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ABSTRACT. In this paper, we study some connection between the compactness
of radial operators and the boundary behavior of the corresponding Berezin
transform on weighted Bergman spaces. More precisely, we prove that, under
some mild condition, the vanishing of the Berezin transform on the unit circle
is equivalent to the compactness of a class of radial operators on weighted
Bergman spaces. Moreover, we also study the radial essential commutant of
the Toeplitz operator T, .

1. INTRODUCTION AND PRELIMINARIES

Let D = {z € C: |z| < 1} be the open unit disk in the complex plane C and dm
the normalized Lebesgue area measure on D. For o« > —1, the weighted Bergman
space A2 is the space of all analytic functions on D which are in L*(ID, dm,, ), where
dma(z) = (a+ 1)(1 — |z[*)*dm(z). For any nonnegative integer n, let e,(z) =

%z”, z € D, here I'(+) is the usual gamma function. It is easy to check

that {e, }°2, is an orthonormal basis for A2. Tt follows that f(2) = > a,2" € A?
n=0

if and only if || f||* = O%an < oo. For z e D, K¢(w) = W is the

Copyright 2016 by the Tusi Mathematical Research Group.
Date: Received: Jun. 21, 2017; Accepted: Oct. 26, 2017.
*Corresponding author.
2010 Mathematics Subject Classification. Primary 47B35; Secondary 32A36.
Key words and phrases. Weighted Bergman space, radial operator, Berezin transform, com-
pact operator, essential commutant.
400



THE COMPACTNESS OF A CLASS OF RADIAL OPERATORS 401

weighted Bergman reproducing kernel, that is, f(z) = (f, K¢) for every f € A2,
where (-, -) denotes the natural inner product in AZ2.
For a bounded linear operator A on A%, the Berezin transform of A is the func-

tion A on D defined by A(z) = (Ak®, k), where k% is the normalized reproducing

z) z

kernel, i.e., k¢ (w) = %, w € D. It is easy to see that each bounded oper-
ator on A2 is uniquely determined by its Berezin transform. Thus, the behavior
of an operator can be analyzed by exploring the corresponding Berezin transform.
The important tool in study of the properties (such as the similarity and the in-
variant subspaces) of Toeplitz operators is the Berezin transform and the Mellin
transform, we mention here that the papers (see [1, 2, 3,6, 7,9, 11, 12, 13]). We
also notice that the Berezin transform of an operator A on A% has an explicit
formula. In fact,

1 1
(1 _ 2w)2+a’ (1 _ gw)ZJra

A(z) = (ARS B2) = (1= [2*)*F*(A )
2+a 7’L+2+O& n, n - F<m+2+a)7m m
= (=12 AZ nT'(2 + «) zw,z_:o m!F(2+a)Zw )

2+a Fn+2+« I'm+2+« o m
~ I Z nll 2+a)>\/ ;!r(zm))m‘f"(w)’em(w»z :

for all z € . We know more about the boundary values of the Berezin transform
in the case that the corresponding operator is compact. Since {k'} converges
weakly and uniformly to 0 as |z| goes to 1, Z(z) converges to 0 uniformly as
|z| approaches to 1, for any compact operator A on A%. The main topic in this
paper is to consider the inverse problem of determining for which operators on
A? the vanishing on dD of the Berezin transform of the operator is equivalent
to the compactness of the inducing operator. We know that this is not true for
general case indicated by the following examples.

One example is the composition operator Cpf = f o ¢ induced by ¢(z) =

—z, which is bounded on A2 such that |l‘im /Cv’d)(z) = 0, but C, is not com-
z|—1—

pact. In fact, for any f(z) = Y 07 a,2" € A2, [|Cofl> = || Dot an(—2)"|? =

> —”'F @ta) 1 12 = || f]|2. It follows that Cy is an isometry on A2. So Cy is not
n=0 I'(n+2+a) ¢ ¢

compact. Hovvever

Co(2) = (Cpk2 k2) = (1 — |2 (C, K2, K2

= (L= [ (K2 (9), K2) = (1 — |2[*)* T K2 ((2))
(1 _ |Z|2)2+a B
:WHO ((IS |Z|—>1 )
Another example of a non-compact operator with boundary vanishing Berezin
transform is the projection operator P onto the closed subspace generated by
the orthonormal set {esn : n = 0,1,2,...}. In fact, since P has an infinite
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dimensional range, it is not compact, but the Berezin transform
S r(2n+2+ r(2m+2+ _on _om
Pla) = (-l 3 il S (Pear. ean) 22
OO

= (1 [ *Owum ~0 (as || - 1)

27T (2+ )

Our main results show that for a class of radial operators, under some mild
condition, the compactness is equivalent to having vanishing Berezin transform on
JD. Moreover, we also give a characterization of the radial essential commutant
of the Toeplitz operator T, on A2.

2. BACKGROUND

Let £(A2) denote the operator algebra of all bounded linear operators on A2
and

¥ ={Ac £(A2)| A(z) — 0 (as |z| —> 17) implies that A is compact}.

The previous examples in the last section show that ¥ is a proper subset of £(.A2).
The problem of determining if this is true even for a single Toeplitz operator has
been opened for a number of years.

Recall that for f € L*>°(DD), the Toeplitz operator Ty with symbol f is the op-
erator on A? defined by Tyg = P(fg), where P is the orthogonal projection from
L3(D, dm,) onto A2. That is, (Tyg)(=) = (P(f9))(2) = f, f(w)g(w)K2(=)dma(w).
The compactness of Toeplitz operators on the weighted Bergman space have been
of interest to many mathematicians. Zhu (see [5]) and Luecking (see [6]) proved
that T is in ¥ whenever f is positive. Korenblum and Zhu (see[9]) proved that
the same conclusion holds if f is radial. Axler and Zheng (see [1]) proved, for any
f e L>(D), Ty € ¥. Actually, they showed that finite sums of finite products of
Toeplitz operators with L>°(ID) symbols belong to the class 9. Zorboska (see [2])
and Stroethoff (see [12]) proved that for a class of radial operators, the compact-
ness of an operator is equivalent to the vanishing of the Berezin transform on the
unit circle. Following this direction, we generalize the corresponding results to

the weighted Bergman spaces.
For f € L'(D) we define rad(f) by

1
2m Jo

2
rad(f)(z) = flez)dt
We say that rad(f) is the radialization of f, and f is radial if it is equal to its
radialization. Thus a function is radial if and only if f(z) = f(]z]). We also call
the function f(2) = [ f(w)|kS (w)[*dmq (w) is the Berezin transform of f, which
is a weighted average of f For a bounded operator A on A2, we defined Rad(A)
by
1 2
Rad(4) = - / U AU, dt,
0

™
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which means that for any f and ¢ in A2,

1 27
(Rad(A)f.g) = 5 [ (U7 AV g)at

where U, is the unitary operator such that (U, f)(z) = f(e™*z) for f in A? and 2
in D. We say that the operator A is radial if A = Rad(A).
For our main results, we need the following lemmas.
Lemma 2.1. For any A € L(A?%) and f € L'(D),
(i) Rad(A) =rad(A). In addition, A is radial if and only if A is radial .
(17) rad(f) = rad(f). In addition, [ is radial if and only if ]7 is radial. Espe-
cially, Ty is radial if and only if f is radial.
Proof. Since
1_Z21+% 1_Z€it21+%
Utk?( )_k,a< —it ) ( | |) — ( ’_| ) — ?itz(w),

(1 = Zemttw)2te (1 — zeity)2+a

then

Rad(A)(2) = (Rad(A)k2, k) — 21 /0 AU Bt

z) 7z T z) 7z

1 2m

Hence, if A is a radial operator, then A(z) = rad(A)(z). That is, A is a radial

function. On the other hand, if rad(A)(z) = A(z), then Rad(A)(z) = A(z).

Since the operators are uniquely determined by their Berezin transform, so A =
Rad(A).

For the second term, since

A(e"2)dt = rad(A)(2).

—_—

rad()(2) = / rad () ) ()P ) = [ 5 /%f W)t (w) Pdrmg (w)
K [ [ st o Pamaoy e = o [ ) de = ra (e

Thus, f is radial if and only if f is radial if and only if T} is radial. 0

The following lemma says that every radial operator on A% actually is a diag-
onal operator.

Lemma 2.2. Let A be a radial bounded operator on A%. Then A is a diagonal
operator with respect to the orthonormal basis {e,} of A2.

Proof. Since A is a radial bounded operator on A2, then A = Rad(A). We have

1 27
(Aen, em) = (Rad(A)ey, e) = (2—/ U AU, ey, e,)dt
0

™
1 21

= — e~ M Ae, e )dt = 0, for n # m.
2 Jo



404 Y. LI, M. WANG, W. LAN

3. MAIN RESULTS

Note that an operator A on weighted Bergman spaces is compact if and only if
A*Ais compact if and only if there exists a unitary operator U such that U*A* AU
is a compact radial operator. In the sequel, suppose that A is a radial operator
on A? and a, = (Ae,,e,), we want to explore the relation between the behavior
of the sequence {a,} and the boundary behavior of the Berezin transform A. Of
course, if lim a, = 0, then A(z) converges to 0 (as |z| — 17). The converse is

n—oo

not always true as the two counterexamples of diagonal non-compact operators
in Section 1. We will show that, under some mild restriction on the sequence
{a,}, A(z) — 0 (as |z| — 17) is a sufficient condition for the compactness of

A.

For a radial operator A, A(z) = (1 — |z[2)2 S0 %anw%. Thus the
n=0

question of whether A is in ¥ is equivalent to the following problem: when does
| ‘lim (1—|2]?)2te Y %aw |?" = 0 imply that a,, — 0 (as n — 0)?
zl—1~ n=0

Lemma 3.1. (see [4, 8]) Suppose A >0 and lim (1 —£)* > b,t" =0
n=0

t—1-
1-A kzi: o
If ig%n |b,,| < o0, then hm (njrl) =0.
Lemma 3.2. Suppose that f € L*=[0,1) and a,(f) = n'712+22++o? fo r2nL(
r?)edr, n > 0. Then a,(f) — 0 (as n — o00) if and only if
: T'(n+2+a)
lim (1 -8t ———q,(f)t" =0.
Jim (1 =) ; W2+ a) )

Proof. First, suppose that a,(f) — 0 (as n — o0). For any ¢ > 0, there exists a
positive integer N, when n > N, we have |a,(f)| < §. For the ¢ > 0 above, there
exists 0 < 0 < 1, when 1 — ¢ <t < 1, we obtain

a = I'(n @ n
(1=t 5 gresda, (e

N 00
o I(n+2+a n @ F(n+2+a n
€ € a s T'(n+24a) 1n
< S5l -0 zo—s,raia)t | <e

Thus lim (1 —¢)2te Y Hed2ta), coym — g,
n=0

- n!l(24+a)

For the other implication, assume that lim (1 — ¢)*™* > %an( ftr = 0.
t—17 n=0
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Note that
o oo
(1 . t)2+a 2:0 I'(n+2+a) an(f)t" _ (1 _ t)1+a Z I'(n+2+a) an(f)(t" . tn+1)
n= n=0

n!l'(2+a) n!l'(2+a)
@ X T(n42+a n o D(n+2+a n
= (1= S B, (e — 3 i, (e
@ I'(n+2+4a n n+l+4a n
= (1= 0"fao(f) + 3 Spisla, () = 3 e, (f)e]

Let by = ao(f),b, = n,’lf(r;:;)) an(f) — %an 1(f). In the sequel, we often

use the same letter M, depending only on the allowed parameters, to denote var-
ious positive constants which may change at each occurrence. By the hypothesis,

|f(2)] < M < 00 a.e. and

(n+2+a) IF'n+ 1+ a)
SRS )
] nll'(2 + «) anlf) (n—l)'F(?—i—oz)a 1)

(n+2+a) sy N

’n' 22+ «) / fr ™) dr

Mn+1+a) P21 N
_«n—12W2+at/f o) dr

. IP(n+1+a)
C ((n =122+ «)

/f (1) edy]

n+1+a) e
:((n 2F22+a’/f P2 1 =) (r® = 1)dr

2n(1
+ ( —i—Oé +a/ /f 2n+1 )adT’

r 1
< ((n_(ln ‘:F;'QC:—Q ‘/ f 2= 1 2) (T2—1)d7“

n? —|—2n(1—|—a (1+a)? / £ — ey

I?(n+1+a) p2ntl o
T )‘(2 n(1+a) + (1 + a)? / Flr)r2m (1 — )dr‘
I(n+1+a) -1 o (2
= ((n— D22 + a) ‘/ S _1)6”‘
Mn+1+a) 241 o
(n!)2F2(2+a)(2 n(l+a)+ (14 a)? M‘/ + r?) dr‘
_ Mn+1+a) I'(n)'(2+ )
(n=1NT224+a) T(n+2+4a)
MPn+1+a«) L(n+1DI'(1+ a)

2n(1+a)+ (1 +a)*)M

(n!)2I'2(2 + )
_ MT(n+14a)3n+1+a
- al24+a) nt+lta’

Fn+2+a)
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By Stirling’s formula 1“(147:::)#) n%(,u > 0), we have ﬁ—zl < M < oo. Using
Z bi
Lemma 3.1, we have nli_r)noo % = 0. Again

dob = bo+zbk
=0

I'k+24+a k+1+a
= ( >+ Z(k(lr—(;.:a)) (f) mak 1(f))

_ F(n+2+a) n(f)

n!l(24c) a
Therefore,
> bi
lim —=2 = lim L(nt2+a) (f) = lim an(f) 0
n—>00 (n —+ 1)1+a n—s00 n‘F(Z =+ a)(n + 1)1+a " n—s00 F<2 + Oé) '
So lim a,(f)=0. O

Lemma 3.3. ( see [10]) Let H be a separable Hilbert space with basis {e,}, and
{an} a complex sequence such that M = sup{|a,|:n > 1} < co. If Ae, = aye,
for all n, then A extends by linearity to a bounded operator on H with ||A|| = M
Moreover, A is compact if and only if a, — 0 (as n — 00).

In [12], Stroethoff proved that: If f is a bounded and uniformly continuous
with respect to the Bergman metric on the unit ball B,,, then T} is compact on
A%(B,,) if and only if f(z) — 0 as |z] — 17. In the following, we give a
sufficient condition for a general radial operator A such that the operator A is
compact.

Theorem 3.4. Let A be a bounded radial operator on A% with diagonal {ay,},
with respect to the orthonormal basis {e,}, such that n(a, — a,_1) is bounded.
Then A belongs to the class V.

Proof. Since A is radial,

e a e I'(n+2+a n
A(Z) = (1 - |Z’2)2+ Z{) élr—é—gja)an|z|2
a I'(n+2+a n o~ T(nt+l+a n
— (1= o)l + 3 SRt o — 52 L ap

= (1—[z)* Z‘anIZIZ",

I'(n+24«a I'(n+1l+a I'(n+1l+a
where by = ag and b,, = n(!;(rz:a)) a, — %an 1= n(!FJ(;:a)) n(a, — an—1) +

(1 + a)a,]. Since both n(a, — a,—1) and (1 + «)a, are bounded, we have from
Stirling’s formula that 22 = T D) () (g, — ap_q) + (1 + @)ay] is bounded.

n!T'(24+a)n®
From Lemma 3.1, we get hm %1% = 0. By Lemma 3.2, we have lim a, = 0.

According to Lemma 3.3, the operator A is compact. O
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Lemma 3.5. ( see [9]) Let Ky, Ky € L'[0, +00). Iff t”’dt 7& 0 forj =
1,2 and all real number x, then for any g € L]0, +00), hm fo 1(t) g(et)dt =
0 if and only zf hm fo 2(t) g(et)dt = 0.

Theorem 3.6. Let f be a bounded radial function on D. Then the following
conditions are equivalent:

(¢) Ty: A2 — A2 is compact.

(17) f(z) — 0 as |z| — 1.

) ) 1+a f f(VH(1 —t)dt — 0as v — 17,

Proof. Since f is a bounded radial function on ID, then T} is radial.
For (i) = (i1), since Tj: A2 — A2 is compact, then d,(f) = (Tren, e,) — 0
(as n — 00). Since

f(z) = Ty(2) = (Tyk2, k) = (1 — |2*)*+e Z{)I,‘f,’}?fff)d ()=

By Lemma 3.2, we have lim (1 — |z[)2te S Ht2ra) g (p)2|n — 0. That is,

2| —1— = n!l'(2+a)
lim
Jm () =
For (ii) = (i17), since lim f(z ) = 0, then

2| —1~

Jm (1= 07 3 Sy ()0 = 0.

By Lemma 3.2, we have lim d.(f) = 0. Since

n—-

do(f) = n@fjj Jy FV/DE (1 — t)dt,
we obtain hm F(iia fo V) t"(1 — t)*dt = 0 by Stirling’s formula —gf(:ﬁ;“) ~
nte Let 1— t = % then
nlte n o
e fo VA (1= by

F(1+a) fo (\/ — ) (L= ) udu
F(1+a) f g(eu) K (u)du,

where € = % and

0, u > 1.

o) = {f(\/l—u), 0<u<l,

(1— euﬁu"‘, 0<u< %,
Relu) = {O u> 21

Since 0 < K.(u) < e “u®, the dominated convergence theorem implies that
K.(u) — e "u® in Ll[() +00) as € — 07. Therefore, the condition
hm n e fo VO (1—1)*dt = 0 is equivalent to lim  [" e“g(eu)udu =

s 1+a e——0t
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[ VB (—t)>dt

(—o)ife  — 0 is equivalent to

0. Similarly, lim

z—1

lim f0+°° X011 (u)u® g(e u)du = 0. The desired result follows from Lemma 3.5.
e—0

For (ii) = (i), if lim % — 0, note that
r—1"
I'(n+2+a) ain
dn(f) anm fo V(1 —t)*t"dt,
we need only to prove lim dn(f) =0. Set h(zx) = % € [0,1), then
I'(n+24+a) 1 apn—1
nT(1ta) ¥ fo i dzr
n+24+o 1 f \[ 1—-t)%dt o m—
- n(ll"—&:a); f ((1 m)l“ro) (1 —t$)1+ 2" tdx
I'(n+2+a o n—
= o M) fo (L—t)*dt [; =" 'da
n+24-a
= Dlate) [ p( 1 — t)tndt.
The second equality follows from Fubinis’s theorem. This gives lim d,(f) = 0.
By Lemma 3.3, we get the compactness of T. O

4. ESSENTIAL COMMUTANT OF OPERATOR 7T,

Let Z(L>) be the Toeplitz algebra generated by {1y : f € L*(D)}. Z(L™) is
the closed subalgebra of £(A2%). We recall that the essential commutant of an
operator T' € £(A2) is the set C.(T) = {S € £(A2) : TS — ST is compact}.
Englis (see [3]) proved that

(a) Co(T,) ={S € £(A2): S —T,*ST, is compact},

(b) C.(T,) is a C*-algebra,

(¢) Ty € C(Ty) for every ¢ € L>=(D).

Let [ be the Banach space of bounded complex sequences indexed from n >
0. Consider the linear subspaces dy = {{z,} € I* : (2, — z,-1) — 0} and
di = {{z.} €1 : {n(z, — z,_1)} € 1>°}. Tt is clear that dj is closed in {* and
dy C dy.

In [13], Daniel proved the following result on Bergman space. Now as an
application of our main results, we generalize the conclusion to the weighted
Bergman space.

Theorem 4.1. Let S € £(A2) be a radial operator. Then

(i) S € C(T) if and only if ((S)} € do,

(13) If S € Z(L>®), then {\,(S)} € di, where {\,(S)} is the diagonal elements
of S.

Proof. (i) Since S is a radial operator, we have Sz* = \;(S)2*. Observe that

T*zk _ ﬁzk_% Zf k> 07
: 0, if k=0

n

We have
(S - T;STZ)Zk = )\k<S)Zk - )\k+1(5)2k + Lta )\k+1(S)2k

k+2+a
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That is, S — T7ST, is radial. Note that S — T7 ST, is compact if and only if
Me(S) = M1 (S) + 22Ny 1(S) — 0 (as k — o). Hence \(S) € do.

k+2+a
(1) Since S = T is radial, we have

T'(n+2
M(Ty) = (Tyen, en) = (n + +&/f £ (1 — t)*dt.

n!l(1 +a
Thus
|)‘n+1<Tf) A (Tf)|
[t Jo S(VOEH(L = 8)°dt = SRS [ F(VBE (L= t)de
< 1 flle Jy <—>>t<1 t)e — D2ty — p)afdy
= [f oo it Jo (=) & (L - o)t
< HfHooI,;(.’;*fI;;) ni2ia (lyn(] _gjotlgp 4 e fln() o gy)
- ufuool;ﬁ’%*f:s (e “saﬁgfx‘) + Lo LoH) ta))
= 2||f||ooii°f
This gives that {\,(S)} € d;. O
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