lipschitz G-integral operators from X to F
called Lipschitz Pietsch-integral (P-integral for short) operators which are defined
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if we require to factor the operator f: X — FE rather than kgf in Definition
1. We prove that the set Lipyp;(X, E) of such operators is a Banach space
(respectively, Banach ideal) of Lipschitz operators under the so-called Lipschitz
P-integral norm Lipp;. When E is a dual Banach space, we show that both
spaces Lipgq (X, F) and Lipyp;(X, E) coincide and use this fact to answer the
question which motivated this paper by establishing that a Lipschitz operator f €
Lipy (X, E*) is Lipschitz G-integral if and only if the associate linear functional
I'(f) on F(X)® F is continuous on F(X)®.E. Moreover the mapping f + T'(f)
is an isometric isomorphism from (Lipyg; (X, E*), Lipg;) onto (F(X)®.E)*.

Section 4 is devoted to the set Lip,y (X, E) of Lipschitz nuclear operators from
X to E. We prove that Lipyy (X, E) is a Banach space (respectively, Banach ideal)
of Lipschitz operators with the so-called Lipschitz nuclear norm Lipy. In fact,
every element in Lip,y (X, F) is the Lipy-limit of a sequence of Lipschitz finite-
rank operators from X to E. We also prove that Lip,y (X, E) C Lipyp;(X, E)
and Lipp;(f) < Lipy(f) for all f € Lipyy(X, E). Moreover, the converse in-
clusion and inequality hold when E has the Radon—Nikodym property. Finally,
it is shown that a Lipschitz operator f € Lip,(X, F) is a Lipschitz G-integral
operator if and only if f is the limit in the Lipschitz weak operator topology on
Lipy(X, E) of a Lipy-bounded net of Lipschitz nuclear operators (respectively,
Lipschitz finite-rank operators) from X to E.

1. PRELIMINARIES

Throughout this paper, if X and Y are pointed metric spaces, we will denote by
Lipy(X,Y) the set of all base-point preserving Lipschitz maps from X to Y. If £
and F' are Banach spaces, L(F, F') will stand for the Banach space of all bounded
linear operators from E into F' endowed with the usual norm.

An element f € Lipy(X, E) is said to be a Lipschitz finite-rank operator if the
linear subspace of E generated by f(X), lin(f(X)), is finite dimensional in whose
case the rank of f, denoted by rank(f), is defined as the dimension of lin(f(X)).
We denote by Lipz(X, F) the set of all Lipschitz finite-rank operators from X
into F.

We gather some properties of those Lipschitz operators in the following easy
result.

Proposition 1.1. Let X be a pointed metric space and be E a Banach space.

(i) Lipgp(X, E) is a linear subspace of Lipy(X, F).

(ii) Ifg € X* ande € E, then g-e € Lipyr(X, E) with Lip(g-e) = Lip(g) |le]|.
Moreover, rank(g-e) =1 if g # 0 and e # 0.

(iii) Every element f € Lipyp(X, E) has a representation in the form f =
St gi-e; where n =rank(f), g1,...,9, € X¥ and e1,...,e, € E.

(iv) If f = Y1, g€ as in (i), then f': E* — X% has finite rank and
=31 ke(e)  gie

(v) If Y is a pointed metric space, F' a Banach space, h € Lipy(Y,X),
f € Lipg(X,E) and T € L(E,F), then Tfh € Lipyp(Y, F) and T fh =
>ici(gioh) - T(e;).
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We now recall some properties of the Lipschitz-free space F(X) that will be
needed later.

Theorem 1.2. [13, pp. 39-41],[9] Let X be a pointed metric space and E a
Banach space.

(i) The dual of F(X) is isometrically isomorphic to X#, via the evaluation
map Qx: X# — F(X)* defined by Qx(g)(7) = ~(g) for all g € X#
and v € F(X). Moreover, on bounded subsets of X, the weak* topology
coincides with the topology of pointwise convergence.

(ii) The Dirac map 6x: x +— 0, is an isometric embedding of X into F(X).

(iii) For any f € Lipy(X, E), there is a unique Ty € L(F(X), E) such that
Trodx = f. Furthermore, ||T¢|| = Lip(f) and (T)* = Qx f*.

(iv) The space F(X) agrees with the space of all linear functionals v on X7
such that 7|BX# 18 continuous in the topology of pointwise convergence.

Taking into account the density of the linear span of {d,}.ex in F(X), the
following characterization of the elements of (F(X)®FE)* can be deduced from
the theory of tensor products of Banach spaces (see [11, Section 3.4]).

Theorem 1.3. Let ¢ be a linear functional on F(X)® E. Then ¢ is continuous
on F(X)®.FE if and only if there exist a finite measure space (Q, %, 1), a bounded
linear operator A € L(E, Loo(1t)) and a Lipschitz operator b € Lipy(X, Loo(pt))
such that

(9,6, ® ) — / b(ar) Ale) dp

for all x € X and e € E. Furthermore, the norm of ¢ is given by ||¢| =
inf || Al| Lip(b)u(Q2), where the infimum is taken over all such factorizations of ¢,
and this infimum is attained. Multiplying A or b by a constant, we can assume
that p is a probability measure.

From now on, ®: L., () — Li(p)* will denote the canonical isometric isomor-
phism given by

@05 = [ La®sdi (¢ Lulp), 5 € Lilp).

Note that, for any ¢ € Li(p)* and s € Ly(p), we have

(,5) = (DO (), ) = /ool ))sdy.

2. LipsCcHITZ GROTHENDIECK-INTEGRAL OPERATORS

The question raised in the introduction can be posed to Lipschitz operators taking
values in F instead of E*. Indeed, every Lipschitz operator f € Lipy(X, E) deter-
mines a Lipschitz operator kg f € Lipy(X, E**) which has an associate functional
T(kpf) in (F(X)®,E*)* defined by

(L(kEf), 6. ® ¢) = (ke f(2), ¢) = (¢, [(z)) .
Furthermore, |I'(kgf)|| = Lip(kgf) = Lip(f). Since ¢ < 7 on F(X) ® E*, we
wish to study for which Lipschitz operators f in Lip,(X, E) the linear functional
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I'(kgf) is continuous even with respect to €. Towards this end, we will need the
class Lipyg (X, E) of Lipschitz G-integral operators from X to E, presented in
the introduction.

In light of the next result, we first obtain that (Lipyq; (X, E), Lip;) is a Banach
space and a Banach ideal of Lipschitz operators.

Proposition 2.1. Lipy;; (X, E) is a linear subspace of Lipy(X, E) satisfying the
following properties:

(i) Lip(f) < Lipg;(f) for all f € Lipyg, (X, E).
(ii) Lipg; s a Banach space norm on Lipyq; (X, E).

(iii) If g € X* and e € E, then g-e € Lipyg; (X, E) and Lipg,(g - €) =
Lip(g) [le]l-

(iv) LetY be a pointed metric space and F' a Banach space. If h € Lip,(Y, X),
f € Lipyg;(X,E) and T € L(E,F), then Tfh € Lipye; (Y, F) and

Lipg (T 1) < [T Lipg( £)Lip(h).
Proof. (i) Let f € Lipye;(X, F) and let (A, b, 1) be a Lipschitz G-integral factor-
ization for f. Clearly, kgf € Lipy(X, E**) and Lip(kgf) = Lip(f). Moreover,
Lip(kpf) < ||A|| Lip(b)u(€2) and passing to the infimum yields Lip(f) < Lipg;(f)-

(ii) We first show that Lipyq; (X, E) is a linear subspace of Lipy(X, E). For any
A € K, the triple (AA, b, 1) is a Lipschitz G-integral factorization of Af. Then
Af € Lipyg (X, E) and

Lings(0f) < IAAI Lip®)(@) = [N 4] Lip(().

It follows that Lips;(Af) = 0 = |\ Lipg;(f) if A = 0, and that Lipg;(Af) <
|A| Lipg;(f) if X # 0. Then, for A # 0, we have Lipg;(f) = Lipg;(A'Af) <

[AI™" Lipg; (Af), hence || Lipg; (f) < Lipg;(Af) and so Lipgr(Af) = [A| Lipg; (f).
Let f1, fa € Lipyg (X, E) and € > 0. Fori = 1,2 we can find a probability space

(€4, X, p;), the formal inclusion operator I 1;: Loo(pt;) — L1(4;), a Lipschitz
operator b; € Lipy(X, Loo(pi)) with Lip(b;) = 1/2 and a linear operator A; €
L(L1(p;), E**) such that kg f; factors as

/{Efi - Ai]oo,l,ibi: X b% Loo(//lz) Ioi;,i Ll(ﬂ“z) iﬁ E*

satisfying || A;|| < Lipgs(fi) + /2. We may assume also that Q; N Qy = 0.
Take Q:=Q UQy and X :={S C Q: SNQ; € ;, i = 1,2}. Define the prob-
ability measure p on X by

1(S) = ALl 1 (S N Q) + (| Ao p2(S N Q)
[Ax]l + | A2 '
Define A: Li(pu) — E** and b: X — Lo (u) by
A(s) = Ai(slg,) + A2(s]q,),
b(l’) =h ('T) “Xon T bQ(x) " X2

where xq, is the characteristic function of the subset 2; C 2 for ¢ = 1,2. Clearly,
A is linear and

B < 1A koL, o+ 14ell [ 5l 1,y = 1AL+ 1420 Hsl]
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for all s € Li(u). Hence A € L(L1(u), E) and ||A|| < [|A1|| + ||Az2]]. Moreover,
b € Lipy(X, Loo(1t)) with Lip(b) < 1 because b(0) = 0 and

16() = bWl 1y < N1O1(@) = 01(y)) - Xeull sy + 1(B2(2) = D2(¥)) - Xl
= [1b1(z) = b1Vl 1.y T 11b2(2) = 2l )
< d(z,y) (Lip(b1) + Lip(b2))

= d(z,y)

for all x,y € X. For each x € X, we have

Al 1b(z) = Al (bi(2) - xa, + b2(2) - x0,)
= A (Looa(b1(2) - x0,) + oo (b2(2) - X0,))

=3 (a0 200) + s 0 )

= A1]OO71,161( ) + AQIoo,l,ZbQ(x)
= kpfi(z) + ke fa(x)
= rp(fi+ f2)(2),

and thus kg(fi + f2) = Als1b. Hence fi + fo € Lipyg; (X, E) and

Lipg;(f1 + f2) < [[AI Lip(0)u(2) < [|Ax]| + | A2l < Lipg;(f1) + Lipg(f2) + &

Since € was arbitrary, it follows that Lips;(fi + f2) < Lipg;(f1) + Lipg;(f2).

We have proved above that Lips; is a norm on Lipyq;(X, E). To show that
this norm is complete, it is enough to check that if {f,},en i a sequence in
Lipy; (X, E) such that > °  Lipg;(f,) < oo, then the series Y f,, is convergent
in (Lipyg; (X, E),Lipg;). To prove this, we follow the proof of [6, Theorem 5.2
(@)

By (i), >_.2, Lip(fs) < oo too, and so f = > >, f, exists in Lip,(X, E). We
claim that f € Lipyq; (X, E) and Lipg;(f) < >0 Lipg;(fn). Indeed, let € > 0.
For each n € N we can find a probability space (€2, %,, it,), the formal inclusion
operator Ioo1m: Loo(ttn) — Li(ptn), a Lipschitz operator b, € Lipy(X, Loo(ftn))
with Lip(b,) = 1/2" and a linear operator A, € L(L1(u,), E**) such that kg f,
factors as

HEf" = A"IOOJ,nbn: X b# Loo(;“n) Ioo_,1>,7L Ll(ﬂn) é; E**

with [|A,|| < Lipg;(fa) + /2™ Let (£2,%) be the direct sum measurable space
of the (€2,,3,), that is, Q := U,enQ, and £ :={SCQ: SNQ, € ¥, Vn € N}
where the €),,’s are pairwise disjoint. Define a probability measure p on ¥ by

[ Al

(Sm) = Mm(sm)m

(meN, S, €X,).
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Define A: Li(u) — E** and b: X — Lo.(u) by

= ZAn(Slﬂn)v
n=1
n=1

Clearly, A is linear and, for any s € Li(u), we have

[A(s)]| < Z 1Al || sl 1,y < sl Z [An]l -

Hence A € L(L1(p), E) and A < ST00 [JAL < Do 1L1pGI(fn)—|—5 Moreover,
b € Lipy(X, Loo(1t)) with Lip(b) < 1 because b(0) = 0 and

16Cz) = o)l Ly < Z [[(br () = bn(y)) - Xl Lo

= leb WO L ()

:L'yZLlp ) =d(z,y)

for all x,y € X. For each x € X, we have

Ao b(z) = AL, (Zb )
— A (Z To 1 (bp() - XQn))
= Z A, ( (Z To 1 (bn(z) - XQn>>

m=1

)

and thus kpf = Al 1b. Hence f € Lipy;(X, E) and

Lipg;(f) < [|A]| Lip(b)p(€2) < ZLlpG’I fn) +

By the arbitrariness of e, we infer that L1pGI(f) < > Lipg;(fs) and this
proves our claim.

We now will show that f is the Lipg;-limit of the sequence {d> 7 ; fi}nen-
For each n € N, define t,: Li(p) — E** by t,(s) = > 202, Ax(slg, ). Clearly,
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tn € L(Ly(p), B*) with [[t,|| < D70, 1 [ Akl and so limy, o [|£,]] = 0. Tt is easy

to see that f — >0 | fr = tadooab. Then Lipg;(f — > i, fx) < ||t.| Lip(b) and
therefore lim,, o Lipo; (f — > p_; fx) = 0 as desired.

(iii) Fix a point 2y € X and take Q = {zo}, ¥ = {Q,0} and p: X — R defined
by 1(Q) =1 and p(@) = 0. Then (2, X, ) is a probability space. Clearly, Lo (u)
and L;(u) contain only constant functions.

Let g € X# and e € E. Define A € L(Ly(1), E**) and b € Lipy(X, Loo(11))
by A(t1) = tkg(e) for all ¢ € K and b(x) = g(z)1 for all z € X, where 1 is the
function constantly equal to 1 on . It is clear that

(ke(g-e))(x) = g(x)rp(e) = g(x)A(1) = A(g(2)1) = Alwa(9(2)1) = Alo1b(x)
for all 2 € X. Then g- ¢ € Lipgy(X, B) and Lipg(g - ¢) < || Lip(b) —
|le]| Lip(g). The converse inequality follows from (i) and Proposition 1.1 (ii).
(iv) Since f € Lipyg;(X, E), consider a typical Lipschitz G-integral factoriza-
tion
kpf = ALo1b: X 5 Loo(n) 'S5 Li(p) & E™.
Since kpl = T kg, putting

B=T"A¢c L(L(n), F), ¢ =bh € Lipy(Y, Loo(1t)),
we obtain
C I B
kpTfh = Bl c: Y — Loo(pt) = Li(p) = F*.
Hence T fh € Lipyg; (Y, F') and the inequality Lipg; (T fh) < ||T|| Lipg;(f)Lip(h)
follows readily from

Lipg (T'fh) < || B[ Lip(c)u($2) < [T [|A]l Lip(b)Lip(h)1(€2).
O
We now may answer for the question which opened this section.

Theorem 2.2. A Lipschitz operator f € Lipy(X, E) is a Lipschitz G-integral
operator if and only if its associate linear functional I'(kgf) on F(X) ® E* is
continuous on F(X)R.E*. Furthermore, Lipo;(f) = ||[T'(kef)]-

Proof. Assume that I'(kgf) is a bounded linear functional on F(X)®.E*. By
Theorem 1.3, there exist a finite measure space (2,%, ) and operators B €
L(E*, Loo(pt)) and b € Lipy(X, Loo(pt)) such that

(P f).6:0) = [ Wa)B(o)d
for all z € X and ¢ € E*, with ||I'(kgf)| = || B]| Lip(b)(€2). Define
A= B0 hp g La(p) S Li(p)™ 2 Lo(un) 5 B,
It is clear that A € L(L;(n), E**) and, for any z € X and ¢ € E*, we have
Q Q

= (®(B(9)), Isc1b(x)) = <fm< )(Ise,1b(2)), 2(B(9)))
= <B*¢)*/€L1( 00,1 0( ¢> (Al1b(x), 0) ,
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and thus ;
kpf = Aloib: X 5 Loo(p) = Li(p) 5 E*.
Moreover,
|A|| = sup HB*@*RLl(M)(s)H

SEBLy ()

= sup sup ‘<B*®*KL1(M)(S)>¢>|

SEBL (u) $EBp+

= sup sup [(®(B(¢)),s)|

¢EBE* SGBLl(p,)

= sup [|®(B(¢))]|

PEB =

= sup [|B(¢)| = [IB],

and therefore Lipg, (£) < || 4] Lip(b)(%2) = [T(ru )|
Conversely, assume that f has a Lipschitz G-integral factorization of the form

kpf = ALo1b: X % Loo(p) 'S5 Li(p) & E™.
Take
B= cIrlA*mE*: B B S L) S Le(p).
Clearly, B € L(E*, Loo(pt)) and ||B]| < ||Al|. For x € X and ¢ € E*, we have
{

T(HEf) 0r @ ¢) = (kpf(2),¢) = (hE-(9), ki f(2))
= (kp=(9), Aloo1b(x)) = (A"Kp+(9), loo1b(2)) = (2(B(0)), Ioo1b(x))

= [ reab@a B = [ v B

Hence T'(kgf) is continuous on F(X)®.E* and |]F(mEf)|| HB||Lip( () <
| AJ| Lip(b)1(€2) by Theorem 1.3. The factorization kg f = Al 1b was arbitrary,
so [T(ref)|l < Lipgr(f)- m

The space Lo (p) in Definition 1 can be replaced by the space Cy«(Bx#) of all
weak™ continuous functions from By« into K. Let us recall that a Banach space F'
is injective if, whenever Fj is a subspace of a Banach space E, any T' € L(Ey, F)
has an extension T € L(E, F) with ||T|| = ||T]||. For any finite measure, Lo ()
is an injective Banach space by [6, Theorem 4.14].

Theorem 2.3. A Lipschitz operator f € Lipy(X, E) is a Lipschitz G-integral
operator if and only if there exist a positive regular Borel measure v on the Borel
o-algebra of Bx# with the weak™ topology and an operator A € L(Ly(v), E*)
such that the following diagram commutes:

K
X / E—F . e
ix i
Ji
O’UJ* (BX#) Ll(l/)
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where jy is the canonical map and ix is the natural isometric embedding defined
by ix(x) = (596\3)(#. In this case, Lipg;(f) = inf ||A||v(Bx#), where the infimum
1s taken over all such possible v’s and 2;87 and this infimum is attained.

Proof. Let f € Lipy(X, E) and assume that there exist a positive regular Borel

measure v on the Borel o-algebra of Bx# with the weak™ topology and an operator
A € L(Ly(v), E**) such that

kpf = Ajrix: X 5 Cue(Bxs) 2 Li(v) 5 B
Take the canonical map jo: Cyp(Bx#) — Loo(r) and factor

. . ] Ioo,
J1 = I 1Joct Cur(Bx#) = Leo(v) = Lyi(v).
Denoting b = jooix € Lipy(X, Lo (v)), we have

kpf = AlLoib: X 5 Loo(v) =" Li(v) 3 B™.

Then f € Livygs(X, B) and Ling(f) < | A|Lip(0)v(Bys) < | AlIv(Bye).

Conversely, suppose that f € Lipyg (X, F). Then there are a finite measure
space (2,%, 1) and operators A € L(Li(u), E*) and b € Lipy(X, Leo(2)) such
that

kpf = AlLoab: X 2 Loo(u) 5" Ly(u) 5 B

Let F(X) be the Lipschitz-free space over X. By Theorem 1.2, there exists
Ty, € L(F(X), Loo(p)) such that T,0x = b and ||Tp|| = Lip(b). Moreover, F(X)
is the space of all linear functionals v on X# such that 7| . is weak™ con-
tinuous. Denote by R the linear map v +— ’y|BX# from F(X) into Cy«(Bx#).
Since Loo(p) is injective, there is an operator Ty € L£(Cy(Bx#), Loo(1t)) such
that T,R = T, and ||T3|| = ||T,||. It is known (see [6, 2.9 (d) and 2.4]) that
Ioi: Loo(pt) — Li(p) is 1-summing with 1-summing norm m(lw1) = w(€2),
and so is Ioo1Ty € L(Cu(Bx#), L1 (1)) with 7T1(Ioo7l,fb) < 1 (Iso1)||T3||. Then,

applying [6, Corollary 2.15] to I 175, we may obtain a positive regular Borel mea-
sure v on the Borel o-algebra of By with the weak* topology and an operator
C € L(Ly(v), Li(p)) such that

]oo,lfb = Ojli Cw* (BX#) A Ll(V) E) Ll(,UJ)

and m (11 Ty) = ||C||v(Bx#). Put A = AC € L(L(v), E**). An easy verifica-
tion yields

kpf = Alo1b= Al 1 Tydx = Al TyR6x = ACjRox = Ajyix,
and so we have
kpf = Ejlixz X5 Cw+(Bx#) N Lqi(v) £> E*.
This is a factorization of kg f in the desired form. It follows that
|A][v(Bx#) < [AIC] v(Bx#) = 1Al 71 (1o To)
< [JA|TolIm1(Too1) = [| Al Lip(b) ().
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Passing to the infimum we arrive at ||Al|v(By#) < Lipg; (f). O

Let us recall that a linear operator T: EF — F' between Banach spaces is
an integral operator if there are a finite measure space (€2, %, ;1) and operators
A€ L(Ly(u), F™) and B € L(F, Ly(1)) giving rise to the commutative diagram

T Kp

E F e
B A
[oo,l
Loo(11) Ly ()

The integral norm of T is ||T||, = inf ||A]| |B|| #(€2), where the infimum is ex-
tended over all measures p and operators A and B as above. We denote by
Z(E, F) the Banach space of all linear integral operators from E to F' endowed
with the integral norm. We refer to [6, 11] for a complete study of these operators.
We now obtain some nice characterizations of Lipschitz G-integral operators.

Proposition 2.4. Let f € Lipy(X, FE). The following statements are equivalent:

(i) f € Lipog(X, E).
(ii) fte I(E*,X#).
(iii) Ty € Z(F(X), E).
Furthermore, if f € Lipyq; (X, E), then Lipg;(f) = || f*ll; = IT%ll;-

Proof. (i) = (ii): Assume that f € Lipyg; (X, E) and select a typical factorization
kpf = AlLoab: X 2 Loo(u) 5" Ly(n) S B
Then we have f'kjkg = 0'I% | A*kg+. Now notice that
Kikpe = Idge: B* ™5 B 28 g
and

-1 Ioo, K 1% *
I3y = %, Leoa® 7 La(p)™ 5 Loo(p) = Li() 2 Li()™ = Loo(p)".
Indeed, for any e € E and ¢ € E*, we have

(Kprip-(9),€) = (ke (0), ku(e)) = (kp(e), 9) = (9, €);
and, for any t € Lo (p) and ¢ € Ly(p)*,

<(I)*/€L1(H)[Ooglq)il((p)u t> = <KL1(M)IOOJ(I)71(90)7 CI) > <(I) OO 197 (90>>
- / Loa ()T 1 @ (9)dpt = (2, Lo (1)) = <f§o,1(90),t>-
Put C' = kxs bk, 0 € L(L1(1), (X#)*) and D = &1 A*kp. € L(E*, Loo(p1)).

Then we have the factorlzatlon
ks St = ClorD: B* B Loo(p) ' Li(u) S (X#)™,
Then f' € Z(E*, X#) and
10 < NCIIDN () < (|6 || 1A 1(€2) = [|All Lip(5) ().
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The factorization kg f = Al 1b was arbitrary, so || f*||; < Lipg;(f).

(i) = (i): Assume that f' € Z(E*, X#). Since X# is a dual space, by [0,
Corollary 5.4] there exist a finite measure space (€2, %, ) and a pair of operators
A€ L(Li(p), X#) and B € L(E*, Loo(11)) such that f* = Al 1B. Let dx from
X to F(X) be the Dirac map. Then we have (f*)*0x = B*I%, ;A*0x. Now notice
that (f)*0x = kpf since

((f)0x(x),0) = ((f)(02),6) = (0=, [(¢))
= (0r, 00 f) = (¢, f(2)) = (kef(r),¢)
for every ¢ € E* and x € X. By above-proved, I, | = ®*kp, () loc1 @' Denote

C = B*®*kp,(u) € L(L1(p), E*) and b = &1 A*6x € Lipy(X, Loo(p2)). Then we
have the factorization

kpf=Cloib: X 5 Lo(p) ' Li(n) S B

Hence f € Lipygy(X. E) with Lipg,(f) < [|C]| Lip(b)u(Q) < [|B*[| [ 4°] () =
[AJl| Bl 1(%2). from which Lipg;(f) < inf [A]l | Bl () = £

(ii) < (iii): Taking into account the ideal property of the space of integral linear
operators between Banach spaces and the fact that such an operator is integral if

and only if so is its adjoint operator, our equivalence follows immediately from the
equality f* = Q%' (T})* given in Theorem 1.2. Moreover, |||, = ||@% (T})*

ICT5) My = 1Tl

I

3. LipscHITZ PIETSCH-INTEGRAL OPERATORS

If we wish to factor the Lipschitz operator f € Lip,(X, E) rather than xgf in
Definition 1, we obtain the following subclass of Lipschitz G-integral operators.

Definition 3. Let X be a pointed metric space and let E be a Banach space. A
Lipschitz operator f € Lip,(X, E) is a Lipschitz Pietsch-integral (P-integral for
short) operator if there exist a finite measure space (€2, %, 1), a bounded linear
operator A € L(L1(11), E) and a Lipschitz operator b € Lipy(X, Loo(t)) such that
the following diagram commutes:

bm

00,1

Loo(pt) — Li(p)

A

The triple (A, b, ) is called a Lipschitz P-integral factorization of f. The Lipschitz
P-integral norm of f is defined to be Lipp;(f) = inf ||A|| Lip(b)u(€2), where the
infimum is extended over all Lipschitz P-integral factorizations of f. The set of
all Lipschitz P-integral operators from X to E is denoted by Lipyp;(X, E).

Let us recall that a linear operator T: £ — F between Banach spaces is a
Pietsch integral (P-integral for short) operator if there are a finite measure space
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(Q,%, u) and operators A € L(Ly(p), F) and B € L(E, Loo(pt)) giving rise to the
commutative diagram

T
E

F

B A

00,1

Loo(pt) — La(p)

The P-integral norm of T is |T||p; = inf ||A] || B]| 1(£2), where the infimum is
taken over all such factorizations. We denote by PZ(FE, F') the Banach space of
all P-integral operators from £ to F' endowed with the P-integral norm. We refer
to [6, 11] for a complete study of these operators.

Observe that if E' and F' are Banach spaces and f: F — F'is a linear P-integral
operator, then f is Lipschitz P-integral and Lipp;(f) < || f]|5;-

An analogous result to Theorem 2.3 is stated next for Lipschitz P-integral
operators with a similar proof.

Theorem 3.1. A Lipschitz operator f € Lipy(X, E) is a Lipschitz P-integral
operator if and only if there exist a positive regular Borel measure v on the Borel
o-algebra of Bx# with the weak* topology and an operator A € L(L1(v), E) such
that f admits the following factorization:

¥ f

E

A

ix

Cur (Bxs) 2 Li(v)

Moreover, Lipp;(f) = inf ||A||v(Bx#), where the infimum is taken over all such

possible v’s and A’s, and this infimum is attained.

We can prove that (Lipp; (X, E), Lipp;) is a Banach space and a Banach ideal
of Lipschitz operators with a similar proof to that of Proposition 2.1.

Proposition 3.2. Lip,p;(X, E) is a linear subspace of Lipye;(X, E) having the
following properties:

(i) Lipg(f) < Lipp(f) for all f € Lipyp (X, E).
(ii) Lipp; is a Banach space norm on Lipyp;(X, F).

(iii) If g € X# and e € E, then g-e € Lipyp;(X,E) and Lipp;(g - €) =
Lip(g) [le]-

(iv) LetY be a pointed metric space and F' a Banach space. If h € Lipy(Y, X),
f € Lipyp;(X,E) and T € L(E,F), then Tfh € Lipyp;(Y,F) and
Lipp(T'fh) < ||T|| Lipp,(f)Lip(h).

A case in which Lipschitz G-integral operators are Lipschitz P-integral is the
following.
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Proposition 3.3. If kg(E) is complemented in E** by a projection of norm
one (in particular, if E is a dual Banach space), then every Lipschitz G-integral
operator f: X — E is Lipschitz P-integral and Lipp;(f) = Lipg;(f).

Proof. Let P be a continuous linear projection from E** onto kg(E) with ||P|| =
1. Hence Prp(e) = kg(e) for all e € E. Let f € Lipys;(X, E) and take a
Lipschitz G-integral factorization

kpf = Aloib: X 5 Loo(u) " Li(p) 2 B
Hence kpf = Prpf = PAl1b. Taking C = k' PA € L(L,(11), E), we have the
factorization
F=CLob: X 5 L) 'S Liw S B,
which shows that f € Lipyp;(X, F) and

Lipp,(f) < O] Lip(5)(©2) < 1]l Lip(b)(€2).

Passing to the infimum we obtain that Lipp;(f) < Lipg,(f) and the proof is
complete. H

We now give a version of Proposition 2.4 for Lipschitz P-integral operators.

Proposition 3.4. Let f € Lipy (X, F).

(i) If fe LipOPI(X: E>; then f' e PI(E*,X#) and HftHPI < LipPI(f)'
(ii) [fo € PI(f(X>7E)7 then f € LipOPI(Xv E) and Lipp[(f) < HTf”PI'

We are now ready to answer the question that motivated this paper.

Theorem 3.5. A Lipschitz operator f € Lipy(X, E*) is Lipschitz G-integral
if and only if the associate linear functional T'(f) on F(X) ® E is continu-
ous on F(X)®.E. The mapping f — T(f) is an isometric isomorphism from
(Lip(]GI(X7 E*)lepGl) onto (I(X)®€E)*

Proof. Let f € Lipye; (X, E*). Then f € Lipyp;(X, E*) and Lipp;(f) = Lipg;(f)
by Proposition 3.3. Let f = Al 1b be a factorization of f, where (2,3, u) is a
finite measure space, A € L(L1(n), E*) and b € Lipy(X, Loo(pt)). For all z,y € X
and e € E, we have

(L'(f),0: ®@e) = (f(x),e) = (Al1b(x), €) = (kEp(e), Al 1b(2))
= <(I>((I> '"A*kp(e)), Io1b(x > / O A*kp(e)du.

Hence T'(f) is continuous on F(X)®.E and |T'(f)|| < ||®*A*kp|| Lip(b)u(
| Al| Lip(b)(€2) by Theorem 1.3. Passing to the infimum we arrive at ||T'(f)

|
Lipp,(f) and so [[T(f)]| < Lipg;(f)- R
Conversely, assume that I'(f) is continuous on F(X)®.E. By Theorem 1.3,
there exist a finite measure space (2,3, i) and operators A € L(FE, Lo(1)) and
b € Lipy(X, Loo () such that

(T(f), 0 ®e) :/Qb(x)A(e)du

) <
| <
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for all z € X and e € E, with ||I'(f)|| = ||A|| Lip(b)u(2). Hence
(Fa)e) = O 0 6) = [ M)A = [ TaA@)Tablo)dn

= (®(A(e)), Loo1b(®)) = (KL (To01b()), D(A(€))) = (A" @k, (1) Lo 1b(x) €)

for all z € X and e € K. Putting C = A*®*kp, () € L(L1(1), E*), we have the
factorization b

f=Cloorb: X 5 Loo(p) =" Ly(p) S E*.

This says us that f € Lipyp;(X, E*) and

Lipp;(f) < || Lip(0)u(2) < [|A]| Lip(b)(€2) = [[L()I] -

(f
Then, by Proposition 3.2 (i), f € Lipyg, (X, £*) and Lipg,(f) < [T'(f)]-_
Hence the mapping f +— I'(f) from (Lipyg; (X, E*), Lipg;) to (F(X)®.E)* i
a linear isometry. To prove that it is surjective, take ¢ € (F(X)®.E)*. Clearly,
¢ € (F(X)®,E)* and, by [10, Theorem 4.1], there is f € Lip,(X, E*) such that
['(f) = ¢. This implies that f € Lipyq;(X, £*) by above-proved and the proof is
complete. O

From Theorems 2.2 and 3.5, we deduce immediately the following.

Corollary 3.6. Let f € Lipy(X,E). Then f € Lipyg; (X, E) if and only if
kef € Lipyq (X, E*). Furthermore, Lips;(f) = Lipg;(kef).

4. LIPSCHITZ NUCLEAR OPERATORS

Let us recall that a linear operator between Banach spaces T': I/ — F' is called
nuclear if it has a representation in the form 7' = >~ | f,,-y,, where { f,, }nen and
{yn}nen are bounded sequences in E*, F' respectively such that Y7 | || full lyn| <
00. The nuclear norm of T is

1Ty =it > [ fall llynll
n=1

where the infimum is taken over all such representations of 7. We denote by
N(E, F) the Banach space of all nuclear linear operators from E to F' equipped
with the nuclear norm. We direct the reader to [6, 11] for a study of these
operators.

Next we introduce a Lipschitz version of that class of linear operators.

Definition 4. Let X be a pointed metric space and let E be a Banach space. A
map f € Lipy(X, F) is called a Lipschitz nuclear operator if there exist bounded
sequences { gy }nen in X# and {e, }nen in F such that f =37 g, e, satisfying
> Lip(gn) |len]| < co. The pair ({gn }nens {€n tnen) is called a Lipschitz nuclear
representation of f. The Lipschitz nuclear norm of f is

Lipy(f) = inf > Lip(ga) [lenll

the infimum being taken over all Lipschitz nuclear representations of f. The set
of all Lipschitz nuclear operators from X to F will be denoted by Lip,y (X, E).
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Observe that if £/ and F' are Banach spaces and f: E — F'is a linear nuclear
operator, then f is Lipschitz nuclear and Lipy(f) < || fll -

Chen and Zheng introduced in [5] the spaces of strongly Lipschitz p-nuclear
operators from X to E with the so-called strongly Lipschitz p-nuclear norm sz/pL
with p € [1,00]. It can be checked easily that every strongly Lipschitz 1-nuclear
operator f: X — E is Lipschitz nuclear and Lipy(f) < svf(f). Hence we are
considering here a bigger space of Lipschitz operators under a different norm.

We now show that (Lip,y (X, E), Lipy) is both a Banach space and a Banach

ideal of Lipschitz operators.

Proposition 4.1. Lipgy (X, E) is a linear subspace of Lipy(X, E) having the
following properties:

(i) Lip(f) < Lipy(f) for all f € Lipoy (X, E).
(ii) Lipy is a Banach space norm on Lipyn (X, E).

(iii) If g € X# and e € E, then g-e € Lipyy(X,E) and Lipy(g - ¢) =

Lip(g) [lel]-
(iv) LetY be a pointed metric space and F' a Banach space. If h € Lipy(Y, X),

f € Lipgy(X,E) and T € L(E, F), then T fh € Lipoy (Y, F) and

Lipy (Tfh) < T Lipy (f)Lip(h).

Proof. Let f € Lipgy(X,E) and let f = > g, - e, be a Lipschitz nuclear
representation. Then f(0) = 0 and, for any z,y € X, we have

£ @) = F@I = |D_(gn(x) = gn(®))en]| < d(z,y) > Tip(gn) lleall,

which implies that f € Lip,(X, E) and Lip(f) < > >°, Lip(gn)|len]|. Since
Y nendn - €n Was an arbitrary Lipschitz nuclear representation of f, we infer
that Lip(f) < Lipy(f) and this proves (i).

In order to prove that Lipyy (X, F) is a linear subspace of Lip, (X, E), let A € K.
Since Af = 320, (Aga) - & and 3727, Lib(Aga) llea] = A3, Lib(gy) el we
deduce that Af € Lipyy (X, E) and Lipy(Af) < |A D207, Lip(gn) |len]]- If A =0,
it follows that Lipy(Af) = |A| Lipy(f), and if A # 0, we have Lipy(Af) <
[A| Lipy(f) which gives Lipy(f) < |>\|_1 Lipy(Af) and |[A[Lipy(f) < Lipy(Af).
In any case, Lipy(Af) = |A| Lipy(f)-

Take now k € Lipgy (X, E) and let ) g, - e, be a Lipschitz nuclear repre-
sentation for k. For each n € N, define

v g it n=2k-1, v e if n=2k-1,
In = g, if n=2k. n = e, if n=2k

An easy verification shows that f+k =73 " g ¢ and

> " Lip(g)) llenll = > " Lip(ga) llenll + > Lip(g,) Il -
n=1 n=1 n=1
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Hence f + k € Lipyn (X, E) and

Lipy(f + k) <Y Lip(ga) lleall + > Lip(gy) [le) ||

n=1 n=1

Passing to the infimum we arrive at Lipy(f + k) < Lipy(f) + Lipy (k).

We have just proved that Lip, is a norm on Lip,y (X, F). To show its complete-
ness, let {f,}nen be a sequence in Lipy (X, E) such that >~ >, Lipy(f,) < oo.
Then 2, Lip(f,) < oo too, and so f =", f, exists in Lipy(X, E). We will
show that f € Lip,y(X, E) and Lipy(f) < > 2, Lipy(f,). Let € > 0. For each
n € N choose bounded sequences { g k) tren in X# and {e@ 1) }ren in E such that

Jn= Zzozl 9(nk) * €(n,k) and Zzozl Lip(g(n,k)) H@(n,k)H < Lipy(fn) +€/2". If o is a
bijection from N to N x N, we have

= Z Jn= Z Zg(n,k) CC(nk) = Z Go(m) * €o(m)
n=1 m=1

n=1 k=1
with

Z Lip(ga(m)) Hea(m) || < Z Lle(f”) +ée.
m=1 n=1

So f € Lipyy(X, E) and Lipy(f) < > 2, Lipy(f.). We can apply the same
reasoning to f — >, fix to get Lipy (f — > 0_; fr) < > i1 Lipy(fr) for all
n €N, and so f =", f, in Lipyn (X, E). This completes the proof of (ii).

In order to prove (iii), take g € X# and e € E. Clearly, g - ¢ € Lipyy(X, E)
and Lipy(g - e) < Lip(g) |le||. The reverse inequality is deduced from (i) and
Proposition 1.1 (ii).

Finally, we prove (iv). Let h € Lipy(Y, X), f € Lipyy (X, E) and T € L(E, F).
Let >, cn0n - €n be a Lipschitz nuclear representation for f. A simple computa-
tion shows that T'fh = >~ (gnh) - T'(e,) where {g,h}tnen and {T'(e,)}nen are

bounded sequences in Y# and F, respectively. Moreover,

> Lip(gah) [T (en)ll < Lip(h) 1T Y Lin(gn) llenll < oo.

n=1 n=1

Therefore T'fh € Lipyy (Y, F) and Lipy(Tfh) < Lip(h) ||| >~ Lip(gs) |lexl|-
This ensures that Lipy (7' fh) < ||| Lipy (f)Lip(h). O

Clearly, every Lipschitz finite-rank operator is Lipschitz nuclear. We give the
following converse. Let us recall also that a map f € Lip,(X, E) is Lipschitz

compact if
flx) = fy) .
{ dley) YE b7 y}

is a relatively compact subset of E (see [9, Definition 2.1]).

Proposition 4.2. Every Lipschitz nuclear operator from X to E is the Lipy-limit
of a sequence of Lipschitz finite-rank operators from X to E, and so is Lipschitz
compact.
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Proof. Let f € Lipyy(X,E) and let f = > g, - e, be a Lipschitz nuclear
representation. For each n € N, define s, = >, gx - €. Then {s,}nen is a
sequence in Lipyp(X, E) by Proposition 1.1 and it converges to f in the Lipy-
norm since Lipy (f —sn) < > 5o, 11 Lip(gk) |lex|| for all n € N. Then {s, },en also
converges to f in the Lip-norm by Proposition 4.1 (i), and therefore f is Lipschitz
compact. Indeed, since Lip(s,, — f) = ||Ts, — T|| and T}, is a finite-rank bounded
linear operator from F(X) to E by [9, Theorem 1.2 and Proposition 2.4], it follows
that T is a compact linear operator from F(X) to E and then, by [9, Proposition
2.1], f is Lipschitz compact. O

We now see that the transpose Lipschitz operator of a Lipschitz nuclear oper-
ator is nuclear.

Proposition 4.3. If f € Lipyy(X, E), then f' € N(E*,X#) and ||f!]|y <
Lipy(f)-
Proof. Let f € Lipyy (X, E) and take ) _\ gn - €5, a Lipschitz nuclear represen-

tation for f. Using that the map f ~ f' is a continuous linear operator from
Lip,(X, E) to L(E*, X#), we obtain that

ft = Z(gn . en)t = Z /{E(en) *gn-
n=1 n=1

This implies that f* € A(E*, X#) with |/ < Y2, [Ike(ea) ] Lip(ga) =

2 nt llenl Lip(gn), from which [[f*]|y < Lipy(f). U

The three following results unit the work of Section 3 with the current study.

Proposition 4.4. Fvery Lipschitz nuclear operator f from X to E is Lipschitz
P-integral and Lipp;(f) < Lipy(f).

Proof. Suppose that f =35>, g, - e,, where {g,}nen and {e, }nen are bounded
sequences in X# and E respectively satisfying > | Lip(gn) |len|| < co. Let X be
the Borel o-algebra of Bx# with its weak™ topology and define u: ¥ — E by

/"L(G) = Z Lip(gn>5gn/Lip(gn) (G)€n7

n=1
where ¢, denotes the point mass concentrated at g. It is easy to check that p is
a vector measure with variation norm ||u||, := |p|1(Bx#) < >~ Lip(gs) |lex]|-
Moreover, for all x € X, we have

f@)= [ gle)duto).
By s
Define the bounded linear operator V': Cy«(Bx#) — E by
Vi(h) = / h(g) du(g)-
B4

Since p is of bounded variation, then V' is a P-integral operator of C\,« (Bx#) into
E with |V|| p; = |lpell; by [L1, Proposition 5.28]. Hence V' is a Lipschitz P-integral
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operator with Lipp; (V) < ||V p;- Now, if ix is the natural injection of X into
Cy+(Bx#), we have

Vig(z) = / o) dulg) = f(x)

for all x € X. Then, by Theorem 3.1 and Proposition 3.2 (iv), f € Lipyp;(X, E)
and Lipp;(f) < Lipp; (V) < ||pll; < >0 Lip(gn) |l€n]|. Passing to the infimum
we arrive at Lipp;(f) < Lipy(f). O

A converse of Proposition 4.4 is the following.

Proposition 4.5. Let X be a pointed metric space and E a Banach space. Sup-
pose that E has the Radon—Nikodym property. Then every Lipschitz P-integral
operator f from X to E is Lipschitz nuclear and Lipy(f) < Lipp,(f).

Proof. Let f € Lipyp;(X, E). By Theorem 3.1, there exist a positive regular
Borel measure v on the Borel o-algebra of Bys with the weak™ topology and an
operator A € L(Ly(v), E) with Lipp;(f) = ||A||v(Bx#) such that

Ff=Ajix: X5 Cpe(Bys) D Li(v) 3 F.

Now take the canonical map je: Cy(Bx#) = Loo(v) and factor j; in the form
. . 'oo Ioo,l
J1 = 1so,1)0 - Cw*(BX#) ]_) LOO(U) - Ll(V)'

Put U = Zjoo,ljoo: Cy+(Bx#) — E. Clearly, U is a P-integral operator and
Ul p; < ||A]|v(By#). Since E has the Radon-Nikodym property, then U is a
nuclear operator and ||Ul|y = ||U||p; by [L1, Theorem 5.32]. Hence U is also
Lipschitz nuclear and Lipy(U) < ||[U||y. Since f = Uiy, we conclude that
f € Lipyn(X, E) with Lipy(f) < Lipy(U) by Proposition 4.1 (iv). Moreover,
Lipy(f) < Lipp,(f). N

When E' is a Banach space such that £* has the Radon—Nikodym property, we
can identify the space of Lipschitz nuclear operators from X to E* with the dual
of F(X)®.E.

Corollary 4.6. Let X be a pointed metric space and E a Banach space. Sup-
pose that E* has the Radon—Nikodym property. Then a Lipschitz operator f €
Lipy (X, E*) is a Lipschitz nuclear operator if and only if the associate linear func-
tional T(f) on F(X) ® E is continuous on F(X)®.E. The mapping f — T(f)
is an isometric isomorphism from (Lipyy (X, E*), Lipy) onto (F(X)®.E)*.

Proof. Propositions 4.5 and 3.3 provide that Lipyy (X, E*) = Lipyp;(X, E*

) —
Lipyg; (X, E¥) and Lipy(f) = Lipp,(f) = Lipg(f) for all f € Lipoy(X, E).
Then the corollary follows by applying Theorem 3.5. 0

Our ultimate goal is to characterize Lipschitz G-integral operators as Lipschitz
weak operator limits of Lipy-bounded nets of Lipschitz nuclear operators.
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Definition 5. The Lipschitz weak operator topology (in short, LWOT) on the
space Lip,(X, F) is the locally convex topology induced by the set of linear func-
tionals:

[ {0, f(x)) (pe B, v e X).

We will need two lemmas. First, it is shown that a LWOT-limit of a Lip;-
bounded net of Lipschitz G-integral operators is again Lipschitz G-integral.

Lemma 4.7. If {f,},er is a Lipg;-bounded net of Lipschitz G-integral operators
from X to E which converges in the Lipschitz weak operator topology to a Lipschitz
operator f € Lipy(X, E), then f is Lipschitz G-integral.

Proof. Let I'(kpf) and T'(kgf,) be the continuous functionals on F(X)&,E*
associated to f and f,, respectively. Moreover, since f, € Lipyq;(X, E), then
T'(kpf,) is also continuous on F(X)®.E* with Lipg;(f,) = |T(sgf,)| by Theo-
rem 2.2.

By hypothesis, sup, . Lipg;(f,) < k for some constant k& > 0 and (¢, f,(7))
converges to (¢, f(x)) for all € E* and = € X.

Next we check that I'(kpf) is continuous on F(X)®.E*. Let 31 6, ® ¢; €
F(X)®.E*. Then, given § > 0, there exists a v € I' such that

n

Z (¢, [ (1))

i=1

n

S {6 £ (@)

i=1

< + 0.

This means that

i=1

< +4

<F('L€Ef’y)a Z Oz; ® ¢z>

i=1

< ke (i 5, ® gzﬁi) + 6.

=1

By the arbitrariness of 9, it follows that

=1 =1

Hence I'(kgf) is continuous on F(X)®.E*. Then f € Lipye; (X, E) by Theorem
2.2. 0

Let us recall that a mapping between Banach spaces @): F — F is a quotient
mapping if @ is surjective and || f|| = inf {|le]| : e € E, Q(e) = f} for every f € F.

By [11, Proposition 2.8], if F and F' are Banach spaces, then every element
T € E®, F admits a representation 7' = Yoo @Yy, where {x, }nen and {y, }nen
are bounded sequences in E, F' respectively such that Y ||z,|| || ly.] < oo.
Moreover,

S {z oalllals 3 el ol < 00, T =3, ®yn} |
n=1 n=1 n=1
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the infimum being taken over all the representations of T € E®,F as described
above.

Lemma 4.8. Let X be a pointed metric space and E a Banach space. Let
J: X#@,E — Lipyy (X, E) be the formal identity defined for all pairs of bounded
sequences {gn tnen i X7 and {e,}nen in E such that Y - Lip(gy) |len]| < oo as

n=1 n=1

Then J is a well-defined quotient mapping.

Proof. Let T € X#®,E. We claim that J(T) € Lipyy(X, E) is independent
of the chosen representation as above for T. It is known that (X#®,E)* is
isometrically isomorphic to £(X#, E*), with the duality pairing given by

<S, > g ® en> =D (S(ga). en)

for > g, ®e, € X#®,E and S € LIX* E*). U T =32 g.®e, =
S0 gl @ e, where {g, tnen and {g}, }nen in X# and {e, }nen and {€) }pen in E
are bounded sequences satisfying (>~ Lip(gn) [lenll) O, Lip(g,,) |le,|]) < oo,
then (S,T) = Y>> (S(gn),en) = >.o2, (S(gh),€,) for all S € L(X# E*). In

n=1 n=1

particular, if z € X and ¢ € E*, taking S, 4 in L(X#, E*) defined by

(Swa(9),€) =glx)ole) (g€ X*, e E),

we obtain that > g.(x)d(e,) = > o0, g, (x)¢(e),) for all z € X and ¢ € E*.
From this we deduce that J(T) =>>" g€, = > g - €, which proves the
claim.

Let f € Lipgy(X, E) and let >~ | g,, - €, be a Lipschitz nuclear representation
of f. Take T = 3°°, g, ® e,,. Clearly, T € X#®,FE and J(T) = f. Hence J is
surjective and m(T) < > >, Lip(gy) |len||. It follows that n(T") < Lipy(f), and
S0

inf {7(T): T € X*®.E, J(T) = f} < Lipy(f).

To get the converse inequality, take T € X#®,E such that J(T) = f. Let
Y g, ®el, be an arbitrary representation of T' where {¢/, }nen and {e), },en are
bounded sequences in X# and F respectively such that 7, Lip(g,,)|| [leL |l < oo.
Then > 7 | gl €, is a Lipschitz nuclear representation for f and thus Lipy(f) <
> Lip(g,) |le,,||. Hence Lipy(f) < m(T) and so

Lipy(f) < inf {n(T): T € X#*&,F, J(T) = f}.

We now are ready to obtain the announced result.

Theorem 4.9. A Lipschitz operator f € Lipy(X, E) is a Lipschitz G-integral
operator if and only if f is the limit in the Lipschitz weak operator topology on
Lipy(X, E) of a Lipy-bounded net of Lipschitz nuclear operators from X to E.
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Proof. Assume that f is the LWOT-limit of a Lipy-bounded net of operators in
Lipon (X, E). Then f is the LWOT-limit of a Lip,;-bounded net of operators in
Lipye; (X, E) by Propositions 4.4 and 3.2. Hence f € Lipyg;(X, F) by Lemma
4.7.
Conversely, let f € Lipyg;(X, E). Then the linear functional I'(kg f) defined
on F(X)® E* by
(L(kef) 0. @ ¢) = (¢, f())

is continuous on F(X)®.E*. It is not hard that the map j: F(X) ®. E* —
(X#®,E)*, defined by

<j (Z 0z, ® ¢z’> ,ng ® €k> = ZZQk(%)@(%%

k=1 i=1
is a linear isometry and therefore so is its extension, denoted also by j, to
F(X)®.E*. Then the adjoint map j*: (X#®,E)* — (F(X)®.E*)* is surjec-
tive. Therefore there is a T € (X#®,FE)** such that j*(T) = I'(kgf). Denote by
k4 the canonical injection from X #®. F into its bidual. By Goldstine theorem’s
there exists a net {7, },er in X#®, E such that sup,er 7(T,) < ||T]| < oo and
(ka(T,),v) — (T,v) for all v € (X#®,F)*. Hence (ka(T,),j(u)) — (T,j(u))
for all u € F(X)®.E*. In particular, (k4(T}),j(6. ® ¢)) — (T,5(0, ® ¢)) for all
reXand pe B UT, =37 gk @ eyp, where {g,x}ren and {e, x}ren are
bounded sequences in X#, E respectively such that >, Lip(g,x) |le,x]] < oo,
notice that

(£a(T,), (0. @ 0)) = (§(6: @ 0), T,) = D gr() (e )

= <¢>ngk($)e%k’> = (¢, J(T)(@)) ,

where J: X#®,E — Lipgy (X, E) is the formal identity given in Lemma 4.8, and
also
(T,j(0: ® ¢)) = (J°(T), 60 ® ¢) = (L(kEf), 0 @ &) = (&, f()) .

So (¢, J(Ty)(z)) = (¢, f(x)) for all z € X and ¢ € E*. Since {J(T},)}er is a
Lip y-bounded net in Lipyy (X, F) by Lemma 4.8, the proof is complete. 0

Since Lipyp(X, E) is Lipy-dense in Lipyy (X, E) by Proposition 4.2, we obtain
the next refinement of Theorem 4.9.

Corollary 4.10. A Lipschitz operator f € Lipy(X, E) is a Lipschitz G-integral
operator if and only if f is the limit in the Lipschitz weak operator topology on
Lipy(X, E) of a Lipy-bounded net of Lipschitz finite-rank operators from X to E.
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