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ABSTRACT. Let T': A — B be a surjective operator between two unital
semisimple commutative Banach algebras A and B with 71 = 1. We show that
if T satisfies the peripheral multiplicativity condition o, (T f.Tg) = o.(f.g) for
all f and g in A, where o,(f) shows the peripheral spectrum of f, then T is a
composition operator in modulus on the Silov boundary of A in the sense that
|f(x)] = |Tf(r(x))|, for each f € A and x € 9(A) where 7 : J(A) — I(B) is
a homeomorphism between Silov boundaries of A and B.

1. INTRODUCTION

Assume that A and B are algebras of continuous functions on Hausdorff spaces
X and Y respectively. A map T : A — B is called multiplicatively spectrum-
preserving if spp(T(f).T(g)) = spa(f.g), for all f and g in A, where spa(f)
shows the spectrum of an element f in A. If the spectrums of the elements of the
algebras A and B are bounded subsets of the plane then 7' : A — B is called
peripherally multiplicative if o (T'(f).T(9)) = 0(f.g), for all f and g in A, where
o.(f), the peripheral spectrum of f, is defined by o,(f) = {\ € spa(f) : |N| =
Mazesp(s)|2[}-

In 2002 Molnar [14] proved the following: If X is a first-countable compact
Hausdorff space, A = C(X), the space of all continuous functions on X and
T : A — A a multiplicatively spectrum-preserving surjection, then 7'(1) is a
signum function, i.e., (T(1))? = 1, and there exists a homeomorphism 7 of X onto
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itself such that T'(f)(x) = T(1)(z) f(7(z)) for all x € X and f € C(X). Molnar’s
Theorem motivated new researches about operators between algebras of contin-
uous functions which preserves multiplicatively the norm, range or spectrum of
algebra elements. For example in [5] authors extended Molnar’s Theorem to uni-
tal commutative semisimple Banach algebras. Some other extensions of Molnar’s
Theorem to diverse classes of Banach algebras can be found in [4, 8, 15, 16].

In 2006 Luttman and Tonev showed that it is not necessary that the entire

spectrum be preserved in order to completely determine the structures of function
algebras:
Theorem 1.1. [13] Let A and B be uniform algebras on compact Hausdorff
spaces X and Y respectively. If T : A — B is a surjective operator such that
o (T(f).T(g9)) = ox(f.9), for all f and g in A, then T(1) is a signum func-
tion and there exists a homeomorphism T : ¢(B) — ¢(A) such that T'(f)(z) =
T(1)(z)f(1(x)) for all x € ¢(B) and f € A, where c(A) denotes the Choquet
boundary of A

The proof of the above Theorem depends basically on the fact that the Choquet
boundary ¢(A) of a uniform algebra A consists exactly of strong boundary points
of A. So extensions of the Theorem to unital commutative semisimple Banach
algebras are not always possible. On the other hand, if every point in the maximal
ideal space is a strong boundary point, then positive results exists. For instance,
in [10] it is proven that any unital peripherally multiplicative surjection between
Lipschitz algebras is an algebra isomorphism. Also there is a similar result for
additive peripherally multiplicative surjections between dense subsets of uniform
algebras [18].

In 2007 Lambert, Lutman and Tonev showed that Theorem 1.1 is valid under
a weaker condition o (T(f).T(g)) Nox(f.g) # 0 if, in addition, T preserves the
peaking functions [11]. There are another extensions of Theorem 1.1 which can
be found in [9, 10, 18].

In [6] authors raised a question ” Is any unital peripherally multiplicative surjec-
tion between unital semisimple commutative Banach algebras an isomorphism?”.
In this paper by generalizing some of the results in [13] to Banach function alge-
bras and using the upper semicontinuity of the peripheral spectrum function, we
show that a peripherally multiplicative operator T': A — B between two unital
commutative semisimple Banach algebras A and B is injective. Also we show
that if T is, in addition, unital and surjective then it is a composition operator
in modulus on the Silov boundary of A and induces a homeomorphism between
Silov boundaries of A and B.

2. PRELIMINARIES

Given a compact Hausdorff space X, a function algebra A on X is a subalgebra
of C'(X) which contains the constants and separates the points of X in the sense
that for each x,y € X with x # y there exists a function f € A such that
f(z) # f(y). A Banach function algebra A on X is a function algebra on X
which is a Banach algebra with respect to some norm. If the norm of a Banach
function algebra A on a compact Hausdorff space X is the sup-norm, i. e., if
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| fllx = supzex|f(x)| then A is called a uniform algebra on X. If A is a function
algebra on X, then A, the uniform closure of A, is a uniform algebra on X.

For a Banach function algebra A on a compact Hausdorff space X there exists
a natural embedding of X into M4, the maximal ideal space of A, through the
map J : x — @,, where ¢, is the evaluation homomorphism at z € X. We say
that A is a natural Banach function algebra on X if the map J is also surjective.

If A is a unital commutative semisimple Banach algebra then the Gelfand trans-
fomD: A4 — AC C(Ma); f — f is an algebra isomorphism. So identifying A
with A each unital commutative semisimple Banach algebra A can be considered
as a natural Banach function algebra on its maximal ideal space.

Let A be a function algebra on a compact Hausdorff space X. A function f
in A is a peaking function of A if ||f||x =1 and |f(z)| < 1 for each z € X with
f(z) # 1. For a peaking function f € A, the set P(f) = {z € X : f(z) = 1}
is called the peaking set (or peak set) of f. We denote the set of all peaking
functions of A by F(A). Also for a fixed point z € X the set of all peaking
functions f € A with = € P(f) is denoted by F,(A). For an element f € A, the
maximal set My of f is defined by My = {z € X : |f(x)] = ||fllx}. It is easy
to see that for each f € A, if |f(z)| = || f||x for some x € X then the function
g =301+ ﬁ) is a peaking function with P(g) C M;. A point z € X is a
strong boundary point for A if for every neighborhood V of x there exists an
f € Asuch that ||f||x = f(z) =1 and |f(y)| < 1ify € X\ V. If we consider
%(1 + f) instead of f, we can assume that the function f in the later definition is
a peaking function with z € P(f) C V. A subset E of X is called a boundary for
Aif every f € A assumes its maximum modulus at some point of E. The unique
minimal closed boundary for A, which exists by [17, Theorem 7.4] is called the
Silov boundary for A and is denoted by d(A). It is clear that x € X is in 9(A) if
and only if for each neighborhood V' of x there exists f € A such that M; C V,
or, in other words, there exists a peaking function f in A with P(f) C V.

If A is a commutative Banach algebra then A is a function algebra on My and
we shall refer to the Silov boundary for A as the Silov boundary for A.

The Choquet boundary ¢(A) of a function algebra A on a compact Hausdorff
space X is the set of all z € X for which ¢, is an extreme point of the unit ball
of the dual space of (A, ||.||x), so clearly c(A) = ¢(A). Also it is known that for a
function algebra A, dA is the closure of ¢(A) [1]. If A is a uniform algebra on a
compact Hausdorff space X then it is well known that ¢(A) consists of all strong
boundary points for A [17, Theorem 7.30].

In the following we state Bishop’s Lemma for function algebras. A similar
result is proven in [19]

Lemma 2.1. Let A be a function algebra on a compact Hausdorff space X and
E C X be a peak set for A. For each f € A with f|g # 0 there exists a peaking

function h € F(A) such that P(h) = E and

) |f(2)h(2)] < maxecp|f(x)| for each z € X \ E,
ii) h is a uniform limit of a sequence {hy,} in F(A) with P(h,) = E.
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Proof. Without loss of generality we may assume that || f||g = maz.cg|f(z)| = 1.
As in [12, pag 161], Consider a peaking function g € A with P(g) = E and open
sets U, = {z € X : |f(z)| < 1+ 5=}, each of them containing E. So for each
n € N there exists p, € N such that mazx\y,|¢""| < m Let g, = ¢’ and
set h = )~ %. Since ||gu|[x = 1, the series converges uniformly and hence
h € A. An argument similar to [12, page 161] shows that & is a peaking function
in A with P(h) = E and, moreover, fh attains its maximum modulus exclusively
within £.

To prove (ii) note that each g, is a peaking function in A and P(g,) = E. Set

1
Sn =Y r_y % and o, =D 1, o It is easy to see that h, = a—lnsn is a sequence
in F(A) converging uniformly to h and for each n € N, P(h,) = E. O

3. PERIPHERAL SPECTRUM OF FUNCTION ALGEBRA’S ELEMENTS

In this Section by generalizing some of the results in [13] and using the upper
semicontinuity of the peripheral spectrum function, we show that any peripher-
ally multiplicative operator between two unital commutative semisimple Banach
algebras is injective.

The following Lemma follows from [19, Lemma 2.2] but we state it for the sake
of completness.

Lemma 3.1. Let A be a function algebra on a compact Hausdorff space X and
fyg€ A If||fhllx < |lghllx for all peaking functions h € A, then |f(x)| < |g(z)|
on 0(A).

Proof. For the proof we modify the proof of [I3, Lemma 2]. Suppose on the
contrary that there exists zq € 9(A) such that |g(x)| < |f(x)]. Choose § > 0
such that |g(zo)| < 0 < |f(zo)|, and open neighborhoods V; and V5 of zg in X
such that |g(z)| < d on Vj and |f(z)] > d on V4. Set V = ViNV,. Since xy € 0(A),
there exists h € F(A) such that P(h) C V. By choosing a sufficiently high power
of h we may assume that ||gh||x < . Obviously for each z € P(h) we have

lghllx <6 <[f(2)h(2)] < |l fhllx,
which contradicts the hypothesis. 0

Corollary 3.2. Let A be a function algebra on a compact Hausdorff space X and
fyg€ A If ||fhllx = llghllx for all peaking functions h € A, then |f(z)| = |g(z)|
on 0(A).

In the next Lemma, following the same method as in [2, Theorem 3.4.2] we
show that the peripheral spectrum function f +— o,(f) is upper semicontinuous
on a unital commutative Banach algebra.

Lemma 3.3. Let A be a unital commutative Banach algebra with unit 1. Then
the peripheral spectrum function f v+ o.(f) is upper semicontinuous on A, that
is for every open set U containing o.(f) there exists § > 0 such that ||f —g|| <
implies that 0,(g) C U.
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Proof. We first note that o(f) = {\ € spa(f) : |A| = maz.coppp)|2| = || fllan}
for each f € A. Now suppose on the contrary that there exist sequences {g,}
in A and {«,} in C such that lim, .., g, = f and a,, € 0,(g,) N (C\ U). Since
lan| = [|Gnllaz, and limy, oo [|Gnllaz, = If]laz., the sequence {ay,} is bounded and
consequently it has a limit point a. Without loss of generality we may assume that
{a, } converges to a. Clearly o ¢ U. Now if v ¢ spa(f) then al — f is invertible
and so «a,1 — g, will be invertible for n large enough, which is a contradiction.
Therefore o € spa(f). On the other hand the equation || = || f||az, implies that
a € o,(f) C U which is again a contradiction. O

Remark 3.4. i) Let A be a Banach function algebra on a compact Hausdorff
space X. In [7] it is shown that if A is natural then M(A) = M(A). This clearly
implies that spa(f) = spi(f), for each f € A. Consequently, for a natural Banach
function algebra A on a compact Hausdorff space X, the peripheral spectrums
of an element f € A with respect to both algebras A and A are the same. Note
that for each f € A, o,(f) = Ran,(f), where Ran,(f) is the peripheral range of
f, that is, the set Ran,(f) = f(X)N{z € C:|z| = ||flx} [13, Lemma 1];

ii) If A and B are natural Banach function algebras on compact Hausdorff
spaces X and Y, respectively, and T : A — B is a peripherally multiplicative
operator then ||T'(f)T(g)|ly = ||fgllx for each f,g € A, since o.(f) = Ran.(f)
and T is peripherally multiplicative. Also it is easy to see that if T is unital and
surjective then T'(F(A)) = F(B).

Lemma 3.5. Let A be a natural Banach function algebra on X. Let f,g € A
and {h,} be a sequence in A which converges to an element h in A. If o.(fh,)N

ox(ghy) # 0, for each n € N, then o.(fh) No(gh) # 0

Proof. Suppose on the contrary that o, (fh)No,(gh) = 0. So there exist disjoint
open sets U and V' containing o, (fh) and o,(gh), respectively. Upper semicon-
tinuity of the peripheral spectrum function shows that there exists N € N such
that o (fh,) C U and o,(ghy,) CV, for each n > N. But this contradicts to the
fact that o, (fh,) N o (gh,) # 0. O

Using the above Lemma we can modify the proof of [13, Lemma 3] and get the
following result:

Lemma 3.6. Let A be a natural Banach function algebra on a compact Hausdorff
space X and f,g € A. If o.(fh) = ox(gh) for all peaking functions h € A, then
f=gonX.

Proof. Obviously ||fh||x = ||gh||x for all peaking functions h € A. So by corollary
3.2 we have |f(x)| = |g(z)|, for each z € O(A). Let zy € d(A). If f(zo) =0 then
clearly f(zo) = g(zo). Otherwise choose a neighborhood V; of z( such that f # 0
on Vj. For an arbitrary neighborhood V' of xy there exists a function k € F(A)
such that P(k) € VNV;. By Lemma 2.1 we can find a function h € F(A) with the
same peaking set as k, so that fh attains its maximum modulus exclusively within
P(h) and h is a uniform limit of a sequence {h, } of peaking functions in A with
P(h,) = P(k), for each n € N. In fact we can choose h € F(A) such that both

functions fh and gh attain their maximum modulus exclusively within P(h). By
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hypothesis o, (fh,) = 0.(ghy) for each n € N. This implies, by Lemma 3.5, that
o.(fh) No(gh) # 0. Let z € o.(fh) Nox(gh). Then |z| = || fh||x = |lgh|x and
there exists x1,x2 € X such that z = fh(zy) = gh(zs). Obviously 1, xs € P(h),
by the choice of h, and therefore f(z1) = g(x2). Since each neighborhood of z
contains points z1 and x5 such that f(x;) = g(z2), we have f(x¢) = g(zo) by the
continuity of f and g. So f = g on 9(A) and Consequently f =g on X. O

Using Lemma 3.6 and an argument similar to [13, Proposition 1], we get the
following corollary:

Corollary 3.7. Let A and B be natural Banach function algebras on compact
Hausdorff spaces X and Y, respectively. Then every peripherally multiplicative
operator T : A — B is injective.

4. MAIN RESULTS

Let A be a Banach function algebra on a compact Hausdorff space X. Consider
the collection €2 of subsets of X which are nonempty intersection of peak sets for
A and order ) by inclusion.

Definition 4.1. [3, Definition 4.1] A member of 2 which is minimal with respect
to the ordering is called a minimal set for A on X. The collection of all minimal
sets on X is denoted by X .

Obviously X x is a collection of pairwise disjoint closed subsets of X. If Q) € ¥
then every peak set either contains () or is disjoint from it. So clearly for each
x € QQ we have ) = ﬂfefz(A) P(f). Since X is compact and every member of ¥ x
is closed, it follows from finite intersection property and Zorn’s Lemma that every
peak set contains a minimal set and consequently every maximal set contains a
minimal set. A trivial minimal set is a minimal set which contains only one point.
A point z € X is a strong boundary point for A if and only if {z} is a trivial
minimal set. Each minimal set in a uniform algebra is trivial but [3, example 4.3]
shows that non-trivial minimal sets exist.

Definition 4.2. Let {Q,},c; be a net in Xy. we say:

i) z € X is a limit point of {Q,},er or {@,},er converges to x if for each
neighborhood U of x there exists v € I such that ), € U whenever
w > .

ii) z € X is an accumulation point of {Q,},c; or {Q,},e; accumulates at
if there exists a subnet {Qq4}acs of {Q,}er and a net {x,}acs such that
for each a € J, z, € Q, and {z,}aecs converges to x.

We denote the set of all accumulation points of anet {Q, },er in Xx by Etg,y,.,-
It is easy to see that a net {Q,},e; converges to an element z € X if and only if

EQyer = 2}
Lemma 4.3. For each x € O(A) there exists a net in Xx converging to x. Also

if x 1is not a strong boundary point for A then we can choose the mentioned net
such that it consists of infinitely many elements of x.
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Proof. 1f = is a strong boundary point then the singleton {z} itself is a minimal
set. Otherwise there exists an open neighborhood U of x such that for each

feF(A)if P(f) CU then = ¢ P(f). Consider the set
I ={v:vis an open neighbourhood ofx contained in U}.

Obviously [ is a directed set with respect to the inverse inclusion. Since x € 9(A),
each neighborhood of x contains a peak set and consequently contains a minimal
set. So for each v € [ there exists a ), € Xy with Q, C v. Clearly {Q,}.es
converges to x. Let A = {Q, : v € I}. If A is a finite set then v/ = U \ |J,; @
belongs to I and @, ¢ A, which is a contradiction. O

Remark 4.4. (i) Let x € 0(A) and {Q, },r be a net converging to x which consists
of finitely many elements in ¥ x. By Definition 4.2 one can see that there exists
v € I such that Q, = @, whenever w > v and @, = {z}. So we conclude
that = € J(A) is strong boundary point for A if and only if there exists a net
converging to x which consists of finitely many elements in X x.

(ii) Let {Q,},er be an arbitrary net in ¥ y. Since for each v € I the minimal
set ), intersects ¢(A) = c¢(A) and 9(A) is a compact subset of X containing c(A),
50 Fg,3,, NO(A) is a nonempty subset of X. Note that if {Q,},c; consists of
finitely many elements in >y then

Egye, = U{Qy : there exists a subnet {Qu}wes of {Qu}ver such that Q. =
Q, for each w € J}.

Our main result is the following:

Theorem 4.5. Let A and B be natural Banach function algebras on compact
Hausdorff spaces X and 'Y respectively, and T : A — B be a unital peripherally
multiplicative surjection. Then there exists a homeomorphism 7 : 0(A) — O0(B)

such that | f(x)| = |Tf(7(z))| for each f € A and x € O(A).

Proof. The proof of the Theorem is divided into the following steps. The proofs
of stepl and step2 is omitted since they are similar to the proofs of [8, Lemma
3.7], [8, Lemma 3.10] and [8, Lemma 3.9].

stepl. If z is an element of a minimal set for A on X then (¢ 4 P(T'f) is
a minimal set for B on Y.

step2. Let ¢ : ¥x — Xy be the function defined by ¢(Q) = (\;cx, 4y P(Tf)
where x is an arbitrary element of ). Then 1) is a bijection and || f||o = [|T'f|lw(@)
holds for all @ € Xx and f € A, where ||f||g is the sup-norm of f on @ as a
compact subset of X.

step3. Let zg € 9(A) and {Q, },e; be a net in Xy converging to zg. Suppose
Yo € Ery)ye, and k € B. Then for each r > 0, |k(yo)| > r implies that
T (k) ()] > 7.

Choose " > 0 such that |k(yo)| > r’ > r and a neighborhood V' of y; in Y
such that |k(y)| > 7" on V. By Definition 4.2 there exists a subnet {¢(Qs)}ses
of {¥(Q.)}ver and a net {ys}ses such that for each g € J, yg € ¥(Qp), and
{ys} ses converges to yo. So we can find o € J such that yz € V whenever 3 > a.
By step2 for each § > o we have |T7'(k)|lq, = |klly@s > |k(ys)| > 7. Since
the net {Qgs}ger converges to zo we have |T1(k)(zo)| > 1" > r
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stepd. Let zg € 9(A) and {Q,},er be a net in ¥x converging to xy. Sup-
pose Yo € Erpu)yer NOB. If {Pa}acr is a net in Xy converging to yo then
Efy=1(Pa)aer = {%0}-

By Remark 4.4, Ery-1(p,)y,.r NO(A) is a nonempty subset of X. Now suppose
that there exists 2’ € Ey-1(p,)}..p such that 2’ # xy. since A is a function
algebra on X, there exists an f € A such that f(2’) = 1 and f(z) = 0. Fix two
positive real numbers r and 7’ such that 0 < r < r’ < 1. There exists an open
neighborhood V' of 2’ such that |f(x)] > " > r on V and zy € X \ V. Since
2" € Egy—1(p,)}.cr, there exists a subnet {1 (P3)}ges of {¢0 7' (Pa)}aer and a net
{73} pes in X such that xj; € Y1 (Pg) for each 8 € J and {73} pes converges to
7. So we can find v € J such that xj; € V whenever § € J and 8 > ~. Therefore
for each 8 € J with 3 > v we have ||Tf|p, = [[flly-1py = |f(zp)] > 1" > 1.
Note that {Ps}ses is a subnet of {P,}aer and so converges to yy. Therefore
T f(yo)] = 7' > r. On the other hand yy € Ey@Q,)},, S0 by previous step
|T-HTf)(xo)] = |f(xo)| > r which is a contradiction since f(zo) = 0 . Hence
T =x .

Note that if yo is a strong boundary point for B then we can choose {P, }aer
such that P, = {yo} for each o € I" so by Remark 4.4 we have E{y-1(p,)}.cr =
Y ' {yo}) = {xo}. This shows that, in this case, z is in fact a strong boundary
point for A.

step5. Let zp € 0(A) and {Q,},er be a net in ¥x converging to zo. Then
the set Fy0,)}.., 15 a singleton that belongs to d(B). Furtheremore if g is
a strong boundary point for A then ¥ ({zo}) is a singletone which consists of a
strong boundary point for B.

By Remark 4.4 Ery,),e; N OB # 0. Let yo € Efy@,)1,e, N OB. Suppose on
the contrary that there exists y1 € Ey(,)1,, such that y; # 3. Since B is a
function algebra, we can find k£ € B such that k(yy) = 0 and k(y;) = 1. For
each £ > 0 consider a neighbourhood V' of y, such that |k(y)| < ¢ on V. Now
by Lemma 4.3 there exists a net {P, },cs in Xy converging to yo. So we can find
o € J such that for each § € J if 3 > o then || T~ (k)| y-1(p,) = ||k]|p, < e. By
the previous step Egy-1(p1.c, = {%o} so [T (k)(zo)| < e. On the othere hand
1 = |k(y1)| > r, for some 1 > r > e. So by step3, |T~(k)(zo)| > r > ¢ which is
a contradiction.

Now suppose that xq is a strong boundary point for A. We can choose {Q, },e;
such that @, = {xo} for each v € I. So by Remark 4.4 Ery0,)1,., = Y({70})
and since the minimal set ¢ ({zo}) is a singleton, by the first part of the proof,
so it consists of a strong boundary point for B.

step6. Let x € 0A. If {Q,},er and {Q,},c; are two different nets converging
to z then Ery@)}ver = Ew@)hes

Let Ety@utve; = W0} and Ey@i)y,e, = {y1}. Suppose on the contrary that
yo # y1. Consider the function k € B such that k(yg) = 0 and k(y;) = 1. Fix
e > 0. There exists o € I such that [|T7'(k)||q, = ||k|ly(q,) < & Whenever § € I
and 3 > «. Therefore |T7!(k)(z)| < €, since {Q, },er converges to x. On the
other hand step3 shows that |T71(k)(x)| > ¢, since 1 = |k(y1)| > &, which is a
contradiction.
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step7. Let 7 : 9(A) — O(B) be the function defined by {7(x)} = E@.)1ve;
where {@Q, },¢; is an arbitrary net in Xx converging to x. Then 7 is a homeomor-

phism and for each f € A and x € J(A)

[f (@) = [Tf(7(z))]. (4.1)

It is easy to see that equation (4.1) is valid for each f € A and =z € 0(A),
by step 2 and definition of the function 7. Now let x1, 25 € 0(A) and 7(z1) =
T(z3). Clearly T'f(r(x1)) = Tf(r(x2)) for each f € A. So by equation (4.1),
|f(z1)| = |f(z2)| and consequently z; = x5 since A is a function algebra. So 7
is injective. To prove the surjectivity of 7 we first note that T is bijective and
since the peripheral multiplicativity property is symmetric with respect to f and
T(f), it holds also for the inverse operator T~!. On the other hand step2 shows
that 1 is a bijection. Let y € 9(B) and {P,},c; be a net in Xy converging to
y. Considering the peripheral multiplicative operator T-! : B — A and the
bijection ¢! : ¥y — Xx, according to step?, Ey-1(p,)y,e; consists of just
one element, say x, in 9(A). Obviously {¢)"*(P,)},er converges to x and so
{7(®)} = Ewr1p))ver = Eipyer = {y} that is 7 is surjective.

Now let € 0(A) and {z4}aecr be a net in J(A) converging to z. Since 9(B)
is compact, we can assume that {7(z,)}acs converges to an element y in J(B).
If 7(x) # y then we can consider a function f € A such that Tf(7(x)) = 1 and
Tf(y) = 0. According to equation (4.1), |f(z)] = 1. Let r > 0. Since {x4}aer
converges to x, there exists a € I such that |f(z3)| > r whenever § > «. Using
equation (4.1) once more we conclude that |7 f(7(zg))| > r for each § > a. On the
other hand {7(z,) }aer converges to y and 7' f is continuous, so |7 f(y)| > r which
is a contradiction. Consequently 7 is continuous. If we consider 77! : B — A
and the corresponding mapping 771 : 9(B) — 9(A), the same argument shows
that 77! is also continuous, that is, 7 is a homeomorphism. O

Remark 4.6. (i) Note that if x € X is a strong boundary point for A then 7(z) € Y
is a strong boundary point for B. Consequently if f € F,(A) then T'f € F,)(B)
since {7(2)} = ¥({x}) = Nyer, ) L(TT).

(i) Suppose that f € A is invertible. By equation (4.1) we have

T(f (@) =1 @) = 1/[f(@)] = 1/|ITf(r(2)]
Consequently |T(f~")(y).Tf(y)] = 1 on 7(9(A)) = 9(B). On the other hand

o (T(fH.Tf) = o.(f1.f) = {1}. So T(f")(y).Tf(y) = 1 on 9(B) which
clearly implies that T'f is invertible and T'(f~1) = (T'f)~".
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