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Abstract

This paper is concerned with four-point boundary value problems of the one-dimensional gen-
eralized Lane-Emden systems on whole lines. The Green’s functions G(t, s) for the problem
−(ρ(t)x′(t))′ = 0 with boundary conditions lim

t→−∞
x(t) − kx(ξ) = lim

t→+∞
x(t) − lx(η) = 0 and

lim
t→−∞

x(t) − kx(ξ) = lim
t→+∞

ρ(t)x′(t) − lρ(η)x′(η) = 0 are obtained respectively. We proved

that G(t, s) ≥ 0 under some assumptions which actually generalize a corresponding result in
[J. Math. Anal. Appl. 305 (2005) 253-276]. Sufficient conditions to guarantee the existence of
positive solutions of this kind of models are established. Examples are given at the end of the
paper.
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1 Introduction

It is well known that the following systems are called homogeneous and non-homogeneous Lane-
Emden systems, respectively, 

−∆u(x) = vp(x), x ∈ Ω,
−∆v(x) = uq(x), x ∈ Ω,
u(x) > 0, v(x) > 0, x ∈ Ω,
u(x) = v(x) = 0, x ∈ ∂Ω

(1.1)

and 
−∆u(x) = vp(x) + λf(x), x ∈ Ω,
−∆v(x) = uq(x) + λg(x), x ∈ Ω,
u(x) > 0, v(x) > 0, x ∈ Ω,
u(x) = v(x) = 0, x ∈ ∂Ω

(1.2)

where p, q ∈ (1,+∞), Ω is a domain in the n-dimensional Euclidean space Rn, ∆ =
n∑
i=1

∂2

∂x2
i
. Lane-

Emden systems (1.2) and (1.2) arise naturally from the study of various nonlinear phenomena, such
as pattern formation, population evolution, chemical reaction, and so on see [28], and has attracted
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considerable attention in recent years. In the literature, properties of solutions to (1.1), such as:
a priori estimate; existence results; Liouville type theorems; and some symmetric and uniqueness
results, were obtained, see [11, 12]. Multiplicity results have also been proved for problem (1.2)
under certain conditions see [17].

The one-dimensional cases of problems (1.1) and (1.2) are the following forms, respectivly:
−u′′(t) = vp(t) + λf(t), t ∈ (−l, l),
−v′′(t) = uq(t) + λg(t), t ∈ (−l, l),
u(t) > 0, v(t) > 0, t ∈ (−l, l),
u(−l) = v(−l) = u(l) = v(l) = 0

(1.3)

and 
−u′′(t) = vp(t), t ∈ (−l, l),
−v′′(t) = uq(t), t ∈ (−l, l),
u(t) > 0, v(t) > 0, t ∈ (−l, l),
u(−l) = v(−l) = u(l) = v(l) = 0.

(1.4)

The multiplicity of positive solutions of problem (1.4) were studied in [13, 12] by making use of the
nondegeneracy and uniqueness of solutions of problem (1.3).

The asymptotic theory of ordinary differential equations is an area in which there is great
activity among a large number of investigators. In this theory, it is of great interest to investigate,
in particular, the existence of solutions with prescribed asymptotic behavior, which are global in
the sense that they are solutions on the whole line. The existence of global solutions with prescribed
asymptotic behavior is usually formulated as the existence of solutions of boundary value problems
on the whole line.

Motivated by mentioned papers, we consider the following four-point boundary value problem
for second order singular differential system on the whole line

[ρ(t)x′(t)]′ + f(t, x(t), y(t), x′(t), y′(t)) = 0, a.e., t ∈ IR,
[%(t)y′(t)]′ + g(t, x(t), y(t), x′(t), y′(t)) = 0, a.e., t ∈ IR,

lim
t→−∞

x(t)− ax(ξ) = 0,

lim
t→+∞

x(t)− bx(η) = 0,

lim
t→−∞

y(t)− cy(ξ) = 0,

lim
t→+∞

%(t)y′(t)− d%(η)y′(η) = 0,

(1.5)

where
(a) −∞ < ξ < η < +∞, a, b, c, d ≥ 0 are constants,
(b) f, g are nonnegative (ρ, %)−Carathéodory functions see Definition 2.2, and f(t, c, y, 0, v) 6≡ 0,

g(t, x, c, u, 0) 6≡ 0 on each subinterval of IR,
(c) IR+ = [0,∞), ρ, % are nonnegative and continuous at almost every points on IR and may

be singular at several points on IR.
Nonlocal boundary value problems for ordinary differential equations (ODEs) was initiated by

Il’in and Moiseev [18]. Since then, more general nonlocal boundary value problems (BVPs) were
studied by several authors, see the text books [1, 14, 16], the papers [26], and the survey papers
[21, 22] and the references cited there. However, the study on existence of positive solutions of
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nonlocal boundary value problems for differential equations on whole real lines does not seem to be
sufficiently developed [2, 4, 3, 5, 6, 27] and the references therein.

In recent years, the existence of solutions of boundary value problems of the differential equations
on the whole lines has been studied by many authors, see [9, 10, 15, 23, 24, 6, 8, 7, 20] and the
references therein. It is easy to see that BVP(1.5) is a generalized form of BVP(1.3) and (1.4). We
call (1.5) a one-dimensional generalized Lane-Emden system since it is actually a generalization of
(1.3) and (1.4).

A function x : IR→ IR is called a solution of BVP(1.5) if x ∈ C(IR), ρx′ is continuous at almost
all points on IR (except several removable discontinuity points), (ρ(t)x′(t))′ exists at almost all
points on IR and is measurable on IR and all equations in (1.5) are satisfied.

The purpose is to establish sufficient conditions for the existence of positive solutions of BVP(1.5).
Our results and methods are different from those in [3, 4, 7, 27, 6, 2, 8].

The remainder of this paper is organized as follows: the preliminary results are given in Section
2, the existence result of positive solutions of BVP(1.5) is proved in Section 3. In Section 4, an
example is given to illustrate the efficiency of the main result.

2 Preliminary results

In this section, we present some background definitions in Banach spaces see [14]. A Banach space
is proved and the relatively compact properties of subsets of the Banach space are described. The
preliminary results are given too.

Definition 2.1. Let X and Y be Banach spaces. An operator T : X → Y is completely continuous
if it is continuous and maps bounded sets into relatively compact sets.
Definition 2.2. F is called a (ρ, %)−Carathédory function, that is

(i) t → F
(
t, x1, x2,

x3

ρ(t) ,
x4

%(t)

)
is defined almost every point on IR and is measurable on R for

each x1, x2, x3, x4 ∈ R,

(ii) (x1, x2, x3, x4)→ F
(
t, x1, x2,

x3

ρ(t) ,
x4

%(t)

)
is continuous on IR4 for almost every t ∈ R,

(iii) for each r > 0, there exists nonnegative function ϕr ∈ L1(IR) such that |xi| ≤ r(i = 1, 2, 3, 4)
implies ∣∣∣∣F (t, x1, x2,

x3

ρ(t)
,
x4

%(t)

)∣∣∣∣ ≤ ϕr(t), a.e.t ∈ IR. (2.6)

Suppose that ∫ +∞
−∞

du
ρ(u) < +∞,

∫ +∞
−∞

du
%(u) < +∞, (2.7)

(1− a)
∫ +∞
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u) ≥ 0, (2.8.1)∫ +∞

η
du
ρ(u) + (1− b)

∫ η
−∞

du
ρ(u) ≥ 0, (2.8.2)

∆ =: (1− a)
∫ +∞
−∞

du
ρ(u) − (1− a)b

∫ η
−∞

du
ρ(u) + a(1− b)

∫ ξ
−∞

du
ρ(u) > 0, (2.8.3)

c < 1, d < 1. (2.8)
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For a function ϕ : IR → IR, denote ||ϕ||0 = sup
t∈IR
|ϕ(t)|and ||ϕ||1 =

∫ +∞
−∞ |ϕ(s)|ds if they exist.

Choose

X =

{
x : IR→ IR :

x ∈ C(IR), ρx′ ∈ C(IR), lim
t→−∞

x(t), lim
t→+∞

x(t)

lim
t→−∞

ρ(t)x′(t), lim
t→+∞

ρ(t)x′(t) exsit and are finite

}
.

For x ∈ X, define
||x||X = max {||x||0, ||ρ|x′||0} .

Lemma 2.1. X is a Banach space with || · ||X defined.
Proof. It is easy to see that X is a normed linear space. Let {xu} be a Cauchy sequence in X.
Then ||xu − xv|| → 0, u, v → +∞. It follows that

lim
t→−∞

xu(t), lim
t→+∞

xu(t), lim
t→−∞

ρ(t)x′u(t), lim
t→+∞

ρ(t)x′u(t) exist,

||xu − xv||0 → 0, u, v → +∞,

||ρ(x′u − x′v||0, u, v → +∞.

Thus there exists two functions x0, y0 defined on R such that

lim
u→+∞

xu(t) = x0(t), lim
u→+∞

ρ(t)x′u(t) = y0(t).

It follows that
||xu − x0||0 → 0, u→ +∞,

||ρx′u(t)− y0||0 → 0, u→ +∞.
This means that functions x0, y0 : IR→ IR are well defined.

Step 1. Prove that x0, y0 ∈ C(IR).
We have for t0 ∈ R that

|x0(t)− x0(t0)| ≤ |x0(t)− xN (t)|+ |xN (t)− xN (t0)|+ |xN (t0)− x0(t0)|

≤ 2||xN − x0||0 + |xN (t)− xN (t0)| .

Since ||xu − x0||0 → 0, u → +∞ and xu(t) is continuous on IR, then for any ε > 0 we can choose
N and δ > 0 such that ||xN − x0||0 < ε and |xN (t)− xN (t0)| < ε for all |t − t0| < δ. Thus
|x0(t)− x0(t0)| < 3ε for all |t− t0| < δ. So x0 ∈ C(IR). Similarly we can prove that y0 ∈ C(IR).

Step 2. Prove that the limits lim
t→−∞

x0(t), lim
t→+∞

x0(t), lim
t→−∞

y0(t), lim
t→+∞

y0(t) exist.

Suppose that lim
t→−∞

xu(t) = A−u . By ||xu−xv||0 → 0, u, v → +∞, we know that A−u is a Cauchy

sequence. Then lim
u→+∞

A−u exists. By ||xu − x0||0 → 0, u→ +∞, we get that

lim
t→−∞

x0(t) = lim
t→−∞

lim
u→+∞

xu(t) = lim
u→+∞

lim
t→−∞

xu(t) = lim
u→+∞

A−u .

Hence lim
t→−∞

x0(t) exists. Similarly we can prove that lim
t→+∞

x0(t), lim
t→−∞

y0(t), lim
t→+∞

y0(t) exist.
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Step 3. Prove that y0(t) = ρ(t)x′0(t).
We have for some cu ∈ R that∣∣∣∣xu(t)− lim

t→−∞
xu(t)−

∫ t
−∞

y0(s)
ρ(s) ds

∣∣∣∣ =
∣∣∣∫ t−∞ x′u(s)ds−

∫ t
−∞

y0(s)
ρ(s) ds

∣∣∣
≤
∫ t
−∞

∣∣∣x′u(s)− y0(s)
ρ(s)

∣∣∣ ds ≤ ∫ t−∞ 1
ρ(t)ds sup

t∈R
|ρ(t)x′u(t)− y0(t)|

≤
∫ +∞
−∞

1
ρ(t)ds||ρx

′
u − y0||0 → 0 as u→ +∞.

So lim
u→+∞

(
xu(t)− lim

t→−∞
xu(t)

)
=
∫ t
−∞

y0(s)
ρ(s) ds. Then x0(t) − c0 =

∫ t
−∞

y0(s)
ρ(s) ds. It follows that

y0(t)
ρ(t) = x′0(t). So x0 ∈ X with xu → x0 as u→ +∞. It follows that X is a Banach space. �

Lemma 2.2. Let M be a subset of X. Then M is relatively compact if and only if the following
conditions are satisfied:

(i) both {x : x ∈M} and {t→ ρ(t)x′(t) : x ∈M} are uniformly bounded,
(ii) both {x : x ∈M} and {t→ ρ(t)x′(t) : x ∈M} are equicontinuous in any subinterval [a, b]

in IR,
(iii) both {x : x ∈M} and {t→ ρ(t)x′(t) : x ∈M} are equi-convergent as t→ ±∞.

Proof. ”⇐ ”. From Lemma 2.1, we know X is a Banach space. In order to prove that the subset
M is relatively compact in X, we only need to show M is totally bounded in X, that is for all
ε > 0, M has a finite ε-net.

For any given ε > 0, by (i) and (iii), there exist constants Ax, Cx, T > 0, a > 0, we have

|x(t)−Ax| ≤ ε
3 , |ρ(t)x′(t)− Cx| < ε

3 , t ≤ −T, x ∈M,

|x(t1)− x(t2)| ≤ ε
3 , |ρ(t1)x′(t1)− ρ(t2)x′(t2)| < ε

3 , t1, t2 ≥ T, x ∈M,

|x(t1)− x(t2)| ≤ ε
3 , |ρ(t1)x′(t1)− ρ(t2)x′(t2)| < ε

3 , t1, t2 ≤ −T, x ∈M.

For T > 0, define X|[−T,T ] = {x : x, ρ(t)x′ ∈ C[−T, T ]} . For x ∈ X|[−T,T ], define

||x||T = max

{
max

t∈[−T,T ]
|x(t)|, max

t∈[−T,T ]
ρ(t)|x′(t)|

}
.

Similarly to Claim 2.1, we can prove that X[−T,T ] is a Banach space.
Let M |[−T,T ] = {t→ x(t), t ∈ [−T, T ] : x ∈ M}. Then M |[−T,T ] is a subset of X|[−T,T ]. By (i)

and (ii), and Ascoli-Arzela theorem, we can know that M |[−T,T ] is relatively compact. Thus, there
exist x1, x2, · · · , xk ∈ M such that, for any x ∈ M , we have that there exists some i = 1, 2, · · · , k
such that

||x− xi||T = max

{
sup

t∈[−T,T ]

|x(t)− xi(t)|, sup
t∈[−T,T ]

ρ(t)|x′(t)− x′i(t)|

}
≤ ε

3 .
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Therefore, for x ∈M , we have that

||x− xi||X = max

{
sup

t∈[−T,T ]

|x(t)− xi(t)|, sup
t∈[−T,T ]

ρ(t)|x′(t)− x′i(t)|,

sup
t≥T
|x(t)− xi(t)|, sup

t≥T
ρ(t)|x′(t)− x′i(t)| sup

t≤−T
|x(t)− xi(t)|, sup

t≤−T
ρ(t)|x′(t)− x′i(t)|

}

≤ max

{
ε
3 , sup
t≥T
|x(t)− x(T )|+ sup

t≥T
|x(T )− xi(T )|+ sup

t≥T
|xi(T )− xi(t)|,

sup
t≥T
|ρ(t)x′(t)− ρ(T )x′(T )|+ sup

t≥T
|ρ(T )x′(T )− ρ(T )x′i(T )|+ sup

t≥T
|ρ(T )x′i(T )− ρ(t)x′i(t)|

sup
t≤−T

|x(t)− x(T )|+ sup
t≤−T

|x(T )− xi(T )|+ sup
t≤−T

|xi(T )− xi(t)|,

sup
t≤−T

|ρ(t)x′(t)− ρ(T )x′(T )|+ sup
t≤−T

|ρ(T )x′(T )− ρ(T )x′i(T )|+ sup
t≤−T

|ρ(T )x′i(T )− ρ(t)x′i(t)|
}
≤ ε.

So, for any ε > 0, M has a finite ε-net {Ux1 , Ux2 , · · · , Uxk}, that is, M is totally bounded in X.
Hence M is relatively compact in X.
⇒. Assume that M is relatively compact, then for any ε > 0, there exists a finite ε-net of M .

Let the finite ε-net be {Ux1
, Ux2

, · · · , Uxk} with xi ⊂ M . Then for any x ∈ M , there exists Uxi
such that x ∈ Uxi and

|x(t)| ≤ |x(t)− xi(t)|+ |xi(t)| ≤ ε+ max

{
sup
t∈R
|xi(t)| : i = 1, 2, · · · , k

}
,

ρ(t)|x′(t)| ≤ ε+ max

{
sup
t∈IR

ρ(t)|x′i(t)| : i = 1, 2, · · · , k
}
.

It follows that both M and {ρ(t)x′ : x ∈M} are uniformly bounded. Then (i) holds. Furthermore,
there exists T > 0 such that |xi(t1) − xi(t2)| < ε for all t1, t2 ≥ T and all t1, t2 ≤ −T and
i = 1, 2, · · · , k. Then we have for t1, t2 ∈ R that

|x(t1)− x(t2)| ≤ |x(t1)− xi(t1)|+ |xi(t1)− xi(t2)|+ |xi(t2)− x(t2)|

≤ 3ε for all t1, t2 ≥ T, t1, t2 ≤ −T, x ∈M.

Similarly we have that |ρ(t1)x′(t1)− ρ(t2)x′(t2)| ≤ 3ε for all t1, t2 ≥ T, t1, t2 ≤ −T, x ∈M. Thus
(iii) is valid. Similarly we can prove that (ii) holds. Consequently, the proof is proved. �

Choose

Y =

{
y : IR→ IR :

y ∈ C(IR), %y′ ∈ C(IR), lim
t→−∞

y(t), lim
t→+∞

y(t)

lim
t→−∞

%(t)x′(t), lim
t→+∞

$(t)x′(t) exist and are finite

}
.
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For y ∈ Y , define ||y||Y = max {||y||0, ||%y′||0} . Let E = X × Y be defined with the norm
||(x, y)|| = max{||x||X , ||y||Y }.

Lemma 2.3. Y is a Banach space with || · ||Y defined. E is a Banach space.
Proof. Similarly to Lemma 2.1 and the proof is omitted. �

Lemma 2.4. Let M be a subset of Y . Then M is relatively compact if and only if the following
conditions are satisfied:

(ii) both {y : y ∈M} and {t→ %(t)y′(t) : y ∈M} are uniformly bounded,
(ii) both {y : y ∈ M} and {t→ %(t)y′(t) : y ∈ M} are equicontinuous in any subinterval [a, b]

in IR,
(ii) both {y : y ∈M} and {t→ %(t)y′(t) : y ∈M} are equi-convergent as t→ ±∞.

Proof. Similarly to Lemma 2.2, we omit the details. �

Denote

G(s, t) = 1
∆



−
[
(1− a)

∫ +∞
−∞

du
ρ(u) − (1− a)b

∫ η
−∞

du
ρ(u) + a(1− b)

∫ ξ
−∞

du
ρ(u)

] ∫ t
s

du
ρ(u)

+
[
(1− b)a

∫ t
−∞

du
ρ(u) − a

∫ +∞
−∞

du
ρ(u) + ab

∫ η
−∞

du
ρ(u)

] ∫ ξ
s

du
ρ(u)

−
[
(1− a)b

∫ t
−∞

du
ρ(u) + ab

∫ ξ
−∞

du
ρ(u)

] ∫ η
s

du
ρ(u)

+
[
(1− a)

∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

] ∫ +∞
s

du
ρ(u) , s ≤ min{ξ, t},

[
(1− a)

∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

] ∫ +∞
s

du
ρ(u) , s ≥ max{η, t},[

(1− b)a
∫ t
−∞

du
ρ(u) − a

∫ +∞
−∞

du
ρ(u) + ab

∫ η
−∞

du
ρ(u)

] ∫ ξ
s

du
ρ(u)

−
[
(1− a)b

∫ t
−∞

du
ρ(u) + ab

∫ ξ
−∞

du
ρ(u)

] ∫ η
s

du
ρ(u)

+
[
(1− a)

∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

] ∫ +∞
s

du
ρ(u) , t < s ≤ ξ < η,

−
[
(1− a)b

∫ t
−∞

du
ρ(u) + ab

∫ ξ
−∞

du
ρ(u)

] ∫ η
s

du
ρ(u)

+
[
(1− a)

∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

] ∫ +∞
s

du
ρ(u) ,min{t, ξ} < s ≤ η,

−
[
(1− a)

∫ +∞
−∞

du
ρ(u) − (1− a)b

∫ η
−∞

du
ρ(u) + a(1− b)

∫ ξ
−∞

du
ρ(u)

] ∫ t
s

du
ρ(u)

−
[
(1− a)b

∫ t
−∞

du
ρ(u) + ab

∫ ξ
−∞

du
ρ(u)

] ∫ η
s

du
ρ(u)

+
[
(1− a)

∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

] ∫ +∞
s

du
ρ(u) , ξ < s ≤ max{t, η},

−
[
(1− a)

∫ +∞
−∞

du
ρ(u) − (1− a)b

∫ η
−∞

du
ρ(u) + a(1− b)

∫ ξ
−∞

du
ρ(u)

] ∫ t
s

du
ρ(u)

+
[
(1− a)

∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

] ∫ +∞
s

du
ρ(u) , ξ < η < s ≤ t
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and

H(s, t) = 1
(1−c)(1−d)



c(1− d)
∫ s
−∞

du
%(u) + (1− c)(1− d)

∫ t
−∞

du
%(u) , s ≤ min{ξ, t},

c
∫ ξ
−∞

du
%(u) + (1− c)

∫ t
−∞

du
%(u) , s ≥ max{η, t},

(1− d)(1− c)
∫ t
−∞

du
%(u) + c(1− d)

∫ s
−∞

du
%(u) , t < s ≤ ξ < η,

c(1− d)
∫ ξ
−∞

du
%(u) + (1− c)(1− d)

∫ t
−∞

du
%(u) ,min{t, ξ} < s ≤ η,

c(1− d)
∫ ξ
−∞

du
%(u) , ξ < s ≤ max{t, η},

c
∫ ξ
−∞

du
%(u) + (1− c)(1− d)

∫ t
−∞

du
%(u) , ξ < η < s ≤ t.

Lemma 2.4. Suppose that (2.7), (2.8.1), (2.8.2), (2.8.3) and (2.8) hold. Then (x, y) ∈ E is a
solution of BVP(1.5) if and only if (x, y) ∈ E and

x(t) =
∫ +∞
−∞ G(t, s)f(s, x(s), y(s), x′(s), y′(s))ds,

y(t) =
∫ +∞
−∞ H(t, s)g(s, x(s), y(s), x′(s), y′(s))ds.

(2.9)

Proof. Since (x, y) ∈ E, f, g are Caratheodory functions, then

||(x, y)|| = max

{
sup
t∈R
|x(t)|, sup

t∈R
ρ(t)|x′(t)|, sup

t∈R
|y(t)|, sup

t∈R
%(t)|y′(t)|

}
= r < +∞,

and
∫ +∞
−∞ f(r, x(r), y(r), x′(r), y′(r))dr and

∫ +∞
−∞ g(r, x(r), y(r), x′(r), y′(r))dr converge. If (x, y) is

a solution of BVP(1.5), we get from [ρ(t)x′(t)]′ + f(t, x(t), y(t), x′(t), y′(t)) = 0 that there exist
constants A,B ∈ IR such that

ρ(t)x′(t) = A−
∫ t
−∞ f(s, x(s), y(s), x′(s), y′(s))ds.

x(t) = B +A
∫ t
−∞

du
ρ(u) −

∫ t
−∞

1
ρ(s)

∫ s
−∞ f(u, x(u), y(u), x′(u), y′(u))duds.

Since ∫ t
−∞

1
ρ(s)

∫ s
−∞ f(u, x(u), y(u), x′(u), y′(u))duds

=
∫ t
−∞

∫ s
−∞ f(u, x(u), y(u), x′(u), y′(u))dud

(∫ s
−∞

du
ρ(u)

)
=
∫ s
−∞ f(u, x(u), y(u), x′(u), y′(u))du

(∫ s
−∞

du
ρ(u)

)∣∣∣t
−∞

−
∫ t
−∞

∫ s
−∞

du
ρ(u)f(s, x(s), y(s), x′(s), y′(s))ds

=
∫ t
−∞

(∫ t
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds.
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Then
x(t) = B +A

∫ t
−∞

du
ρ(u) −

∫ t
−∞

(∫ t
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds. (2.10)

From lim
t→−∞

x(t)− ax(ξ) = 0 and lim
t→+∞

x(t)− bx(η) = 0, we have

(1− a)B − a
∫ ξ
−∞

du
ρ(u)A = −a

∫ ξ
−∞

(∫ ξ
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds,

(1− b)B +
(∫ +∞
−∞

du
ρ(u) − b

∫ η
−∞

du
ρ(u)

)
A =

∫ +∞
−∞

(∫ +∞
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

− b
∫ η
−∞

(∫ η
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds.

It follows that

A = 1
∆

[
−(1− a)b

∫ η
−∞

(∫ η
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

+(1− a)
∫ +∞
−∞

(∫ +∞
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

+(1− b)a
∫ ξ
−∞

(∫ ξ
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

]
,

B = 1
∆

[
−a
(∫ +∞
−∞

du
ρ(u) − b

∫ η
−∞

du
ρ(u)

) ∫ ξ
−∞

(∫ ξ
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

+a
∫ ξ
−∞

du
ρ(u)

(
−l
∫ η
−∞

(∫ η
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

+
∫ +∞
−∞

(∫ +∞
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

)]
.

Substituting A,B into (2.10), we get that

x(t) = −
∫ t
−∞

(∫ t
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

+
[

(1−b)a
∆

∫ t
−∞

du
ρ(u) −

k
∆

∫ +∞
−∞

du
ρ(u) + ab

∆

∫ η
−∞

du
ρ(u)

] ∫ ξ
−∞

(∫ ξ
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

−
[

(1−a)b
∆

∫ t
−∞

du
ρ(u) + ab

∆

∫ ξ
−∞

du
ρ(u)

] ∫ η
−∞

(∫ η
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

+
[

1−a
∆

∫ t
−∞

du
ρ(u) + a

∆

∫ ξ
−∞

du
ρ(u)

] ∫ +∞
−∞

(∫ +∞
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds.

On sees from

∆ =: (1− a)
∫ +∞
−∞

du
ρ(u) − (1− a)b

∫ η
−∞

du
ρ(u) + a(1− b)

∫ ξ
−∞

du
ρ(u)
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that the following cases are included:
(1) t ≤ ξ < η. We have

x(t) =
∫ t
−∞

[
−
[
(1− a)

∫ +∞
−∞

du
ρ(u) − (1− a)l

∫ η
−∞

du
ρ(u) + a(1− b)

∫ ξ
−∞

du
ρ(u)

] ∫ t
s

du
ρ(u)

+
[
(1− b)a

∫ t
−∞

du
ρ(u) − a

∫ +∞
−∞

du
ρ(u) + ab

∫ η
−∞

du
ρ(u)

] ∫ ξ
s

du
ρ(u)

−
[
(1− a)b

∫ t
−∞

du
ρ(u) + ab

∫ ξ
−∞

du
ρ(u)

] ∫ η
s

du
ρ(u)

+
(

(1− a)
∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

) ∫ +∞
s

du
ρ(u)

]
f(s, x(s), y(s), x′(s), y′(s))ds

+
∫ ξ
t

[
−
(

(1− a)b
∫ t
−∞

du
ρ(u) + ab

∫ ξ
−∞

du
ρ(u)

) ∫ η
s

du
ρ(u)

+
(

(1− a)
∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

) ∫ +∞
s

du
ρ(u)

]
f(s, x(s), y(s), x′(s), y′(s))ds

+
∫ η
ξ

[
−
(

(1− a)b
∫ t
−∞

du
ρ(u) + ab

∫ ξ
−∞

du
ρ(u)

) ∫ η
s

du
ρ(u)

+
(

(1− a)
∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

) ∫ +∞
s

du
ρ(u)

]
f(s, x(s), y(s), x′(s), y′(s))ds

+
∫ +∞
η

[(
(1− a)

∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

) ∫ +∞
s

du
ρ(u)

]
f(s, x(s), y(s), x′(s), y′(s))ds

(2) ξ ≤ t ≤ η. We have

x(t) =
∫ ξ
−∞

[
−
[
(1− a)

∫ +∞
−∞

du
ρ(u) − (1− a)l

∫ η
−∞

du
ρ(u) + a(1− b)

∫ ξ
−∞

du
ρ(u)

] ∫ t
s

du
ρ(u)

+
[
(1− b)a

∫ t
−∞

du
ρ(u) − a

∫ +∞
−∞

du
ρ(u) + ab

∫ η
−∞

du
ρ(u)

] ∫ ξ
s

du
ρ(u)

−
[
(1− a)b

∫ t
−∞

du
ρ(u) + ab

∫ ξ
−∞

du
ρ(u)

] ∫ η
s

du
ρ(u)

+
(

(1− a)
∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

) ∫ +∞
s

du
ρ(u)

]
f(s, x(s), y(s), x′(s), y′(s))ds

+
∫ t
ξ

[
−
(

(1− a)
∫ +∞
−∞

du
ρ(u) − (1− a)b

∫ η
−∞

du
ρ(u) + a(1− b)

∫ ξ
−∞

du
ρ(u)

) ∫ t
s

du
ρ(u)

−
(

(1− a)b
∫ t
−∞

du
ρ(u) + ab

∫ ξ
−∞

du
ρ(u)

) ∫ η
s

du
ρ(u)

+
(

(1− a)
∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

) ∫ +∞
s

du
ρ(u)

]
f(s, x(s), y(s), x′(s), y′(s))ds

+
∫ η
t

[
−
(

(1− a)b
∫ t
−∞

du
ρ(u) + ab

∫ ξ
−∞

du
ρ(u)

) ∫ η
s

du
ρ(u)

+
(

(1− a)
∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

) ∫ +∞
s

du
ρ(u)

]
f(s, x(s), y(s), x′(s), y′(s))ds

+
∫ +∞
η

[(
(1− a)

∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

) ∫ +∞
s

du
ρ(u)

]
f(s, x(s), y(s), x′(s), y′(s))ds
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(3) ξ < η ≤ t. We have

x(t) =
∫ ξ
−∞

[
−
[
(1− a)

∫ +∞
−∞

du
ρ(u) − (1− a)l

∫ η
−∞

du
ρ(u) + a(1− b)

∫ ξ
−∞

du
ρ(u)

] ∫ t
s

du
ρ(u)

+
[
(1− b)a

∫ t
−∞

du
ρ(u) − a

∫ +∞
−∞

du
ρ(u) + ab

∫ η
−∞

du
ρ(u)

] ∫ ξ
s

du
ρ(u)

−
[
(1− a)b

∫ t
−∞

du
ρ(u) + ab

∫ ξ
−∞

du
ρ(u)

] ∫ η
s

du
ρ(u)

+
(

(1− a)
∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

) ∫ +∞
s

du
ρ(u)

]
f(s, x(s), y(s), x′(s), y′(s))ds

+
∫ η
ξ

[
−
(

(1− a)
∫ +∞
−∞

du
ρ(u) − (1− a)b

∫ η
−∞

du
ρ(u) + a(1− b)

∫ ξ
−∞

du
ρ(u)

) ∫ t
s

du
ρ(u)

−
(

(1− a)b
∫ t
−∞

du
ρ(u) + ab

∫ ξ
−∞

du
ρ(u)

) ∫ η
s

du
ρ(u)

+
(

(1− a)
∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

) ∫ +∞
s

du
ρ(u)

]
f(s, x(s), y(s), x′(s), y′(s))ds

+
∫ t
η

[
−
[
(1− a)

∫ +∞
−∞

du
ρ(u) − (1− a)b

∫ η
−∞

du
ρ(u) + a(1− b)

∫ ξ
−∞

du
ρ(u)

] ∫ t
s

du
ρ(u)

+
(

(1− a)
∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

) ∫ +∞
s

du
ρ(u)

]
f(s, x(s), y(s), x′(s), y′(s))ds

+
∫ +∞
t

[(
(1− a)

∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

) ∫ +∞
s

du
ρ(u)

]
f(s, x(s), y(s), x′(s), y′(s))ds

From Case (1), Case (2) and Case (3), we know that x(t) =
∫ +∞
−∞ G(t, s)f(s, x(s), y(s), x′(s), y′(s))ds.

Similarly we can prove that y(t) =
∫ +∞
−∞ H(t, s)g(s, x(s), y(s), x′(s), y′(s))ds. Then (x, y) satis-

fies (2.9).
On the other hand, if (x, y) ∈ E satisfies (2.9), it is easy to show that (x, y) is a solution of

BVP(1.5). The proof is completed. �

Define the operator T on E by

(T (x, y))(t) = ((T1(x, y))(t), (T2(x, y))(t))

=
(∫ +∞
−∞ G(t, s)f(s, x(s), y(s), x′(s), y′(s))ds,

∫ +∞
−∞ H(t, s)g(s, x(s), y(s), x′(s), y′(s))ds

)
, (x, y) ∈ E.

Remark 2.1. From (2.8.3), we know ∆ > 0. Then (1−a)2 + (1− b)2 6= 0. We suppose that a 6= 1.
So for (x, y) ∈ E satisfying

lim
t→−∞

x(t)− ax(ξ) = 0, lim
t→+∞

x(t)− bx(η) = 0,

lim
t→−∞

y(t)− cy(ξ) = 0, lim
t→+∞

%(t)y′(t)− d%(η)y′(η) = 0,
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we have that

|x(t)| ≤
∣∣∣∣x(t)− lim

t→−∞
x(t)

∣∣∣∣+

∣∣∣∣ lim
t→−∞

x(t)

∣∣∣∣ ≤ ∫ t−∞ 1
ρ(u)ρ(u)|x′(u)|du+

∣∣∣∣ lim
t→−∞

x(t)−a lim
t→−∞

x(t)

∣∣∣∣
|1−a|

≤
∫ +∞
−∞

du
ρ(u) sup

t∈IR
ρ(t)|x′(t)|+

∣∣∣∣ax(ξ)−a lim
t→−∞

x(t)

∣∣∣∣
|1−a| ≤

∫ +∞
−∞

du
ρ(u) sup

t∈IR
ρ(t)|x′(t)|+

a

∣∣∣∣x(ξ)− lim
t→−∞

x(t)

∣∣∣∣
|1−a|

≤ |1−a|+a|1−a|
∫ +∞
−∞

du
ρ(u) ||ρx

′|0.

It follows that ||x||0 ≤ |1−a|+a|1−a|
∫ +∞
−∞

du
ρ(u) ||ρx

′||0.
Similarly we get from (2.8) that

||y||0 ≤ |1−c|+c|1−c|
∫ +∞
−∞

du
%(u) sup

t∈R
%(t)|y′(t)|

= 1
1−c

∫ +∞
−∞

du
%(u) ||%y

′||0.

It follows that

||x||X ≤ max
{

1, |1−a|+a|1−a|
∫ +∞
−∞

du
ρ(u)

}
||ρx′||0,

||y||Y ≤ max
{

1, 1
1−c

∫ +∞
−∞

du
%(u)

}
||%y′||0.

(2.11)

Lemma 2.5. Suppose that (2.7), (2.8.1), (2.8.2), (2.8.3) and (2.8) hold. Then
(i) (x, y) ∈ E is a positive solution of BVP(1.5) if and only if (x, y) is a fixed point of T in X.
(ii) T : X → X is well defined and is completely continuous.

Proof. (i) From Lemma 2.4, we know that (x, y) ∈ E is a solution of BVP(1.5) if and only if (x, y)
is a fixed point of T in E i.e., (T1(x, y), T2(x, y)) = (x, y).

Step 1. Prove that (T1(x, y))(t) = x(t) ≥ 0, (T2(x, y)) = y(t) ≥ 0 for all t ∈ IR.
Note that f, g are nonnegative Caratheodory functions. By the definition of T1, T2, it suffices

to prove that G(t, s) ≥ 0 and H(t, s) ≥ 0 for all t, s ∈ IR. For ease expression, denote
∫ b
a

du
ρ(u) =

∫ b
a

.

Case 1. For s ≥ max{η, t}, we see from (2.8.1) that

∆G(t, s) =
[
(1− a)

∫ t
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u)

] ∫ +∞
s

du
ρ(u)

=
[
(1− a)

∫ t
−∞+a

∫ ξ
−∞

] ∫ +∞
s
≥ 0, a ≤ 1,

≥
[
(1− a)

∫ +∞
−∞ +a

∫ ξ
−∞

] ∫ +∞
s
≥ 0, a > 1.
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Case 2. For s ≤ min{ξ, t}, we have from (2.8.2) that

∆G(t, s) = −
[
(1− a)

∫ +∞
−∞ −(1− a)b

∫ η
−∞+a(1− b)

∫ ξ
−∞

] ∫ t
s

+
[
(1− b)a

∫ t
−∞−a

∫ +∞
−∞ +ab

∫ η
−∞

] ∫ ξ
s

−
[
(1− a)b

∫ t
−∞+ab

∫ ξ
−∞

] ∫ η
s

+
[
(1− a)

∫ t
−∞+a

∫ ξ
−∞

] ∫ +∞
s

=
∫ s
−∞

[∫ +∞
η

+(1− b)
∫ η
t

]


=
∫ s
−∞

[∫ +∞
η

+(1− b)
∫ η
t

]
≥ 0, b ≤ 1,

≥
∫ s
−∞

[∫ +∞
η

+(1− b)
∫ η
−∞

]
≥ 0, b > 1.

Case 3. For t < s ≤ ξ < η, we have from (2.8.2) that

∆G(t, s) =
[
(1− b)a

∫ t
−∞−a

∫ +∞
−∞ +ab

∫ η
−∞

] ∫ ξ
s
−
[
(1− a)b

∫ t
−∞+ab

∫ ξ
−∞

] ∫ η
s

+
[
(1− a)

∫ t
−∞+a

∫ ξ
−∞

] ∫ +∞
s

=
∫ t
−∞

(∫ +∞
η

+(1− b)
∫ η
s

)
+ a

∫ s
t

(∫ +∞
η

+(1− b)
∫ η
ξ

)
≥ 0.

Case 4. For max{t, ξ} < s ≤ η, we have from (2.8.1) and (2.8.2) that

∆G(t, s) = −
[
(1− a)b

∫ t
−∞+ab

∫ ξ
−∞

] ∫ η
s

+
[
(1− a)

∫ t
−∞+a

∫ ξ
−∞

] ∫ +∞
s

≥
(∫ +∞

s
−b
∫ η
s

)(∫ t
−∞−a

∫ t
ξ

)
=
(∫ +∞

η
+(1− b)

∫ η
s

)(∫ ξ
−∞+(1− a)

∫ t
ξ

)


≥ 0, a ≤ 1, b ≤ 1,

≥
(∫ +∞

η
+(1− b)

∫ η
−∞

)(∫ ξ
−∞+(1− a)

∫ t
ξ

)
≥ 0, a > 1, b ≤ 1,

≥
(∫ +∞

η
+(1− b)

∫ η
s

)(∫ ξ
−∞+(1− a)

∫ +∞
ξ

)
≥ 0, a ≤ 1, b > 1,

≥
(∫ +∞

η
+(1− b)

∫ η
−∞

)(∫ ξ
−∞+(1− a)

∫ +∞
ξ

)
, a > 1, b > 1.
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Case 5. For ξ < s ≤ min{t, η}, we have from (2.8.1) and (2.8.2) that

∆G(t, s) = −
[
(1− a)

∫ +∞
−∞ −(1− a)b

∫ η
−∞+a(1− b)

∫ ξ
−∞

] ∫ t
s

−
[
(1− a)b

∫ t
−∞+ab

∫ ξ
−∞

] ∫ η
s

+
[
(1− a)

∫ t
−∞+a

∫ ξ
−∞

] ∫ +∞
s =

∫ +∞
t

(
(1− a)

∫ s
−∞+a

∫ ξ
−∞

)
+ b

∫ t
η

(
(1− a)

∫ s
−∞+a

∫ ξ
−∞

)
≥ 0, η ≤ t,

=
(

(1− a)
∫ s
−∞+a

∫ ξ
−∞

)(∫ +∞
η

+(1− b)
∫ η
t

)
≥ 0, η > t.

Case 6. For ξ < η < s ≤ t, we have (2.8.1) that

∆G(t, s) = −
[
(1− a)

∫ +∞
−∞ −(1− a)b

∫ η
−∞+a(1− b)

∫ ξ
−∞

] ∫ t
s

+
[
(1− a)

∫ t
−∞+a

∫ ξ
−∞

] ∫ +∞
s

=
∫ +∞
t

(
(1− a)

∫ s
−∞+a

∫ ξ
−∞

)
+ b

∫ t
s

(
(1− a)

∫ η
−∞+a

∫ ξ
−∞

)
≥ 0.

From cases 1-6 and (2.8.3), we have G(t, s) ≥ 0. Similarly we can prove that H(t, s) ≥ 0.
Step 2. We prove that x(t) > 0 and y(t) > 0 on R if (x, y) is a solution of BVP(1.5).
Suppose that there exists t0 ∈ IR such that x(t0) = 0. Since (ρ(t)x′(t))′ = −f(t, x(t), y(t),

x′(t), y′(t)) ≤ 0 for all t ∈ IR, we know that ρ(t)x′(t) ≥ 0 on R or ρ(t)x′(t) ≤ 0 on IR or there exists
t1 ∈ R such that ρ(t)x′(t) ≥ 0 on (−∞, t1] and ρ(t)x′(t) ≤ 0 on [t1,+∞). We consider three cases:

Case 1. ρ(t)x′(t) ≤ 0 for all t ∈ IR. Then x′(t) ≤ 0 for all t ∈ IR. It is easy to see that x(t) ≡ 0
for all t ∈ [t0,+∞). Then f(t, 0, y(t), 0, y′(t)) = −(ρ(t)x′(t))′ ≡ 0 on [t0,+∞), a contradiction.

Case 2. ρ(t)x′(t) ≥ 0 for all t ∈ IR. Then x′(t) ≥ 0 on IR. It is easy to see that x(t) ≡ 0 for
all t ∈ (−∞, t0]. Then f(t, 0, y(t), 0, y′(t)) = −(ρ(t)x′(t))′ ≡ 0 on (−∞, t0], a contradiction.

Case 3. there exists t1 ∈ IR such that ρ(t)x′(t) ≥ 0 for t ∈ (−∞, t1] and ρ(t)x′(t) ≤ 0 for
t ∈ [t1,+∞). Then x′(t) ≥ 0 on (−∞, t1] and x′(t) ≤ 0 on [t1,+∞). When t0 ≤ t1, we get x(t) ≡ 0
for all t ∈ (−∞, t0], thus f(t, 0, y(t), 0, y′(t)) = −(ρ(t)x′(t))′ ≡ 0 on (−∞, t0], a contradiction.
When t0 ≥ t1, we get x(t) ≡ 0 for all t ∈ [t0,+∞). Then f(t, 0, y(t), 0, y′(t)) = −(ρ(t)x′(t))′ ≡ 0 on
[t0,+∞), a contradiction.

From above discussion, we know that x is positive on IR. Similarly we can prove that y is
positive on IR. We obtain (x, y) is a positive solution of BVP(1.5). This completes the proof of (i).
�

(ii) We prove that T is completely continuous.
Step 1. we prove that T : (x, y) = (T1(x, y), T2(x, y)) is continuous on E. It suffices to

prove that both T1 : (x, y) → T1(x, y) and T2 : (x, y) → T2(x, y) are continuous. Since f, g are
Carathéodory functions, the result follows.

Step 2. we show that T is maps bounded subsets into bounded sets.
Given a bounded set D ⊆ E. Then, there exists M > 0 such that D ⊆ {(x, y) ∈ E : ‖x‖, ‖y‖ ≤
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M}. Then there exists ϕM ∈ L1(R) such that

|f(t, x(t), y(t), x′(t), y′(t))| ≤ ϕr(t), a.e., t ∈ IR,

|g(t, x(t), y(t), x′(t), y′(t))| ≤ ϕr(t), a.e., t ∈ IR.

By the definitions of T1 and T2, we have

[ρ(t)(T1(x, y))′(t)]′ + f(t, x(t), y(t), x′(t), y′(t)) = 0, a.e., t ∈ IR,

[%(t)(T2(x, y))′(t)]′ + g(t, x(t), y(t), x′(t), y′(t)) = 0, a.e., t ∈ IR,

lim
t→−∞

(T1(x, y))(t)− a(T1(x, y))(ξ) = 0, lim
t→+∞

(T1(x, y))(t)− b(T1(x, y))(η) = 0,

lim
t→−∞

(T2(x, y))(t)− c(T2(x, y))(ξ) = 0, lim
t→+∞

%(t)(T2(x, y))′(t)− d%(η)(T2(x, y))′(η) = 0.

By the definitions of T1 and T2, we have

ρ(t)(T1(x, y))′(t) = 1
∆

[
−(1− a)b

∫ η
−∞

(∫ η
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

+(1− a)
∫ +∞
−∞

(∫ +∞
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

+(1− b)a
∫ ξ
−∞

(∫ ξ
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

]
−
∫ t
−∞ f(s, x(s), y(s), x′(s), y′(s))ds,

%(t)(T2(x, y))′(t) = − d
1−d

∫ η
−∞ f(s, x(s), y(s), x′(s), y′(s))ds

+ 1
1−d

∫ +∞
−∞ f(s, x(s), y(s), x′(s), y′(s))ds−

∫ t
−∞ f(s, x(s), y(s), x′(s), y′(s))ds.

So

ρ(t)|(T1(x, y))′(t)| ≤ 1
∆

[
|1− a|b

∫ +∞
−∞

du
ρ(u) +|1− a|

∫ +∞
−∞

du
ρ(u)

+|1− b|a
∫ +∞
−∞

du
ρ(u) + ∆

] ∫ +∞
−∞ ϕr(s)ds,

%(t)|(T2(x, y))′(t)| ≤
(

1+d
1−d + 1

) ∫ +∞
−∞ ϕr(s)ds.
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Similarly to the Remark 2.1, we have

||T1(x, y)||X = max

{∑
t∈R
|(T1(x, y))(t), sup

t∈R
ρ(t)|(T1(x, y))′(t)|

}

≤ max
{

1, |1−a|+a|1−a|
∫ +∞
−∞

du
ρ(u)

}
sup
t∈R

ρ(t)|(T1(x, y))′(t)|

≤ max
{

1, |1−a|+a|1−a|
∫ +∞
−∞

du
ρ(u)

}
1
∆

[
|1− a|b

∫ +∞
−∞

du
ρ(u) +|1− a|

∫ +∞
−∞

du
ρ(u)

+|1− b|a
∫ +∞
−∞

du
ρ(u) + ∆

] ∫ +∞
−∞ ϕr(s)ds

and

||T2(x, y)||Y = max

{∑
t∈R
|(T2(x, y))(t), sup

t∈R
%(t)|(T2(x, y))′(t)|

}

≤ max
{

1, 1
1−c

∫ +∞
−∞

du
%(u)

}
sup
t∈R

ρ(t)|(T2(x, y))′(t)|
∫ +∞
−∞ ϕr(s)ds

≤ max
{

1, 1
1−c

∫ +∞
−∞

du
%(u)

}(
1+d
1−d + 1

) ∫ +∞
−∞ ϕr(s)ds.

It follows that
‖(T (x, y))‖ = max{||T1(x, y)||X , ||T2(x, y)||Y } <∞.

So, {TD} is uniformly bounded.
Step 3. we prove that both {t→ (T1(x, y))(t) : (x, y) ∈ D}, {t→ (T2(x, y))(t) : (x, y) ∈ D} and

{t → (ρ(t)(T1(x, y))′(t) : (x, y) ∈ D} and {t → (ρ(t)(T2(x, y))′(t) : (x, y) ∈ D} are equi-continuous
on each finite subinterval on IR.

The proof is standard and is omitted. One may see [19].
Step 4. we show that both {t→ (T1(x, y))(t) : (x, y) ∈ D}, {t→ (T2(x, y))(t) : (x, y) ∈ D} and

{t → (ρ(t)(T1(x, y))′(t) : (x, y) ∈ D} and {t → (ρ(t)(T2(x, y))′(t) : (x, y) ∈ D} are equi-convergent
at both +∞ and −∞ respectively.

We have that∣∣∣(T1(x, y))(t)−
[
− a

∆

∫ +∞
−∞

du
ρ(u) + ab

∆

∫ η
−∞

du
ρ(u)

] ∫ ξ
−∞

(∫ ξ
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

−
[
ab
∆

∫ ξ
−∞

du
ρ(u)

] ∫ η
−∞

(∫ η
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

+
[
a
∆

∫ ξ
−∞

du
ρ(u)

] ∫ +∞
−∞

(∫ +∞
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

∣∣∣
≤
∫ t
−∞ ϕr(s)ds

∫ +∞
−∞

du
ρ(u) +

[
|1−b|a

∆ + |1−a|b
∆ + |1−a|

∆

] ∫ t
−∞

du
ρ(u)

∫ +∞
−∞ ϕr(s)ds

∫ +∞
−∞

du
ρ(u)

→ 0 uniformly as t→ −∞.
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Further more, we have that∣∣∣ρ(t)(T1(x, y))′(t)− 1
∆

[
−(1− a)b

∫ η
−∞

(∫ η
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

+(1− a)
∫ +∞
−∞

(∫ +∞
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

+(1− b)a
∫ ξ
−∞

(∫ ξ
s

du
ρ(u)

)
f(s, x(s), y(s), x′(s), y′(s))ds

]∣∣∣
≤
∫ t
−∞ ϕr(s)ds→ 0 uniformly as t→ −∞.

Hence {t → ρ(t)(T1(x, y))′(t) : (x, y) ∈ D} and {t → (T1(x, y))(t) : (x, y) ∈ D} are equicon-
vergent as t → −∞. Similarly we can prove that {t → ρ(t)(T1(x, y))′(t) : (x, y) ∈ D} and
{t→ (T1(x, y))(t) : (x, y) ∈ D} are equiconvergent as t→ +∞.

Similarly we can prove that both {t → (T2(x, y))(t) : (x, y) ∈ D} and {t → (ρ(t)(T2(x, y))′(t) :
(x, y) ∈ D} are equiconvergent as t→ ±∞. The details are omitted.

From Steps 1-4, we see that T maps bounded sets into relatively compact sets.
Therefore, the operator T : E → E is completely continuous. The proof of (ii) is complete.

Thus the proof of Lemma 2.5 is ended. �

3 Main results

Now, we prove the main theorems in this paper by using the Schauder’s fixed point theorem. We
need the following assumptions:

(D1) f, g are (ρ, %)-Carathéodory functions and satisfy that there exist non-decreasing

functions Φ,Ψ : IR+4 → IR+, measurable functions ϕ,ψ, ϕ1, ψ1 such that∣∣∣f (t, x, y, u
ρ(t) ,

v
%(t)

)
− ϕ(t)

∣∣∣ ≤ ϕ1(t)Φ(x, y, u, v), x, y, u, v ∈ IR, a.e., t ∈ IR,∣∣∣g (t, x, y, u
ρ(t) ,

v
%(t)

)
− ψ(t)

∣∣∣ ≤ ψ1(t)Ψ(x, y, u, v), x, y, u, v ∈ IR, a.e., t ∈ IR.

Define
Φ(t) =

∫ +∞
−∞ G(t, s)ϕ(s)ds, Ψ(t) =

∫ +∞
−∞ H(t, s)ψ(s)ds.

Denote

P = max
{

1, |1−a|+a|1−a|
∫ +∞
−∞

du
ρ(u)

}
1
∆

[
|1− a|b

∫ +∞
−∞

du
ρ(u) +|1− a|

∫ +∞
−∞

du
ρ(u)

+|1− b|a
∫ +∞
−∞

du
ρ(u) + ∆

]
||ϕ1||1,

Q = max
{

1, 1
1−c

∫ +∞
−∞

du
%(u)

}(
1+d
1−d + 1

)
||ψ1||1.

Theorem 3.1. Suppose that (2.7), (2.8.1), (2.8.2), (2.8.3) and (2.8), (D1) hold. Then BVP(1.5)
has at least one positive solution if

PΦ(r1 + ||Φ||, r2 + ||Ψ||), r1 + ||Φ||, r2 + ||Ψ||) ≤ r1,

QΨ(r1 + ||Φ||, r2 + ||Ψ||), r1 + ||Φ||, r2 + ||Ψ||)) ≤ r2.
(3.12)
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has a couple of positive solution (r1, r2).
Proof. To apply the Schauder’s fixed point theorem, we should define an closed convex bounded
subset Ω of E such that T (Ω) ⊆ Ω. By the definitions of Φ,Ψ, we have (Φ,Ψ) ∈ E and

[ρ(t)Φ
′
(t)]′ + ϕ(t) = 0, a.e., t ∈ R,

[%(t)Ψ
′
(t)]′ + ψ(t) = 0, a.e., t ∈ R,

lim
t→−∞

Φ(t)− aΦ(ξ) = 0, lim
t→+∞

Φ(t)− bΦ(η) = 0,

lim
t→−∞

Ψ(t)− cΨ(ξ) = 0, lim
t→+∞

%(t)Ψ
′
(t)− d%(η)Ψ

′
(η) = 0.

Let r1 > 0, r2 > 0, denote Ω = {(x, y) ∈ E : ||x−Φ|| ≤ r1, ||y−Ψ|| ≤ r2}. For (x, y) ∈ Ω, we get

||x|| ≤ ||x− Φ||+ ||Φ|| ≤ r1 + ||Φ||, ||y|| ≤ ||y −Ψ||+ ||Ψ|| ≤ r2 + ||Ψ||.

Then (D1) implies that

|f1(t, x(t), y(t), x′(t), y′(t))− ϕ(t)| =
∣∣∣f (t, x(t), y(t), ρ(t)x

′(t)
ρ(t) , %(t)y

′(t)
%(t)

)
− ϕ(t)

∣∣∣
≤ ϕ1(t)Φ(||x||, ||y||, ||x||, ||y||)

≤ ϕ1(t)Φ(r1 + ||Φ||, r2 + ||Ψ||, r1 + ||Φ||, r2 + ||Ψ||), a.e., t ∈ R,

|g(t, x(t), y(t), x′(t), y′(t))− ψ(t)| ≤ ψ1(t)Ψ(r1 + ||Φ||, r2 + ||Ψ||, r1 + ||Φ||, r2 + ||Ψ||), a.e., t ∈ R.

By the definition of T and Lemma 2.5, we have (T1(x, y), T2(x, y)) ∈ P . By the methods used in
(2.11), we get that

||(T1(x, y))− Φ|| ≤ max
{

1, |1−a|+a|1−a|
∫ +∞
−∞

du
ρ(u)

}
sup
t∈R

ρ(t)|[(T1(x, y))(t)− Φ(t)]′|

≤ max
{

1, |1−a|+a|1−a|
∫ +∞
−∞

du
ρ(u)

}
1
∆

[
|1− a|b

∫ +∞
−∞

du
ρ(u) +|1− a|

∫ +∞
−∞

du
ρ(u)

+|1− b|a
∫ +∞
−∞

du
ρ(u) + ∆

] ∫ +∞
−∞ ϕ1(s)dsΦ(r1 + ||Φ||, r2 + ||Ψ||, r1 + ||Φ||, r2 + ||Ψ||)

= PΦ(r1 + ||Φ||, r2 + ||Ψ||, r1 + ||Φ||, r2 + ||Ψ||).

Similarly, we have

||T2(x, y)−Ψ|| ≤ QΨ(r1 + ||Φ||, r2 + ||Ψ||, r1 + ||Φ||, r2 + ||Ψ||).

From the assumption, the inequality system (3.12) has positive solution (r1, r2). We choose
Ω = {(x, y) ∈ E : ||x − Φ|| ≤ r1, ||y − Ψ|| ≤ r2}. Then we get T (Ω) ⊂ Ω. Hence the Schauder’s
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fixed point theorem implies that T has a fixed point (x, y) ∈ Ω. Lemma 2.5 imply that (x, y) is a
positive solution of BVP(1.5). The proof of Theorem 3.1 is complete. �

(D2) f, g are Carathéodory functions and satisfy that there exist nonnegative constants bi, ai,
τj , σj , δj , γj(j = 1, 2, · · · , n) measurable functions ϕ,ψ : IR→ IR such that∣∣∣f (t, x, y, u

ρ(t) ,
v
%(t)

)
− ϕ(t)

∣∣∣ ≤ ϕ1(t)
n∑
j=1

aj |x|τj |y|σj |u|δj |v|γj , t ∈ IR, x, y, u, v ∈ IR,

∣∣∣g (t, x, y, u
ρ(t) ,

v
%(t)

)
− ψ(t)

∣∣∣ ≤ ψ1(t)
n∑
j=1

bj |x|τj |y|σj |u|δj |v|γj , t ∈ IR, x, y, u, v ∈ IR.

Define
Φ(t) =

∫ +∞
−∞ G(t, s)ϕ(s)ds, Ψ(t) =

∫ +∞
−∞ H(t, s)ψ(s)ds.

Denote

A ≥ max{||Φ||, ||Ψ||},

σ = max{τj + σj + δj + γj : j = 1, 2, · · · , n},

M = max
{

max
{

1, |1−a|+a|1−a|
∫ +∞
−∞

du
ρ(u)

}[
|1−a|b

∆

∫ +∞
−∞

du
ρ(u) + |1−a|∆

∫ +∞
−∞

du
ρ(u)

+ |1−b|a∆

∫ +∞
−∞

du
ρ(u) + 1

]
||ϕ1||1

n∑
j=1

ajA
τj+δj+σj+γj−σ,

max
{

1, 1
1−c

∫ +∞
−∞

du
%(u)

}(
1+d
1−d + 1

)
||ψ1||1

n∑
j=1

bjA
τj+δj+σj+γj−σ

}
.

Theorem 3.2. Suppose that (2.7), (2.8.1), (2.8.2), (2.8.3) and (2.8), (D2) hold. Then BVP(1.5)
has at least one positive solution if

σ ∈ [0, 1) or σ = 1 with M < 1 or σ > 1 with σσAσ−1

(σ−1)σ−1 ≤ 1
M . (3.13)

Proof: To apply the Schauder’s fixed point theorem, we should define an closed convex bounded
subset Ω of E such that T (Ω) ⊆ Ω.

Let r > 0, denote Ω = {(x, y) ∈ E : ||(x, y) − (Φ,Ψ)|| ≤ r}. For (x, y) ∈ Ω, we get ||x|| ≤
||x− Φ||+ ||Φ|| ≤ r + ||Φ||, ||y|| ≤ ||y −Ψ||+ ||Ψ|| ≤ r + ||Ψ||. Then (D2) implies that

|f(t, x(t), y(t), x′(t), y′(t))− ϕ(t)| ≤ ϕ1(t)
n∑
j=1

aj [r + ||Φ||]τj+δj [r + ||Ψ||]σj+γj , t ∈ IR,

|g(t, x(t), y(t), x′(t), y′(t))− ψ(t)| ≤ ψ1(t)
n∑
j=1

bj [r + ||Φ||]τj+δj [r + ||Ψ||]σj+γj , t ∈ IR.
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By the definition of T , using above inequalities and (2.11), we get that

||T1(x, y)− Φ|| ≤ max
{

1, |1−a|+a|1−a|
∫ +∞
−∞

du
ρ(u)

}
sup
t∈IR

ρ(t)|(T1(x, y))′(t)− Φ
′
(t)|

≤ max
{

1, |1−a|+a|1−a|
∫ +∞
−∞

du
ρ(u)

}[
|1−a|b

∆

∫ +∞
−∞

du
ρ(u) + |1−a|∆

∫ +∞
−∞

du
ρ(u)

+ |1−b|a∆

∫ +∞
−∞

du
ρ(u) + 1

] ∫ +∞
−∞ ϕ1(s)ds

n∑
j=1

aj [r + ||Φ||]τj+δj [r + ||Ψ||]σj+γj

≤ max
{

1, |1−a|+a|1−a|
∫ +∞
−∞

du
ρ(u)

}[
|1−a|b

∆

∫ +∞
−∞

du
ρ(u) + |1−a|∆

∫ +∞
−∞

du
ρ(u)

+ |1−b|a∆

∫ +∞
−∞

du
ρ(u) + 1

] ∫ +∞
−∞ ϕ1(s)ds

n∑
j=1

aj [r +A]τj+δj+σj+γj

≤ max
{

1, |1−a|+a|1−a|
∫ +∞
−∞

du
ρ(u)

}[
|1−a|b

∆

∫ +∞
−∞

du
ρ(u) + |1−a|∆

∫ +∞
−∞

du
ρ(u)

+ |1−b|a∆

∫ +∞
−∞

du
ρ(u) + 1

] ∫ +∞
−∞ ϕ1(s)ds(r +A)σ

n∑
j=1

ajA
τj+δj+σj+γj−σ

≤M(r +A)σ.

Similarly, we have

||T2(x, y)−Ψ|| ≤ max
{

1, |1−c|+c|1−c|
∫ +∞
−∞

du
%(u)

}
sup
t∈IR

%(t)|(T2(x, y))′(t)−Ψ
′
(t)| ≤M(r +A)σ.

It follows that ||(T (x, y))− (Φ,Ψ)|| ≤M(r +A)σ.
Case 1. σ ∈ [0, 1). It is easy to see that there exists r0 > 0 such that M(r0 + A)σ ≤ r0.

Choose Ω0 = {(x, y) ∈ E : ||(x, y)− (Φ,Ψ)|| ≤ r0}. We have T (Ω0) ⊂ Ω0. Then T has a fixed point
(x, y) ∈ Ω0. So (x, y) ∈ P is a positive solution of BVP(1.5).

Case 2. σ = 1. (3.13) implies M < 1. Choose r0 ≥ MA
1−M and Ω0 = {(x, y) ∈ E : ||(x, y) −

(Φ,Ψ)|| ≤ r0}. We have T (Ω0) ⊂ Ω0. Then T has a fixed point (x, y) ∈ Ω0. So (x, y) ∈ P is a
positive solution of BVP(1.5).

Case 3. σ > 1. Choose r0 = A
σ−1 and Ω0 = {(x, y) ∈ E : ||(x, y)− (Φ,Ψ)|| ≤ r0}. From (3.13),

we have
M(r0 +A)σ = M

(
A
σ−1 +A

)σ
≤ r0.

Then T (Ω0) ⊂ Ω0. Then T has a fixed point (x, y) ∈ Ω0. So (x, y) ∈ P is a positive solution of
BVP(1.5).

The proof of Theorem 3.2 is complete. �

4 An example

In this section, we present two examples to illustrate the main theorems.
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Example 4.1. Consider the following boundary value problem of second order differential equation
on the whole line 

[ρ(t)x′(t)]′ + f(t, x(t), y(t), x′(t), y′(t)) = 0, a.e., t ∈ IR,
[%(t)y′(t)]′ + g(t, x(t), y(t), x′(t), y′(t)) = 0, a.e., t ∈ IR,

lim
t→−∞

x(t)− 7
5x(−1) = 0,

lim
t→+∞

x(t)− 1
6x(1) = 0,

lim
t→−∞

y(t)− 1
5y(−1) = 0,

lim
t→+∞

%(t)y′(t)− 1
25%(1)y′(1) = 0,

(4.14)

where

ρ(t) =

{
1
t2 , t ∈ [−1, 0)

⋃
(0, 1],

t2, |t| ≥ 1,
%(t) =

{
1
t4 , t ∈ [−1, 0)

⋃
(0, 1],

t4, |t| ≥ 1,

f (t, x, y, u, v) = ϕ(t) + e−t
2 (
a1|x(t)|α + a2|y(t)|β + a3[ρ(t)x′(t)]γ + a4[%(t)y′(t)]δ

)
,

g(t, x, y, u, v) = ψ(t) + e−4t2
(
b1|x(t)|α + b2|y(t)|β + b3[ρ(t)x′(t)]γ + b4[%(t)y′(t)]δ

)
,

ϕ1(t) = e−t
2

, ψ1(t) = e−4t2 , ϕ(t) = e−4t2 , ψ(t) = e−t
2

.

Then BVP(4.14) has at least one positive solution if σ = max{α, β, γ, δ} satisfies

σ ∈ [0, 1) or σ = 1 with M0 < 1 or σ > 1 with σσAσ−1

(σ−1)σ−1 ≤ 1
M0

(4.15)

where M0 is defined by

M0 = 1695
√
π

2

[
565α−σ(a1 + b1)

(
3
√
π

2

)α−σ
+ 565β−σ(a2 + b2)

(
3
√
π

2

)β−σ
+ 565γ−σ(a3 + b3)

(
3
√
π

2

)γ−σ
+ 565δ−σ(a4 + b4)

(
3
√
π

2

)δ−σ]
.

Proof. Corresponding to BVP(1.5), we have ξ = −1, η = 1 and a = 7
5 , b = 1

6 , c = 1
5 , d = 1

25 . Then∫ +∞
−∞

du
ρ(u) = 8

3 ,
∫ +∞
−∞

du
%(u) = 16

15 ,

||ϕ||1 = ||ψ1||1 =
√
π

2 , ||ψ||1 = ||ϕ1||1 =
√
π,

(1− a)
∫ +∞
−∞

du
ρ(u) + a

∫ ξ
−∞

du
ρ(u) = − 2

5 ×
8
3 + 7

5 × 1 = 1
3 ,∫ +∞

η
du
ρ(u) + (1− b)

∫ η
−∞

du
ρ(u) = 11

6 ,

∆ =: (1− a)
∫ +∞
−∞

du
ρ(u) − (1− a)b

∫ η
−∞

du
ρ(u) + a(1− b)

∫ ξ
−∞

du
ρ(u) = 1

30 ,

c = 1
5 , d = 1

25 .
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So (2.7), (2.8.1), (2.8.2), (2.8.3) and (2.8) hold. By the definition of Φ and Ψ, we get

||Φ|| ≤ max
{

1, |1−a|+a|1−a|
∫ +∞
−∞

du
ρ(u)

}[
|1−a|b

∆

∫ +∞
−∞

du
ρ(u) + |1−a|∆

∫ +∞
−∞

du
ρ(u)

+ |1−b|a∆

∫ +∞
−∞

du
ρ(u) + 1

] ∫ +∞
−∞ ϕ(s)ds ≤ 565

∫ +∞
−∞ ϕ(s)ds ≤ 565(||ϕ||1 + ||ψ||1),

||Ψ|| ≤ max
{

1, 1
1−c

∫ +∞
−∞

du
%(u)

}(
1+d
1−d + 1

)
||ψ||1 ≤ 565(||ϕ||1 + ||ψ||1).

By direct computation, we have

A = 1695
√
π

2 = 565(||ϕ||1 + ||ψ||1) ≥ max{||Φ||, ||Ψ||}, σ = max{α, β, γ, δ},

M = max
{

565||ϕ1||1
[
565α−σa1(||ϕ||1 + ||ψ||1)α−σ + 565β−σa2(||ϕ||1 + ||ψ||1)β−σ

+565γ−σa3(||ϕ||1 + ||ψ||1)γ−σ + 565δ−σa4(||ϕ||1 + ||ψ||1)δ−σ
]
,

238
3 ||ψ1||1

[(
238
3

)α−σ
b1(||ϕ||1 + ||ψ||1)α−σ +

(
238
3

)β−σ
b2(||ϕ||1 + ||ψ||1)β−σ

+
(

238
3

)γ−σ
b3(||ϕ||1 + ||ψ||1)γ−σ +

(
238
3

)δ−σ
b4(||ϕ||1 + ||ψ||1)δ−σ

]}
≤ 565(||ϕ1||1 + ||ψ1||1)

[
565α−σ(a1 + b1)(||ϕ||1 + ||ψ||1)α−σ + 565β−σ(a2 + b2)(||ϕ||1 + ||ψ||1)β−σ

+ 565γ−σ(a3 + b3)(||ϕ||1 + ||ψ||1)γ−σ + 565δ−σ(a4 + b4)(||ϕ||1 + ||ψ||1)δ−σ
]

≤ 1695
√
π

2

[
565α−σ(a1 + b1)

(
3
√
π

2

)α−σ
+ 565β−σ(a2 + b2)

(
3
√
π

2

)β−σ
+ 565γ−σ(a3 + b3)

(
3
√
π

2

)γ−σ
+ 565δ−σ(a4 + b4)

(
3
√
π

2

)δ−σ]
.

Then Theorem 3.2 implies that BVP(4.14) has at least one positive solution (x, y) if (3.13) holds.
Since (4.15) implies that (3.13), then BVP(4.14) has at least one positive solution (x, y) if (4.15)
holds. �
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