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ON MINKOWSKI AND HERMITE-HADAMARD INTEGRAL
INEQUALITIES VIA FRACTIONAL INTEGRATION
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Communicated by C. P. Niculescu

ABSTRACT. In this paper, we use the the Riemann-Liouville fractional inte-
gral to develop some new results related to the Hermite-Hadamard inequality.
Other integral inequalities related to the Minkowsky inequality are also es-
tablished. Our results have some relationships with [E. Set, M. E. Ozdemir
and S.S. Dragomir, J. Inequal. Appl. 2010, Art. ID 148102, 9 pp.] and [L.
Bougoffa, J. Inequal. Pure and Appl. Math. 7 (2006), no. 2, Article 60, 3
pp.]. Some interested inequalities of these references can be deduced as some
special cases.

1. INTRODUCTION AND PRELIMINARIES

In recent years, inequalities are playing a very significant role in all fields of math-
ematics, and present a very active and attractive field of research. As example,
let us cite the field of integration which is dominated by inequalities involving
functions and their integrals [2, 9, 10]. One of the famous integral inequalities is

(LI Y CE.U)

where f is a convex function [7].

The history of this inequality begins with the paper of Ch. Hermite [3] and J.
Hadamard [7] in the years 1883-1893, see C.P. Niculescu and L.E. Persson [11] and
the references therein for some historical notes of Hermite-Hadamard inequality.
Many researchers have given considerable attention to (1) and a number of ex-
tensions and generalizations have appeared in the literature, see [1, 4, 5].
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The aim of this paper is to establish several new integral inequalities for nonneg-
ative and integrable functions that are related to the Hermite-Hadamard result
using the Riemann-Liouville fractional integral. Other integral inequalities re-
lated to the Minkowski inequality are also established. Our results have some
relationships with [3, 12]. Some interested inequalities of these references can be
deduced as some special cases.

We shall introduce the following definitions and properties which are used through-
out this paper.

Definition 1.1. A real valued function f(t),t > 0 is said to be in the space
Cy, it € R if there exists a real number p > p such that f(t) = t*f,(t), where

fi(t) € C(]0, 00|).

Definition 1.2. A function f(t),# > 0 is said to be in the space C}, u € R, if
fm e,

Definition 1.3. The Riemann—Liouville fractional integral operator of order av >
0, for a function f € C,, (n > —1) is defined as

JUf(t) = L/Ot(t — ) (r)dr; a>0,t>0,

INEY!
JOf(t) = f(D).

where I'(«) := [ e "u**du.
For the convenience of establishing the results, we give the semigroup property:
JOJPf(t) = TP (), 0 > 0,5 > 0.

More details, one can consult [0].

2. MAIN RESULTS
Our first result is the following reverse Minkowski fractional integral inequality

Theorem 2.1. Let a> 0,p > 1 and let f, g be two positive functions on [0, 0o,
such that for all t > 0,J%fP(t) < oo, J¢P(t) < co. If 0 < m < fgg < M,7 €
0,¢], then we have

1

o) + [ 0] <

1

1+ M(m+2) [Ja(f+g)p(t)]p_ 2.1)

(m+1)(M+1)

Proof. Using the condition £ E? < M, €[0,t],t > 0, we can write

(M +1)7fP(r) < MP(f + g)"(7). (2.2)
Multiplying both sides of (2.2) by (t}T(Zj)_l; 7 € (0,t), then integrating the result-

ing inequalities with respect to 7 over (0,t), we obtain

(M+1)p t_Ta—lpT e
W/o“ )L (r)d

)N f + g)P(T)dr,
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which is equivalent to
P

o Lp < (0% P .
PP < G U )
Hence, we can write
o] P < « P47 2.3
W) < 5 [ ey (2.3)
On the other hand, using the condition mg(7) < f(7), we can write
1 1
1+ — < — .
(14 1)g(r) < (F(7) + ()
Therefore,
1\» 1\? P
1+ =) < (=)' ( ) 2.4
(1+ =)o < () (F0) +9) (24)
Now, multiplying both sides of (2.4) by %; 7 € (0,t), then integrating the
resulting inequalities with respect to 7 over (0,t), we obtain
1 1 1
J“Pt]”< [Ja pt]”, 2.5
W) < g [T+ P 0) (25)
Adding the inequalities (2.3) and (2.5), we obtain the inequality (2.1). O

Remark 2.2. Applying Theorem 2.1 for o = 1, we obtain [3, Theorem 1.2] on
[0, 1].

Our second result is the following

Theorem 2.3. Let o> 0,p > 1 and let f, g be two positive functions on [0, 0o,
such that for all t > 0, J*fP(t) < oo, J*¢P(t) < oco. If 0 < m < % < M,T €
0,t], then we have

o)+ [rew] =

3=

(M+D)m+1)

1
LSOOI
(2.6)
Proof. Multiplying the inequalities (2.3) and (2.5), we obtain

WL DL D ooy [ )] < ([0 +grp]7). 27)

Applying Minkowski inequality to the right hand side of (2.7), we get

([rum+e0r]’) < ([rro) + (reo])
It follows then that,

[0 +ay]” < [1rw] + [ew] +2[ere] o)
(2.8)

=

Using (2.7) and (2.8), we obtain (2.6).
Theorem 2.3 is thus proved.
O
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Remark 2.4. Applying Theorem 2.3 for a = 1, we obtain [12, Theorem 2.2] on
[0, ¢].

We further have

Theorem 2.5. Let o> 0,p> 1,9 > 1 and let f, g be two positive functions on
[0, 00[. If f?, g7 are two concave functions on [0, 00[, then we have

2P0 (f(0) + F(1)) (9(0) + g(1))* (J* (1))

< JeETfR() o (0 (1))

(2.9)

To prove this theorem, we need the following lemma.
Lemma 2.6. Let h be a concave function on |a,b]. Then we have

a+b
2

h(a) + h(b) < h(b+a — z) + h(z) < 2h(222). (2.10)

Proof. Let h be a concave function on [a,b]. Then we can write

a+b+—x a+b, _ h(b+a—2z)+h(zx)
Ty )T 2 |

h( (2.11)

If we choose z = Aa + (1 — A\)b, then we have

%(h(a +b—Xa—(1—=X)b)+h(Aa+ (1 — )\)b)>

— %(h()\b — (1= Na)+h(Aa+ (1— A)b)).
Using the concavity of h, we obtain

S (h— (1= X)a) + B+ (1 - X)D)) >

: (h(a) + h(b)) (2.12)

N | —

By (2.11) and (2.12), we get (2.10).
0J

Proof of Theorem 2.5. Since the f? and ¢? are concave functions on [0, oo,
then by Lemma 2.6, for any ¢ > 0, we have

F70) + PP(8) < (=) + 17(7) < 277(3) (213)

and

9'(0) +¢"(t) < fU(t = 7) + 9°(7) < 29°(5)- (2.14)

N | =+
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Multiplying both sides of (2.13) and (2.14) by ‘=2 + < (0,¢), then inte-

I(a)

grating the resulting inequalities with respect to 7 over (0, ), we obtain

PO 4O [ e,
o) [ a=rrriea

S_)fot(t—q-)alalfp(t_»]—)d7-+ fot_Talalfp()T

fp( a 1 -a—1
fo T dTr
and

9%(0) + ¢(?) ' B
T KO

< iy Jo (b= 7)o g1 — T)dr + s [y (t— 7)o e gt (r)dr

29( a 1-a—1
< F(a) fo T T,

Using the change of variables ¢ — 7 = y, we can write
1 /t ~1_a-1 -1
(t—71) 7 fP(t — m)dr = J* (7 fP(¢)
(o) J (71)

and
1 ! a—1_a—1 _q _ g (pa—1 q
m/O(t—T) T gl — T)dr = J* (g (1)) -

Now, using (2.15) and (2.17), we get

(P0)+ () (77 (1271)) < 20 (1271 2(0)) < 2775 (77 (1))

For g, we use (2.16) and (2.18). We obtain

(97(0) +g*(1)) (J* (t*77)) < 277 (t°'g(t)) < 29" (2) (7 (7)) -

The inequalities (2.19) and (2.20) imply that

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(fP(0) + f7(1)) (g7(0) + g”(1)) (J (¢°71))* < 4™ (121 f7(1)) J* (¢ g"(1)) -

(2.21)

On the other hand, since f and g are positive functions, then for any ¢t > 0,p >

1,q > 1, we have

<(f”(0) ; fp(t))f > 271(F(0) + (1))

and

<<gq<o> —;g%t»)i > 271(g(0) + g(t).
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Hence, we obtain

(/*(0) ‘2|F fp(t))Ja (ta—l) > 27P(f(0) + f(t))PJ° (tafl) (2.22)

and

(9(0) ;gq(t))Ja (ta—l) > 279(g(0) 4 g(¢))7J* (tafl) ) (2.23)

The inequalities (2.22) and (2.23) imply that

(£7(0) + S7(D)(9"(0) + ") T 1o o1y
e

(2.24)
> 2779(£(0) + f(£))(9(0) + g(6))7 [ It )]
Combining (2.21) and (2.24), we obtain the desired inequality (2.9).

Remark 2.7. Applying Theorem 2.5 for a = 1, we obtain [12, Theorem 2.3] on
[0, ¢].

Theorem 2.8. Let a > 0,8 > 0,p > 1,9 > 1 and let f,g be two positive
functions on [0,00[. If f?,g? are two concave functions on [0, 0], then we have

27771(7(0) + (1) (9(0) + g(0)7[ 777

< [RG77 (o) + 0 (7 0) | [ (g (0) + 7 (77910 .
(2.25)

Proof. Multiplying both sides of (2.13) and (2.14) by %; 7 € (0,1), then

integrating the resulting inequalities with respect to 7 over (0,¢), we obtain

POLLO [ ryorootar

I'(a)
<r a) fo (t — 1) trh= lfp(t—T)dT+ fo (t — 1) LB fP(1)dr (2.26)
— 2?()04) fO a lTﬂ_ldT

and

90+ "0 [ i,
Ia) [ e=rriea

—7)* 16— 1gq(t—7')d7'+ fo (t—1)* 16— Yga(r)dr (2.27)

IN
—
E)—‘
(=
—~
~

t
< 2?‘;((12) fot(t — 1) ir8-1dr,

Nas
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Using the change of variables ¢ — 7 = y, we obtain

L6) t — ) — 1 T:M B (4a—1 £p
F(ﬁ)r(a)/o(t ) fr(t—7)d o)’ (L1 7 (8)) (2.28)

and

I'(B) ! a-1_6-1, a0y _ - T*M ol g
T(B)T(c) /0 (t — 7)1 1ga(t Ydr = o) JB (t g (t)) (2.29)

By the relations (2.26) and (2.28), we can state that

(%)
(o)

t -
< 2f7(3) (J° ) (2.30)
and with (2.27) and (2.29), we can write

O+ (7 () < 1O

< 29‘1(%) (7 (£°1)). (2.31)

The inequalities (2.30) and (2.31) imply that
(f7(0) + f7(1)) (97(0) + g°(t)) (J* (t"71))?

(f7(0) + f7(1) (J* (t"71)) < JE(THr) + T ()

J7 (T g () + J* (P g(1)

< [FA (o 20+ 7 (07 20) | [F3 7 1079 0) + % (879 (0)
2

(
As before, since f and g are positive functions, then for any ¢t > 0,p > 1,q >
we have

(fp(()) "2i‘ fp(t)) J (tﬁfl) > 2*p<f(0) + f(t))pJa (tﬁfl) (2.33)
and
(9%(0) ;gq(t)) Je (tﬁfl) > 27%(g(0) + g(t))?J® (tﬁfl) ) (2.34)

The inequalities (2.33) and (2.34) imply that

(f7(0) + f”(t)il(gq(o) +9°(1)) [Ja(tﬂ—l)r

(2.35)
> 2779(£(0) + f(£))(9(0) + 9(1))7 [J2(¢* )]
Combining (2.32) and (2.35), we obtain the desired inequality (2.25). O

Remark 2.9. Applying Theorem 2.8 for o = 3, we obtain Theorem 2.5.
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