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ABSTRACT. In this study, the structure of fractional spaces generated by the

two-dimensional neutron transport operator A defined by formula Au = w; %—i—

WQ%Z is investigated. The positivity of A4 in C (R?) and L, (R?), 1 < p <
00, is established. It is established that, for any 0 < o < 1 and 1 < p <
00, the norms of spaces Eq , (Lp (R?), A) and E, (C (R?), A), W2 (R?) and
ce (R2) are equivalent, respectively. The positivity of the neutron transport
operator in Holder space C'® (RQ) and Slobodeckij space W (RQ) is proved.
In applications, theorems on the stability of Cauchy problem for the neutron
transport equation in Holder and Slobodeckij spaces are provided.

1. INTRODUCTION

The neutron transport theory has a critical importance in nuclear engineering.
It plays an important role in the design and safety of nuclear power stations. The
most important equation in neutron transport theory is the neutron transport
equation. We use the neutron transport equation in many physical applications,
such as neutron transport, radiative transfer high frequency waves in heteroge-
neous, and random media and in many application of nuclear physics. The neu-
tron transport equation describes the distribution of neutrons in terms of their
positions in space and time, their energies, and their travel directions [12, 13, 14].
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THE STRUCTURE OF FRACTIONAL SPACES 141

It is well-known that the study of the various properties of partial differential
equations is based on the positivity property of the differential operator in a Ba-
nach space. The positivity of a wider class of differential and difference operators
in Banach spaces has been studied by many researchers [16, 1, 17, 3, 9, 8 15, 10,
11, 19, 18, 6).

An operator A, densely defined in a Banach space E with the domain D(A), is
called positive in E| if its spectrum o4 lies in the interior of the sector of angle ¢,
0 < ¢ < 7, symmetric with respect to the real axis, and moreover on the edges
of this sector Sy (¢) = {pe™? : 0 < p < oo } and Sy (¢) = {pe @ : 0 < p < oo},
and outside of the sector the resolvent (Al — A)~" is subject to the bound [(]

M

—1
IA=ADT s < Ty

Throughout the present paper, M denotes positive constants, which may dif-
fer in time and thus is not a subject of precision. However, we will use the
notationM (v, wy, wa,...) to stress the fact that the constant depends only on
Q, Wy, W, .. ..

The infimum of all such angles ¢ is called the spectral angle of the positive
operator A and is denoted by p(A) = ¢(A, E). The operator A is said to be
strongly positive in a Banach space E, if p(A, E) < 7.

The structure of fractional spaces generated by positive differential and dif-
ference operators and its applications to partial differential equations have been
investigated by many researchers [5, 7]. Finally, a survey of results in fractional
spaces generated by positive operators and their applications to partial differen-
tial equations are given in [2].

Nevertheless, the structure of fractional spaces generated by transport opera-
tors and its applications to partial differential equations have not been investi-
gated sufficiently. In the present paper, the structure of fractional spaces gener-
ated by the two-dimensional neutron transport operator is studied. The positivity
of the neutron transport operator in Holder space C® (R?) and Slobodeckij space
Wy (R?),1 < p < oo, is proved. In applications, new theorems on the stability
of Cauchy problem for the neutron transport equation in Holder and Slobodeckij
spaces are provided. Finally, some of these statements are formulated in [4] with-
out proof.

2. NEUTRON TRANSPORT OPERATOR
We consider the resolvent equation
M (z,y,0) — Au(z,y,0) = f (2,y,0), (z,y) € R? (2.1)
for the two-dimensional transport operator A defined by formula

, 0 0
Au (z,y,w) = wla—z - wga—Z, (z,y) € R%

Here, the coefficients w; and w, are cosines of direction of neutrons on Oz and
Oy. Denote w = (wy,ws), where wy and wy are constants. Then, for the solution
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of (2.1) the following formula holds:
()\I o A)il f (*Ta Y, C‘D)

(2.2)
:\/mof Mf(x+\/wls Q,y—i-\/:?iw%,w)ds.
Denote
B = —A.
Then, using formula (2.2), we get
(M +B)™" f (,y,0)
(2.3)

_ [e Vwﬁwa ($+ — 2,y V:]ing,w) ds.
1 2

“-’1 +w2 0 \/

3. THE FRACTIONAL SPACE E, (C (R?), B).

Recall that the space C' (R?) of all continuous functions f (x,y,w) on (z,y) € R?
defined by the norm (see [2]),

Hf”C(RQ) = Sup |f($,y,@)’ :

(z,y)€R?

Theorem 3.1. For all A > 0, the resolvent (A + B) ™" satisfies the following

estimate:
1

1HC(R2)—>C(R2) S (3.1)

|(AM+ B)~

Proof. Using formula (2.3) and triangle inequality, we obtain

(M +B)™" f(z,y,0)]

_ As
/w2 2
e w1+w2 f

< 1 / n w1s n Wo 8 g
B 4y Y W
Vw? + w? ) Vw? + w? Vw? + w3

1
< HfHC(RQ) X

for any (z,y) € R* and A > 0. Then, we have

||(A]+ B f”c RQ) = )\ ||f||C(]R2

for any A > 0. From that it follows (3.1). This completes the proof of Theorem
3.1. O

Let us study the structure of the fractional space E, (C' (R?),B), 0 < a < 1, of
all functions f (z,y,w) defined on R? for which the following norm is finite; see

2].
||f||Ea(C(R2),B) = HfHC(IR{Q) + sup ‘)\QB (AL + B)_l f (‘ruya('D)‘ . (32)

(z,y)ER2, AeRT
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Recall that the Holder space C* (R?), 0 < a < 1, consists of all continuous
functions f (z,y,w) defined on R? for which the following norm is finite (see [6,

page 15] )

’f<m’y’“) ( \/:iw e )‘ (3.3)
||f||ca(R2) = Hch(RQ) + : '

sup
(z,y)ER2,s€R+

Applying the definition of E, (C (R?), B), we get the following estimate

|(AL+ B)~ < ||(AM+ B)~

H Ea(C(R2),B)— Eu(C(R?),B) HC’ R2)—C(R?) °
From (3.2) and Theorem 3.1 it follows the following theorem.
Theorem 3.2. Let 0 < o < 1. Then, B is a positive operator in E, (C (R?), B).

Moreover, B is a positive operator in Holder space C® (R?). The proof of this
statement is based on the following theorem.

Theorem 3.3. Let 0 < a < 1. Then, the spaces E, (C (R?), B) and C*(R?)
coincide and their respective norms are equivalent.

Proof. Let us prove that
IA*B (M + B)™" [ (z,y,0)] < My (o, w1,w2) | Fll a2y
for (z,y) € R* and A > 0. For any A > 0, we have the equality
B+ B) f(2,y,0) = X[+ f (2,y,0) = (M + B) ™" f (2,y,0)] .

Applying formulas (2.3) and

2 \/w2+w2
2 2
/e wiFws lS 1)\ 2,

we get

ANB(X 4+ B)™' f(z,y,0)

>\1+a %

/8 e
s ) S
wl + w 9
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Using formula (3.4) and the triangle inequality, we obtain

4)
IN*B (M +B)™ f (z,y,0)]

14a 3 ——As f (l’, Y, d}) - f (33 + AL — w)
< / e Vo Vet T Veed )|,
Vwi + ws s
0
)\1+a
S s Vs | fl o) -
w? + w2
Let
1+a As
R / Ve g,
wl + w2
Then,
’AO(B (AI + B)_l f ({L‘,y,(;})‘ S J ||f||CO‘(R2) :
Now, let us estimate J.
sol S22\
Performing the change of variables A28+ ~ =T or 5" = w, we get
wyTwW;
J =2 T( w%ng) e VU g
\/wf—i-w% 0 A A
= (x/w% +w§>a [ ¥ Tdr = <\/w% +w§>af (14 ) = M; (a, wy,wo).
0
Thus, for any A > 0 and (z,y) € R? we establish the inequality
|)‘aB ()\[ + B)_l f (SC,y,(.D)‘ < Ml (057("')17(“)2> Hf”CO‘(R2) :
Here, M, (o, w1, ws) = (x/wf + w%)a I'l+a).
This means that
E, (C(R*),B) c C* (R?). (3.5)

Let us prove the reverse inclusion. We consider two cases wy; # 0 and ws # 0,
_wis

separately. Let wy # 0. Then, using identity (2.3) and putting x+ —2>— ot = [, we
w3

obtain

B g
AT+ B) ) = [ e

u—z w ,
M (u,y + 22 () ,w) di. (3.6)

Moreover, let wy # 0. Then, using the identity (2.3) and putting

+ 225 _ — . we get
y UJ%-"-UJ% Y g

Or+ B o) = o [R5 (04 20006

2 2
Y

For any positive operator B, we have that
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[ O1+ B2 @y o) dr = B (0,0).
0
Then, we can write
fand) = [ BOT+ B f (.0
0

where the notation (Al + B)™ means the square of the inverse of (A + B).
Let wy # 0. Then, from this relation, formulas (3.3) and (3.6) imply that

@ y,w) = f(z+wip,y+ wp,w) (3.7)

0o TtHwip
1 _j\u=
=—/ / e A‘*’lB(M+B)_1f(/%?JnLg(u—ﬂf),w)alucM
w1
0

xT
o0 o0
1 R 4 _ o wip
+ | — (e’\W1—e’\w1>
Wi

0 x+twip

xB(M +B)"" f (u,y+ %(u—az) ,w> d,ud)\} .
1

S

= . Usi he triangle i li finiti f f
Here, p ot Using the triangle inequality and definition of norm o
spaces E, (C (R?), B), we obtain

|f($,y,(;}) - f(.’L’ +W1Pay+w2pa@)|

00 T+w1p
1 —q —Ak=z
< o A% e dpdM (|l g, om2). By
0 T
1 o0 oo . e _ yH—T—wip
+ o~ A M —e vl dpd || fll g, o2y, By
0 z4wip
= (1 + L) 1 fll g cme).B)
where
] 00 T+w1p
Ji=— / AN dpud)
%1

0 T
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ST

0 z4wip
Now, let us estimate J; and J,, separately. First, let us estimate .J;.

and

/,sz

7“’1 _e

00 THwip o)

1 o —Ak=E 1—e?
T 0
The change of variable \p = 7 yields, J; = ﬁ =p~ [ 17 —dr.
0 0

Applying the inequality e > 1 — 7 we obtain

/l_er < 1
— dr < —
Totl T a(l—-a)
0

Actually,

oo

0o 1
1—eT 1 1 1
d < *Oéd 7a71d - — = .
/ Fa+l T—/T T+/T T a+1—a a(l—a)
0

0 1
It follows that

théfatga- (3.8)

Now, let us estimate Js.

00 o
/ / e NE (e — 1) dud)\:/l)\a—eHdA.

0 z+wip 0

Thus, we have that Aa N o e 2N < pe ( ok Therefore,
0

1
Sl —
S p a(l—a)

Finally, by combining estimates (3.8) and (3.9), we obtain

(3.9)

} 2
|f (z,y,0) = f (7 +wip,y +wap,w)| < p* m 1| £y m)
for any (z,y) € R? and A > 0. Thus, for any (z,y) € R?, we get the inequality

-\ w18 wa s
Flona) -1 (o4 s o))
sup

(z,y)€R2,s€Rt 5%

> (Virrad)

= a(l—a)

Hf”Ea(C(RQ),B) = My (o, w1, wa) ||f||Ea(C(]R2),B) :
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2( /w2 +w? -
Here, M; (a,wy,ws) = %

Hence, we have proved that C*(R?) C E, (C (R?),B). Also for wy # 0 the

inequality can be proved analogously. Thus, we prove (3.5). This completes the
proof of Theorem 3.3. O

Theorem 3.4. The operator B is a positive operator in C*(R?), 0 < a < 1,
and the following estimate, for A > 0, holds:

M3 (Oé, Wi, Cdg)

”(M +B) HCa (R2)—C(R2) < o\

Proof. Actually, applying Theorem 3.3, we can write

|| (M + B)~ Hca (R2)—>Ce (R2) < Ms (o, wi, wy H (M +B)" HEQ—>EQ
Then, from estimate 3 it follows
I+ B) oy soqrny < Ms (@ wn,w2) [|(A 4 B)™ ey uey

Finally, using this estimate and Theorem 3.1, we complete the proof of Theorem
3.4. O

4. THE FRACTIONAL SPACE F,, (L, (R?), B).

Recall that the space L, (R?), 1 < p < oo, of all Lebesgue measurable functions
f (z,y,w) defined on R? for which the following norm is finite; see [2].

1z, 2y = (( [ f(@yw )|pdxdy>
zy

P

1Y) ER?

Theorem 4.1. For all A >0 and 1 < p < 0o, the resolvent (A + B’)_1 satisfies
the following estimate:

|(\ + B)~

IN

1
HLF (R2)=L,(R2) = X (4.1)

Proof. Using formula (2.3) and the Minkowski’s inequality for the integral, we
obtain

M +B)" f (9,0, @
| f( Y15 g —as ,w) pdxdy ’ ds.
(z,y)ER2 \/‘*’1+W§ \/“-’1+ %

Making the change of variables © =z + Joira and y =y+ \/T we have
Wi TwW; Wi TwW3

H()‘I + B)_l f (xv Y, w)HLP(RQ)

3 =

1 ]O Ve / 1
S —=—= [ e V1'ds f@y,w)ldedy | =1Flp,@ 1
\/m ’ ( )‘ H HLp(R))\

(z,y)ER?
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for any A > 0. From that it follows (4.1). This completes the proof of Theorem
4.1. O]

In this section, we study the structure of the fractional space E,, (L, (R?), B),
0<a<land1<p< oo, ofall functions f (z,y,w) defined on R? for which the
following norm is finite; see [2].

iy m = | [ 1F @) dody
(z,y)ER?
d\
/ / ‘)\a (M + B)~ f T, Y, w ‘ dxdyT
(z,y) €R?

Recall that (see [2]) the Slobodeckij space W (R?), 0 < v < land 1 < p < o0,

of all continuous functions f (z,y,w) defined on R? for which the following norm
is finite

1l ey

- / f (&g, ) dady

(z,y)eR?

3=

p

s ‘ (L’ va)_f(x+ wzls 27y+ sz 2,&))
+/ / Vet Vet dzxdyds

gaptl
0 (x,y)eR2

p
Note that the first term [ [ f (z,y, @) dedy
(z,y)ER?
in these norms can be discarded, since this leads to equivalent norms. Applying
the definition of F,, (L, (R?), B), we get the following estimate

|(\ + B)~ 5 < (M +B)” 4.2)

” Eqp(Lp(R?), B)— Eqp(Lp(R2), HLP(RQ)—>LP(R2)' (

From (4.2) and Theorem 4.1, we obtain the following theorem.

Theorem 4.2. Let 0 < a<1and 1 <p<oo. Then, B is the positive operator
in Ey, (L, (R?), B).

Moreover, B is the positive operator in fractional space W' (R?). The proof
of this statement is based on the following theorem.

Theorem 4.3. The spaces Eqp (L, (R?), B) and W (R?),1 < p < oo, are iden-
tical for 0 < a < 1, and their norms are equivalent.
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Proof. First, let us prove that
By (L, (%), B) € W ().

. . . AS
Using formula (3.4) and performing the change of variables T = ¢ and

\/%:d{“, we get
d\
I:= / / ‘)\O‘ (M + B)~ f x,Y,w | da:dyT
0 (z,y) €R?

= 7/ )\aﬂ [ f(x,y,w)—f x+w§ +w§dj
- w1+w2 » Y, 1)\7y 2)\7
0 (z,y)eR2
D) 57017 P
Vwi + wsdE @
I — d:vdy)\ .

Using the Minkowski’s inequality for the integral, we obtain

d\
S/ e tdg / / :r:y,d))—f(erwlé,erwz5 w) dﬂsdy
A A A
(z,y)€ER?
The change of variables p = %, yields
1
0o 0o L W P
< /e—ﬁgadé- / ’(f (I,y,(ﬂ) f(m+w1p7y+w2p7w>>| lelﬁ'dy@
pre P
0 0 (zy)er?

S

Since [e¢¢*d¢ =T (1 + a), and making the change of variables p = T

0
we obtain

1

a+;
I<T(1+a) <\/w%+w§)
/ / ' [L' ya f ([L’"‘ \/wzlj_w27y \/52_7_ Qa("))

Spa+1

=

p

bS]

dxdyds

(z,y)€R?
This means that the following inequality holds

||f”Ea7p(Lp(]R{2), B) < My (a, wr, wa) ||f||Wg‘(R2) )
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where My (a,wy,wq) =T'(1 + ) (x/w% - w%)

Let us prove the reverse inclusion
We (R?) C Eay (L, (R?), B).
For w; # 0, using formula (3.7), and putting £ = u;, and performing the

change of variables \ = and s = pn, we obtain

a+1

f(l’,y,@) - f(x_'_wlpay—i_praw)

1 -1
[e B (,%I + B) f (@ +wipn, y + wapn, w) d€dn
0

00 00 —1
+ [ [e (eﬁ — 1) B <%I + B) f(z+wipn,y + wapn,w) ddn.
01
Taking the integral, we get

o0

1 |f(x7y7a})_f(x+w1p7y+w2p7@)|p
1I:= TR 2pa+1/ / ppotl drdydp
w 0 (z,y)eR?
1 e’} co 1 _1
:[W/ //€_§"B< I+B> [ (x4 wipn,y + wapn,w) dédn
VT T@ 0 yyere 10 D
[o. <l ] -1
//e <€I—|—B)
p
0 1
P 1
x f (x4 wipn,y + wapn,w) dédn dxdydp]
Using triangle inequality, we obtain
1 o0 oo 1 1 p »
ne————\[ [ »|[] e—f"B( I+B> f (2, @) dedn| dudydp
VWi Wy 0 (z,y)ER2 0 0
< 1
= w% n wgpoA»l
oo oo 1 p %
é. 1
[ [ o] [eos <p1+3> f (& +wipi,y + wapn, &) dedn| dadydp
0 (z,y)eR? 0 0
+ %ﬂaﬂ U el [ [eore -y p(Srep)
0 (z,y)€R? 0 1

1
p P

X f (x4 wipn,y + wapn,w) ddn

dxdydp]
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The change of variables © =z 4+ wipn and y =y + wepn results

T l=

00 oo 1 1 P
II < ﬁ pratt //676773 (iI—FB) f(z,y,w)dédn| dxdydp
Wit 0 (a.y)er> 00
v
+ \/mpa-‘rl
1 P ®
[/ / pp““//e_577 -1) (i[—&—B) f(x,y,w)dédn dxdydp] .
(z,y)ER? 0 1
Using the Minkowski’s inequality for the integral, we obtain
1
11 S pa+1
1
oo 1 00 5 1 D p
{ / / e *"dédn / / PPt B <;I + B> f(2,y,)| dedydp
0 (z,y)cR?
a+1// ’5" —1 dfdn
\/wl + w3
1
-1 p P
/ / PPt B ( I+ B) f(z,y,w)| dxdydp }
0 (z,y)eR?
Performing the change of variables A = and dp = id—g)‘, we get

1

pa+1
Vw? + w3

oo 1 o)
/ / 65"§O‘d§dn{ / IXN*B (M + B)™' f (z,y,w)|" dedydp
0 0 0 (z

y)ER?

171 <

3=

)
+ ! paH]O]oe—f’? (ef —1) & *dédn

3=
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Since
1

[ Jeeon- [rastu- [fastus [t
0 0

0 0 1
1 [e'e)
¢ I
S/faﬂd“/&aﬂdg_a(l—a)
0 1

00 00 o0 ¢ . 13 i _ ¢
//6_577 (6£ — 1) £ %dEdn = za—fldg = / 1§af1 d§+/1‘§*a—id£
0 1

0 0 1
1 5 00
1 1
< d d¢ =
_/50‘“ §+/§a“ ¢ a(l—a)
0 1
we have the inequality
1
II< L L jf l/ﬁ IX*B (M + B)™" f (z,y,0)| dedydp
T Rt Ma(l-a) ’
1 2 0 (z,y)€R?

The last inequality yields

M5 (047 Wi, w2)

s < =g g ay Ml iaaieen, )

—CY)
1 1

T oo
/—w%—&-w%a a(l—a)

This estimate for ws # 0 can be proved analogously.
Thus, we have proved that Wi (R*) C Eq (L, (R?), B). This completes the
proof of Theorem 4.3. 0

where Ms (o, wy,wq) =

From that and Theorems 4.1 and 4.2, we have the following theorem.

Theorem 4.4. The operator B is a positive operator in W (R?) and the fol-
lowing estimate, for A > 0, holds
M (a)

”W“(R2)—>W“(R2) =\

|(AM + B)~

5. APPLICATIONS

In this section, we consider the application of results of sections 3 and 4. For
a positive operator A in E the following result is established in [9].
We consider the initial value problem

2
) i (1) Py (0, 250 — f () (225
u(0,z,y) = ¢ (z,y), (z,y) € R2.

(5.1)
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A function u (¢, z,y) is called a solution of problem (5.1) if the following con-
ditions are satisfied:

(1) w(t,x,y) is continuously differentiable with respect to ¢, x, and y on
the region [0, 7] x R?. The derivative at the endpoints of the region are
understood as the appropriate unilateral derivatives.

(2) u(t,x,y) satisfies the equation and initial condition in (5.1).

A solution of problem (5.1) defined in this manner will from now be referred to
as a solution of problem (5.1) in the space C ([0,7],C (R?)). Here C ([0,T], E)
stands for the Banach space of the continuous functions ¢(t) defined on [0, 7]
with values in F, equipped with the norm

||S0||(J([0,T},E) = Orél%}% ol -

If u (t,z,y) is a solution in C ([0,7],C (R?)) of problem (5.1), then the data
of the problem must satisfy the following conditions:
(1) £ (t,2, ) belongs to C ([0, 7], C (B2)).
(2) ¢(2,9), vu(,9), @y(x,y), wi(z,y), and wy(z,y) belong to C (R?).

Assume that all these conditions hold, and here ¢(z,y) and f (¢,z,y) are suf-
ficiently smooth functions so that which guarantee problem (5.1) has a solution
w(t,z,y) in C ([0, T],C (R?)).

Theorem 5.1. Let 0 < o« < 1. Then, for the solution of initial value problem
(5.1), we have the following stability inequality

max [[u(t,., ) cage) < M (@) |6 () lga@e) + max [1f )l oo es)

0<t<T 0<t<T

The proof of Theorem 5.1 is based on Theorem 3.1 on the positivity of the
neutron transport operator B defined by the formula

0 0
Bu(taxyy):_wla_Z_WZsz ("L‘7y) €R2 (52)

and on Theorem 3.3 on the structure of fractional spaces E, = E, (C (R?), B) on
the following theorem on stability of the Cauchy problem for the abstract first
order differential equation.

Theorem 5.2. Suppose that A is a positive operator in a Banach space E and
that f € C([0,T],E). Then, for the solution of the Cauchy problem

W8+ Au(t) = F(B), 0SS T, u(0) =

in a Banach space E with the positive operator A, the following stability inequality
holds

lllogor, < M [I1€ls+ 1 logom, ) -
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Theorem 5.3. Let 0 < a <1, andlet1 < p < oo. Then, for the solution of
initial value problem (5.1), we have the following stability inequality

1 1
P P

T T
s oy ds | <3200 [l G llwgean + [ 1750l oo s
0 0

The proof of theorem is based on Theorem 4.1 on the positivity of the neutron
transport operator B defined by the formula (5.2) and on Theorem 4.3 on the
structure of fractional spaces E,, = E,, (L, (R?), B) on the following theorem
on stability of the Cauchy problem (5.1).

Theorem 5.4. Let A be positive operator in a Banach space E, and let f €
L,([0,T],E) 1 <p<oo. Then, for the solution of (5.1), the following stability
inequality holds

||U||Lp([0,T], B = M [H‘P“E + ||f||L,,([o,T}, E)| -

Here, L, ([0,T], E) is the space of all abstract strongly measurable E-valued func-
tions f (t) defined on [0,T] for which the norm

P

T
lully oy, ) = / la(s)Bds | 1<p< oo,
0

18 finite.

Acknowledgments. The publication has been prepared with the support of
the RUDN University Program 5-100.

REFERENCES

1. S. Agmon and L. Nirenberg, Properties of solutions of ordinary differential equations in
Banach spaces, Comm. Pure Appl. Math. 16 (1963), 121-239.

2. A. Ashyralyev, A survey of results in the theory of fractional spaces generated by positive
operators, TWMS J. Pure Appl. Math. 6 (2015), no. 2, 129-157.

3. A. Ashyralyev and S. Akturk, Positivity of a one-dimensional difference operator in the
half-line and its applications, Appl. Comput. Math. 14 (2015), no. 2, 204—220.

4. A. Ashyralyev and A. Taskin, Structure of fractional spaces generated by the two dimen-
sional neutron transport operator, AIP Conf. Proc. 1759 (2016), 661-665.

5. A. Ashyralyev and F. S. Tetikoglu, A note on fractional spaces generated by the positive
operator with periodic conditions and applications, Bound. Value Probl. 2015, 2015:31, 17
pp.

6. A. Ashyralyev and P. E. Sobolevskii, Well-posedness of parabolic difference equations, Oper-
ator Theory: Advances and Applications vol. 69, Birkh&user, Verlag, Basel, Boston, Berlin,
1994.

7. A. Ashyralyev, N. Nalbant, and Y. Sozen, Structure of fractional spaces generated by second
order difference operators, J. Franklin Inst. 351 (2014), no. 2, 713-731.

8. H. O. Fattorini, Second order linear differential equations in Banach spaces, Elsevier Science
Publishing Company, North-Holland, Amsterdam, 1985.

9. S. G. Krein, Linear differential equations in Banach space, Translated from the Russian by
J. M. Danskin. Translations of Mathematical Monographs, Vol. 29. American Mathematical
Society, Providence, R.I., 1971.



10

11.

12.

13.

14.

15.

16.

17.

18.

19.

THE STRUCTURE OF FRACTIONAL SPACES 155

. V. 1. Lebedova and P. E. Sobolevskii, Spectral properties of the transfer operator with con-
stant coefficients in L, (R™) (1 < p < 00) spaces, Voronezh. Gosud. Univ. 1983, 54 pages.
Deposited VINITI, 02.06.1983, no. 2958-83, (Russian) 1983.

V. 1. Lebedova, Spectral properties of the transfer operator of neutron in C(Q,C(R"™))
spaces, Qualitative and Approximate Methods for Solving Operator Equations, Yaroslavil,
(Russian) 9 (1984), 44-51.

E. Lewis and W. Miller Computational methods of neutron transport, American Nuclear
Society, USA, 1993.

G. I. Marchuk and V. I. Lebedev, Numerical methods in the theory of neutron transport,
Taylor and Francis, USA, 1986.

M. Mokhtar-Kharroubi, Mathematical topics in neutron transport theory, New aspects,
World Scientific, Singapore and River Edge, N.J., 1997.

V. Shakhmurov and H. Musaev, Mazimal regular convolution-differential equations in
weighted Besov spaces, Appl. Comput. Math. 16 (2017), no. 2, 190-200.

P. E. Sobolevskii, Some properties of the solutions of differential equations in fractional
spaces, Trudy Nauchn.-Issled. Inst. Mat. Voronezh. Gos. Univ., (Russian) 74 (1975), 68—
76.

H. Triebel, Interpolation theory, function spaces, differential operators, North-Holland
Mathematical Library, 18. North-Holland Publishing Co., Amsterdam-New York, 1978.

V. 1. Zhukova, Spectral properties of the transfer operator, Trudy Vsyesoyuznoy Nauchno-
Prakticheskoy Konferensii, Chita 5 (2000), no. 1, 170-174.

V. 1. Zhukova and L. N. Gamolya, Investigation of spectral properties of the transfer oper-
ator, Dalnovostochniy Matematicheskiy Zhurnal, (Russian) 5 (2004), no. 1, 158-164.

'DEPARTMENT OF MATHEMATICS, NEAR EAST UNIVERSITY, Nicosia, TRNC, MERSIN

10, TURKEY;
PEOPLES’ FRIENSHIP UNIVERSITY OF RUsSIA (RUDN UNIVERSITY), ULMIKLUKO MAKLAYA

6,
IN

Moscow 117198, RUSSIA;
STITUTE OF MATHEMATICS AND MATHEMATICAL MODELING, 050010, ALMATY, KAZA-

KHSTAN.

E-mail address: allaberen.ashyralyev@neu.edu.tr, aashyr@yahoo.com

2DEPARTMENT OF MATHEMATICS, PRIVATE SOYAK BAHCESEHIR SCIENCE AND TECHNOL-

0GY COLLEGE, UMRANIYE, ISTANBUL, TURKEY.

E-mail address: abdulgafur.taskin@bahcesehir.k12.tr, gafurtaskin@hotmail.com



	1. Introduction
	2. Neutron transport operator
	3. The fractional space E( C( R2), B).
	4. The fractional space E,p(Lp( R2) , B).
	5. Applications
	References

