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Abstract

In this article a new result on |A, pm, ¢n; d|x summability of doubly infinite lower triangular
matrix has been establised which generalizes a theorem of E. Savas and B.E. Rhoades and
subsequently a theorem of Paikray et al. on summability factor of double infinite weighted
mean matrix.
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1 Introduction

A doubly infinite matrix A = (amn;x) is said to be doubly triangular if @, = 0 for j > m or
k > n. The mn'" th term of the A-transform of a double sequence {8mn} is defined by T}, =

n n
§ § AmnpvSpuv-

pn=0r=0

For any double sequence up,,, A1; is defined by A11Umn = Umn — Um+1,n — Um,nt1 + Umt1,n+1-
For any fourfold sequence vmnij, A11Vmnij = Umnij — Um+1,n,i,j — Umnt1l,d,j + Umilntlig
Az'jvmnij = Umnij — Um,n,i+1,j — Umnij+1 T Umn,i+1,5+1, AOjvmnij = Umnij — Um,n,i,j+1 and

Ai0VUmnij = Umnij — Um,n,i+1,j- (1.1)
A double series Z Z bmn, is said to be summable |Alx, k > 1, [3] if

oo

DN mn) AN T |F < o0 (1.2)

m=1n=1

and is said to be summable |A4; |, k > 1, [2] if

oo o0

Z(mn)‘wﬁk*l|A11Tm_17n_1\k < 0. (1.3)
n=1

m=1
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th term of

By taking amnjr =
the double Welghted mean transform of a double sequence {Sn} by

tmn P Zzpmszp where Ppy, = ZZPU

™ =0 j=0 i=0 j=0

Further, a double infinite weighted mean matrix is said to be factorable [1], if there exist sequences
(Pm), (gn) such that p,,, = pm@, for every m and n.

A double series Z Z byn is said to be summable [N, p., qnlr, k > 1, [3] if

oo 00 k—1
mnpmdn k
> () Ayt < o (L)

m=1n=1

and the series Z Z bn is summable |A, P, Gnlk, & > 1, [4] if

k—1
Z Z (m”pmq”> 1A T 11 |* < 0. (1.5)

m=1n=1

Similarly we define a double series Z Z byn is said to be summable |N, p,, qn; 0|x, k > 1, [2] if

0o 00 TP g Sk+k—1
Y3 () e <o 10

m=1n=1

and the series Z Z bmn is summable | A, prm, Gn; Ok, k > 1, if

oo o0 MNPmq Ok+k—1
505 (M) ATl <o (w7

m=1n=1
Clearly, by taking amni; = gfgv, the |A, pm, gn; 0|x summability reduces to| N, pp,, ¢,; 0|, summa-
&5
bility.

Associate with the matrix A, we consider two doubly triangular matrices A and A as follows:

m n

&mnij = Z Zamnp,ll and CA’wn,n,i,j = Allﬁmfl,nfl,i,j m,n = 17 2a (18)
p=iv=j
Note that aggoo = @oooo = @oooo- o
Let 4ymn denote the mnt® term of the A-transform of a factored doubly series Z Z buva,,- Then
pn=0r=0

we have
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m n noov
Ymn = Z Z Amnuv Z Zbij/\ij = Zsz;)\U Z Zamwy = Z wa/\mammya

pn=0v=0 1=0 j=0 =0 j=0 p=tiv=j =0 j=0

and consequently we have,

Allym—l,n—l =Ym-1,n—-1 — Ymmn—1 — Ym—1,n T Ymn

31

m—1n—1 m n—1
=3 ) biNijlmotn-1ig — D D bijAijlmn-1.i.j
i=0 j=0 i=0 j=0
m—1 n m n
- sz)\zjam 1,n,i,j + E § bzg)\zjamnzj
i=0 j=0 =0 j=0
m n n—1
= § E U)\zgam n,t,j — § bmj)\mjamfl,nfl,m,j
=0 j=0 7=0
m—1 m n
- E bln)\znam 1,n—1,in + § binAindm,n—l,i,n + § bmnAmjam—l,n,m,j
i=0 =0 7=0
m n
= § sz)\zgamnzj
=0 j=0

Since Um—1,n-1,m,j = Gm—1,n—1in = Gmn—14n = Gm—1,n,mmn = 0 and bpp = Sm—1,n-1

Sm,n—1 + Smn,

— Sm—1,n —
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we have
m n
A1Ym—1,n—1 = E E GmnijNij(Sic1,j—1 — Si—1,j — Si,j—1 + Sij)
i=0 j=0
m—1n—1 m—1 n
= E E Qymyn i1, j+1 N4 1,j+15i5 — E E Gm,n,it1,j+1Ni+1,554;
=0 j=0 1=0 j=0
m n—1 m n
- E E CLm n Zj+1)\l jJrlSZj E CA’/mnij)\ijszj
=0 7=0 =0 j=0
m—1n—1 m—
§ E Al] amnz] 17 57,] § mn2+1n 7,+1,nsin
=0 j=0 =0
n—1 n m—1
am,n,m,j+1)\m,j+1,71+15mj + § &mnmj)\m,jsmj + § &mnlnAlnszn
m—1n—1
= Azy(amnz] ij 513 + g anmm’n)\in)Sin
1=0 j=0
n—1
+ (AOj&nLnnLj)\mj)s’mj + dmnmnAmnsmn- (19)
=0

Further, we have,

AioGmninAin = AinDioGmnin + dm,n,i+1,nAi0)\in

and
AOjdmnmj)\mj = )\mjAOj&mnmj + CALWL,n,rn,jJrlAOj)\mj~
Therefore,
m—1 n—1 m—1
§ ( 1Oamnzn)\zn)51n+ E AOJamnmJ m] § )\inAiOdmnin+dm,n,i+1,nAiOAin]sin
=0 7=0 =0
n—1
+ > i Aojimnmg + Gmmm.j+180jAm;]$mj. (1.10)
Jj=0

Lemma 1. let {u;;},{vi;} be two double sequences. Then

Ajj(uijvij) = vigAijuig + (Dojuivt ;) (Diovig) + (Dioti j+1)(Dojvig) + i1 j+1845vi5  (1.11)

Proof. By simply expanding the right-hand side of (1.8) the result will be obtained.
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2 Known result

E. Savag and B.E. Rhoades [2] has proved the following result for | N, p,,, ¢, |x summability of double
infinity series.

Theorem 1. Let (p.,), (¢n) be sequence of positive numbers satisfying

(2) O(mnmen) = Pan as m,n — oQ.

Let X,,, be a given double sequence of positive numbers and suppose that s, = O(Xu,), as
m,n — 0o. If Ay is a double sequence of complex numbers satisfying

Pmdn k
)\mn an =0(1 ’
.0, ([Amn|Xmn) (1)

i

1
.

ZZZ |A0j)\ij‘Xij = O(l),

.
Il
=3

e iM8

1
= O

3 .
|

g
M8

|AjoAij]| Xij < oo,

Il
- o

3
[

Z [ AijAij| X5 = O(1),

—~
<
~

s
Il

<
<.
Il

=}

(vi) (|)‘1]|le) =0(1),

.MS
NE

©
I
=3

.
Il
<

then the series Z Z brnAmn is summable | N, ., qn |, k > 1.

Extending theorem-1 for double absolute factorable matrix summability, Paikray et al. [4] es-
tablished the following theorem:

Theorem 2. Let A be a doubly triangular matrix with non-negative entries satisfying the condi-
tions

(1) Ar1am—1n-1,i,j >0

n n—1 m m—1
(”) Zamniv = Z Um,n—1,i0 = b(m,z), and Z Umnp,j = Z Am—1,n,u,j = a(nvj)v
v=0 v=0 =0 pn=0

(11%) @mnij > MAT{Am nt1,i,j0m+1,n,i,5 3 for m>i,n>j, and i,j =0,1,...,
m n

(1) D> amni; = O(1)
i=0 j=0

MNPmdn B
(U) TQnamnmn - 0(1)7
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Further, let {X,,,} be a given double sequence of positive numbers and suppose that {s;,} =
O(Xmn) as myn — co. If {A\,n} is a double sequence of complex numbers satisfying

m=1n=1
m—1n—1
(U’L'i) Z Z ‘AOj)\ij|Xij = O(l),
i=0 j=0
(’U’LZZ) ZZ |Ai0)\ij|Xij < 00,
i=0 j=0
m—1n—1
(iz) Z Z |AijAij| Xi; = O(1),
i=0 j=0
(@) D> (MlXi)* = 0(1),
i=0 j=0

then the series Z Z bmnAmn is summable |A, pm, Gnlk, & > 1.

3 Main result
The aim of this article is to generalize theorem-2 for double absolute factorable matrix summability
method |A, pm, gn; 0]k, k > 1.

Theorem 3. Let A be a doubly triangular matrix with non-negative entries satisfying the condi-

tions

(7) Anam—l,n—l,i,j >0,
n n—1 S -
(”) Zamniv = Z Um,n—1,iv = b(m?l)a and Z Amnp,j = Z = Lomagid = a(’n’j)’
v=0 v=0 n=0 e

(ii4) %amnm —0(1)

(10) @mnij = Max{@m nt1,i,jGm+1,m,,5}) for m>i,n>j, andi,j=0,1,..,

() DD amnij = O(1),

i=0 =0
M+1 N+1
Wi) Y Y ()P Aijamni] = O((i5)  aizi;),

m=i+1n=j+1
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Further, let {X,,,} be a given double sequence of positive numbers and suppose that {s;,} =
O(Xmn) as m,n — 00. Let { A} be a double sequence of complex numbers such that

0o 00 ok
.. Pmdn
(’U’LZ) E < > amnmn(|)\mn|an)k < 00,

m=1n=1 Pan
m—1n—1 ok
Pmin ) Agihij | Xiy = O(1
(vidi) PnQ ‘ 05 1J| ij = (1),
i=0 j=0 N TR
oo oo Pl ok
(ix) ZZ (Pan ) |AjoNij| Xij < oo,
’LZO ]:O m n
m—1n—1 D ok
() > ( o) ) |AijAij| Xiy = O(1),
Z:0 j:0 Pan

m n Pt ok
(@) S (B2 ) ()t = 00)

Then the series Z Z bimnAmn is summable |A, pr, gn; Ok, k> 1,6 > 0.

Proof. In order to prove the theorem, using (1.7), it is necessary to show that

0o o0 Sk+k—1
Z Z (gmgl > |A11ymn| < 00

From (1.11) we have ,

Aij(AmnijAij) = NijAij(Gmnij) + (Dojlmom,it1,5)(DioNiz)

(AiO&m,n,i,j-l—l)(AOj)\ij) + Qmnik 1,410 Nij (3.1)
Then
m—1n—1 m—1n—1
Z ZAzJ(amnz] 17 S’Lj Z Z 17 Azjamnw) (AOj&m,n,iJrl,j)(AiO)\ij)
=0 7=0 =0 5=0
+( dmnz,g-{-l)(AOJ/\zj) +amnz+1,J+1(A1j/\z])]Sz]- (32)
9
Therefore, using (1.9), (1.10) and (3.2), we may, write A11Ym—1,n—1 = ZT”‘
r=1

From Minkowski’s inequality, it is sufficient to show that

0o oo mn Sk+k—1
Z Z (P:gzn> IT|* < o0, forr=1,2,..,9.
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Using Holder’s inequality,

M+1 N+1 Ok+k—1
zz( Late ) m

m=1 n=1
k
M+1 N+1 M Sktk—1 [m—1n—1
m n A~
nyY > < 0 ) > ) 1 Ajamnis A | X
m=1 n=1 Pn@n i=0 j=0
M+1N+1 Mnpmq Sk+k—1 [m—1n—1 m—1n—1
'm4n ~ k k ~
) E E <P 0 ) E E |Ajamnigl|Nij|™ | Xij] E E |Ajmnij
m=1 n=1 men i=0 j=0 i=0 j=0
From (1.8),
Gmnij = D11Gm—1,n—1,i,j = Om—1,n—1,i,j — Gm,n—1,i,j — Om—1,n,i,j T Cmnij
m—1n—1 m n—1 m—1 n
= g E Am—1,n—1,u,v § E m n—1,pu,v — g E Am—1n,p,y + E E Amnpuv-
—'L V—J —Z I/—J —’L V= j —l V—J

Since Um—1,n,m,v = OGmn—1,un = 0

Using (1.1) and property (ii)

Amnij = E E Om—1n—1,u,v — Amn—1,u,v — Cm—1n,u,v + am,n,p,,l/)

pn=iv=j
m—1 J—1 j—1
= E - 17,“) - E Am—1,n—1,u,v — b(m, ,U) + g Am,n—1,p,v
v=0 v=0
j—1
—b(m—l,u § Qo — 1n,u1/+bm/i § amnuu
v=0
m—1n—1
= § E (=m-1,n-1,p0 + Gmn—1p0 + Gm—1,n,00 = Gmnuw)
p=i v=j
j—1m—1
= E E (=@m-1,n-1,p0 + Gmn—1p0 + Gm—1n,00 = Gmn,pw)
v=0 p=i
j—1 j—1
= E [7(1(’[71 -1, V) + § Am—1,n—1,p,v T a(m’ V)
v=0 pn=0

i—1 [ i
- § Amn—1,pv + a(m -1, V) - E Am—1,n,u,v — a(m7 V) + § am,n,u,y]
pn=0 pn=0 pn=0

i—1 j—1

= Z Z Alla'rn—l,n—l,u,y > 0. (33)

pn=0rv=0
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Then using (1.1) and (3.3) we get,

i—1 j—1 i — i—1 J
Ayt — (zz S5 zz+zz> N

pn=0v=0 pu=0v=0 NOVO pn=0rv=0

j—1
:—E Ai1Gm—1,n— 17,1/+E A1Gm—1m—1,i0 = D11Gm—1,n—1,i,5- (3.4)
v=0
Using condition (ii), we obtain
m—1n—1 m—1n—1
E E Aijamnij = E E (am—l,n—l,i,j — Qmn—1,,j — Om—1n,i,j T amnij)
i=0 j=0 i=0 j=0
m—1
= g —1,4) —b(m, i) —b(m — 1,%) + @m—1,n,in + (M, 1) — Gmnin)
=0
m—1

- Z am 1,n,i,n amnin) = a(nvn) - a(nvn) + Amnmn -

=
Consequently using (111) we get |

SIS

M+1 N+1 k—1 ok
mnpmdn mnpmdn A
— A~  %mnmn B A | ijAmmnij|-

=1 j=1 m=i+1n=j5+1 Pan Pan
M N mnpiq; Sk M+1 N+1

147 ~
DY Sl (THaL) S Y st
i=1j=1 v m=i+1n=j+1

Thus finally, using condition(v) and (vi),

Z Z (mnpl%yk aijij(INij| Xi5)" = O(1).

=0 j=0

Next, using Hélder’s inequality,

M+1N+1 Sk+k—1
=33 (Tprat)

m=1 n=1

=> > DD (Agjimnivng)(Diokij)sis

M+1N+1 Sk+k—1 |m—1n—1
(mnpmqn)
m=1 n=1 i=0 j=0

M+1 N+1 Mnpmq Ok+k—1 |m—1n—1
m4n ~
DY > (PQ> D |Bojimmis 1 Dioki | Xi
m=1 n=1 men i=0 j=0
k—1

n—1

m—1
YD 1 Agjbmmit,
=0

Jj=0

Ao Xij
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By using (3.3) and property (ii) we have ,

0 < Um,n,i+l,5 = § § Allanl—l,n—l,u,u

pn=0r=0

m—1n—1

gM

§ (@m—1,n—1,pp = Cmp—1,p0 = Am—1n,uv + Gmn,uw)

3
L

(]

(b(m - 17 M) - b(mv /'(‘) - b(m - 17 M) + Gm—1,n,pu,n + b(ma M) - amnuy)

(e}

3 =
|
-

(]

(am,—l.n, w,n — Amn, LV)
T s L

I
=)

Il
R
s

TL) - a(na n) + Gmnmn-

Since |AgjGm,n,i+1,5] < @mon,it1, + Gmon,it1,j+1, using properties (viil) we get ,
M+1N+1 1

MAPmq k—1 MNPmq 6k m—1n—
Z Z ( = namnmn> (-PZ;TL) Z Z |A0j&m,n,i+1,j|Ai0/\ij|Xij
m n

m=1 n=1

=0 j=0
M+1 N+1 MNP

= ()ZZ\Azo)\m\Xw > (Pgn> | A0jm,n,it1,l

m=1n=1 m=i+1n=j5+1 mn

M N M+1 N+1 Mnpmq ok
=0(1) Y Y [AiolXy Yo D (Pgn> (Gm,nit1,5 + Qi i)

m=1n=1 m=i+1n=j+1 men
—0(1).

Similarly, we can prove that I3 = O(1).

Using Holder’s inequality,

M+1N+1 MNPmy Sk+k—1
mUn k
n=Y Y (k) my
m=1 n=1
k
M+1N+1 — Sk+k—1 [m—1n—1
min ~
DY S (Tt ) (S s eall Al X
m=1 n=1 meen i=0 j=0

—1n—

MNP Sk+k—1 |m—1
DY S ()Y

m=1 n=1

M+1N+1 1
( @m,mit 1,501 ][ Aij i | X
=0
k—1

Z Z |@m,nit 1,501 ][ Aij A | X

i=0 j=0
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From (3.3) and property (ii) we have ,

i J
0< &m,n,i+1,j+1 = E E A1la/m—1,n—l,u,u

pn=0r=0
m—1n—1
S (am,—l,n—l,p,,y — OGmn—1,u,v
pn=0 vr=0
m—1

m—1, 1) — b(m, ) — b(m

pn=0
m—1

- Z (am 1,n,u, amnuy)
pn=0

=a(n,n) —a(n,n) + Gmnmn

k—1
m—1n—1

X D 1A IX

i=0 j=0

m=1 n= i=0 j=0

M+1 N+1

N
> D dilX D0 3

m=i+1n=j+1

ok
MNP Gn
<P) 1A Aij| Xij

—1,p) + Am—1,n,u,n T b(m, p) —

k—1
S S
mnmmn
PWQTL

— Am—1,n,u,v + am,n,/t,y)

amnuu)

Sk |m—1n—1

SN ammitr el A 1 X

i=0 j=0

M+1N+1 NPmg 5k |m—1n—1
m4Yn A~
< ) E g |am,n,i+1,j+1\|Aij)\ij|Xz‘j
1

mnpmq ok
( = n) |&m,n,i+1,j+1|

39
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Further,using (1.10) and Holder’s inequality,

M+1N+1

— Sk+k—1 .
SDID M

m=1 n=1

M+1N+1

_ Z Z <mnpmqn>6k+k1

m=1 n=1

m—1 k

§ AinAioamninsin

=0

M+1 N+1

mn ok+k—1 /m—1 k

mlnl

=0
M+1N+1 S Sktk—1 [m—1 -1
Z Z ( = n) Z |A10amnzn|(‘)\zn‘X1n ‘| [Z |A7,Oamn1n|‘|
m=1 n=1 =0

From (1.8) we have,

Aiobmnin = Dio(A118m—1,n—1,i,n)

= AiO(am—l,n—l,i,n - a’rn,n—l,i,n - awﬂ—l,n,i,n + afmnin)

m—1 m
= Ai() - § m—1,n,0,n + § Amnpn
n=i pn=1i
= Gm—1,n,i,n + Gmnin < 0.

Then, using property (ii) we get,

m—1 m—1
Z |A10&mnzn| = Z (amfl,nfl,i,n - amnin)
=0 =0

= a(n7 n) - a(nu TL) + Gmnmn-
Thus using property (iii), (vi) and (ix),
M+41N+1

k—1 ok [m—1
MNPmgn mnpmdn ~
m=1 n=1 men m&n

=0
M+1 N+1

MNPmq Sk /m—1
Z 221 ( m n) (Z |Ai0&mnm|()\me)k>

m=1n =0
N+1

S ol mnpman \
1) 2 ;(Imlxm)k (i_o (W) |Aw@mnm|>

= 0(1).
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Again using Holder’s inequality

M+1N+1 MNPmq 0k+k—1
Io=> % (Pgn> | Ts|*
m=1 n=1 m n

Sk+k—1 |m—1
) dm,n,iJrl,n(AiO)\in)sin

i i (mnpmqn
m=1 n=1 Fn@n i=0

M+1N mnpp g, \ FEL (o '
03 3 ()" (& e alidorin,

foop Mo an 1=0

M+1 N+ Ok+k—1

3305 (mnpmq)

= =\ PpQn
" - k—1
D il Biodin) Xin | | D lammitrall (Biokin) Ko

=0 =0

Using (1.8), and condition (ii),

am,n,i—l—l,n = (_lm—l,n—l,i+1,n - am,n—l,i+1,n - dm—l,n,i+l,n + dm,n,i—l—l,n

m—1 m
- E Am—1,n,un + E, Am,n,p,n

n=i+1 p=i+1

—a(n,n) —1—5 Um—1m,p,n +a(n,n) — E mnpun > 0
p=0

pn=0
m—1
< (amflm,u,n - amm;um)
pn=0
= a(n, ’I’L) - a(na n) + Amnmn -

41
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Thus, using condition (iii), (vii) and (ix)

M+1N+1

MNPmY k—1 MNpmq ok [m—1
Z Z ( mnmn) (Pan> lz |am,n,i+1,n||(Ai0/\in)|Xin

m=1 n=1 =0

m—1 k—1
=0
M+1 N+1

Sk [m—1
> (mnmen> lz |dm7n,i+l7n||(AioAm>le1

m=1 n=1

=0
M N+1 Mnpmq ok
Z Z |A20)\1n|X1n Z (})Z)Ln) |dm,n,i+1,n|
m=1 n=1 m=i+1 mxn

M N+1

_— sk
Oy > < pmqn) [ AioAin| Xin
m=1 n=1

= o).

Using Holder’s inequality,

M+1 N+1 Sk+k—1
mnmen k
=> |T7|
m=1 n=1
k
M+4+1N+1 Sk4k—1 |n—1
_ mnpmqn A Ansd
§ § E mj( Ojamnmj)smj
m=1 n=1 7=0
k
M+1 N+1 MNPmy Sk+k—1 [n—1
mdn ~
§ § ( > g |/\ij(AOjamnmj)|ij
m=1 n=1 7=0
k—1
M+1 N+1 S Sk4k—1 |n—1 n—1
mdn ~ k ~
(P 0 > > 1A mmnm (A [ Xomi)* | | D 180j@mnm;
m=1 n=1 meen j=0 j=
From (1.8),
&mnmj = Qm—1 n—1m,j — Qm n—1m,5 — Am—1 ,n,m,j + am,n,m,,j
n—1
:_E m,n— 1m,]+§ Am,n,m,j-
v=7j v=7j
Therefore,
AOj&mnmj = —0m,n—1,m,j + Qm,m,m,j,

and using properties (iv) and (ii),
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n—1 n—1
Z ‘AOjdmnmj‘ = Z(am,nfl,m,j - am,n,m,j)
§=0 j=0

= b(m7 m) - b(m, m) + Gmnmn-

Using properties (iii), (vi) and (xi),

M+1N+1 MNPmq k—1 MNP Sk n—1
=0 3 3 (Mt ) () S Ayt (g X
m=1 n=1 mien j=0
M+1N+1 N+1 MNPmq
- PnQn
m=1 n=1 n=j+1
= 0(1).

Using Holder inequality,

M+1N+1 Skt+k—1
mnpmdn L
— |Ts]

Pan

M+1N+1

MNPma Sk+k—1 |n—1
SDID M G R ) DU

m=1 n=1 7=0

M+1 N+1 Mnpmq Sk+k—1 [n—1
1D ) 3N L2 L b SERNEVE NP

m=1 n=1 7=0
M+1 N+1 Sk+k—1 —
DY S (T Za (o)X
P Q m,n,m,j+1 07 \myj mj
m=1 n=1 mn
k—1
n—1
> lmnm.j+1(DojAm;) Xomj
7=0
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Using similar argument to that for the proof of Is, and using properties (iii), (vii), and (ix), we get

Finally using (1.7), properties (ii), (iii), (v) and (viii), and we that Gmnmn = Gmnmn,
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h=y Y

m=1 n=1

M+1 N+1 Sk+k—1
MNP G, .
T

Pan

M+1N+1 MNPmq Sk+k—1
= O(l) Z Z — = (amnmnl/\mn‘an)k
Pan
m=1 n=1
M+1N+1 MAPmq ok
= 0(1) Z Z(mnamnmn)k71 <P£3n> amnmn(p\manmn)k
m=1 n=1 mn
— o).

This completes proof of theorem 2.

Conclusion. Taking § = 0, Theorem-3 reduces to Theorem-2 and in addition to this taking
Pm = 1 and g, = 1, Theorem-3 reduces to Theorem-2.
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