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Abstract

In this article a new result on |A, pm, qn; δ|k summability of doubly infinite lower triangular
matrix has been establised which generalizes a theorem of E. Savas and B.E. Rhoades and
subsequently a theorem of Paikray et al. on summability factor of double infinite weighted
mean matrix.
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1 Introduction

A doubly infinite matrix A = (amnjk) is said to be doubly triangular if amnjk = 0 for j > m or
k > n. The mnth th term of the A-transform of a double sequence {smn} is defined by Tmn =
n∑
µ=0

n∑
ν=0

amnµνsµν .

For any double sequence umn, ∆11 is defined by ∆11umn = umn − um+1,n − um,n+1 + um+1,n+1.
For any fourfold sequence vmnij , ∆11vmnij = vmnij − vm+1,n,i,j − vm,n+1,i,j + vm+1,n+1,i,j ,
∆ijvmnij = vmnij − vm,n,i+1,j − vm,n,i,j+1 + vm,n,i+1,j+1, ∆0jvmnij = vmnij − vm,n,i,j+1 and

∆i0vmnij := vmnij − vm,n,i+1,j . (1.1)

A double series
∑∑

bmn, is said to be summable |A|k, k ≥ 1, [3] if

∞∑
m=1

∞∑
n=1

(mn)k−1|∆11Tm−1,n−1|k <∞ (1.2)

and is said to be summable |A; δ|k, k ≥ 1, [2] if
∞∑
m=1

∞∑
n=1

(mn)δk+k−1|∆11Tm−1,n−1|k <∞. (1.3)
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By taking amnjk =
pij
Pmn

, then the A transform of a double sequence reduces to the mnth term of
the double weighted mean transform of a double sequence {smn} by

tmn =
1

Pmn

m∑
i=0

n∑
j=0

pijsij , where Pmn =

m∑
i=0

n∑
j=0

pij .

Further, a double infinite weighted mean matrix is said to be factorable [1], if there exist sequences
(pm), (qn) such that pmn = pmqn for every m and n.

A double series
∑∑

bmn is said to be summable |N̄ , pm, qn|k, k ≥ 1, [3] if

∞∑
m=1

∞∑
n=1

(
mnpmqn
PmQn

)k−1

|∆11tm−1,n−1|k <∞ (1.4)

and the series
∑∑

bmn is summable |A, pm, qn|k, k ≥ 1, [4] if

∞∑
m=1

∞∑
n=1

(
mnpmqn
PmQn

)k−1

|∆11Tm−1,n−1|k <∞. (1.5)

Similarly we define a double series
∑∑

bmn is said to be summable |N̄ , pm, qn; δ|k, k ≥ 1, [2] if

∞∑
m=1

∞∑
n=1

(
mnpmqn
PmQn

)δk+k−1

|∆11tm−1,n−1|k <∞, (1.6)

and the series
∑∑

bmn is summable |A, pm, qn; δ|k, k ≥ 1, if

∞∑
m=1

∞∑
n=1

(
mnpmqn
PmQn

)δk+k−1

|∆11Tm−1,n−1|k <∞. (1.7)

Clearly, by taking amnij =
piqj
PiQj

, the |A, pm, qn; δ|k summability reduces to|N̄ , pm, qn; δ|k summa-

bility.

Associate with the matrix A, we consider two doubly triangular matrices Ā and Â as follows:

āmnij =

m∑
µ=i

n∑
ν=j

amnµν and âm,n,i,j = ∆11ām−1,n−1,i,j m,n = 1, 2, ... (1.8)

Note that â0000 = ā0000 = a0000.

Let ymn denote the mnth term of the A-transform of a factored doubly series

m∑
µ=0

n∑
ν=0

bµνλµν . Then

we have
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ymn =

m∑
µ=0

n∑
ν=0

amnµν

µ∑
i=0

ν∑
j=0

bijλij =

m∑
i=0

n∑
j=0

bijλij

m∑
µ=i

n∑
ν=j

amnµν =

m∑
i=0

n∑
j=0

bijλij āmnij ,

and consequently we have,

∆11ym−1,n−1 = ym−1,n−1 − ym,n−1 − ym−1,n + ymn

=

m−1∑
i=0

n−1∑
j=0

bijλij ām−1,n−1,i,j −
m∑
i=0

n−1∑
j=0

bijλij ām,n−1,i,j

−
m−1∑
i=0

n∑
j=0

bijλij ām−1,n,i,j +

m∑
i=0

n∑
j=0

bijλij āmnij

=

m∑
i=0

n∑
j=0

bijλij âm,n,i,j −
n−1∑
j=0

bmjλmj ām−1,n−1,m,j

−
m−1∑
i=0

binλinām−1,n−1,i,n +

m∑
i=0

binλinām,n−1,i,n +

n∑
j=0

bmnλmj ām−1,n,m,j

=

m∑
i=0

n∑
j=0

bijλij âmnij .

Since ām−1,n−1,m,j = ām−1,n−1,i,n = ām,n−1,i,n = ām−1,n,m,n = 0 and bmn = sm−1,n−1 − sm−1,n −
sm,n−1 + smn,
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we have

∆11ym−1,n−1 =

m∑
i=0

n∑
j=0

âmnijλij(si−1,j−1 − si−1,j − si,j−1 + sij)

=

m−1∑
i=0

n−1∑
j=0

âm,n,i+1,j+1λi+1,j+1sij −
m−1∑
i=0

n∑
j=0

âm,n,i+1,j+1λi+1,jsij

−
m∑
i=0

n−1∑
j=0

âm,n,i,j+1λi,j+1sij +

m∑
i=0

n∑
j=0

âmnijλijsij

=

m−1∑
i=0

n−1∑
j=0

∆ij(âmnijλij)sij −
m−1∑
i=0

âm,n,i+1,nλi+1,nsin

−
n−1∑
j=0

âm,n,m,j+1λm,j+1,n+1smj +

n∑
i=0

âmnmjλm,jsmj +

m−1∑
i=0

âmninλinsin

=

m−1∑
i=0

n−1∑
j=0

∆ij(âmnijλij)sij +

m−1∑
i=0

(∆i0âmninλin)sin

+

n−1∑
j=0

(∆0j âmnmjλmj)smj + âmnmnλmnsmn. (1.9)

Further, we have,

∆i0âmninλin = λin∆i0âmnin + âm,n,i+1,n∆i0λin
and
∆0j âmnmjλmj = λmj∆0j âmnmj + âm,n,m,j+1∆0jλmj .

Therefore,

m−1∑
i=0

(∆i0âmninλin)sin +

n−1∑
j=0

(∆0j âmnmjλmj)smj =

m−1∑
i=0

[λin∆i0âmnin + âm,n,i+1,n∆i0λin]sin

+

n−1∑
j=0

[λmj∆0j âmnmj + âm,n,m,j+1∆0jλmj ]smj . (1.10)

Lemma 1. let {uij}, {vij} be two double sequences. Then

∆ij(uijvij) = vij∆ijuij + (∆0jui+1,j)(∆i0vij) + (∆i0ui,j+1)(∆0jvij) + ui+1,j+1∆ijvij (1.11)

Proof. By simply expanding the right-hand side of (1.8) the result will be obtained.
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2 Known result

E. Savaş and B.E. Rhoades [2] has proved the following result for |N̄ , pm, qn|k summability of double
infinity series.

Theorem 1. Let (pm), (qn) be sequence of positive numbers satisfying

(i) O(mnpmqn) = PmQn as m, n→∞.

Let Xmn be a given double sequence of positive numbers and suppose that smn = O(Xmn), as
m,n→∞. If λmn is a double sequence of complex numbers satisfying

(ii)

∞∑
m=1

∞∑
n=1

pmqn
PmQn

(|λmn|Xmn)k = O(1),

(iii)

m−1∑
i=0

n−1∑
j=0

|∆0jλij |Xij = O(1),

(iv)

∞∑
i=0

∞∑
j=0

|∆i0λij |Xij <∞,

(v)

m−1∑
i=0

n−1∑
j=0

|∆ijλij |Xij = O(1),

(vi)

m∑
i=0

n∑
j=0

(|λij |Xij)
k = O(1),

then the series
∑∑

bmnλmn is summable |N̄ , pm, qn|k, k ≥ 1.

Extending theorem-1 for double absolute factorable matrix summability, Paikray et al. [4] es-
tablished the following theorem:

Theorem 2. Let A be a doubly triangular matrix with non-negative entries satisfying the condi-
tions

(i) ∆11am−1,n−1,i,j ≥ 0

(ii)

n∑
v=0

amniv =

n−1∑
v=0

am,n−1,i,v = b(m, i), and

m∑
µ=0

amnµ,j =

m−1∑
µ=0

am−1,n,µ,j = a(n, j),

(iii) amnij ≥ max{am,n+1,i,jam+1,n,i,j} for m ≥ i, n ≥ j, and i, j = 0, 1, ...,

(iv)

m∑
i=0

n∑
j=0

amnij = O(1),

(v)
mnpmqn
PmQn

amnmn = O(1),
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Further, let {Xmn} be a given double sequence of positive numbers and suppose that {smn} =
O(Xmn) as m,n→∞. If {λmn} is a double sequence of complex numbers satisfying

(vi)

∞∑
m=1

∞∑
n=1

amnmn(|λmn|Xmn)k <∞,

(vii)

m−1∑
i=0

n−1∑
j=0

|∆0jλij |Xij = O(1),

(viii)

∞∑
i=0

∞∑
j=0

|∆i0λij |Xij <∞,

(ix)

m−1∑
i=0

n−1∑
j=0

|∆ijλij |Xij = O(1),

(x)

m∑
i=0

n∑
j=0

(|λij |Xij)
k = O(1),

then the series
∑∑

bmnλmn is summable |A, pm, qn|k, k ≥ 1.

3 Main result

The aim of this article is to generalize theorem-2 for double absolute factorable matrix summability
method |A, pm, qn; δ|k,k ≥ 1.

Theorem 3. Let A be a doubly triangular matrix with non-negative entries satisfying the condi-
tions

(i) ∆11am−1,n−1,i,j ≥ 0,

(ii)

n∑
v=0

amniv =

n−1∑
v=0

am,n−1,i,v = b(m, i), and

m∑
µ=0

amnµ,j =

m−1∑
µ=0

am−1,n,µ,j = a(n, j),

(iii)
mnpmqn
PmQn

amnmn = O(1)

(iv) amnij ≥ max{am,n+1,i,jam+1,n,i,j} for m ≥ i, n ≥ j, and i, j = 0, 1, ...,

(v)

m∑
i=0

n∑
j=0

amnij = O(1),

(vi)

M+1∑
m=i+1

N+1∑
n=j+1

(mn)δk|∆ij âmnij | = O((ij)δkaijij),
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Further, let {Xmn} be a given double sequence of positive numbers and suppose that {smn} =
O(Xmn) as m,n→∞. Let {λmn} be a double sequence of complex numbers such that

(vii)

∞∑
m=1

∞∑
n=1

(
pmqn
PmQn

)δk
amnmn(|λmn|Xmn)k <∞,

(viii)

m−1∑
i=0

n−1∑
j=0

(
pmqn
PmQn

)δk
|∆0jλij |Xij = O(1),

(ix)

∞∑
i=0

∞∑
j=0

(
pmqn
PmQn

)δk
|∆i0λij |Xij <∞,

(x)

m−1∑
i=0

n−1∑
j=0

(
pmqn
PmQn

)δk
|∆ijλij |Xij = O(1),

(xi)

m∑
i=0

n∑
j=0

(
pmqn
PmQn

)δk
(|λij |Xij)

k = O(1).

Then the series
∑∑

bmnλmn is summable |A, pm, qn; δ|k, k ≥ 1, δ ≥ 0.

Proof. In order to prove the theorem, using (1.7), it is necessary to show that

∞∑
m=1

∞∑
n=1

(
pmqn
PmQn

)δk+k−1

|∆11ymn| <∞

From (1.11) we have ,

∆ij(âmnijλij) = λij∆ij(âmnij) + (∆0j âm,n,i+1,j)(∆i0λij)

(∆i0âm,n,i,j+1)(∆0jλij) + âm,n,i+1,j+1∆ijλij . (3.1)

Then

m−1∑
i=0

n−1∑
j=0

∆ij(âmnijλij)sij =

m−1∑
i=0

n−1∑
j=0

[λij(∆ij âmnij) + (∆0j âm,n,i+1,j)(∆i0λij)

+(∆i0âm,n,i,j+1)(∆0jλij) + âm,n,i+1,j+1(∆ijλij)]sij . (3.2)

Therefore, using (1.9), (1.10) and (3.2), we may, write ∆11ym−1,n−1 =

9∑
r=1

Tr.

From Minkowski’s inequality, it is sufficient to show that

∞∑
m=1

∞∑
n=1

(
mnpmqn
PmQn

)δk+k−1

|Tr|k <∞, for r = 1, 2, ..., 9.
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Using Hölder’s inequality,

I1 =

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1

|T1|k

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
m−1∑

i=0

n−1∑
j=0

|∆ij âmnij ||λij |Xij

k

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
m−1∑

i=0

n−1∑
j=0

|∆ij âmnij ||λij |k|Xij |k
m−1∑

i=0

n−1∑
j=0

|∆ij âmnij |

k−1

.

From (1.8),

âmnij = ∆11ām−1,n−1,i,j = ām−1,n−1,i,j − ām,n−1,i,j − ām−1,n,i,j + āmnij

=

m−1∑
µ=i

n−1∑
ν=j

am−1,n−1,µ,ν −
m∑
µ=i

n−1∑
ν=j

am,n−1,µ,ν −
m−1∑
µ=i

n∑
ν=j

am−1,n,µ,ν +

m∑
µ=i

n∑
ν=j

amnµν .

Since am−1,n,m,ν = am,n−1,µ,n = 0

Using (1.1) and property (ii)

âmnij =

m∑
µ=i

n∑
ν=j

(am−1,n−1,µ,ν − am,n−1,µ,ν − am−1,n,µ,ν + am,n,µ,ν)

=

m−1∑
µ=i

[b(m− 1, µ)−
j−1∑
ν=0

am−1,n−1,µ,ν − b(m,µ) +

j−1∑
ν=0

am,n−1,µ,ν

−b(m− 1, µ) +

j−1∑
ν=0

am−1,n,µ,ν + b(m,µ)−
j−1∑
ν=0

am,n,µ,ν ]

=

m−1∑
µ=i

n−1∑
ν=j

(−am−1,n−1,µ,ν + am,n−1µ,ν + am−1,n,µ,ν − am,n,µ,ν)

=

j−1∑
ν=0

m−1∑
µ=i

(−am−1,n−1,µ,ν + am,n−1µ,ν + am−1,n,µ,ν − am,n,µ,ν)

=

j−1∑
ν=0

[−a(m− 1, ν) +

j−1∑
µ=0

am−1,n−1,µ,ν + a(m, ν)

−
i−1∑
µ=0

am,n−1,µ,ν + a(m− 1, ν)−
i∑

µ=0

am−1,n,µ,ν − a(m, ν) +

i∑
µ=0

am,n,µ,ν ]

=

i−1∑
µ=0

j−1∑
ν=0

∆11am−1,n−1,µ,ν ≥ 0. (3.3)
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Then using (1.1) and (3.3) we get,

∆ij âmnij =

(
i−1∑
µ=0

j−1∑
ν=0

−
i∑

µ=0

j−1∑
ν=0

−
i−1∑
µ=0

j∑
ν=0

+

i∑
µ=0

j∑
ν=0

)
∆11am−1,n−1,µ,ν

= −
j−1∑
ν=0

∆11am−1,n−1,i,ν +

j∑
ν=0

∆11am−1,n−1,i,ν = ∆11am−1,n−1,i,j . (3.4)

Using condition (ii), we obtain

m−1∑
i=0

n−1∑
j=0

∆ij âmnij =

m−1∑
i=0

n−1∑
j=0

(am−1,n−1,i,j − am,n−1,i,j − am−1,n,i,j + amnij)

=

m−1∑
i=0

(b(m− 1, i)− b(m, i)− b(m− 1, i) + am−1,n,i,n + b(m, i)− amnin)

=

m−1∑
i=0

(am−1,n,i,n − amnin) = a(n, n)− a(n, n) + amnmn.

Consequently using (iii) we get ,

I1 = O(1)

M∑
i=1

N∑
j=1

(|λij |Xij)
k
M+1∑
m=i+1

N+1∑
n=j+1

(
mnpmqn
PmQn

amnmn

)k−1(
mnpmqn
PmQn

)δk
|∆ij âmnij |.

= O(1)

M∑
i=1

N∑
j=1

(|λij |Xij)
k

(
mnpiqj
PiQj

)δk M+1∑
m=i+1

N+1∑
n=j+1

|∆ij âmnij |.

Thus finally, using condition(v) and (vi),

I1 = O(1)

M∑
i=0

N∑
j=0

(
mnpiqj
PiQj

)δk
aijij(|λij |Xij)

k = O(1).

Next, using Hölder’s inequality,

I2 =

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1

|T2|k

=

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
∣∣∣∣∣∣
m−1∑
i=0

n−1∑
j=0

(∆0j âm,n,i+1,j)(∆i0λij)sij

∣∣∣∣∣∣
k

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
m−1∑
i=0

n−1∑
j=0

|∆0j âm,n,i+1,j |∆i0λij |Xij


×

m−1∑
i=0

n−1∑
j=0

|∆0j âm,n,i+1,j |∆i0λij |Xij

k−1

.
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By using (3.3) and property (ii) we have ,

0 ≤ âm,n,i+1,j =

i∑
µ=0

j−1∑
ν=0

∆11am−1,n−1,µ,ν

≤
m−1∑
µ=0

n−1∑
ν=0

(am−1,n−1,µ,ν − am,n−1,µ,ν − am−1,n,µ,ν + am,n,µ,ν)

=
m−1∑
µ=0

(b(m− 1, µ)− b(m,µ)− b(m− 1, µ) + am−1,n,µ,n + b(m,µ)− amnµν)

=

m−1∑
µ=0

(am−1,n,µ,n − amnµν)

= a(n, n)− a(n, n) + amnmn.

Since |∆0j âm,n,i+1,j | ≤ âm,n,i+1,j + âm,n,i+1,j+1, using properties (viii) we get ,

I2 = O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

amnmn

)k−1(
mnpmqn
PmQn

)δk m−1∑
i=0

n−1∑
j=0

|∆0j âm,n,i+1,j |∆i0λij |Xij

= O(1)

M∑
m=1

N∑
n=1

|∆i0λij |Xij

M+1∑
m=i+1

N+1∑
n=j+1

(
mnpmqn
PmQn

)δk
|∆0j âm,n,i+1,j |

= O(1)

M∑
m=1

N∑
n=1

|∆i0λij |Xij

M+1∑
m=i+1

N+1∑
n=j+1

(
mnpmqn
PmQn

)δk
(âm,n,i+1,j + âm,n,i+1,j+1)

= O(1).

Similarly, we can prove that I3 = O(1).

Using Hölder’s inequality,

I4 =

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1

|T4|k

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
m−1∑

i=0

n−1∑
j=0

|âm,n,i+1,j+1||∆ijλij |Xij

k

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
m−1∑
i=0

n−1∑
j=0

|âm,n,i+1,j+1||∆ijλij |Xij


×

m−1∑
i=0

n−1∑
j=0

|âm,n,i+1,j+1||∆ijλij |Xij

k−1

.
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From (3.3) and property (ii) we have ,

0 ≤ âm,n,i+1,j+1 =

i∑
µ=0

j∑
ν=0

∆11am−1,n−1,µ,ν

≤
m−1∑
µ=0

n−1∑
ν=0

(am−1,n−1,µ,ν − am,n−1,µ,ν − am−1,n,µ,ν + am,n,µ,ν)

=

m−1∑
µ=0

(b(m− 1, µ)− b(m,µ)− b(m− 1, µ) + am−1,n,µ,n + b(m,µ)− amnµν)

=

m−1∑
µ=0

(am−1,n,µ,n − amnµν).

= a(n, n)− a(n, n) + amnmn.

Thus using properties (ii),(iv) and (x) we get,

I4 = O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

amnmn

)k−1(
mnpmqn
PmQn

)δk m−1∑
i=0

n−1∑
j=0

|âm,n,i+1,j+1||∆ijλij |Xij


×

m−1∑
i=0

n−1∑
j=0

|∆ijλij |Xij

k−1

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk m−1∑
i=0

n−1∑
j=0

|âm,n,i+1,j+1||∆ijλij |Xij


= O(1)

M∑
i=0

N∑
j=0

|∆ijλij |Xij

M+1∑
m=i+1

N+1∑
n=j+1

(
mnpmqn
PmQn

)δk
|âm,n,i+1,j+1|

= O(1)

m−1∑
i=0

N∑
j=0

(
mnpmqn
PmQn

)δk
|∆ijλij |Xij

= O(1).
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Further,using (1.10) and Hölder’s inequality,

I5 =

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1

|T5|k

=

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
∣∣∣∣∣
m−1∑
i=0

λin∆i0âmninsin

∣∣∣∣∣
k

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
(
m−1∑
i=0

λin|∆i0âmnin|Xin

)k

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
[
m−1∑
i=0

|∆i0âmnin|(|λin|Xin)k

]
×

[
m−1∑
i=0

|∆i0âmnin|

]k−1

From (1.8) we have,

∆i0âmnin = ∆i0(∆11ām−1,n−1,i,n)

= ∆i0(ām−1,n−1,i,n − ām,n−1,i,n − ām−1,n,i,n + āmnin)

= ∆i0

−m−1∑
µ=i

am−1,n,v,n +

m∑
µ=i

amnµn


= am−1,n,i,n + amnin ≤ 0.

Then, using property (ii) we get,

m−1∑
i=0

|∆i0âmnin| =
m−1∑
i=0

(am−1,n−1,i,n − amnin)

= a(n, n)− a(n, n) + amnmn.

Thus using property (iii), (vi) and (ix),

I5 = O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

amnmn

)k−1(
mnpmqn
PmQn

)δk [m−1∑
i=0

|∆i0âmnin|(|λin|Xin)k

]

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk(m−1∑
i=0

|∆i0âmnin|(|λin|Xin)k

)

= O(1)

N+1∑
n=1

M∑
i=0

(|λin|Xin)k

(
m−1∑
i=0

(
mnpmqn
PmQn

)δk
|∆i0âmnin|

)
= O(1).
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Again using Hölder’s inequality

I6 =

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1

|T6|k

=

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
∣∣∣∣∣
m−1∑
i=0

âm,n,i+1,n(∆i0λin)sin

∣∣∣∣∣
k

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
(
m−1∑
i=0

|âm,n,i+1,n||(∆i0λin)|Xin

)k

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1

[
m−1∑
i=0

|âm,n,i+1,n||(∆i0λin)|Xin

][
m−1∑
i=0

|âm,n,i+1,n||(∆i0λin)|Xin

]k−1

Using (1.8), and condition (ii),

âm,n,i+1,n = ām−1,n−1,i+1,n − ām,n−1,i+1,n − ām−1,n,i+1,n + ām,n,i+1,n

= −
m−1∑
µ=i+1

am−1,n,µ,n +

m∑
µ=i+1

am,n,µ,n

= −a(n, n) +

i∑
µ=0

am−1,n,µ,n + a(n, n)−
i∑

µ=0

am,n,µ,n ≥ 0

≤
m−1∑
µ=0

(am−1,n,µ,n − am,n,µ,n)

= a(n, n)− a(n, n) + amnmn.
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Thus, using condition (iii), (vii) and (ix)

I6 = O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

amnmn

)k−1(
mnpmqn
PmQn

)δk [m−1∑
i=0

|âm,n,i+1,n||(∆i0λin)|Xin

]

×

[
m−1∑
i=0

|∆i0λin|Xin

]k−1

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk [m−1∑
i=0

|âm,n,i+1,n||(∆i0λin)|Xin

]

= O(1)

M∑
m=1

N+1∑
n=1

|∆i0λin|Xin

M+1∑
m=i+1

(
mnpmqn
PmQn

)δk
|âm,n,i+1,n|

= O(1)

M∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk
|∆i0λin|Xin

= O(1).

Using Hölder’s inequality,

I7 =

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1

|T7|k

=

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
∣∣∣∣∣∣
n−1∑
j=0

λmj(∆0j âmnmj)smj

∣∣∣∣∣∣
k

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
n−1∑
j=0

|λmj ||(∆0j âmnmj)|Xmj

k

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
n−1∑
j=0

|∆0j âmnmj(|λmj ||Xmj)
k

n−1∑
j=0

|∆0j âmnmj

k−1

.

From (1.8),

âmnmj = ām−1,n−1,m,j − ām,n−1,m,j − ām−1,n,m,j + ām,n,m,j

= −
n−1∑
v=j

am,n−1,m,j +

n∑
v=j

am,n,m,j .

Therefore,
∆0j âmnmj = −am,n−1,m,j + am,m,m,j ,

and using properties (iv) and (ii),
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n−1∑
j=0

|∆0j âmnmj | =
n−1∑
j=0

(am,n−1,m,j − am,n,m,j)

= b(m,m)− b(m,m) + amnmn.

Using properties (iii), (vi) and (xi),

I7 = O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

amnmn

)k−1(
mnpmqn
PmQn

)δk n−1∑
j=0

|∆0j âmnmj |(|λmj |Xmj)
k

= O(1)

M+1∑
m=1

N+1∑
n=1

(|λmj |Xmj)
k
N+1∑
n=j+1

(
mnpmqn
PmQn

)δk
|∆0j âmnmj |

= O(1).

Using Hölder inequality,

I8 =

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1

|T8|k

=

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
∣∣∣∣∣∣
n−1∑
j=0

âm,n,m,j+1(∆0jλmj)smj

∣∣∣∣∣∣
k

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
n−1∑
j=0

âm,n,m,j+1(∆0jλmj)Xmj

k

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1
n−1∑
j=0

âm,n,m,j+1(∆0jλmj)Xmj


×

n−1∑
j=0

âm,n,m,j+1(∆0jλmj)Xmj

k−1

.

Using similar argument to that for the proof of I6, and using properties (iii), (vii), and (ix), we get

I8 = O(1).

Finally using (1.7), properties (ii), (iii), (v) and (viii), and we that âmnmn = amnmn,
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I9 =

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1

|T9|k

= O(1)

M+1∑
m=1

N+1∑
n=1

(
mnpmqn
PmQn

)δk+k−1

(amnmn|λmn|Xmn)k

= O(1)
M+1∑
m=1

N+1∑
n=1

(mnamnmn)k−1

(
mnpmqn
PmQn

)δk
amnmn(|λmn|Xmn)k

= O(1).

This completes proof of theorem 2.

Conclusion. Taking δ = 0, Theorem-3 reduces to Theorem-2 and in addition to this taking
pm = 1 and qn = 1, Theorem-3 reduces to Theorem-2.
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