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Abstract

In this paper, the Authors establish a new identity for twice differentiable functions. Afterwards
some new inequalities are presented related to perturbed trapezoid inequality for the classes
of functions whose second derivatives of absolute values are convex, s-convex and tgs-convex.
Last of all, applications to special means have also been presented.
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1 Introduction

Definition 1. [?] A function f: I — R is said to be convex on [ if inequality

F (bt (L= t)0) < 2f () + (1 1) f (0) (L1)
holds for all u,v € I and ¢ € [0,1]. We say that f is concave if (—f) is convex.

Geometrically, this means that if P,@Q and R are three distinct points on the graph of f with @
between P and R, then @ is on or below the chord PR.

Definition 2. [?] Let s € (0,1]. A function f : (0,00] — [0, 00] is said to be s-convex in the second
sense if
flu+ (@ —t)v) <t°f (u) + (1= 1)" f (v), (1.2)

for all u,v € (0,b] and t € [0,1]. This class of s-convex functions is usually denoted by K?2.
Certainly, s-convexity means just ordinary convexity when s = 1.

Definition 3. [?] A function f: I — R is said to be tgs-convex on I if inequality

flu+ (1 =t)v) <t (1 =1)[f (u) + f (v)] (1.3)

holds for all u,v € I and t € (0,1). We say that f is tgs-concave if (—f) is tgs-convex.
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Theorem 1. The Hermite-Hadamard inequality: Let f : I C R — R be a convex function
and u,v € I with v < v. The following double inequality:

f(u+v> RPSSF (CES{0 w

is known in the literature as Hadamard’s mequahty (or Hermite-Hadamard inequality) for convex
functions. If f is a positive concave function, then the inequality is reversed.

Theorem 2. [?] Suppose that f :[0,00) — [0,00) is an s—convexr function in the second sense,
where s € (0,1], and let a,b € [0,00), a <b. If f € L;1([0,1]), then the following inequalities hold:

oy (H0) < 2 [ i< LOH© ws)

The constant k = # is the best possible in the second inequality in (??). The above inequalities

are sharp. If f is an s-concave function in the second sense, then the inequality is reversed.

For recent results and generalizations concerning Hadamard’s inequality and concepts of con-
vexity and s-convexity see [?]-[?], [?]-[?] and the references therein.

In the literature [?]-[?] on numerical integration, the following estimation is well known as the
trapezoid inequality:

v)dr — 5 (0 =) ( (u) + F (0))| < 350a (0 — )", (16)

where f : [u,v] = R is supposed to be twice differentiable on the interval (u,v), with the second
derivative bounded on (u,v) by Ma = sup,¢(, . [f” (z)] < +o0.

For the perturbed trapezoid inequality, Dragomir et al. [?] obtained the following inequality by
an application of the Griiss inequality:

Lo (7 (o) = ' ()

Yo — 5 (v —u) (f () + F (0) + 75

< 5 (T =) (0 — W), (1.7)

where f is supposed to be twice differentiable on the interval (u,v), with the second derivative
bounded on (u,v) by T's = sup,¢(y,,) [ (z) < +00 and yo = infe(y,v) [ (2) > —o0.

Throughout this paper we will use the following notations and conventions. Let J = [0,00) C
R = (—o00,+0), and u,v € J with 0 < u < v and f’ € L [u,v] and

2
Alwe) = " G () = Vv, H(u) = =,
v—u
L = —_—
(u,v) Inv—1Inu’ uFv

be the arithmetic mean, geometric mean, harmonic mean, logarithmic mean for u, v > 0 respectively.

The aim of this paper is to establish some results connected with the perturbed trapezoid in-
equality as well as to apply them for some elementary inequalities for real numbers and in numerical
integration.
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2 Main Results
We begin with the following lemma.

Lemma 1. Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with a < b. If
f" € Lla,b], then the following equality holds:

(2.1)
/f de =5 (b= a)(F (@) + 1 () + (b= (f' ()~ F' (@)

—a)® [*
= 4 / (t+1)>[f" (ta+ (1 —t)b) + f" (tb+ (1 — t) a)] dt
0

Proof. 1t suffices to note that

L = /1(t+1)2f’/(ta+(1t)b)dt
0
/ 1 1
- (t+1)2f(t02£lbt)b)oaib/0 (t+1) f (ta+ (1 —t)b)dt

_ 4f"(a) — " (b) aib/ol(t+1)f’(m+(1t)b)dt

a—>b
_ Af (a) = [T (b) 2 f (ta+(1—t)b)|"
N a—> Ca—b (t+1) a—>b 0

—aib/olf (ta+(1—t)b)dt}

_ 4f’(c;)_—bf’(b)_aib[Qf(?_—bf(b)_aib/ F (ta+(1—t)b)dt

_ W@ S0) 4@ 200 o
= pa— o) _a/ft—i—lt
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and
L = /1(t+1)2f”(tb+(1—t)a)dt
0
/ 1 1
— (t+1)2f (tb;rfla—t)a) O_bfa/o t+1) f tb+(1—t)a)dt
- 4f’(?))_—af'(a)bfa/ol(t+1)f/(tb+(1t)a)dt
_ AF(®) *af’ (a) bfa (t+1)f (tb;rflaf t)a) 0

b_
1 1
—a/of(tb—i—(l—t)a)dt}
4f () = f'(a) 2 [2f(b)—f(a)
b—a b—a
4f (b)) = f'(a) 4f(b) —2f (a)

2 1
- b—a B (b—a)2 +(b—a)2/0 f @b+ (1—t)a)dt.

1
) —bia/o F(th+ (1—1t)a)dt

If we collect I; and Iy

L+, = /1(t+1)2[f”(ta+(1—t)b)+f”(tb+(1—t)a)]dt
0
_ A = f1b)  AS) = f(a) _ 4f(a) = 2f (b) +4F (b) — 2 (a)
b—a b—a (b—a)?

1 9 1
(ba)Q/O ! (ta+(1t)b)dt+(ba)2/0 f b+ 1 —t)a)dt
_ 5 -7 (a))_z(f(a)+f(b))+ _2a2'aib/ o) ds

b—a (b_a)2
b—a ~/af
_ ()~ f(a)  2(f(a)+
- b—a (b—a2 (b—a)? /f

SO

/f Yo =5 (b= a) (F (@) £ ) + 3 (b= ) (' ()~ ' (@)

_ (-] /1(t+1) [/ (ta + (L =) b) + f" (tb+ (1 — t) a)] dt
0

4

The proof is done. I
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Remark 1. On using the change of the variable z = ta + (1 — )b, t € [0, 1], equality (??) can be
written as

/ F ) — 3 (b= a) (F (@) + £ () + 2 (b= ) ( ()~ F' (@) (2.2)

_ 460/(1( +a—2)° (f" (@) + " (a+b—x)) da.

Theorem 3. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with a < b. If | f”|
is convex on [a, b], then the following inequality holds:

(2.3)

dx—f b—a)(f(a)+f(b))+g(b—a)2(f’(b)—f'(a))

< 5 T (b—a)* (1" (@] + 1" B))

Proof. Using Lemma 7?7 it follows that

7~ 5 (b a) (f (@) + £ () + 2 (b~ ) (' () — F' (@)

3 1
= S [Py e - 0n + 57 w0 (- e
0
3
< b /1(t+1)2(|f”(ta+(1—t)b)l+If”(tb+(1—t)a)l)dt
0
—a3 ! 2 1" "
< 0 4> / (t+ 12 (" (@) + (1= t) | ()]
+t |7 (O) + (1 —t)|f" (a)]) dt
3 1
< B @il ol [ @ a
3
< 0 @i+ 1 o,

The proof is completed. I

Theorem 4. Let s € (0,1] and f: I° C R — R be a differentiable mapping on I°, a,b € I° with
a <b. If |f"] is s-convex on [a, b], then the following inequality holds:

(2.4)

dz — 3 ( b—a)(f(a)+f(b))+g(b—a)2(f’(b)—f'(a))

- a)3 552 + 23s + 28

- 4 $3+6s24+11s+6

(1" (@) + 1" ®)]) -
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Proof. Using Lemma 7?7 and Definition 77, it follows that

dm_f —a)(f(a)+f(b))+i(b—a)Q(f'(b)—f/(a))’
3 1
< _4a) / (t+ 1) (If" (ta+ (1 =1)b)|[ + |f" (th+ (1 = t) a)|) dt
0
(b—a)3 ! s | el s gl
< U= /0 (t+ D2 (E | (a)] + (1—0)° |7 (b)]
+ (B + (L =) | f" (a)]) dt
3 1 .
(b*a)g 7 " 4s% + 165 + 14 s? +7s+14
< 1 (1" (@) + ")) {33—%652—1—1184—6 53+652+1ls+6]
_a3 52 S
< Do (LR (0 @+ o,

Further, since

1 2
4s% + 165 + 14
/(t—|—1)2tsdt _ st (2.5)
0

$3 +6s52411s+6

1 2
/(t+1)2(1—t)sdt - st (2.6)
0

s34+ 6824 11s+6

a combination of (??) and (??) immediately gives the required inequality (?7?). I

Theorem 5. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with a < b. If | f”|
is tgs-convex on [a, b], then the following inequality holds:

/f de =5 (b= a)(F @)+ 1 () + > (b= ) (f' ()~ F' (@)

< Mnf"( 417 0]
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Proof. Using Lemma ?? and Definition 77, it follows that

b
[ @5 0-a G @+ 6)+5 -0 (7 6 - 1 (@)

3 1
< 029 / (E+ 107 (1f" (ba+ (L= ) b)| + | (tb+ (1 — t) a)])
0
3 1
< 2o / (17 (=01 @]+t =01 B))
0
Q=) @) +t@ =) |f" (a)])dt)
3 1
< -9 /02<t+1>2t<1—t>[|f"<a>|+\f”<b>|1dt
L -’ @l +1/” O] / (t+1)7¢(1—t) dt
0
23(b—a)3 17 1"
< S 1 @I+ 1 o))

The proof is completed. |

Theorem 6. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with a < b, and let
p > 1 with 1/p+ 1/q = 1. If the mapping |f”|? is convex on [a, b], then the following inequality
holds:

b
[ t@de- 3@+ o)+ 0-a (O -r @) @D
() (25 1\ (17 @+ 1 o)
= 2 < 2p+1 > ( 2 > '
Proof. Using Lemma 7?7 and Holder’s integral inequality, we establish
b
[ t@de-Je-a @+ o)+ 0-a (O - @) 29

AN

3 1
(b_f){/o i+ 12 |f” (ta + (1 — t) )| dt

1
+/ it 17 £ (tb+ (1 —t)a)dt}
0

(/01 |t+1|2pdt>; (/Olf”(ta—i—(l—t)b)th);
+(/01 |t+1|2pdt>; (/01|f”(tb+(1—t)a)|th);]

(b—a)® (22PFL—ANT ([f7 (@) + |f" (B)]7\ ¥
() (P

(b—a)’
4

IN

IN
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where 1/p+1/q = 1. Using the convexity of |f”|?, we have
01 If” (ta+ (1 —t)b)|" dt (2.9)
< [ @r -l e e= OO
0
/01 If" (tb+ (1 —t)a)|* dt (2.10)
< [rora-nl e e= OO
0
Further, since
1 1 2 2p+1 |2 2p+1 _
/0 |t+1|2pdt:/0 (t+1)2pdt:/1 u?Pdu = ;‘pil = 22pp+11 (2.11)

a combination of (??)-(??) immediately gives the required inequality (?7?). I

Theorem 7. Let s € (0,1] and f: I° C R — R be a differentiable mapping on I°, a,b € I° with
a < b, and let p,q > 1 with 1/p + 1/q = 1. If the mapping |f”|? is s-convex on [a,b], then the
following inequality holds:

(2.12)

b
[ F@de=30-a) @)+ £ 0)+5 b0 (1) - F @)

(b—a)® (2241 —1\?
= 4 ( 2p+1 )
@ PTG\ O @F T s+ DN
X{( s+l T(s+2) > +( s+l 7 T(s+2) > }

Q=
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Proof. Using Lemma 77, Definition 7?7 and Holder’s integral inequality, we get

[ F@de=30-a) @)+ £ 6)+5 b0 (7 1) - I (@)

(b—a)®
4

IN

[/1|t+1|2|f”(ta+(1—t)b)|dt
0

1
+/ lt+ 127" (tb+ (1 —t)a)|dt]
0

(b4a)3 </01 |t+1|2pdt>é (/01|f”(ta+(1t)b)|th>;
+</01 t—&-lzpdt); (/01|f”(tb+(l—t)a)th>é]

s _4a)3 (22;;_1 1); [(/01 1" (@) + (1 =) [ ()]7) dt)é

1
q

IN

IN

+ (/01 1" O)"+ Q=) £ (a))) dt>
: _4‘1)3 <222p;:__1 1) [Of“ (a)|* /01 tdt + | f" (b)|Q/01 (1— 1) dt>;

(o [ eaeiror fa-oa) W

(0 (22;+—1 1)é (i @' , 1" )T (s + 1>>é

s+1 I'(s+2)
O 1 @) T (s + 1)\ 7
+< s+1 + I'(s+2) > ]

3 =

IA

IN

Further, since

/O ‘poar = 3%1 (2.13)
1 s _ T(s+1)
/0(14) “ = rey

a combination of (??) and (??) immediately gives the required inequality (77?). I

Theorem 8. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with a < b, and let
p>1with 1/p+1/q = 1. If the mapping | f”|? is tgs-convex on [a, b], then the following inequality
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holds:

[ t@de -0 (@4 £ )+ b-ay (f’(b>—f’(a))‘

< Lo (Y (Y e o)

Proof. Using Lemma 77, Definition 7?7 and Holder’s integral inequality, we get

b
/f(x)dx—;<b—a><f<a>+f<b>>+i(b—af(f'(b)—f/(a))‘

IN

3 1
(b;“)[/o 4 12 |f" (ba+ (1 —£)b)| dt

1
+/ it 17 [f" (th+ (1 —t)a)dt}
0

< (b_4a)3 (/01 t+12pdt)5 (/01 |f” (ta—|—(1_t)b)th>q
’ (/01 e dt>; (/01 I (th+ (1 —1) a)lth>;]

< _4@)3 (22210;1_1 1); K/o1 EA=t)|f" (@)|"+t @ —t)|f" (b)) dt)é
+ (/01 A= O+t =1 (@) dt) ;]

< (b;a)3 (2221);1_11>117 [1£" ()| + | " (b)m% (/Olt(l i dt)q

Q=

< bod (é) (22];‘11) 1" @)" + 17 )"

The proof is completed. |

Theorem 9. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with a < b, and let
p,q > 1 with 1/p+ 1/q = 1. If the mapping |f”|” is convex on [a, b], then the following inequality
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holds:
(2.14)
b
/f<x>dx;<ba><f<a>+f<b>>+i<ba>2<f'<b>f’<a>>|
o b=a® (TR [T @F + 1 @) P
- 4 3 12
(TP 1@y
12
Proof. Using Lemma 7?7 and power mean integral inequality, we obtain
(2.15)

b
/f@)da:;<ba><f<a>+f<b>>+i<ba>2<f'<b>f'<a>>|

< (b;a)g/ol 12 17 (ta+ (1= 1)B) + £ (th+ (1 — £) )| dt
= (b;a)g (/01 |t+1|2dt>1;

{(/01 (E+ 1D (" @F + @ =) " ®)F) dt)é

H([ a2 e or+a-olr @r) ) ;}
<

(b ‘4@3 (;) " { (17 " (a)l”lz 11f" (b)|P) ;

1717 () + 111 (a)]”\ ?
+( - ) .

The proof is completed. |

Theorem 10. Let s € (0,1) and f: I° C R — R be a differentiable mapping on I°, a,b € I° with
a < b, and let p > 1with 1/p+ 1/q = 1. If the new mapping |f”|” is convex on [a,b], then the
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following inequality holds:
(2.16)

[ F@de=50-a) @)+ £ )+ b0 (7 0) - £ @)

p—1 1
b—a)® [T\ 7 42 +16s+14 L, s%+7s+ 14 o) ”
< - b
= 71 3 Freeris16 Wt Sieerisge ! O

4s% + 165 + 14 $2 4+ 7s+ 14 g
n ( T Iz <a>|p) .

3+ 6524+ 11s+6 3+ 652+ 11s+6

Proof. Using Lemma 77, Definition 7?7 and power mean integral inequality, we obtain

b
[ F@de =5 0-a) @)+ 5 0)+ 7 b0 (1) - I (@)

< (b—4a)3 /01 [t+ 17 [f" (ta+ (1 —)b) + f" (tb+ (1 —t)a)| dt

< (b;a)g (/01 |t+1|2dt)1_p
{(/01 -+ D (17 @F + 1 —)° £ B)F) dt> B
+ (/01 E+12E 1 OF + 1= |f" (@) dt) ’1’}

< 0o @1; {<|f” @ /01 (4 1) dt + | ) /01 s 1 (lt)sdt>;
+ (f” (b>|p/01 (t+1)°tdt + | (oz)lp/o1 (t+1)%(1 —t)sdt>;}

< (b—a)® (7)139

< (3

1
452 +16s+14 ., . 1p s2+7s+ 14 v\ P
X b
{<s3+652+1ls—|—6|f @+ S vt 16 O

452 4+ 165 + 14 )P 2+ 75+ 14 (@) g
s3 +6s24+11s+6 s3+6s2+11s+6

The proof is done. |

Theorem 11. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with a < b, and let
p > lwith 1/p + 1/q = 1. If the mapping |f”|" is tgs-convex on [a, b], then the following inequality
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holds:

/f(x)dfc—;(b—a>(f(a)+f(b))+i(b—a)Q(f’(b)—f’(a))‘

3 /o3y 2
PO () @p 1 @)

3 =

Proof. Using Lemma 77, Definition 7?7 and power mean integral inequality, we obtain

IN

IN

<

<

da — 3 ( b—a)(f(a)+f(b))+i(b—a)z(f’(b)—f/(a))’

3
(b;a) / E+ 1 f" (ta+ (1 —t)b) + £ (tb+ (1 — t) a)| dt

1—

- _4(1)3 (/01 |t+1|2dt)
{</°1(t“)2(“1f>|f”<>|p+t< )If”()l))
([ e ea-iror ool wra )}

(b;a)g @)1_; (1" @+ 17" ®)F)? (/o1 (t+1)°t(1—1t) dt)é

o (230} ,
O () 1 @p + 1 o)

=

=

The proof is completed. |

3 Applications to Secial Means

115

Now we shall use the results of Section 2 to prove the following new inequalities connecting the
above means for arbitrary real numbers.

Proposition 1. Let a,b € R, 0 < a < b and n > 2. Then, the following inequality holds:

<

b—a

(b—a) Ly (a,b) — "= % A (a",b") — %”(b—a)? (B —am )

(b—a)P’n(n—1)A (a" 72,6 7%).

[N

Proof. The proof is immediate from Theorem ?? applied for f(z) = 2™, z € R. 1



116 M. Tung, U. Sanal

Proposition 2. Let a,b € R, s € (0,1], 0 < a < b. Then, the following inequality holds:

(b—a) Ly (a,b) — 3 A (a0 - % (b—a)® ("' —a*")

< 3 (1 - S) (b - CL)3 (582 + 23s + 28) A (a572 6572)
- 2 s3+6s2+11s+6 ’ '

Proof. The proof is immediate from Theorem ?? applied for f(z) = 2®, v € R and s € (0,1). I
Proposition 3. Let a, b € R, 0 < a < b, and n € N, n > 2. Then, for all p > 1, the following
inequality holds:

(b—a)Ly(a,b) —

_a)? soHl _\ /P n-2)p  (n-2)p
< n(n—1) (b 2a) (2 1> Alp—1)/p (a%,b%).

b—a S on 2 /i -
5 Ala 7b”)—z(b—a) ("t —a™t)

2p+1
Proof. The proof is immediate from Theorem ?? applied for f(z) = 2", z € R. I
Proposition 4. Let a, b€ R, s € (0,1), 0 < a < b. Then, for all p,q > 1, the following inequality
holds:

0Lt = "5 - 5 0= (7 )

4
(b—a)® [22P+ —1 Up (7 qa(s=2) I'(s+1) .
< s(l-ys) + pa(s—2) 2 \2 T 7J
4 2p+1 s+1 I'(s+2)
1
n pa(s—2) L a2 I'(s+1)\*
s+1 I'(s+2)

Proof. The proof is immediate from Theorem ?? applied for f(x) =2°, x € R and s € (0,1). 1
Proposition 5. Let a,b € R, 0 < a < b, and 0 # [a, b]. Then, for all p > 1, the following inequality
holds:

5 > A(a,b) -1 -1
‘2(5_ ) W—H (a,b) + L (a,b)‘

b (2) e (2)) e (r(2) n (2)))

47 .3

Proof. The proof is immediate from Theorem ?? applied for f(z) = %7 x € [a,b]. 11
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Proposition 6. Let a, b € R, s € (0,1), 0 < a < b, and [a,b] # 0. Then, for all p > 1, the
following inequality holds:

55 (b—a) (b°T' — a*t1)
4G2(s+1) (a, b)

1 1
_ (b—a)’s(s+1) (T\' 77 4s% + 165 + 14 1 p+ s+ 7s+ 14 1 \"\?
- 4 3 3 +6s2+11s+6 \ a2 3+ 6524+ 11s+6 \ b5t2
1
n 452 + 16s + 14 1 p+ 24+ Ts+ 14 1 \"\?
$3 4+ 652+ 11s+6 \ bst2 53+ 6524 11s+6 \ ast2

Proof. The proof is immediate from Theorem ?? applied for f(z) = =, x € R and s € (0,1). I

x

L_l (a'vb) - H_l (as,bs) +
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