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ABSTRACT. Let L := —div(AV) + V be a Schrodinger type operator with
the nonnegative potential V' belonging to the reverse Hélder class RH,(R™) for
some g € (n/2,00] and n > 3, where A satisfies the uniformly elliptic condition.
Assume that ¢ : R" %[0, 00) — [0, 00) is a function such that ¢(z, -) is an Orlicz
function and ¢(,t) € A (R™) (the class of uniformly Muckenhoupt weights).
In this article, the author proves that the operators VL', V/2VL~! and
V2L~ are bounded from the Musielak-Orlicz-Hardy space associated with
L, H, 1,(R™), to the Musielak-Orlicz space L¥(R™) or H,, r(R™) under some
further assumptions for ¢ and A, which further implies a maximal inequality
for L in the scale of H, r,(R™). All these results improve the known results by
weakening the assumption for ¢ and L.

1. INTRODUCTION

Let L := —A+V be the Schrodinger operator on the Euclidean space R™ with
n > 3. When V is a nonnegative polynomial on R”, the boundedness of V/2V L~!
and V2L~ on LP(R") with p € (1, 00) was obtained by Zhong in [41]. Based on
this, Shen [33] generalized these results via extending the nonnegative polynomial
V to the case that 0 < V' belongs to the reverse Holder class RH,(R™) with some
q € [n/2,00]. Recall that a nonnegative function w on R” is said to belong to
the reverse Hélder class RH,(R™) with ¢ € (1, 00], denoted by w € RH,(R"), if,
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when ¢ € (1,00), w € L{ _(R") and

loc

e = s { o [ [w<x>]qu}l/q {1 [ v d} <00 (L1)

or, when ¢ = oo, w € L2 (R") and

-1
(W] RH . (Rr) = sup {esssup w(x)} {L/ w(x) dw} < 00, (1.2)
BcR» | zeB 1Bl /s

where the suprema are taken over all balls B C R™. We remark that RH,(R") C
RH,(R") for any 1 < ¢ < p < oo and, if V' is a nonnegative polynomial, then
V € RH.(R") (see, for example, [33]). It follows from [13] that RH,(R™) has
the property of self-improvement. More precisely, if V' € RH,(R™) for some
q € (1,00), then there exists € € (0, 00), depending only on n and the constant C
in (1.1), such that V- € RH,(R"). Thus, for any V € RH,(R") with ¢ € (1, o0,
we introduce the critical index g, for V' as follows:

¢+ =sup{qg € (l,00]: V€ RH,(R")}. (1.3)

It is easy to see that the boundedness of VZL™! on LP(R") implies immediately
the Sobolev W2 P(R™) regularity for the solution u to the equation —Au+Vu = f
when f € LP(R"™) with some p € (1, co). Furthermore, Shen [33] also established
the boundedness of VL™ on LP(R™), which, together with the boundedness of
V2L~! on LP(R™), further implies the following mazimal inequality in LP(R™) (see
also [1]):

=A@y + IV Fllo@ny < CH=A+ V)l oy »

where f € C°(R") and C'is a positive constant independent of f. Moreover, the
weighted LP(R™)-boundedness of these operators was studied in [37]. Recently,
Ly [27] proved that VL™! and V2L~! are bounded from the Hardy space H? (R"),
associated with L, to LP(R™) when p € (0,1], and V2L™! is also bounded from
HF (R™) to the classical Hardy space HP(R") when p € (15, 1], via the bounded-
ness of V2L™! on LP(R™) with some p € (1,00) and some Sobolev type estimates
for the heat kernel of L. Moreover, the boundedness of V2L~ and VL' on
the Musielak-Orlicz-Hardy space H,, (R") was independently studied in [7] by
different method. Very recently, the boundedness of VL™! V/3(V —i@)L~! and
(V —id)?L™" from the Musielak-Orlicz-Hardy space H,, 1(R™), associated with
the magnetic Schrodinger operator L, to the Musielak—Orlicz space L¥(R™) was
established in [8], where L := —(V —ia) - (V —i@) + V with @ := (a1, ag, ..., ay)
and 0 < V € L] (R") satisfying some additional assumptions (see [3, Theorem
1.1] for the details).

Recall that the Musielak—Orlicz—Hardy space is a function space of Hardy-type
which unify the classical Hardy space, the weighted Hardy space, the Orlicz-Hardy
space and the weighted Orlicz-Hardy space, in which the spatial and the time vari-
ables may not be separable (see [12, 19, 35, 30, 32, 36, 38| for more details on the
developments of Hardy-type spaces and Musielak-Orlicz spaces). We also remark
that the Musielak—Orlicz—Hardy space appears naturally in many applications
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(see, for example, [5, 24, 25, 26]). This kind of Musielak—Orlicz—Hardy spaces as-
sociated with operators generalizes the (Orlicz-)Hardy space and the (weighted)
(Orlicz-)Hardy space associated with operators, which has attracted great inter-
ests in recent years. Such function spaces associated with operators play impor-
tant roles in the study for the boundedness of singular integrals associated with
some differential operators, which may not fall within the scope of the classical
Calderén-Zygmund theory (see, for example, [2, 6, 9, 11, 16, 17, 20, 21, 39]).

Let the matrix A := {a;;}1<;, j<n satisfies the following assumptions.

(A;) For any i, j € {1, ..., n}, a;; is a measurable function on R™. Moreover,
there exists a constant A € (0, 1] such that, for all4, j € {1, ..., n}and z, £ € R™,

aij(x) - aji('r> and >‘|€|2 < Z azg élgj S AT 1|£|2
i, =1
(A3) There exist constants a € (0,1] and K € (0,00) such that, for all 4, j €
{1, ..., n},

aij||comny < K,

where, for f € C*(R"), || fllca() = SuD,, yern,ay Togis

(As) Foralli, je{1,...,n},z € R* and z € Z",

a;j(x + z) = a;;(x) and Z aaaki =
k

Assume that 0 < V' belongs to the reserve Holder class RH,, (R™) for some ¢ €
[n/2,00] and n > 3. Denote by W 2?(R") the usual Sobolev space on R™ equipped
with the norm (|| fl122gny + IV fll72(n)) /%, where V f denotes the distributional

gradient of f. Let V. € RH, (R") and

Wy (R = {u c WhHE(R™) : / lu(z)|?V (z) dz < oo} :

Denote by L the mazimal-accretive operator (see [31, p.23, Definition 1.46] for
the definition) on L*(R") with largest domain D(L) C Wy'*(R") such that, for
any f € D(L) and g € W, *(R™),

(Lha)= [ AV Vo e+ [ f@aV @),

where (-, -) denotes the interior product in L*(R™) and A satisfies the assumption
(A1). In this sense, for all f € D(L), we write

Lf:=—div(AV)f + V. (1.4)

For the elliptic operator Ly := —div(AV) with A satisfying (A1), (As) and (As),
Avellaneda and Lin [4, Theorem B] proved that V2L, is bounded on L?(R™) for
any p € (1,00). It was also proved in [4, Theorem B] that the assumption (As) is
necessary for the LP(R"™)-boundedness of VL. Moreover, for the operator L as in
(1.4), Kurata and Sugano [23] studied the boundedness of VL', V2V L~! and
V2L~ on weighted Lebesgue spaces and Morrey spaces under the assumptions

n
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that A satisfies (A1), (A2) and (A43), V € RH.(R") and that, for all i, j €
{1, ..., n}, a;; € C***(R™) with some « € (0, 1].

Based on the work in [23], the boundedness of VL', V¥/2VL~! and V2L!,
from the Musielak-Orlicz-Hardy space H, (R") to LY(R") or H, (R"), was
studied in [10]. More precisely, assume that the Musielak-Orlicz function ¢ sat-
isfies some assumptions (see [10, Theorems 1.4 and 1.6] or Remark 1.7 below
for the details). It was proved in [40] that VL' and VY2V L~! are bounded
from H, 1 (R") to L¥(R") under the assumptions (A4;), (A2) and V' € RH,(R")
with ¢ € [n,00); V2L! is bounded from H, (R") to L¥(R") or H,(R") un-
der the assumptions (A4;), (A2), (A3), V € RH,(R") with ¢ € [n,00) and that,
for any 7, j € {1, ..., n}, a;; € C'"™(R") with some a € (0,1], and VL™ is
bounded on H, 1 (R") under the same assumptions. Here, H,(R™) denotes the
Musielak—Orlicz—Hardy space introduced by Ky [24].

The main intention of this article is to improve the results obtained in [7, 40]
by weakening the assumption for ¢ and L. More precisely, let L be as in (1.4)
and H,, 1(R") the Musielak-Orlicz-Hardy space associated with L. We establish
the boundedness of the operators VL™!, VY2V L1 and V2L~! from H, (R")
to L?(R™) or H, (R") under weaker assumptions than those in [7, 40].

In order to state the main results of this article, let us first recall some notation
and definitions.

We first describe the growth function considered in this article. Recall that a
function ® : [0,00) — [0,00) is called an Orlicz function if it is nondecreasing,
®(0) =0, ®(¢t) > 0 for any t € (0,00) and lim;_,o, P(t) = oo (see, for example,
(30, 32]). Moreover, ® is said to be of upper (resp. lower) type p for some
p € [0, 00), if there exists a positive constant C' such that, for all s € [1,00) (resp.
s €[0,1]) and t € [0,00), D(st) < CsPP(1).

For a given function ¢ : R™ % [0, 00) — [0, 00) such that, for any x € R™, p(z,-)
is an Orlicz function, ¢ is said to be of uniformly upper (resp. lower) type p for
some p € (0,00) if there exists a positive constant C' such that, for all x € R",
t €10,00) and s € [1,00) (resp. s € [0,1]), o(x, st) < CsPp(z,t). Let

I(p) :=inf{p € (0,00) : ¢ is of uniformly upper type p} (1.5)

and
i(p) :=sup{p € (0,00) : ¢ is of uniformly lower type p}. (1.6)

In what follows, () and i(y) are, respectively, called the uniformly critical upper
type index and the uniformly critical lower type index of p. Observe that I () and
i(¢) may not be attainable, namely, ¢ may not be of uniformly upper type I(y)
and uniformly lower type i(p) (see, for example, [6, 7, 39] for some examples).
Moreover, it is easy to see that, if ¢ is of uniformly upper type p; € (0,00) and
lower type po € (0,00), then p; > po. Thus, I(p) > i(p).

Definition 1.1. Let ¢ : R" x [0,00) — [0, 00) satisfy that ¢(-,¢) is measurable
for all ¢ € [0,00). The function ¢ is said to satisfy the uniformly Muckenhoupt
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condition for some q € [1,00), denoted by ¢ € A,(R"™), if, when ¢ € (1, 00),

1 B ¢-1
Ao = swp sup 1 w(x,t)dw{ [ et Qdy} < o0
t€(0,00) BCR™ |B|? /g B

or, when ¢ =1,

Ai(p) ;== sup sup |B|/ x,t dx{esssup[ (y t)]_l} < 00.

te(0,00) BCR™ yeB

Here the first suprema are taken over all ¢t € (0,00) and the second ones over all
balls B C R™.

The function ¢ is said to satisfy the uniformly reverse Hélder condition for
some q € (1,00], denoted by ¢ € RH,(R"), if sup;(go0)[¢(; )] rH, @) < 00,
where [¢(-, )] rr, ) for any given t € (0, 00) is defined as in (1.1) and (1.2) with
w replaced by ¢(-, t

Recall that, in Definition 1.1, A,(R"), with p € [1,00), and RH,(R™), with

€ (1, o0], were respectively introduced in [24] and [39].

Let Ao (R") 1= Ugepr,00)Aq(R™). The critical indices for ¢ € Ay (R™) is defined
as follows:

q(p) = nf{g € [I,00) : @ € Ay(R")} (1.7)
and
r(p) :==sup{q € (1,00] : ¢ € RH,(R")}. (1.8)

Now we recall the notion of growth functions from Ky [24].

Definition 1.2. A function ¢ : R" x [0,00) — [0, 00) is called a growth function
if the following hold:

(i) ¢ is a Musielak-Orlicz function, namely,
(a) (x,-): [0,00) — [0,00) is an Orlicz function for all z € R";
(b) ¢(-,t) is a measurable function for all ¢ € [0, 00).
(i) p € A (R™).
(iii) The function ¢ is of uniformly lower type p for some p € (0, 1] and of
uniformly upper type 1.

Clearly, ¢(x,t) := w(z)®(t) is a growth function if w € A (R") and ® is an
Orlicz function of lower type p for some p € (0, 1] and upper type 1. Here, A,(R")
with g € [1, 00] denotes the class of Muckenhoupt weights (see, for example, [15]).
A typical example of such Orlicz function ® is ®(t) := P, with p € (0, 1], for all

€ [0,00) (see, for example, [38, 39] for more examples of such ®). Another
typical example of growth functlon is

t

In(e + |z|) + In(e + t) (1.9)

o(x,t) =

for all z € R™ and t € [0,00). It is worth to remark that for such ¢ as in (1.9),
the corresponding Musielak-Orlicz-Hardy space H,(R"™) or H, (R"), associated
with the Schrodinger operator L := —A 4+ V' on R", appears naturally when
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studying the products of functions in H'(R") and BMO(R™), the endpoint esti-
mates for the div-curl lemma and endpoint estimates for commutators of singular
integrals related to the Schrédinger operator L (see [5, 25, 26] for the details).

Recall that, for a function ¢ as in Definition 1.2, a measurable function f on
R™ is said to be in the Musielak-Orlicz space L#(R") if [o. ¢(x,|f(z)]) dr < oo.
Moreover, for any f € L¥(R"), define

vy = mt {xe 0000 [ o (L) o<1

Let L and ¢ be, respectively, as in (1.4) and Definition 1.2. We remark that, L
is a nonnegative self-adjoint operator in L*(R™). Moreover, the Gaussian upper
bound estimate for the kernels of the semigroup {e ¥} (see Lemma 4.5 be-
low) further implies that the semigroup {e~*'},. satisfies the reinforced (1, 0o, 1)
off-diagonal estimates (see [6, Assumption (B)] for the details). Thus, L is a non-
negative self-adjoint operator on L?(R") satisfying the reinforced (1,00,1) off-
diagonal estimates. Now we recall the Musielak-Orlicz-Hardy space H, (R"),
associated with L, introduced in [6].

For f € L*(R™) and = € R™, the Lusin area function Si(f)(x), associated with

2 dy dt }1/ 2

L, is defined by
s ={ [ [Pt no] P

where T'(z) := {(y, 1) € R" x (0,00) : |y—=| <t}. A function f € L*(R") is said
to be in the set H, (R") if Sp(f) € L(R"); moreover, define ||f|m, ,&n) =

IS0 o

The Musielak—Orlicz-Hardy space H, 1,(R") is defined to be the completion of
H,, 1 (R™) respect with to the quasi-norm || - ||z, ,&n).

Now we give out the first main result of this article.

Theorem 1.3. Let L and ¢ be, respectively, as in (1.4) and Definition 1.2.
Assume that ¢ > n/2 and qp > I(9)[r(p)]’, where qr, I(p) and r(p) are,
respectively, as (1.3), (1.5) and (1.8), and [r(¢)]" denotes the conjugate exponent
of ().

(i) If A in (1.4) satisfies the assumption (A;), then VL™ is bounded from
H, (R") to L#(R").

(ii) If A in (1.4) satisfies the assumptions (A;) and (Ay), then VY/2VL™! is
bounded from H, (R") to L¥(R™).

(iii) If A satisfies the assumptions (A1), (Ag) and (As), then V2L~ is bounded
from H, 1 (R™) to L¥(R™).

For any ¢ € (0, 00), denote by K; the kernel of the semigroup operator e *~. To
prove Theorem 1.3, we first establish some suitable estimates for V K;, VK, and
V2K; (see Proposition 2.2 below). To end this, we borrow some ideas from
(7, 27, 28]. Moreover, the functional calculus L™! = fooo et dt, the atomic
characterization of H, 1 (R™) obtained in [0] (see also Lemma 3.2 below) and the
boundedness of VL™, VY2V L~ and V2L~! on LP(R") with some p € (1, 00)
are used in the proof of Theorem 1.3.
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To state the second main result of this article, we recall the definition of the
Musielak-Orlicz-Hardy space H,(R") introduced in [24]. Denote by S(R") the
space of all Schwartz functions and by S'(R") its dual space (namely, the space of
all tempered distributions). For all f € S'(R"), let G(f) denote its non-tangential
grand mazximal function (see [21] for the details).

Definition 1.4. Let ¢ be as in Definition 1.2. The Musielak—Orlicz—Hardy space
H,(R™) is defined to be the space of all f € S'(R") such that G(f) € L¥(R")
with the quasi-norm || f ||z, @&y = [|G(f)|| 2o ®n)-

Moreover, we have the following conclusion, which was stated in [3].

Lemma 1.5. Let Ly := —div(AV) with A satisfying the assumption (A;y) and
p; be the kernel of the heat semigroup e ' generated by Lo. Then there exists
ag € (0,1] such that, for any o € (0, ), there exist positive constants C,y and
co satisfying that, for all x, x +h, y € R" and t € (0,00) with |h| < V1,

C [I1]" _clz—ui?
\pt(x+h,y)—pt(aﬁ,y)!+!Pt(y’x+h)_pt(y’$)‘gﬁ{ﬁ] ©

Let
, n
0p = mm{ao, 2——} (1.10)
4+
with ag and ¢, respectively, as in Lemma 1.5 and (1.3).
Now we give out the second main result of this article as follows.

Theorem 1.6. Let L and ¢ be, respectively, as in (1.4) and Definition 1.2.
Assume that I(p), i(p), q(v), m(¢), q+ and oy are, respectively, as in (1.5),
(1.6), (1.7), (1.8), (1.3) and (1.10), g+ > n/2 and q+ > I(@)[r(p)].

(i) If A in (1.4) satisfy the assumption (A1) and n + o¢ > ";Zf;;), then VL™ is
bounded on H, ,(R").

(ii) If A in (1.4) satisfy the assumptions (Ay), (A2) and (As), and n + % >
%g’;), then VY2V L™! is bounded on H, (R™).

(iii) If A in (1.4) satisfy the assumptions (A1), (As) and (A3), and n+ ¢ >

%&'S), then V2L~' is bounded on H, (R").

(iv) If A in (1.4) satisfy the assumptions (A1), (Az) and (A3), n+1 > Tff:)’)
and q(p)[r(¢)] < ¢+, then VEL™! is bounded from H, (R") to H,(R™).

To prove Theorem 1.6, we introduce an atomic Musielak—Orlicz—Hardy space
H?5(R") (see Definition 4.1 below) and then establish the inclusion relation
H?5(R") C Hy (R") (see Lemma 4.3 below), which is motivated by [26]. Via

this inclusion, LP(R")-boundedness of VL™! V2V L~! and V2L™' for some
p € (1,00), the atomic characterization of H, r(R") obtained in [6, Theorem
5.4] (see also Lemma 3.2 below) and the molecular characterization of H,(R")
obtained in [18, Theorem 4.13] (see also Lemma 4.8 below), we prove Theorem
1.6. It is worth pointing out that, the proof of Theorem 1.6 is different from that
of [40, Theorem 1.6], and the new ingredient appeared in the proof of Theorem 1.6
is that we fully excavate some connotative information of the (p, ¢, M) -atoms
associated with L (see Definition 3.1 below).
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Remark 1.7. Let 1(p), i(¢), q(p), r(¥), ¢+, ap and g are, respectively, as in
(1.5), (1.6), (1.7), (1.8), (1.3), Lemma 1.5 and (1.10).

(a) Theorem 1.3 was obtained in [10, Theorem 1.4] under the assumptions that
V € RH,(R") with qo € [n,00), i(¢) € (==, 1] and

n+ag’

nq(e)/i(e) — ap’

[r(e)) <

We also remark that, the additional assumption that, for any i, j € {1, ..., n},
a;; € C'*(R™) with some a € (0,1], is necessary in [40, Theorem 1.4] when
establishing the boundedness of V2L™! from H, (R") to L?(R™). Moreover,
I()[r(¢)] < g+ automatically holds true under these assumptions for ¢. Thus,
Theorem 1.3 improves the results in [40, Theorem 1.4] by weakening the assump-
tions for ¢ and A.

(b) When A := I with I being the unit matrix, L = —A + V is just the
Schrodinger operator on R™. Let ¢(x,t) := tP, for all z € R™ and t € [0, 00), with
p € (0,1]. In this case the spaces H, (R") and L¥(R") are, respectively, just the
Hardy space H?(R") studied in [11] and L?(R"). The boundedness of VL™ and
V2L71 from H?(R™) to LP(R"), was obtained in [27, Theorem 1.2(a)]. Moreover,
in this case, r(¢) = 0o, which implies that I(¢)[r(¢)]’ < ¢4 holds true. Thus, (i)
and (iii) of Theorem 1.3 completely cover [27, Theorem 1.2(a)] by taking A := I
and ¢(z,t) := P, for all x € R™ and ¢ € [0, 00), with p € (0, 1].

(c) It follows from [40, Remark 2.4(iii)] that H,(R") C H,, (R") and there
exists a positive constant C' such that, for all f € H,(R"), |[fllu, ;&) <

C||f|l#,@®r) under the assumption n + oo > %@";). Thus, as a corollary of (i),

(ii) and (iii) of Theorem 1.6, we know that VL~! V2V L=l and V2L~! are
bounded from H,(R") to H, (R™) under the assumptions of the terms (i), (ii)
and (iii) of Theorem 1.6. Furthermore, as a corollary of Theorem 1.6(iv), we see
that V2L™! is bounded on H,(R™) under the assumption of Theorem 1.6(iv) and

that n + o¢ > %ff)).

(d) (i), (iii) and (iv) of Theorem 1.6 were obtained in [40, Theorem 1.6 and
Remark 1.8(i)] under the assumptions that A in (1.4) satisfies (A;), (As), (A43)
and a;; € CTT*(R") with some « € (0,1] forany ¢, j € {1, ..., n}, V € RH, (R")
with gy € [n,0), i(¢) € (=2, 1] and

n+agq’

, n

= ng(@)/i(9) — a0

q(p)[r(p)]

It is easy to see that, ¢(¢)[r(¢)] < ¢+ and n+og > %&‘)’) automatically holds true
under these assumptions for . Thus, (i), (iii) and (iv) of Theorem 1.6 improves
[40, Theorem 1.6 and Remark 1.8(i)] by weakening the assumptions for ¢ and A.
(e) Theorem 1.6(ii) is new even when A := [ in (1.4) and ¢(z,t) := t*, for all
z € R" and ¢ € [0, 00), with p € (;577,1]-
(f) From [10, Remarks 1.7 and 1.8], we deduce that the function ¢ as in (1.9)
satisfies the assumptions in Theorems 1.3 and 1.6. Thus, the conclusion in The-

orems 1.3 and 1.6 holds true for the space H,, (R™) and H,(R") associated with
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@ as in (1.9) (see [10, Remarks 1.7 and 1.8] for more examples of ¢ satisfying the
assumptions in Theorems 1.3 and 1.6).

As a corollary of Theorem 1.6, we have the following maximal inequality for L
in the scale of the space H, (R").

Corollary 1.8. Let ¢, L and V be the same as in Theorem 1.06. Then there
exists a positive constant C' such that, for all f € CZ(R"),

I=Af e, @y + 1V F i, @y < CHULFa, gy -

The layout of this article is as follows. In Section 2, we establish several useful
Sobolev type estimates for the heat kernel of L. Then, in Sections 3 and 4, we
give the proofs of Theorems 1.3 and 1.6, respectively.

Finally we make some conventions on notation. Throughout the whole article,
we denote by C' a positive constant which is independent of the main parameters,
but it may vary from line to line. We also use C, g,y to denote a positive constant
depending on the indicated parameters ~, (3, .... The symbol A < B means that
A< CB. If A< Band B < A, then we write A ~ B. For any given (quasi-
Jnormed spaces A and B with the corresponding norms || - |4 and || - ||z, the
symbol A C B means that, for all f € A, then f € B and ||f|lz < || f]la. For
any measurable subset E of R", we denote by Eb the set R™ \ £ and by yg its
characteristic function. We also set N := {1, ...} and Z, := {0} UN. Moreover,
for each ball B C R", let So(B) := 2B and S;(B) := 27*'B\ (2/B) for j € N.
Finally, for ¢ € [1,00], we denote by ¢’ the conjugate exponent of ¢, namely,
1/g+1/q¢d =1.

2. SOBOLEV TYPE ESTIMATES FOR HEAT KERNEL OF L

In this section, we establish some useful Sobolev type estimates for the heat
kernels of L. Assume that U is a nonnegative function on R” and U € RH,(R")
with ¢ € [n/2, 00]. Then, for all z € R", the auziliary function m(x,U) associated
with U is defined by

7“2

’B(l’, T>| B(z,r)

which was introduced by Shen [33]. To state the main results of this section, we
first recall the following useful conclusion for the auxiliary function as in (2.1),
which is just [33, Lemma 1.4].

[m(x,U)]"" = sup {'r’ € (0,00) : Uly)dy < 1} , (2.1)

Lemma 2.1. Let the nonnegative function U € RH,(R"™) with q € [n/2,00] and
m(-,U) be as in (2.1). Then there exist positive constants Cy, Cy and ko such
that, for all x, y € R",

Cim(z,U)
[1+ |z —ylm(z,U)]

ko/(ko+1) < m(y’ U) < 02[1 + ’1: o y’m(x7 U)]kom(x7 U)

Now we state the main results of this section, which play a key role in the proof
of Theorem 1.3.
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Proposition 2.2. Let L be as in (1.4) and K, the heat kernel of L. Assume that
¢+ € (n/2,00) with q4 as in (1.3).

(i) For allp € [1,2q4), k € Zy, v € R" and t, s € (0,00), there ezist positive
constants Cy, p), Ek,p) and C(i,p), dependmg on k: and p, such that

kK 1/p
{yeR™: |y—z[>/5} ot
Clr.p) s
S t1/2+n/(§p’)+k eXp {_5( )t } exp { 1 + t[ (JZ, V)]Q)(S} ) (2'2)

(i) Forallp € [1,q+), k € Zy, x € R" and t, s € (O 00), there exist positive
constants Cy, p), §k,p) and C(,p), dependmg on k: and p, such that

8kK 1/p
{yeR™: jy—z|>/5}

otk
Clk,p) 5 216
= Atn/2p)+k P {_f(k,p);} exp { —c,p) (1 + t[m(z,V)]*)°}

P 1/p
J g
{yeR™: [y—z|>+/s}

Clk.p) s o6
S t1+n/(2p) exXp { f( );} exXp {_C(kvp)<1 + t[m(m, V)] ) } y (23)

here and hereafter, m(-,V') is as in (2.1) and 6 := 1/[2(ko + 1)] with ko as in
Lemma 2.1.

v2

and
ath(y7 I)

V(y) otk

Obviously, the conclusion of Proposition 2.2 could be derived from the following
Lemma 2.3. Thus, we only need to prove Lemma 2.3.

Lemma 2.3. Let L, q. and K; be as in Proposition 2.2.
(i) For allp € [1,2q,), k € Z,, x € R™ and t € (0,00),

k 1/p
([ [P2Rnf st dy}
< C(kvp) 1 t V 2\
= 2/ )+ exp {—c +tlm(z, V)]?)°}.
(ii) Forallp € [1,qy), k € Zy, x € R" and t € (0,00),
/ vzath(yJ) ? v
C(k,p) 2\6
and
/ V( )8th(y7I) P 1/p
T ek
Clk,p)

S t1+n/(épf)+k exp { —c(k,p) (1 + t{m(a, V)]2)5} ;
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where the positive constants §, ), Ck,p)s Ck,p) and 6 are as in Proposition 2.2,
and m(-, V) is as in (2.1).

To prove Lemma 2.3, we need the following auxiliary conclusions.

Lemma 2.4. Let L, q. and K; be as in Proposition 2.2. Then there exist positive
constants Cs, Cy and Cs such that, for all x, y € R" and t € (0, 00),

C - 2
0 < Ky(z,y) < t”_/32 exp {—Cu(1 + t[m(z, V)]?)°} exp {_05 K t Y| } |
where m(-, V) and § are, respectively, as in (2.1) and Proposition 2.2. Moreover,

tk% with k € N also satisfies the same estimate as K.

Lemma 2.4 is just [22, Theorem 1(b)].
Lemma 2.5. Let L, ¢4 and K, be as in Proposition 2.2. Then, for allp € [1,2q.),

r € R andt € (0,00), there exist positive constants oy, C(p) and ¢y, depending
on p, such that

y—z|2 1/p
{ VK, (y, )" "0 " dy}
RTL

Cip) 5
< S e P {_C@) (1 + tim(z, V) } ’

where m(-, V') and 6 are, respectively, as in (2.1) and Proposition 2.2.

To prove Lemma 2.5, we need the following boundedness of Riesz transforms
VL71/2 associated with L, on LP(R").

Lemma 2.6. Let L and qy be as in Proposition 2.2. Then, for all p € (1,2q,),
there exists a positive constant C(p) such that, for all f € LP(R"),

VL2 oy < Conll flloen.

To give out the proof of Lemma 2.6, we need the boundedness of second order

Riesz transforms V2L~! on LP(R"), which is also very useful for the proof of
(2.4).

Lemma 2.7. Let L and q. be as in Proposition 2.2.
(i) If A in (1.4) satisfies (Ay), then for any p € [1,q+), there ezists a positive
constant Cpy such that, for all f € LP(R™), [VL(f)te@n) < Cipll f1 1o re)-
(i) If A in (1.4) satisfies (Ay), (A2) and (As), then for any p € (1,q4), there
exists a positive constant Cp) such that, for all f € LP(R"),

HV2L_1(f)||Lp(Rn) < C(p)”fHLP(R”)-

Proof. The proof of (i) is similar to that of [33, Theorem 3.1] and we omit the
details here.

Now we prove (ii). Let Ly := —div(AV). It was proved by Avellaneda and Lin
in [4, Theorem BJ that, for all p € (1,00) and f € LP(R"), ||V2Ly' (/)| zrmn) S

~Y
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| f||L»(rny. From this and the conclusion of (i), we deduce that, for all f € LP(R™)
with p € (1, q4),
V2Lt S L L™ D pogny ~ 1T = VILTH O gy S Nl

This finishes the proof of (ii) and hence Lemma 2.7. O

(P

Now we prove Lemma 2.6 via Lemma 2.7.

Proof of Lemma 2.6. It is well-known that, for all y € R, L% is bounded on
LP(R™) with p € (1,00), where ¢ denotes the imaginary unit (see, for example,
[10]). From this, Lemma 2.7(ii) and the Stein interpolation theorem for families
of operators (see, for example, [34, Theorem 4.1, p.205]), similar to the proof
in [1, pp.1990-1991], it follows that, for all p € (1,2¢,), VL™/2 is bounded on
LP(R™). This finishes the proof of Lemma 2.6. O

Now we prove Lemma 2.5 by using Lemmas 2.4 and 2.6.

Proof of Lemma 2.5. By using Lemmas 2.4 and 2.6, and the definition of the
operator L, similar to the proof of [28, (3.9), p.48] or [8, Lemma 2.5], we prove
Lemma 2.5. We omit the details here, which completes the proof of Lemma
2.5. O

Moreover, via Lemmas 2.4, 2.5 and 2.7, and Leibniz’s rule for distributional de-
rivative, similar to [28, Prop081t10n 3.7] or [8, Lemma 2.7], we obtain the following
Lemma 2.8. The detaﬂs be omitted here.

Lemma 2.8. Let L, q. and K; be as in Proposition 2.2.

(i) If A in (1.4) satisfies (A1), (A2) and (As), then for allp € [1,q4), © € R
and t € (0,00), there exist positive constants B(,), C(p) and cqy, depending on p,
such that

1/p C
(L Iwt ol oy < L exn o1+t VIPY).

here and hereafter, m(-,V') and & are, respectively, as in (2.1) and Proposition
(ii) If A in (1.4) satisfies (Ay), then for allp € [1,q+), x € R" and t € (0, 00),
there exist positive constants By, Cp) and cqy, depending on p, such that

{/ IV (y) Koy, )P o5 dy}l/p

2\6
= fn/(2p) exp{ ey (1 +tm(z, V) } .
Now we prove Lemma 2.3 by using Lemmas 2.5 and 2.8.

Proof of Lemma 2.5. From the commutative property of the semigroup {e=**};~,
it follows that, for any £ € N and ¢ € (0, 00),

k
9 6—2tL

_ (_2L)k‘e—2tL _ 2ke—tLa_k€—tL
otk B B '

otk
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By this and the estimates obtained in Lemmas 2.5 and 2.7, via an argument
similar to that used in the proof of [28, Proposition 7.7] (or [27, Proposition
3.3]), we obtain Lemma 2.3, the details being omitted. This finishes the proof of
Lemma 2.3. 0

3. PROOF OF THEOREM 1.3

In this section, we give out the proof of Theorem 1.3. We begin with some useful
auxiliary conclusions. We first recall the definition of (¢, ¢, M) -atoms and the
atomic Musielak—Orlicz-Hardy space H% a(R™) introduced in [6, Definitions
5.2 and 5.8].

Definition 3.1. Let L and ¢ be, respectively, as in (1.4) and Definition 1.2.
Assume that ¢, s € (1,00), M € N and B C R" is a ball.

(I) Let D(LM) be the domain of LM. A function a € LI(R") is called a
(¢, q, M) p-atom associated with the ball B, if there exists a function b € D(LM)
such that

(i) a = LMp;
(i) for all € {0, 1, ..., M}, supp (L’b) C B;
(iil) ||(rEL)?b]| paqrny < T%M|B|1/q||XB||Z;(Rn), where 75 denotes the radius of B
and j € {0, 1, ..., M}.
(IT) For f € L*(R™),

f = Z )\jaj (31)

is called an atomic (p, q, s, M)p-representation if, for all j, a; is a (¢, ¢, M) -
atom associated with some ball B; C R”, the summation (3.1) converges in
L*(R") and {A;}; C C satisfies that 3, o(B;, |/\j|||XBj||Z;(Rn)) < 00. Let

ﬁ%g{;(l@") :={f € L*(R") : f has an atomic (¢, ¢, s, M) -representation }

with the quasi-norm

“fHHf};q,’;t(R")

:= inf {A({)\jaj}j) : Z)\jaj is a (p, ¢, s, M)-representation of f} :

J

where the infimum is taken over all the atomic (¢, ¢, s, M) -representations of
f as above and

A{Na,);) = inf{A € (0,00) : ng (B- ﬂ) < 1}. (3.2)

7 Mlxs; || pen)

The atomic Musielak—Orlicz—Hardy space Hﬁfj iai(R™) is then defined as the
M, q,s

completion of the set H

o 1oar (R™) with respect to the quasi-norm || - ||HM,Lq,5 (&)
@, L, at
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In what follows, when s = 2, we denote the space H% a(R™) simply by
HM (R™).

@, L, at
Then we have the following atomic characterization of H,, 1 (R™), which is just

a corollary of [6, Theorems 5.4 and 5.9].

Lemma 3.2. Let L and ¢ be, respectively, as in (1.4) and Definition 1.2. Assume

that Assume that M € NN (23((5)),00), s € (1,00) and q € ([r()]'1(p), ), where

q(p), i(p), I() and r(v) are, respectively, as in (1.7), (1.6), (1.5) and (1.8).

Then the spaces H, ,(R") and H%’L(f’;(R”) coincide with equivalent quasi-norms.

Moreover, we also need some properties of ¢ in Definition 1.2. In what follows,
for any measurable subset £ C R™ and t € [0,00), let p(E,t) := [, ¢(x,1)dx.
Then we have the following properties for ¢ from [6, Lemma 2.5], based on the
corresponding results of [24, 15].

Lemma 3.3. Let the function @ be as in Definition 1.2.

(i) There ezists a positive constant C such that, for all (x,t;) € R™ x [0, 00)
with j € N, o(z, 3277, 1) < C Y72 (w0, t)).

(i) A (R™) C A,(R™) C Ay(R™) for 1 <p <q < oo.

(iii) RH.o(R") C RHL,(R") C RH,(R") for 1 < ¢ < p < 0.

(%) Aoo(R") = Upert ey (R”) = Upe 1oy REL, (R).

(v) If o € A,(R™) with p € [1,00), then there exists a positive constant C' such

that, for all balls By, By C R™ with By C By and t € (0,00), Zggfjg < C’[%}p.

Furthermore, we need the following estimates for the potential V', which were
established in [33, Lemma 1.2].

Lemma 3.4. Let V € RH, (R™) with qo € [n/2,00). Then there ezists a positive
constant C' such that, for all x € R" and 0 <r < R < o0,

1 / Rlw? 1
VydySC[—] —/ V(y)dy.
"2 B @) r R JpR) @)

Moreover, if 1 := [m(z, V)] with € R", then = fB(x o V(y)dy =1.

Furthermore, to prove that the operator V2V L~ is bounded from H,, 1(R")
to L#(R"), we need the following boundedness of V/2VL™ on LP(R") with
p € (1,00), whose proof is similar to that of [33, Theorem 4.13].

Lemma 3.5. Let L be as in (1.4) with A satisfying (A1) and (As) and q, €
(n/2,00) with q4 as in (1.3). Assume that p, € (1,00) given by Zﬁ =2 1

i n

when g+ € (n/2,n] and p; = 2q, when q; € (n,00). Then, for all p € [1,py),
there exists a positive constant C(p) such that, for all f € LP(R"),

VYL gy < ConllFllzoen):
Now we prove Theorem 1.3 by using Lemmas 3.2 through 3.5.

Proof of Theorem 1.5. We first prove (i) of Theorem 1.3. From the assumption
q+ > I(@)[r(p)]’, we deduce that there exist ¢ € (I(¢)[r(p)], ¢+). Let s € (1,q4),
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M eNn (344,
there exist {); }] C C and a sequence {a;}; of (¢, ¢, M) -atoms, associated with
the balls {B;};, such that

o0) and f € H;V‘[ani(R”) By this and Lemma 3.2, we know that

f= Nayin L(R") and || £l ,en) ~ A5 ))- (3-3)

J

To finish the proof of the boundedness of VL™ from H, .(R™) to L?(R™),
it suffices to prove that, for all A € C and (p, ¢, M) -atoms « associated with
B := B(xg, 1) for some zg € R™ and ¢ € (0, 00),

[ e@viita@)) do e (BNIelile) - (3.4)

If (3.4) holds true, from this, (3.3) and Lemmas 3.3(i), 3.2 and 2.7(i), it follows
that, for all A € (0, 00),

[ (o V00 Dass [ e PG )
52@(&’%)’

which, together with (3.3), implies that |[VL™'(f)||re@n) S ||f||HMq s@ny BY

this and the fact that Hﬁ/[ ai(R™) is dense in Hﬁd ai(R") and Lemma 3.2, we

further conclude that VL™ is bounded from H, (R") to L?(R").
Now we prove (3.4). We first write

/ K (2, VL' (Aa)(x)|) dz = Z /S . ¢ (2, VL (Na)(2)]) da

J=0

By the choice of ¢, we see that there exists py € (I(p), 1] such that ¢ is of
uniformly upper type p; and (q¢/p1)’ < r(¢), which, combined with the definition
of r( ), implies that ¢ € RH,/p, ) (R™). Moreover, from the assumption M >
5 ( ?) and the definitions of ¢(¢) and i(y), we deduce that there exist § € (g(i), 00)
and py € (0,i(¢p)] such that ¢ is of uniformly lower type po, ¢ € Az(R™) and M >
%. When j € {0, 1, ..., 4}, by the uniformly upper type p; and lower type pg
properties of o, Holder’s inequality, Lemma 2.7(i), po < p1, ¢ € RHgsp, (R™) C
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RH(q/pO)/(Rn) and Lemma 3.3(v), we conclude that
Z Dol [, o (I ) V2 @)@

sZHxBuiﬁa(Rn VL @)% s,y [ (I s s )|

La/rE)’ (S;(B))
< Z XI5 oyl 2 27 B9 (271 B, A s | e

Sv (B, Allxs 2 ) (3.6)

When j € N and 57 > 5, from the uniformly upper type p; and lower type po
properties of ¢, it follows that

1
LSS sl | o (o MIsliken ) VL (@@ dz. (37)
®) fs &) (R")
k=0 J

To estimate the terms I ; and I ;, we first estimate ||V L™ (a)|za(s,(5)). By
the functional calculus L~! fo ~tL dt and Minkowski’s inequality, we see that

7'2B o0
VL @] ogs, ) S/0 Ve al s, s dH/
B

Moreover, it is easy to see that, when j > 5,
dist(S;(B),B) 2 2 'rg —rg 2 27 %rp, (3.9)

which, together with Minkowski’s inequality, (2.3) and Holder’s inequality, implies
that

1/q
Ve @ s < [ ol { [ V@Kl deh dy
7 B {zeR": |z—y|>29"2rp}

1 _ 4]T%
5 ||O{||L1(Rn)m £(0,q)
_ 1 4jTQB
5 ‘B’HXBHL;(RTL)W —£(0, q) ) (310)

where (g, ) is as in (2.3). Furthermore, M > % further implies that there exists
s € (n/(2¢),n/(2¢) + M) satistying s > %. Then it follows, from (3.10) and
Minkowski’s inequality, that

% 1
B S 1BllIali e / e I

_ o L] 1
SIBlIxslew | |7z | e @

~ 27291 BIY x5 i gny. (3.11)




134 S. YANG

Now we estimate the term F;. By the definition of (¢, ¢, M) -atoms, we
know that there exists b € D(LM) such that a = LMb, supp (L'b) C B and
| (r%L)70]| pa( Rn) < B BIY9xsll5¢ gy for all j € {0, 1, ..., M}. From this and
the fact that 24 et = (—1)M M, *tL, we deduce that

(L LT M M —tL u ™
e a=e"L"b=LYe b= (—1) 5 ¢ b
which, combined with Minkowski’s inequality, (3.9), (2.3) and Holder’s inequality,
implies that

Hve_tL a) ||Lq(Sj(B))

oM .
7€ (b)
ot La(S;(B))

</ |b<y>|{ / |
B {zeR": |z—y|>29"2rp}

1 =&, q) ok
q t
NESERYCTON

|

M g q 1/q
V(gj)at—(x’y)‘ d:v} dy

otM

S 1Bl 2y mey

oM 1 —&(M, q) 4JTQB
" Ixslze (R™) (M4 14/ (2q) ©

<IBIM (3.12)

Then by (3.12) and Minkowski’s inequality, we conclude that

1_,’_2]\/1 o0 ]_ _é_(]u )4] 2
|B| ”XBHL«p (R™) - M@ Dt dt
B

00 s
1421 -1 t 1
S I el [ |z | s o
"B

- 2_2Sj|B|1/q||XB||Z;(Rn)- (3.13)

Thus, it follows from (3.8), (3.11) and (3.13) that, for any j € N with j > 5,

||VL_1 S 2_28j|B|1/q||XBHZi(Rn)'

a HLq(Sj(B))
This, combined with (3.7), Holder’s inequality, py < p1,
€ RH(g/py (R") C RE(g/poy (R")

and Lemma 3.3(v), implies that

MH

L S 30 Il a1V L@ s, || (I8 0) [ s o
k=0 J
1
< 92— ZSij‘B’pk/Q|2j+1B|*pk/q(P <2j+1B, |)‘H|XBHZ;(RTL))
k=0
< 2B (B MIs 7 ey )
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which, together with (3.5), (3.7) and s > %, implies that

254 _Td]p g _ —
S S Y2 BRI (BN Il en) S ¢ (BBl gn) - (3.14)
j=5 j=5

From this, (3.5) and (3.6), it follows that (3.4) holds true.

Now we prove (ii) of Theorem 1.3. The proof of (ii) is similar to that of (i).
Here we give out the main sketch for this proof and omit some similar details.
By the assumption ¢ > I(p)[r(¢)], we could take ¢ € (I(¢)[r(¢)]’,q+). Let
M e NN (29 ). Similar the proof of (i), it suffices to prove that, for all

2i(p) ?
A € C and (¢, q, M) -atoms « associated with the ball B,
Lo @Vevrioa@) oo (B Melil) . (619)

Assume that « is a (¢, g, M) -atom associated with the ball B and A € C. For
JE€Zy, let
I, == / ¢ (z, }V1/2VL_1()\04)(20)|) dzx.
5;(B)

Moreover, let p; be as in (3.6). Then ¢ € RH/,,y(R") and ¢ < ¢4 < 33iq22+ =
py when ¢ € (n/2,n], which, together with Lemma 3.5, further implies that
V12V L1 is bounded on LY(R™). From this, ¢ € RH(,/,y(R") and Lemma
3.3(v), similar to the proof of (3.6), we deduce that for j € {0, 1, ..., 4},

1, S ¢ (B Mlxsl i) - (3.16)

For j > 5, by using Holder’s inequality, Lemma 3.4 and (2.2), we obtain an

estimate similar to (2.2) for [I{IER":Ix—y\zm—%«B} VY2V K, (2, y)|9 dz]"/® with any
y € B. From this and similar to the proof of (3.14), we deduce that

SIS @ (B Ihsllh e )
j=5

which, together with (3.16), implies that (3.15) holds true and hence finishes the
proof of Theorem 1.3(ii).

The proof of (iii) is absolutely similar to that of (i), the details being omitted
here. This finishes the proof of (iii) and hence Theorem 1.3. O

4. PROOF OF THEOREM 1.6

In this section, we give out the proof of Theorem 1.6. To this end, we need a
kind atomic Musielak-Orlicz-Hardy space HJ 7 (R") as follows.

Definition 4.1. Let ¢ be as in Definition 1.2, ¢ € (1,00) and ¢ € (0,00). A
function a € L(R") is called a (¢, ¢, €)r-atom associated with the ball B :=
B(xg,10), if
(i) supp (a) C B;
(i1) [lallzo@ny < IBIYx5l 55 @n;
(iii) | [, a(z)dz| < ’BH‘XBHZ;(RTL) [rom(z0, V)]°, where m(-, V) is as in (2.1).
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The Musielak—Orlicz—Hardy space HZ&(]R”) is defined via replacing (v, q, M) -

atoms by (¢, ¢, €)r-atoms in the definition of the space Hﬁfl’L‘{ 2 (R™).

Remark 4.2. Let ¢ and m(-, V') be, respectively, as in Definition 1.2 and (2.1),
and ¢ € (1, 00].

(I) Let £1 € (0,00). By Definition 4.1, we see that, for any (¢, ¢, £1),-atom a,
a is also a (p, q, €)-atom for any € € (0, &4].

(IT) A function a on R" is called a (i, )., -atom associated with the ball B :=
B(xo, o), if

(i) supp (a) C B;
(i) llallany < [BIY9IXBI 70 gny;
(i) [on alz) da = 0if 7o < [m(azo, V)]~
It is easy to see that, for any (¢, ¢),-atom a and € € (0,00), a is a (¢, g, €)r-
atom.
(III) The Musielak—Orlicz—Hardy space H?9(R™) (which was introduced in [7,
Definition 2.2]) is defined via replacing (y, ¢, M)-atoms by (¢, ¢),-atoms in the

definition of the space H f T an (R™).

Now we establish the inclusion relation H?7 (R") C H,, (R"), which is moti-
vated by [20].

Lemma 4.3. Let L and ¢ be, respectively, as in (1.4) and Definition 1.2, oq as in
(1.10) and e € (0,00). Assume that A in (1.4) satisfies (A1), ¢ € (I(p)[r(v)], ),
%{UO’E} > %. Then HY7(R") C Hy, (R") and there erists a positive con-
stant C' such that, for all f € H? 7 (R™), ||flla,, @& < OHf”HZ:EL(Rn)'

As a corollary of Lemma 4.3 and [10, Theorem 2.3], we have the following
conclusion.

Corollary 4.4. Let ¢ and L be, respectively, as in Definition 1.2 and (1.4).
Assume that A in (1.4) satisfies (A1), i(¢), q(v), (@) and oq are, respectively, as
in (1.6), (1.7), (1.8) and (1.10). Let q € ([r(¢)]’, 00) satisfy og+n/q > %@";) and
€ € [00,00). Then the spaces H} 7 (R") and H, (R") coincide with equivalent
quasi-norms.

To prove Lemma 4.3, we need the following Lemma 4.6, which is just [40,
Lemma 2.6].

Lemma 4.5. Let L be as in (1.4) with A satisfying (A1) and K, the kernel of
e L. Assume that oy is as in (1.10).

(i) For each t € (0,00) and any N € N, there exist positive constants C(yy,
depending on N, and a such that, for almost every (z,y) € R" x R",

O alz—y|? -N
0 < Ki(w,y) < — e ™0 {14 Vim(@, V) + Vim(y, V)}

(ii) For each y € R™ and t € (0,00), any N € N and p € (0,00), there
exist positive constants Cy, ,y, depending on N and p, and o such that, for all
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x, v+ h, y € R" satisfying |h| < V1,
[Ke(z + h,y) — Ki(z,y)| + [ Ky, z + h) — Ki(y, )]
’h’ alz yl? -N
< ? - .
< o B e L1 Vit V) 4 V(1))
Proof of Lemma 4.3. For f € L*(R") and z € R", defined the radial mazimal
function of f, associated with {e~*};0, by setting

Ru(f)(x) == sup |e"(f)(2)].

te(0,00)

Let
H, z,(R") :={f € L*(R") : Ru(f) € LY(R")}
with || f||#, x, &%) = [|Ru(f)l| zo®n). Then the space Hy, %, (R") is defined as the
completion of the set Hy g, (R") with respect to the quasi-norm || - ||, x, ®»)-
Let V := (V, 8t) be the gradient operator on R’ and

()

be a partitioned matrix. Then we define the Schrédinger type operator Lon R
by

L:=Lo+V := —div(AV) +V,
where 0 < V € LL (R"). Let u € L2 (R*") be the weak solution of Lu=0
in the ball B(Xy,2r) C R with X, € RT™ and r € (0,00). Then similar to

[16, Lemma 8.4], we could verify that Lo|u|? < 0 in the sense of weak solution.
From this and De Giogi-Nash-Moser estimates (see, for example, [29]), we further
deduce that, for any p € (0, 00), there exists a positive constant C, ), depending
only on n and p, such that

1 l/p
sup  |u(X)| < Cu,p) {n—H/ lu(Y)[P dY} )
XeB(Xo,r) r B(Xo,2r)

Via this estimate and similar to [6, Theorem 8.3], we obtain that H, ,(R") =
H, r, (R") with equivalent quasi-norms.

Let g € (I(¢)[r(p)]’,00). Furthermore, by the assumption %‘M’ > 3((:;)),

we see that there exist o € (0,00), po € (0,i(p)] and g € (g(¢),00) such that
n+min{puo, e}

> po, ¢ € Az(R™) and ¢ is of uniformly lower type py,. Then to

prove Lemma 4.3, it suffices to prove that, for all (¢, ¢, €),-atom a, supported in
B := B(z,719), and X € C,

[ el pi0a)@) do S o (Bl ) (4.1)

Now we prove (4.1). We first write

/n o (z, Np(Aa)(x)) dz = Z/ (x, Np(Xa)(z)) dx =: ilj.
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Denote by M the classical Hardy-Littlewood mazimal operator on R™. Then
from the LP(R™)-boundedness of M with p € (1, 00) and the pointwise inequality
Ni(a) S M(a), we deduce that |Ny(a)||ra@n) < ||al|pawn). By this and Lemma
3.3(v), similar to the proof of (3.6), we conclude that, for j € {0, 1, ..., 4},

LS e (B Al (4.3)

When j > 5, for any = € S;(B), from Hélder’s inequality and Lemma 4.5, it
follows that, for any ¢ € (0, 00),

e = | [ KiGegaty) dy\
B
<|/ [Ktm,y)—Kt<x,xo>1a<y>dy\+rm<w,xo>r / a(y)dy\
B B
Ho
7o
S o= ggpm 1l
1 _alz—z \2 —€ _ .
tome 1+ Vim(ao, V)| [Blllxsll; g lrom(zo, V)]
gﬁn{HO,E} )
< —
~ o — xo|rtmindro, e} |B|HXB”L*"(R")’

which, together with the fact that |x — x| ~ 27r¢ for any « € S;(B), further
implies that

min{po, e}
T — —(n+min j -
Nh(a)(ﬂf) 5 . n4-min € |B|HXB||L; Rn) ™ 2 (et {M()’E})]HXBHL; Rn)*

By this, the uniformly lower type py property of ¢ and Lemma 3.3(v), we see
that

I] 5 / SO (I‘, 2—(n+min{#0,5})j|/\| ||XB||Z;(RW')>
S;(B)
< 2—(n+min{u0,€})jpogp <2j+lB7 Al “XB”Z;(R"D
< 2(n+min{uo,€}—nq~/po)l)0j4p (B, |)\|||XB||Z;(R")> ’

which, combined with n 4+ min{ug, €} > ng/po, further concludes that

Z I < Z 2(n+min{,u0:€}fnzlv/p0)p0j90 <B, ‘)\’HXBHZ;(RTL))
j=5 J=5

<o (B, Mol e ) -

This, together with (4.2) and (4.3), proves (4.1), which completes the proof of
Lemma 4.3. O

Furthermore, as a corollary of Lemma 2.7, we have the following conclusion,
whose proof is similar to that of [, Corollary 1.3] and the details is omitted here.
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Lemma 4.6. Let L and ¢ be, respectively, as in (1.4) and Definition 1.2. Assume
that A in (1.4) satisfies (A1), (A2) and (A3z), and gy € (n/2,00) with g4 as in
(1.3). Then for any p € (1,q4), the m-accretive extension on LP(R™) of L :=
—div(AV) + V defined on C*(R™) has domain Dy(L) = W*P(R") N LY, (R™),

where
1/p
< 00 .

Moreover, to prove Theorem 1.6(iv), we need the molecular characterization of
H,(R") established in [18, Theorem 4.13]. To state the molecular characterization
of the space H,(R"), we first recall the definitions of (¢, ¢, s, €)-molecules and
molecular Muswlak Orlicz-Hardy spaces H 75 (R™).

Ly (R") = {f € Ligo(R™)  [[fllp, @ny = [/ |[f(@)V ()" dx

Definition 4.7. Let ¢ be as in Definition 1.2, ¢ € (1,00), s € Z,; and € € (0, 00).
(I) A function a € LI(R") is called a (¢, q, s, €)-molecule associated with the
ball B, if
() for eachj € Ly, ||a|zags; By < 2_j5|2jB|1/q||XB||Zi(Rn);
(i) fgn (z)2? dz =0 for all B € Z7 with |B| <s.
(IT) The molecular Musielak—Orlicz—Hardy space, H?* * (R™), is defined to be

©, mol
the space of all f € §'(R") satisfying that f = >, A\ja; in S'(R"), where {);}; C
C, {a;}; is a sequence of (¢, g, s, €)-molecules, respectively, associated to the

balls {B,};, and
>0 (B sl Iz ) < oo
J

Moreover, define HfHHZ,;;(Rn) = inf{A({)\;e;};)}, where the infimum is taken
over all the decompositions of f as above and A({\;a;};) is as in (3.2).

For any s € R, denote by |s| the maximal integer k such that k£ < s. Then we
have the following conclusion, which is just [18, Theorem 4.13].

Lemma 4.8. Let ¢ be as in Definition 1.2. Assume that s € Z, with s >

[n(a(p)/i(¢) = 1)], € € (max{n + s,nq(¢)/i(p)},00) and p € (q()[r(¢)]', 00),

where q(p), i(¢) and r(p) are, respectively, as in (1.6), (1.7) and (1.8). Then
Hy(R™) and HJ 35 (R™) coincide with equivalent quasi-norms.

Now we prove Theorem 1.6 by using Lemmas 3.2, 4.3, 4.6 and 4.8.

Proof of Theorem 1.6. We first prove (i) of this theorem. By the assumption

ntoo > q(( and 0y < 2— 2 we know that there exist ey € (0,0¢) and ¢; € (1,q,)
such that
o s g0 and nT g > ?(w,
01 n i()
which further implies that there exist ¢ € (¢(¢), 00) and py € (0,i(¢)) such that
n—+ &g > @,

Po
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V e RH, (R"), go € A7(R™) and ¢ is of uniformly lower type py. Let M € N sat-
isfying M > q(( 7 and g € (max{q], I(¢)[r(p)]'}, 00). From this and the assump-

tion I(p)[r(p)]" < ¢4, we deduce that there exists p; € (I(p)[r(p)]’, min{q, ¢, }).
By Lemmas 3.2 and 4.3, we only need to prove that, for all (¢, ¢, M) -atoms «,
VL (a)is a (g, p1, €0)-atom up to a harmless constant multiple.

Via the definition of «, we see that there exists b € D(L) such that o =
Lb, supp (b) C B and [|bl|pa@ny < 75|BIY9|| x5l e @n- First, it follows from
supp (b) C B and a = Lb that

supp (VL™ () = supp (Vb) C B. (4.4)

Moreover, by Holder’s inequality and Lemma 2.7(i), we conclude that

VL)) S 1BIF P llalliae) S B Ixslbn-  (45)

Now we estimate | [, VL™ () dz| by considering the following two cases.
Case 1) ry € [[m(x,V)]™!,00). In this case, from Holder’s inequality, (4.5)
and rom(zo, V') > 1, we deduce that
-1 1/p}
v < |VL (O‘)HLM(B) |BJ'?

[y
< Bl oy [rom o, V)P (4.6)

Case 2) ro € (0,[m(zo,V)]™'). In this case, by Holder’s inequality, V €
RH, (R"™), ¢ > ¢}, Lemma 3.4, 2—n/q > gy and rom(xo, V') € (0,1), we see that

/ VIt x)dx

<Vobllrm < IVIea @Il 4

qu

< il /B V() da

_ 2_n
S IBllIxsl 26 @n) [rom (o, V)]

< BllIxall g [rom (o, V.

From this and (4.6), it follows that

/B VL a)(z)dx

which, together with (4.4) and (4.5), implies that VL™ () is a (¢, p1, £)-atom
up to a harmless constant multiple. This finishes the proof of Theorem 1.6(i).

Now we prove (ii). By the assumption H%O/Q > 49 and gy < 2 — o> we know

that there exist &1 € (0,00), ¢2 € (1,¢4+), ¢ € (q(¢),0) and py € (0,i(p)) such
that

S Bllxsll g [rom(zo, V)™,

n n
2—— >¢; and n+—>—q
) 2 po

V e RH,(R"), ¢ € Az(R") and ¢ is of uniformly lower type p,. Let M €
N (2, 00), g € (max{gs, (@)l (9)]'}, 00) and ps € (I(@)r(¢)] ming, g1 }).
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Similar to the proof of (i), we only need to show that, for all (¢, ¢, M) -atoms
a, VY2V L7Y(a) is a (@, p2, €1/2)-atom up to a harmless constant multiple.

Let a be a (¢, ¢, M)-atom associated with B := B(zg,79). Then there ex-
ists b € LI(R™) N D(L) such that o = Lb, supp(b) C B and ||b||pamn) <
T8|B|1/q||XB||Z;(Rn). Furthermore, it follows from Lemma 4.6 that b € W2 ¢(R™)N
L{,,(R™), which, together with supp (b) C B, implies that supp (Vb) C B. By
this, we see that

supp (VY2VL™Y(a)) = supp (VY2Vb) = supp (Vb) C B. (4.7)

Moreover, from Holder’s inequality and the L?(R")-boundedness of V/2V L1,
we deduce that

11 _
V2L o ey < BP0 [VIEVLTH )| o g
11 _
S IB# ol s S 1B Ixel kg (48)

Now we estimate | [, V/*V L' () dz| by considering the following two cases.
Case 1) ro € [[m(xg,V)]™1, 00). In this case, similar to (4.6), we conclude that

/ VIRVL Y a)(w) dz| < [VEVLTHQ)|| oy ) 1BIP
B

S BlIxs 1 g [rom (o, V)72 (4.9)

Case 2) ry € (0, [m(xo, V)]7). In this case, it follows from Holder’s inequality
and the Sobolev imbedding theorem (see, for example, [14, Theorem 7.10]) that,
for any p € (1, q.) with p # n,

Hvb”LP(B’) 5 Hv2bHLP(B) |B|1/n ~ HVQL_I(O‘)HLP(B) |B‘l/n
S B Pxa i sy, (4.10)

which, together with Holder’s inequality, V' € RH,(R™), ¢+ > ¢, > (2¢2)',
Lemma 3.4, 2 — n/qy > &1 and rom(zg, V') € (0,1), further implies that

< { /B V()] dx}l/(QqQ) { /B IVb(a)| 2 dm}l/@qg)/

1/2 1 |
~1/2q) Sio+l _
SIB | [ via]  1BE i,

/ V2V LY (a)(x) dz

_ 1-n
< 1BIlxs 17 gy [rom (o, V)] 5
— €1 2
S 1BIIIxB1 gt @ [rom (o, V)2
This, combined with (4.7), (4.8) and (4.9), further implies that V2V L™} (a) is
a (¢, p2, €1/2)-atom up to a harmless constant multiple, which completes the
proof of Theorem 1.6(ii).

Now we prove (iii) of Theorem 1.6. Let M € N satisfying M > 7;3((;’)) and

q € (I(o)[r(¢)], q+). Similar to the proof of (i), we only need to show that, for
all (o, ¢, M)p-atoms o, VZL7(a) is a (y, ¢, €)r-atom for any € € (0,00) up to
a harmless constant multiple.
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Let a be a (¢, g, M) -atom associated with B. Then there exists b € L(R™)N
D(L) such that @ = Lb and supp (b) C B and ||b|parn) < T(Q)’BP/QHXBHZ;(W)-
Furthermore, it follows from Lemma 4.6 that b € W#4(R™) N LY, (R™), which,
together with supp (b) C B, implies that supp (V?b) C B. Thus,

supp (VAL (a)) C B.
Moreover, by Lemma 2.7(ii), we conclude that
192270 ey S llzecs S 1Bl (@.11)

For the above b € D(L), from (4.10) and Holder’s inequality, we deduce that
Vb € L'(R"). Furthermore, by (4.11), Holder’s inequality and o = Lb, we further
know that V2b € L'(R"). Take ¢ € C2°(R") such that supp (¢)) C 2B and ¢ =1

on B. Then via the divergence theorem, we see that, for all 7, j € {1, ..., n},
0?b(x) 0?b(x) Ab(x) O(x)
dr = — dr = — ——L——2dx =0
R™ 817201’] . R™ 893'28$]¢(w) . R™ al'j 81}1 v ’

which further implies that

V2L (a)(x) dz = 0. (4.12)
Rn
Thus, V2L () is a (¢, g, €)z-atom for any & € (0, 00) up to a harmless constant
multiple.

Finally, we prove (iv). By the assumption ¢(p)[r(¢)]’ < ¢+, we see that there
exists ¢ € (¢(@)[r(¢)],q+). Let M be as the proof of (iii) and « a (¢, ¢, M)-
atom associated with B. Moreover, from supp (V2L '(a)) C B, (4.11) and
(4.12), it follows that VZL™!(a) is a (¢, ¢, 0, €)-molecule for any ¢ € (0, 00) up
to a harmless constant multiple. By this and Lemmas 3.2 and 4.8, we conclude
that V2L~ is bounded from H,, ;(R™) to H,(R"), which completes the proof of
Theorem 1.6(iv) and hence Theorem 1.6. O
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