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ABSTRACT. A nonnegative real matrix R € M,, ,,, with the property that all
its row sums are one is said to be row stochastic. For z,y € R,, we say =
is right matrix majorized by y (denoted by z <, y) if there exists an n-by-n
row stochastic matrix R such that x = yR. The relation ~,. on R,, is defined
as follows. z ~, y if and only if x <, y <, z. In the present paper, we
characterize the linear preservers of ~,. on R,,, and answer the question raised
by F. Khalooei [Wavelet Linear Algebra 1 (2014), no. 1, 43-50].

1. INTRODUCTION AND PRELIMINARIES

Let M, ,,, be the set of all n-by-m real matrices. We denote by R, (R™) the
set of 1-by-n (n-by-1) real vectors. A matrix R = [r;;] € M, ,, with nonnegative
entries is called a row stochastic matrix if Z;;l ri; = 1 for all 7. For vectors
z,y € R, (resp. R"), it is said that x is right (resp. left) matrix majorized by y
(denoted by = <, y (resp. = <; y)) if x = yR (resp. = = Ry) for some n-by-n
row stochastic matrix R. A linear function 7" : M,, ,,, = M,, ,,, preserves an order
relation < in M,, ,,, if TX < TY whenever X < Y.

In [3] and [4], the authors obtained all linear preservers of <, and <; on R,
and R™, respectively. Let z,y € R,, (resp. R™). We write z ~, y (resp. z ~; y) if
and only if z <, y <, x (resp. = <; y < T).

In [6], the author characterized all linear preservers of ~; from R? to R". Here,
by specifying linear preservers of ~, we will answer the question raised in [6]. For
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more information about linear preservers of majorization, we refer the reader to
[1, 2, 5]. Also, the reference [7] is precious book in this regard.

In this paper, we characterize all linear preservers of two-sided right matrix
majorization on R,,.

A nonnegative real matrix D is called doubly stochastic if the sum of entries
of every row and column of D is one.

The following conventions will be fixed throughout the paper.
We will denote by P(n) the collection of all n-by-n permutation matrices. The
collection of all n-by-n row stochastic matrices is denoted by RS(n). Also, the
collection of all n-by-n doubly stochastic matrices is denoted by DS(n). The
standard basis of R,, is denoted by {ey,...,e,}, and e = (1,1,...,1) € R,,. Also,
let A* be the transpose of a given matrix A. Let [X;/.../X,] be the n-by-m
matrix with rows Xi,..., X, € R,,. We denote by | A | the absolute of a given
matrix A.

and u~ =

FOWER’let“+:{01fu<o ) w if w<0

For every z = (z1,...,x,) € R, we set Tr(z) := Y1 x;, Try(x) := >0z,
and Tr_(x) ==Y " ;.

For each = € R, let 2* = Try(x)ey + Tr_(x)es, and [Jx|y = > 0 |z |.

Let [T] be the matrix representation of a linear function 7' : R, — R, with
respect to the standard basis. In this case, Tz = x A, where A = [T].

uw if w>0 0 if u>0

2. MAIN RESULTS

In this section, we pay attention to the two-sided right matrix majorization on
R,,. We obtain an equivalent condition for two-sided right matrix majorization
on R,, and we characterize all of the linear functions 7' : R,, — R,, preserving

~p.

We need the following lemma for finding some equivalent conditions for two-
sided right matrix majorization on R,,.

Lemma 2.1. Let x € R,,. Then x ~, x*.

Proof. We prove that x ~, z*, for each € R,,. Suppose that z = (xy,...,2,) €
R,,. We define the matrices R = [Ry,..., R,] and S = [54,...,S,] as follows.
For each i (1 <i < n)

€1 ZT; Z 0
R; = , and
€9 r; <0

Ti€; x; >0
Tr+ Z e

€ z; <0

\

It is clear that R, S € RS(n), x* = zR, and x = 2*S. Therefore, z ~, x*. O
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The following proposition gives some equivalent conditions for two-sided right
matrix majorization on R,,.

Proposition 2.2. Let x, y € R,,. Then the following conditions are equivalent.
(a’) T ~r Y,
(0) Try(z) = Try(y), and Tr_(z) = Tr_(y),
(¢) Tr(z) = Tr(y), and [[z([x = [ly]:-

Proof. Let z,y € R,,. First, we prove that (a) is equivalent to (b). We use Lemma
2.1.

If © ~, y, then 2* ~, y*, and so z* = y*. This follows that Tr, (z) = Tri(y),
and Tr_ (x) Tr_(y).

If Try(x) = Try(y), and Tr_(z) = Tr_(y), then z* = y*. Set z = z* = y*.
Lemma 2.1 ensures © ~, z and y ~, z. It implies that Tr, (z) = Try(y), and
Tr_(z) = Tr_(y).

So (a) is equivalent to (b).

Now, the relations

Tr(z) = Try(z) + Tr_(z), and |z|; = Try(z) — Tr_(x)
ensure that (b) is equivalent to (c), too. O

Now, we express the non-invertible linear preservers of two-sided right matrix
majorization on R,. In the case n = 1, any linear function can be a linear
preserver of ~,..

Theorem 2.3. Let T be a non-invertible linear function on R,,. Then T preserves
~,. if and only if there exists some a € R,, such that Tx = Tr(x)a for all x € R,,.

Proof. First, assume that x,y € R, and = ~, y. Proposition 2.2 ensures that
Tr(x) = Tr(y), and hence Tx ~, Ty. It implies that T" preserve ~,..

Next, let T preserve ~,. The case n = 1 is clear. Assume that n > 2, and
[T) = A = [A1/.../A,]. There exists some C' € R,, \ {0} such that TC = 0,
since T is not invertible. From C* ~, C, we see TC* = 0. We know that
C* = aey + Bey, where 5 <0 < a.

For r # s, it follows from «e, + Begs ~, C* that T'(«ae, + Pes) ~,. TC*. Hence,
T(we, + Pes) = 0. Let us consider two cases.

Case 1. Let o+ 8 # 0. Then

2+ f)Te; = T(aey + Pea) + T(PBer + aey) = 0.

This shows that T'e; = 0. From T'e; ~, Tey, for each ¢ (1 < i < n), we conclude

that Te; = 0, and so A = 0. In this case, the vector a is zero.
Case 2. Let a« + = 0. Then aw = —f. Since C' € R,, \ {0}, we deduce a # 0.

From
0 =T(ae, + Bes) = T'(ae, — aes) = a(A, — As),
we have A, = A, for each (r # s). Here, we put a:= A; = --- = A,,.

Therefore, in any cases there exists some a € R,, such that Tz = Tr(z)a for all
r €R,. OJ
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Theorem 2.4. Let T : Ry — Ry be an wnvertible linear function. Then T
preserves ~,. if and only if there exist some o € R\ {0}, and some invertible
matriz D € DS(2) such that Tx = axD for all z € R,,.

Proof. As the sufficiency of the condition is easy to be verified, we only prove the

necessity of the condition. Assume that 7" preserves ~,, and [I] = A = (z 2)

We know that Tx = x A, for each x € R,.
If ab < 0; then

{Tr-l—(a: b)7 Tr_ <a7 b)} = {CL, b}
As eq ~, ey and T preserves ~,., we have Te; ~, Tey. This follows that
{Tr+(c, d)? Tr_ (C7 d)} = {CL, b}

We conclude that a = d and b = ¢, since T is invertible. This means that

T] = A= (‘b‘ 2)

The relation e; ~, 56 shows that

a+b a+d

(a>b)NT( 5 ' 9

),

whence

{a,0} = {Try(a,b), Tr_(a,b)}

a+b a+d a+b a+d
- {Tr-i-( 9 ) 9 ),TI'_( 9 ) 92 )}
= {0,a+b}.

So a =0 or b = 0, which is a contradiction, and thus ab > 0.

Since —T preserves ~,., without loss of generality, we may assume that a,b > 0.
From e; ~, ey, we observe that Te; ~, Tey, and hence (a,b) ~, (c,d). This
implies that

Tr_(¢,d) = Tr_(a,b) =0,

and hence ¢,d > 0. Thus, the entries of A are nonnegative.
If ad = 0 and bc = 0, then from the invertibility of T" we get

a 0 0 b
A:(O d),orA:(C 0).

Now, Tey ~, Tey ensures that a = d, or b = ¢, and hence,

1 0 01
A:a(o 1),0rA:b(1 O)’
as desired.

If ad # 0 and be # 0; since PT preserves ~,. for each P € P(2), without loss
of generality, we may assume that bc # 0. To complete the proof, we show that
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4 b In this case, since a + b = ¢ + d, we have a = d and b = c¢. Hence,
c

A= <a b) =abD,

b a

a b

D=|aefb atb]l epS§(2), anda=a+beR\{0}.

a

where

a+b a+b
We observe that D is invertible, since T is invertible.

d d
it ¢ < 75 we conclude that 7 < 1, since a +b = c+d. So for each x € R that
c

a
— < x < — we have

c b
0={Try(T(z,-1)} ={Tr (T'(-1,2))} =cx —a >0,
a contradiction. p
Similarly, by assuming LN 7 e will be contradictory, and it completes this
c

proof. O
Now, we state the previous theorem for n > 3.

Theorem 2.5. Let T : R, — R, (n > 3) be an invertible linear function. Then
T preserves ~, if and only if there exist some a € R\ {0} and a permutation
matriz P € P(n) such that Tx = axP, Vx € R,,.

Proof. We only need to prove the necessity of the condition. Assume that T is
invertible and T preserves ~, for n > 3. First, we prove that the linear function
| T' | which is defined as [| T' |] =| A | preserves ~,. We show that each column
of A is either nonnegative or non-positive. For this purpose, we prove

| arj +as; |=| arj | + | as; |, for each r;s,5 (1<rs,j<n).

Let 1 <r,s <n. From e, ~, e,, as T preserves ~,, we have Te, ~, Te,, and
so ||Ter||1 = ||Tes||1- Since 2e, ~, e, + es, this follows that T'(2e,) ~, T(e, + es).
Therefore, 2||Te, ||y = ||Te, + Tes||1. We observe that

Te(| T | (z)) = Tr(x)Tr(A), (2.1)
and
1T ] ()]l = [|T(x)] (2.2)
Observe that
2| Terlly = |Ter +Teslhy

= Z;L:I | arj + as; |

Z?:l | arj | +Z?:1 | as; |
= |Terlly + [ITes]ls

2| Te, .

IN
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This implies that

n n n
Z’arj‘f‘asj ‘:Z|am"+2|asj E
j=1 j=1 J=1

and hence for each j (1 < j < n)
| arj + agj |=] arj [+ ] ag |-
Fix
T={1<j<n|eA >0},
and
C™={1<j<n|eA <0}.
Also, as Te, ~, Te,, we see that Try (Te,) = Try(Tes), Tr_(Te,) = Tr_(Tey),
and Tr(Te,) = Tr(Tes). So we can choose Try(A) = Tr (Tey), Tr_(A) =
Tr_(Tey), and Tr(A) = Tr(Te;). Now, we show that for each z € R,, we have
(| T | (2) = Tr(e)Tx(A), (23)
and
T (@)l = [T ()]s (2.4)

Observe that
Te(| T | (z)) = Yz |eA

= Zx.|ejAt|+Zx.|ejAt|

jeC+(4) jec—(4)
= Z r.ej Al — Z z.e; Al
JECT(A) jeC~(A)
= . Z ejAt—:c Z eJAt
JECT(A) JEC—(A)
= () Y a— O wm) Y ay
JECT(A) i=1 JEC—(A)
= Tr(z)(Tr(A) — Tr_(A))
= Tr(z)Tr(A),

and this proves the relation (2.3).
To prove the relation (2.4) we have

T @M = 5 [ | e Al
= Z | x.e; A" | + Z | —z.e;A" |

jeCT(A) jec—(a)

= Z | z.e;A" | + Z | z.e; A" |
jeCH(A) jec—(A)

= Z?:l | 2.e;A" |

= T@)],
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as desired.

Now, let =,y € R,,, and let x ~, y. In this case, Tr(z) = Tr(y), and since T'
preserves ~,, we deduce Tx ~, Ty. Therefore, ||T(x)||; = ||T(y)||1. We conclude
from (2.3) and (2.4) that Tr(| 7| () = Tr(| 7| (y)) and ||| T'| (@) = || | T |
(y)|]1, hence | T' | () ~,| T'| (y), and finally that | T" | preserves ~,. So, without
loss of generality, we can assume that entries of [T'] are nonnegative.

Now, we claim that in each column of A there exists at most a nonzero entry.
Since T is invertible, if in a column, for example the j** column, there exists more
than a nonzero entry, then without loss of generality, we may assume a1; # as;
and ag; # 0. Let us consider

. a3k
o = mln{m | a1k 7& aok, Aask 7é 0, V1 S k S TL},
a3jo

—>2  We set the vectors
a1j, + +a24,

and suppose jo (1 < jo < n) is such that a* =

c,d € R, as follows.

2a%ey — €3 if 15, < Q24

c: = . and
20%e; — es if A1y > A2,

d: = a'(eg +e2) —es.

From ¢ ~, d, we deduce T'c ~, T'd, then Tr, (Tc) = Tr,(7d). For each = € R,
we have xe; — e3 ~, res — e3. This gives

T(xey — e3) ~, T(zey — e3),

and consequently,
Tr T(xey — e3) ~, TroT(zey — e3).

We choose x small enough such that

Tr,T(re; —e3) =x Z aij,

a3;=0
and
TryT(xes —e3) =x Z agj,
a3;=0
and so

(l) Zagj:() alj - Zagj:() a2j'

We also have the following statements.
(it) If a1 = agj, then (T'c); = (T'd); = 2aay; — as;,
(i19) If a1; # ag;, and as; # 0, then (7'd); < 0. Because
I
ay; + ag;
On the other hand, (T'c);, > 0. From (i), (i7), and (iii) we conclude Try(T'c) —
Try(Td) > 0, which is a contradiction. Therefore, in each column of A there is

at most one nonzero entry. As A is invertible, this implies that each column of
A has exactly one nonzero entry. Also, in each row of A, there should be exactly

a*(ayj + agj) —ag; < (a1; + agj) —ag; = 0.
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one nonzero entry. Suppose a; is the only nonzero entry (positive) in the i row,
where 7 (1 <i <mn).
For each i,j (1 <4,j <n) from Te; ~, Te; it may be conclude that

Try(Te;) = Try(Te;),
and so
a; =Tr(Te;) = Try (Te;) = aj.
Set @ := a; = --- = a,. Therefore, there exists some P € P(n) such that
A = aP, as required.
0

We can summarize the theorems below. Remember that for n = 1 any linear
function can be a linear preserver of ~,.

Theorem 2.6. Let T : R, — R, (n > 2) be a linear function. Then T preserves
~, if and only if one of the following conditions occur.

(a) T is non-invertible and there exists some a € R,, such that Tx = Tr(z)a
for all z € R,,.

(b) T is invertible and Tx = axD, for some a € R\ {0}, and some invertible
doubly stochastic matriz D € DS(2), whenever n = 2.

(¢) T is invertible and there exist some a € R\ {0} and a permutation matriz
P € P(n) such that Tx = axP, Vx € R, whenever n > 3.

The question that comes up here is getting the linear preservers of this relation
on matrices.
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