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Abstract

Let G be a (p,q) graph. Let f: V (G) — {1,2,...,p} be a function. For each edge uv, assign
the label |f(u) — f(v)|. f is called a difference cordial labeling if f is an injective map and
lef (0) —es (1)] < 1 where ef (1) and e (0) denote the number of edges labeled with 1 and
not labeled with 1 respectively. A graph which admits a difference cordial labeling is called a
difference cordial graph. In this paper, we investigate the difference cordiality of torus grids
Cp X Chy, Ky X Pa, prism, book, mobius ladder, Mongolian tent and n-cube.
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1 Introduction

Throughout this paper we have considered only simple and undirected graph. Let G = (V, E) be a
(p,q) graph. The number |V| is called the order of G and the number |E| is called the size of G.
The origin of the graph labeling problem is graceful labeling which was introduced by Rosa [11] in
the year 1967. Ibrahim cahit [1] introduced the concept of cordial labeling in the year 1987. M.
Sundaram, R. Ponraj and S. Somasundaram defined product cordial labeling of graphs. Cordial
labeling and Product cordial labeling behavior of numerous graphs were studied by several authors
[2, 12, 13, 14]. On similar line, the notion of difference cordial labeling was introduced by R. Ponraj,
S. Sathish Narayanan and R. Kala in [5]. In [5, 6, 7, 8, 9, 10], difference cordial labeling behavior
of several graphs like path, cycle, complete graph, complete bipartite graph, bistar, wheel, web
and some more standard graphs have been investigated. Here, we investigate the difference cordial
labeling behavior of prism, Mongolian tent, book, young tableau, K,, x P, torus grids, n-cube.
Also we have proved that if G; and G2 are (p1,¢1) and (p2, g2) graphs with ¢ > p1 and g2 > pa,
then G; X G5 is not difference cordial. Let = be any real number. Then the symbol |z]| stands for
the largest integer less than or equal to x and [z] stands for the smallest integer greater than or
equal to x. Terms and definitions not defined here are used in the sense of Harary [4].

2 Difference cordial labeling

Definition 2.1. Let G be a (p,q) graph. Let f be a map from V (G) to {1,2...,p}. For each
edge wv, assign the label |f(u) — f(v)]. f is called difference cordial labeling if f is 1 — 1 and
lef (0) —es (1)] < 1 where ef (1) and ef (0) denote the number of edges labeled with 1 and not
labeled with 1 respectively. A graph with a difference cordial labeling is called a difference cordial
graph.

The following results (theorem 2.2 to 2.8) are used in the subsequent section.
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Theorem 2.2. Any Path is a difference cordial graph.
Theorem 2.3. Any Cycle is a difference cordial graph.
Theorem 2.4. If G is a (p, q) difference cordial graph, then ¢ < 2p — 1.

[5]
[5]
[5]
Theorem 2.5. [5] K3, is difference cordial iff n < 4.
[5]
[5]
[5] K

Theorem 2.6. K3, is difference cordial iff n < 4.
Theorem 2.7. The wheel W, is difference cordial.
Theorem 2.8. » 1s difference cordial iff n < 4.

The product graph G; x G2 is defined as follows: Consider any two points u = (u1,u2) and v =
(v1,v2) in V- =V; x V,. Then u and v are adjacent in G7 X G2 whenever [u; = v1 and wus adj ve)
or [ug = vy and w; adj v1].

Theorem 2.9. If G; and G5 are (p1,¢1) and (p2, g2) graphs respectively, with ¢; > p; and g2 > pa,
then G x G5 is not difference cordial.

Proof. Clearly, G; X Go is a (p1p2,p1g2 + p2q1) graph. Suppose G; x Go is difference cordial.
Then by theorem 2.4, 2pips — 1 > p1ge + p2qg1 > p1p2 + p1p2 > 2p1p2. This implies —1 > 0, a
contradiction. Q.E.D.
The graph C,,, x Cy, is called a Torus grid.
Corollary 2.10. Torus grids C,, x C,, are not difference cordial.
Prisms are graphs of the form C,, x P,,. We now look into the graph prism C,, x Ps.
Theorem 2.11. The prism C,, x P, is difference cordial.
Proof. Let V(Cy, X P3) = {us,v; : 1 <i<n}and E(C, X P2) = {uun, v1v,} U{uv; 1 1 <i<n}U
{uithig1, 00341 : 1 <i <n—1}. Define a map f: V(C, x P2) = {1,2,...,p} as follows:

Case 1. n is even.

Define f(ul) = ]-a f(u2) = 47 f(vl) = 2; f(UQ) = 3;

fluzipa) = 4i+1, 1<i<n3?
flugipr) = 4i+4, 1<i<n3?
fvaige) = 4i+2, 1<i<nz2
fuoipr) = 4i+3, 1<i<n2

The following table 1 shows that f is a difference cordial labeling.

Nature of n | ef (0) | ey (1)
=0 (mod 2) £ Sn
n=1 (mod?2) | 32 [ 321

TABLE 1.

Case 2. n is odd.

Assign the labels to the vertices u; and v; (1 <i<mn—1) as in case 1. Define f (u,) = 2n and
f(un—1) = 2n — 1. Clearly, this labeling is a difference cordial labeling of C,, x P, when n is
odd. Q.E.D.
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Theorem 2.12. The graph K,, x P» is difference cordial iff m < 3.

Proof. Since K1 x Py & P,, by theorem 2.2, K1 x P; is difference cordial. The graph Ky x Py = Cy.
By theorem 2.3, Ky x P; is difference cordial. K3 x P» is a prism and hence difference cordial by
theorem 2.11. Suppose K,, x P is difference cordial (m > 3). Clearly, K,, x P> has 2m vertices
and m? edges. Using theorem 2.4, m? < 4m — 1. This is possible only when m < 3. Q.E.D.

Theorem 2.13. Let G be a (p, q) connected graph. If n > 5, then G x K, is not difference cordial.

Proof. The order and size of G x K, are np and nqg + (g)p respectively. Suppose G x K, is
difference cordial with n > 5. Then, by theorem 2.4, nq+ (g)p <2np—1,= 5np—2>2nqg+n’p >
2n(p — 1) +n2p. = 8 > 10p, a contradiction. Q.E.D.

Theorem 2.14. If G is a (p, q) connected graph. Then G x W,, (n > 3) is difference cordial iff
p=1.

Proof. The order and size of G x W, are (n 4+ 1) p and 2np+ (n + 1) ¢ respectively. Suppose G x W,
is difference cordial with p > 2. Then, by theorem 2.4, 2np+(n+1)g<2(n+1)p—1.=2p—1>
(n+1l)g>4¢>4(p—1). = 3> 2p >4, a contradiction. When p =1, G = K;. By theorem 2.7,
K1 x W, 2 W, is difference cordial. Q.E.D.

The book B,, is the graph S,,, X P> where S, is the star with m + 1 vertices.
Theorem 2.15. The book B,, is difference cordial iff m < 6.

Proof. Let V(B,,) = {u,v,u;,v; : 1 <i <m} and E(Bp,) = {uwv, uu;, vv;,uv; : 1 < i < m}. For
m < 6, the difference cordial labeling f is given in table 2.

n u v (5% Uu2 us Uy us Ug V1 (%) V3 V4 Vs Vg

214131 6 2 5

313141 8 | 6 21715

414131 ) 719 2161|810

514131 ) 719 |11 216 | 8|10 12

614131 ) 719111113 2|6 |8 |10|12]| 14
TABLE 2.

Suppose m > 6. Let f be a difference cordial labeling of B,,.

Claim: ef (1) < m+3.
Case 1. Labels of v and v are consecutive numbers.

Let f(u) =t and f(v) =t + 1. There are at most two edges uu; and vv; with label 1. The
maximum value of ey (1) is attained when u; and v; receive the consecutive numbers. This forces
e;(1)<m+14+2=m+3.

Case 2. f(u) is neither successor nor predecessor of f (v).

In this case, there are at most four edges wu; and vv; with label 1. Also, at least one of
u;v; (1 < ¢ < m) receive the label 0. Therefore, ef(1) < 4+ m — 1 = m + 3. Hence, ef(0) >
g — (m+3) > 2m — 2. This implies, ef(0) —ef(1) > m — 5 > 2, a contradiction. Q.E.D.

The graph L, = P, x P» is called ladder.
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Theorem 2.16. Let G be a graph obtained from a ladder L, by subdividing each step exactly
once. Then G is difference cordial.

Proof. Let V(G) = {us,vi,w; : 1 <i<n}and E(G) = {uww;,w;v; : 1 <1 < n}U{ujwitr,vivip1 :
1<i<n—1}. Defineamap f: V(G) = {1,2...3n} by f(w;) =14, 1 <i<mn, f(v;) =n+1+i, 1 <
i<n, flw) =2n+1+14,1<i<n-1, flw,) =n+1. Since e;(0) =ef(l) =2n—-1, fisa
difference cordial labeling of G. Q.E.D.

Next is the Mdobius ladder. The Mobius ladder M, is the graph obtained from the ladder L,
by joining the opposite end vertices of two copies of P,.

Theorem 2.17. The Mobius ladder M, is difference cordial.

Proof. Let V(M,,) = {ui,v; : 1 <i <n} and E(M,) = {uv; : 1 <i <n}U{uuitr,vv41 1 <
i <n—1}U{uiv,, v1u, . Clearly, M, consists of 2n vertices and 3n edges.

Case 1. n is even.

Define a map f: V(M,) = {1,2...2n} by

flugicy) = 4i—3, 1<i<|[2
flug) = 4i—2, 1<i<|2
flozicn) = 4, 1<i<|[L
f(v2i) = 4i—1, 1<i< |5

Case 2. n is odd.
Label the vertices ug;—1 (1 <3< [%]) and ug;, V21, V2 (1 <3< L%J) as in case 1 and define
f (vn) = 2n. The following table 3 proves that f is a difference cordial labeling of M,

Nature of n er(0) | ef (1)
n = 0 (mod 2) & Sn
n=1(mod?2),n#3 | 32t [ o1
n=23 4 5

TABLE 3.

Q.E.D.

A Young tableau is a sub graph of P,, x P, obtained by retaining the first two rows of P,, x P,
and deleting the vertices from the right hand end of other rows in such a way that the lengths of
the successive rows form a non increasing sequence.

Theorem 2.18. Let G be a graph obtained from a Young tableau which is obtained from the grid
P, x P, (nodd), by adding an extra vertex above the top row of a Young tableau and joining
every vertex of the top row to the extra vertex. Then G is difference cordial.

Proof. Consider the right corner vertex of the top row. Label that vertex by 1. Then assign the
labels 2,3...n to the preceding vertices of the top row. That is, the left corner vertex of the top
row receive the label n. Then we move to the second row. Assign the label n + 1 to the left corner
vertex of the second row. Then assign the labels n + 1,n + 2,...2n to the successive vertices of
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the second row. Then we move to the right corner vertex of the third row and label it by 2n + 1
and the preceding vertices of third row are labeled by 2n + 2,2n 4 3,...3n — 1. Then we move to
the left corner vertex of the fourth row and so on. Finally, assign the label p to the extra vertex.
Obviously, this vertex labeling is difference cordial labeling. Q.E.D.

A difference cordial labeling of G with n = 7 is given in figure 1.

35

20( 19[ 18] 17] 16| 15
211 22 23] 24| 25
29( 28| 27| 26
301 31f 32

*—e
34 33

FIGURE 1.

A Mongolian tent M1y, ,, is a graph obtained from P, x P,, n odd, by adding one extra vertex
above the grid and joining every other vertex of the top row of P, x P, to the new vertex.

Theorem 2.19. The Mongolian tent MT,,,, (n odd) is difference cordial.

Proof. Let V(MTy ) ={u,u;;:1<i<m,1<j<n}and E(MT,,)={vu;;:1<i<m,1<
an—l}U{ui,jui7j+1 01 SZSm, 1 Sjgn—l}u{ui,juHLj 01 Sigm—l, 1 S] Sn} The
order and size of MT,,, are mn + 1 and 2mn — m respectively. Define an injective map f from
the vertices of MT,, ,, to the set {1,2...,mn + 1} as follows:

flugi—z1) = 4n(i—1)+1 1<i<% if m = 0(mod 4)
1<i< ™ §f m=1(mod 4)
1<i< ™2 if m=2(mod 4)
1<i< ™l if m=3(mod 4)
fugi—o1) = (4i—2)n 1<i< if m = 0(mod 4)
1<i<2 if m=1(mod 4)
1<i<™E if m=2(mod 4)
1<i< ™l if m=3(mod 4)
flugi11) = (@i—1)n 1<i< if m = 0(mod 4)
1<i<™2 if m=1(mod 4)
1<i<™=2 if m=2(mod 4)
=Y="7
1§i§mT+1 if m = 3(mod 4)
fuas 1) = n4i-1)+1 1<i<% if m = 0(mod 4)
1<i< 2l if m=1(mod 4)
1<i< 22 if m=2(mod 4)
1§i§T*3 if m = 3(mod 4)
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flugi—sj) = flusi—zj—1)+1 2<j<n
1<i< R if m = 0(mod 4)
1<i<™E if m=1(mod 4)
1<i< ™2 if m=2(mod 4)
1<i<m™E if m=3(mod 4)
flugi—oj) = flugioj-1)—1 2<j<n
1<i< % if m = 0(mod 4)
1<i< ™=l if m=1(mod 4)
1<i< ™2 if m=2(mod 4)
1<i<™rl if m=3(mod 4)
flugi—rj) = flugi—rj-1)—1 2<j<n
1<i< if m =0(mod 4)
1<i<™2 if m=1(mod 4)
1<i<™2 if m=2(mod4)
1§i§mT+1 if m = 3(mod 4)
fluaij) = flugij—1)+1 2<j<n
1<i< R if m = 0(mod 4)
1<i<2l if m=1(mod 4)
1<i<™2 if m=2(mod 4)
1§i§mT*3 if m = 3(mod 4)

and f(u) = mn + 1. The following table 4 shows that f is a difference cordial labeling of the
Mongolian tent MT, ;.

Nature of m 2ef (0) 2ef (1)
J— mn—m mn—m
m =0 (mOd 2) Z'rrmzm—i-l Z'rrmzm—l
m = 1(mod 2) 5 5

TABLE 4.
Q.E.D.
Finally, we investigate the n-cube.
Theorem 2.20. Ky X Ky X --- x Ko (n times) is difference cordial.

Proof. Let G = K3 X Ko X ... x Ky (n times). Let V(G) = {u;,vi,w;,z; : 1 < i <n—1} and
E(G) = {uv;, vz, xywi, wing » 1 <@ <n— 1} U {wtiqpr, 0vip1, Wiwig1, Tz 2 1 < i < n— 2}
Define a map f : V(G) = {1,2,...,4n —4} by f(u;)) =i, 1 <i<n—1, f(vp—it1) =n—1+14,
1<i<n-1, flwi))=2n-24+41<i<n-1, f(xn_it1) =3n -3+, 1 <i<n-—1. Since
ef(0) = ef(l) =4n — 6, f is a difference cordial labeling of G. Q.E.D.
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