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Abstract

A theorem of A.M.Pitts (1986) states that essential surjections of toposes bounded over a
base topos . are of effective lax descent. The symmetric monad .# on the 2-category of
toposes bounded over . is a KZ-monad (Bunge-Carboni 1995) and the .#-maps are precisely
the .-essential geometric morphisms (Bunge-Funk 2006). These last two results led me to
conjecture’ and then prove” the general lax descent theorem that is the subject matter of this
paper. By a ‘Pitts KZ-monad’ on a 2-category . it is meant here a locally fully faithful
equivariant KZ-monad .# on % that is required to satisfy an analogue of Pitts’ theorem on
bicomma squares along essential geometric morphisms. The main result of this paper states
that, for a Pitts KZ-monad .# on a 2-category £ (‘of spaces’), every surjective .#-map is
of effective lax descent. There is a dual version of this theorem for a Pitts co-KZ-monad 4.
These theorems have (known and new) consequences regarding (lax) descent for morphisms of
toposes and locales.
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1 Introduction

Let J# be a 2-category. The notion of a KZ (short for ‘Kock-Zoéberlein’)-monad [10] on £ is a
special sort of pseudomonad .# on £ that is ‘property-like’ in the sense that, for its algebras,
structure is (a reflective) left adjoint to the unit so that, in particular, the so called structure may
instead be regarded as a property. There is a dual notion, to wit, that of a co-KZ-monad .4 on
. For its algebras, structure is (a reflective) right adjoint to the unit.

The subject matter of this paper is a general lax descent theorem involving a notion of ‘Pitts
KZ-monad’ .#, of which the symmetric monad .# [4] is an instance, as well as a dual lax descent
theorem involving a ‘Pitts co-KZ-monad’ 4.

The motivation for our main result came from two sources. First, it had been shown by A.M.Pitts
[17] that, for any bicomma square

G

S

F—sF

LConference in Memory of Aurelio Carboni. Universita di Milano, Milan, Italy, 24-26 June 2013.
2AMS Meeting, Session on New Trends in Category Theory, Dalhousie University, Halifax, N.S., Canada, 18-19
October 2014.

Thbilisi Mathematical Journal 8(1) (2015), pp. 1-29.
Thilisi Centre for Mathematical Sciences.

Received by the editors: 28 May 2014.
Accepted for publication: 18 November 2014.


khvicha
Typewritten Text
DOI  10.1515/tmj-2015-0001


2 M. Bunge

in the 2-category Top . of toposes bounded over a base topos . with a natural numbers object
[7], it f: F — & is S-essential then p: # — 2 is locally connected (or 2 -essential [2]), and
the canonical 2-cell

p-qt > g9 f

is an isomorphism. Using it, it is proved in [17] that .#-essential surjections of bounded .#-toposes
are of effective lax descent. Second, a l-cell f : F¥ — FE in a 2-category % with a KZ-monad
A defined on it is said to be an .#Z-map [5] if the 1-cell #f : #F — _#F has a right adjoint.
It is shown therein that, for .# the symmetric monad on Top ., the .Z-maps coincide with the
-essential geometric morphisms.

By a Pitts KZ-monad on a 2-category # we shall understand here an equivariant (in the sense
of [5]) KZ-monad .# on % that satisfies an analogue of Pitts’ theorem for bicomma squares along
A -maps. Any Pitts KZ-monad .# on J is in particular a locally faithful (stably) cocompletion
monad (in the sense of [5]). It follows from this that the .#-algebras are precisely the (stably)
M -cocomplete objects, a notion that requires the existence and coherence of certain left Kan
extensions.

By a 2-category of abstract spaces we shall understand here any 2-category 2" with a pseudoter-
minal object, equipped with a representable contravariant 2-functor on £ with values on Cat. The
representing object O is said to be its objects classifier. Examples of the latter are the 2-categories
Top. s of toposes bounded over . and Loc(.¥) of locales in . [9]. In the first case one takes O to
be the topos .#%» and, in the second, the Sierpinski locale S.

The main result of this paper is the following general lax descent theorem. If .4 is any Pitts
KZ-monad on a 2-category .# of abstract spaces for which its objects classifier is an .#-algebra,
then every surjective .#-map f : F - FE in J is of effective lax descent. The proof we give
consists of two parts. The first is a lax version of the theorem of Bénabou and Roubaud [3]. The
second is a direct application of Beck’s Tripleability Theorem [7]. The proof that we give of the
lax descent theorem consists in putting together these two parts. There is a dual version of this
theorem for a Pitts co-KZ-monad .4 on a 2-category £ of spaces whose objects classifier is an
A -algebra.

Consequences of the lax descent theorem (or of its dual) for toposes over .7, include, in addi-
tion to the already mentioned result, due to A. M. Pitts [17], and which states that .7-essential
surjections are of effective lax descent, also a proof of a conjecture of A. M. Pitts (op.cit.), proved
independently by M. Zawadowski [21], D. Ballard and W. Boshuck [1], and (twice) by I. Moerdijk
and J. J. C. Vermeulen [15, 14], and which states that coherent surjections of coherent toposes
are of effective lax descent. The Pitts monads intervening in these two cases are, respectively,
the symmetric monad [4] and the coherent monad, the latter introduced here specifically for this
purpose.

In the context of locales in ., we obtain two seemingly new lax descent results, namely, that
semiopen surjections and perfect surjections are of effective lax descent. In these cases, the Pitts
monads involved are respectively the lower and the upper powerlocale monads.

As consequences of the effective lax descent theorems obtained for morphisms of toposes and of
locales, we derive the (corresponding) effective descent theorems for locally connected surjections
of toposes ([8]), open surjections of locales (A. Joyal and M.Tierney [9]), and proper surjections of
locales (J.C.C. Vermeulen [18]). Whereas these last results are known, what is novel is the manner
in which they are here obtained, which can be summed up as “unification via monads”.
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2 Pitts Monads on 2-Categories
A KZ-doctrine [10] .# on a 2-category ¢ is a pseudomonad (.Z, 0, u) that satisfies the conditions

%(53"/13"(5/{3 (1)

for each object B in 4.

In what follows, we shall employ the more common terminology ‘KZ-monad’ in lieu of ‘KZ-
doctrine’. In addition, and for concreteness, we shall state all definitions and results for the case
of a KZ-monad. The duals for co-KZ-monads will be stated without proof and used when they are
needed.

For 4 a KZ-monad on J, a 1-cell f : C = D of J# is said to be an 4 -map [5] if A f :
AMC — A D has a right adjoint, in which case the adjoint pair will be denoted by .Z f 4 py.

The left Kan extension X¢(p) of ¢ along an .#-map f (if it exists) is said to be pointwise if,
for any bicomma square

A-—L.B

l . i

LoD 5w

Xlz )
Z

with f as its bottom 1-cell, the left Kan extension ¥,(pq) exists, and the canonical 2-cell

Ep(q) > Xf(p)g
is an isomorphism.
Definition 2.1. Let .# be a pseudomonad on a 2-category & .

o An object Z of A is said to be .#-cocomplete [5] if Z admits pointwise left Kan extensions
of any map ¢ : C — Z along any A -map f:C - D.

o An object Z of  is said to be stably .#-cocomplete if it is .4 -cocomplete and satisfies the
following additional condition. For any diagram

p

BN

B

q g

-

Q

_—
=
f
———= D |Zp(vq)
=
X\ Sf(e)

Z
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where f is an A -map and the square is a bicomma square, and any diagram

X =Y
tl ~ \Lh
A—Lo B =@

=
b
XJ/ ®)

Z
where the square is a bipullback and
Y = ¢q,

the left Kan extensions indicated below exist, and the canonical 2-cell

Es(wt) > Ep(w)h
18 an isomorphism.

An algebra for a KZ-monad A4 = (A, 6, 1) on JH is given by an object A of & for which the
unit 44 : A = .# A has a reflective left adjoint, i.e., @ 4 4 such that 0 -§4 = id4. A morphism
(A,0) = (A',0") of A -algebras (or an .#-homomorphism) is any 1-cell ¢: A = A’ such that the
square

MA L g A
I
A A
]

commutes.
From now on we shall assume that £ is a 2-category with bipullbacks and a pseudoterminal
object T'. Let
K 4K*

be the biadjoint pair where K* is taking the bipullback along K — T and K, is composition with
K - T.

Recall from [5] that a KZ-monad .# in J¢ is said to be equivariant if it is given by the following
data and conditions:

1. For each object K, a KZ-monad
(™, 6%, 1)
in # /K. (The case K =T gives a KZ-monad (.#, 4, 1) in 2.)

2. For any object X,
ME(K x X) ~ K x #(K)

in the precise form that is part of following assumption. For each object K, there is given a
pseudo-natural transformation

o5 K- % >~ K,
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such that, for any object X of ., the diagram

st

oK,
KxX 5% #%(K x X)—"=

k]

X M(X)

where the middle vertical 1-cell mx denotes the composite 1-cell

(K % X) T (K < X)) a(x)

is such that the right hand square is a pullback and the left hand one commutes. The left
hand square is therefore a pullback.

In addition to commuting with the units 6% and § as above, the ¢’s commute with the
multiplications p and u: for any object X —= K of .# /K, the diagram

'/”(UKK*X)'UK.//{K(K*X)

MEK x X) M*(X)
(MK)X\L \LHX
ME(X) — M(X)

commutes in ¢ .

3. Ifa l-cell A % Y over K admits an . -adjoint MK (q) A (p%),, then it admits an .Z-
adjoint .#q 4 pgy in 2, and the canonical 2-cell

)

(0™)a- (PK)q > Pq- (C’K)Y

is an isomorphism.

Definition 2.2. An equivariant KZ-monad .# on a 2-category & is said to be locally full and
faithful [5] if the KZ-monad . is locally full and faithful, that is, if for any object X of &, the unit
O0x : X = M (X) is full and faithful. Notice that from assumption (2) of equivariance, it follows
that, for any object K of A, the unit (6K)(K*X) (K x X) = M5 (K x X) is fully faithful.

Definition 2.3. An equivariant locally full and faithful KZ-monad .# on a 2-category & with
bipullbacks and a pseudoterminal object T will be said to be a Pitts monad if, for any object K and
an MK -map f:C — D in H# /K, any bicomma square
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exists, for such a bicomma square the 1-cell p is an .#P-map and, regarding both p and f as
MK -maps, the canonical 2-cell
A5 () - (p™)

> () A (g)

s an isomorphism.

Proposition 2.4. Let J# be a 2-category with bipullbacks and a pseudoterminal object and let
M a Pitts KZ-monad on .#. Then, for each object K of %, .#*% is a locally full and faithful
stably cocompletion monad on .# /K in the sense that, for any .#%-map f: C - D in /K,

any diagram of the form

X—> -V

t &~ h
A B
p
q = g
C D

with the bottom square a bicomma and the top square a bipullback, exists and furthermore, in this
diagram, both p: A — B and s: X — Y are .#%-maps and the canonical 2-cells

A (q) - (%), > (") - A" (g) (2)

and

M) ("), > (0", - A" () (3)

S

are isomorphisms.

Proof. The assertion about the bicomma square is precisely the condition of Definition 2.3. For
the assertion about the bipullback, notice that p: A — B is an .#Z-map in ¥ /B and so, since
B is pseudoterminal in J# /B, the bipullback on top of p is a bicomma square. This part too then
follows from Definition 2.3. a)

Proposition 2.5. Let .# be a Pitts KZ-monad on a 2-category #. Then, for any object Z of
& /K, the following are equivalent:

1. Z is an .4 %-algebra.
2. Z is an .# ¥ -cocomplete object.

3. Z is a stably .#*-cocomplete object.

Proof. Since .#¥ is a locally full and faithful cocompletion KZ-monad, it follows fromTheorem
4.3.14 [5] that (1) and (2) are equivalent. Also, (3) implies (2). We need only show that (2) implies



Pitts monads and a lax descent theorem 7

(3). Using that the composite of a bicomma square with a bipullback on top of it is a bicomma
square, as is the case of the diagram

we derive first that, for a 1-cell p : C — Z, all the left Kan extensions involved in Definition 2.1
exist and tthe canonical 2-cells
a:Ep(eq) > Zr(e)g
and
B : Es(pqt) > Zr(e)gh
are isos. From these in turn we obtain that the canonical 2-cell

7 Bs(pqt) > Xp(pq)h

is an iso since, by uniqueness, we have
-1
y=(a")h-B
O

The notion of a co-KZ-monad (A ,n,v) on J has the adjunctions (1) reversed, that is, it is
required that
Ny ve 1A (B) (4)
We state, without proof, the analogues for co-KZ-monads of the results obtained so far for the
case of KZ-monads, omitting some obvious definitions. For A4 a co-KZ-monad on £, a 1-cell
f:C — D of X is said to be an A -map if A (f) has a left adjoint, in which case it will be
denoted by Ay.

Definition 2.6. A Pitts co-KZ-monad on a 2-category ¢ is a locally fully faithful equivariant
co-KZ-monad N on JE, for which the dual conditions to those of Definition 2.3 hold.

The right Kan extension II¢(¢) of ¢ : C' = Z along an .#-map f (if it exists) is said to be
pointwise if for any bicomma square as above with f the right vertical 1-cell, the canonical 2-cell

Oy (p)g > T,(pg)

is an iso.

An object Z is said to be A -complete [5] if Z admits pointwise right Kan extensions of any
map ¢ : C = Z along any 4/ -map f : C — D. We leave it to the reader to state the obvious
definition of a stably .4 -complete object and of the dual of Proposition 2.5 for a Pitts co-KZ-monad.
Notice, when writing down the definitions, that the bipullback condition is self-dual but that the
bicomma condition is not.
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3 The Lax Descent Theorem for an .Z-map

We begin with the definition of the lax kernel of a an arbitrary 1-cell in a 2-category .# with the
necessary bicomma squares.

Definition 3.1. Let f: F — FE be a I-cell in 2. The lax kernel of f is given by a diagram

Po1 Po
“PozN ., 7 N f
Fo——F F—F
N—7 ~——"
P12 p1
where
) o F
Po f
2
F—— > F
and

P12

_—
Fl p1

are both bicomma squares.
Denote by d the associated diagonal

d:F - Fl-
There are given natural isomorphisms
do : 1r = pod,
and
01 : 1p = p1d,
such that
Ad - fog = [y,
and, for the projection
po2 : Fo = Fi,

natural isomorphisms

%0 : PoPo2 = PoPoi,
and

Y2 1 P1Po2 = P1P12;
such that

Ap12 - Apo1 :=: Apo2,

where the symbol :=: indicates equality after inserting the appropriate isomorphisms p;, i = 0,1, 2.
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Proposition 3.2. Let JZ be a 2-category with bipullbacks and a pseudoterminal object. Let .4
be a Pitts KZ-monad on J# and let f : F - E an .#-map in J#. Then, the lax kernel of f

reduces to the diagram
Po1 Po

/1,32\ SN f
Fy —— F} F—F
N——7 ~—7
P12 P1
where
) o F
Po f
2
F— s F
f

is a bicomma square, and

Po1 21 Po
Fy F
p1

is a bipullback with all other data and conditions unchanged from Definition 3.1.

Proof. Since .4 is a Pitts KZ-monad on %, and so py : Fi — F is an .#"-map, the bicomma
square

P12
Fr———mMmMm

Fl p1
of Definition 3.1 is a bipullback since F is a pseudoterminal object in J# /F.

O

Remark 3.3. Proposition 3.2 may serve to explain the choice of the notion of lax kernel of a
geometric morphism in [17]. The lax descent theorem proved therein is about .7 -essential surjections
f:ZF = & inTopy. This, in turn, relies on the following theorem (referred to here as ‘Pitts’
theorem’): the top morphism p: % — 2 in a bicomma square

7% b v
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in Top (exists and) is locally connected, and so, by a theorem of Myles Tierney (unpublished), it is
stable under bipullbacks. Pitts’ theorem on the nature of any bicomma along an essential geometric
morphism is obtained as consequence of a general construction of bicomma squares in Top o via lex
sites, performed in detail therein.

Definition 3.4. A 2-category £ with a pseudoterminal object will be called a 2-category of abstract
spaces if it is equipped with a representable contravariant 2-functor

Hom ¢ (—,0) : #" — Cat

such that, for each 0-cell E of & (a ‘space’) the category | E |= Hom » (E,O) (the ‘underlying
category’ of E) has finite limits and stable finite colimits and is such that, for each 1-cell f : F - FE
in # (a ‘continuous map’), the functor

Bl F),
notationally identified with
Hom  (f,O) : Hom » (E,O) — Homy (F,O),
preserves finite colimits. The object O of £ is said to be an ‘objects classifier’.

Remark 3.5. The two main examples of 2-categories of abstract spaces that will be considered in
the applications are :

o # = Top, the 2-category of toposes bounded over a base topos . with a natural numbers
object [7]. The pseudoterminal object is .. The objects classifier O is identified with the
topos . rin .

o ¥ = Loc(Y), the 2-category of locales (called ‘spaces’ in [9]) in 7. The pseudoterminal
object is the terminal locale 1. & becomes a 2-category of abstract spaces with O the Sierpinski
locale S, and with the functor Hom 4 (—,0) : & — Cat having values in Posets.

Definition 3.6. Let JZ be a 2-category of abstract spaces with O its objects classifier. Let f :
F — FE be a 1-cell of X .

1. The category LDes(f) of lax descent data has

o objects that are are pairs (Y, a) where F X 0isa 1-cellin J, and

a:Ypy > Ypy
is a 2-cell between the pair (Ypo,Yp1) of 1-cells Fy — O in A, satisfying (“the unit
condition”)
ad :=: 1y
where the symbol :=: means that isomorphisms 0; (for i = 0,1) should be inserted as

appropriate to render it into an equality, and (“the cocycle condition”)

(ap12) : (ap01) = (ap02)

where isomorphisms ; (for i = 0,1,2) should be inserted as appropriate to render it
into an equality.
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o and arrows b: (Y,a) = (Y',d') given by 2-cellsb:Y — Y’ in H such that the square

Ypo == Yp:

bPo\H ﬂbm

Y'po e Y'p

commutes.

2. A comparison functor
kf : Homy (E,0) — LDes(f)

1s defined as follows. For a 1-cell X : E — O of A,

k(X)) = (Xf,XX: Xfpo > Xfp1),

and with an obvious definition of Ky on a morphism X % X' of Hom_x (E, O), that is, on
a2-cellc: X » X' where X, X' : E — O.

3. A morphism f: F — FE is said to be of effective lax descent if
ky : Hom (E,0) — LDes(f)
is an equivalence of categories.

Theorem 3.7. Let % be a 2-category of abstract spaces. Let .Z be a Pitts KZ-monad on ¢ such
the objects classifier O is an .#-algebra. Let f : F - E an .#-map in J and let T; be the
monad on Hom » (F, O) induced by the adjoint pair

¢ A f# :Hom g (E,0) — Hom (F,0),

where f# denotes ‘composition with f’.
Under these assumptions, there exists an equivalence of categories

'
LDes(C;) —> Alg™

where Alg"’ is the category of T r-algebras, and the triangle

K

Hom_ (E,O) S >L.Des(f)

commutes.
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Proof. Let
U, : LDes(f) — Alg"™

assign, to an object (Y, a) of LDes(f), the object (Y,60) of Alg™/ defined as follows. Recall that
Y :F — Oisal-cell in JZ, together with a 2-cell a : Ypg > Ypi, satisfying the unit and cocycle
conditions. Since O is an .#-algebra and .# is a Pitts KZ-monad, O is stably .#-cocomplete by
Theorem 2.5. In particular, the left Kan extension of Y : FF = O along the .#Z-map f exists and
is pointwise so that, from the diagram

F]_LF

Pol = lf
Ft B |5

=
x iz ™)

o

where the top 2-cell is the given A, and the bottom 2-cell is the unit 7y of the adjointness Xy 4 f #*,
we derive that the canonical 2-cell

a: 5y, (Ypo) > Xp(Y)f

is an isomorphism.
Consider now the diagram

which is part of the lax descent data (Y, a).

From the bicomma square
P1

Fy

F
pol é J/f
E

F

and the universal property of ¥,, (Y'py) follows the existence of a unique 2-cell
0:%, (Ypo) > Y
such that -
(Op1) - (@™ p1) - By (Y)A - (v )po = a.

Define B
0=0-a '3, (Y)f =Y.
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It follows that
Op1 - X (Y)X- (ny)po = a

We claim that from the unit condition
ad :=: idy,

explicitly expressed via the commutative square

Yy — oy

Y&OH H/Yél

Ypod ? Ypid

follows that
0 - ny = idy,
which is the first condition for the pair (Y, ) to be an algebra for the monad induced by the adjoint
pair Xy f#.
Indeed, consider the following commutative diagram

Y
\Y (Y)fd0) 1y
Y(S()
Ypod =— X +(Y d
Yy Po (ny pod) f( )fpo
ad ]
Ypid =—=Ypid
id(ypa)

where O is defined by the commutative triangle

(YN
S4(Y) fpod == %;(Y) fp1d

N S
Ypld
Using, in addition, the data and condition
do : 1r = pod,
01 :1p = pid,
Ad - féo = fé1,

we derive the identities
idy =Y, Y6,
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=Y - 0-24(Y)foo -y
=Y6& - (Oprd) - Xy (V)N - 24 (Y) fSo - my
=0-Sp(Y) o7 - Bp(Y)Ad - Zp(Y) foo - 1y

=0 ny.
Consider now the cocycle condition for (Y, a), namely
(ap12) - (apo1) :=: (apoz),

explicitly given by the identity

(Ypz2)(api2) - (Y1) (apor) = (apoz)(Y vo).

We now claim that from it, the given isos, and the assumption that O is an .#Z-algebra ( hence
stably . -cocomplete), one can derive the second condition for the pair (Y, #) to be an algebra for
the monad induced by the adjoint pair Xy - f#, namely that the square

518N 22 5, (v)

MY\H/ 4
S(Y)f ———=Y
commutes.

This is done in two steps. First, we claim that taking transposes of both sides of the cocycle
condition gives a commutative square

E:D1 (é)po
Epl (Epl (YpO)pO) — EIH (Yp0>

where
(*) = El)l (gypo)

is an identity when inserting the iso 2-cells

6 : Epl (Epl (Ypo)po) = Epl (Eplz (Yp0p01))

and
o+ Zpl (ZP12 (Yp0p01)) = Zpl (Ziﬂoz (Yp0p01)).

Let us first establish the following subclaim. Denoting by

a:3,,Ypo) > Y
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the transpose of
a:Ypy > Yp

under the adjointness ¥,, 4 (—)p1, the identity
a==0
holds. To prove it we need to recall that § was defined as the unique 2-cell for which
Op1 - a”'pyr-Sr(Y)X - (ny)po = a.

We then check that (also)
apy-a”'pr- Bp(Y)A- (ny)po = a
holds. There is a string of easily justified identities:

Evpy) - Spu(@)pr - o o - Se(Y)X - (v )po

=0 E(ypy) capy - Sr(Y)X- (ny)po
=a-E(ypy) - o - (Ny)po
=a-Eyp,) - (My)po = a.

This ends the proof of the subclaim.
We show next that

@ =ta- ZIH (g(Ypo))

modulo ¢y. We have each side of the claimed equation given in terms of the following strings of
identities:

1.
@\02 =E&y - Z;Plé(Ym) : Epl (EP02 (GPOQ))

and

a- Zpl (E(Ypo)) =E€y - Epl (a) ! Zpl (E(Ypo))
from which it follows that it is enough to check that the identity
E(Ypy)© Yo (apo2) = a- €(Ypo)
holds. This is so by naturality of the counit & of the adjointness
E1702 - (_)p02~

Next, we show that
apiz - apor :=: G - Xy, (@)po,

is an identity modulo the isomorphism

Epl (5) : Epl (Epm (YpOpOl)) = Epl Zpl (Ypo)po
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as well as 1 and @s.
To prove it, apply ¥,, to the string of identities:

E(vpy) " Zpra(ap12) - Xpy, (Yo1) - By, (apor) =

a- &é(ypo) : 21)12 (ngl) : El)n (apOl)) =
a-apg - f.
where we also use that
a==¢y- Epl (a)

To conclude the argument we resort to the following commutative cube:

Zp (é)p
. (Zp, (Y P0)Po) — Sp, (Y0)
[e'R¥e
S (0) A
DO S )N i(Y)f

(*) g
(ezpor)f 0

Epl (YPO) 7 Y

idy

Y f - Y

Since the back and front faces are connected by iso 2-cells, to have the front face commutative it
is enough to have the back face commutative. The latter has already been shown. This ends the
proof of the cocycle versus second algebra condition.
That the assignment
Us:(Y,a)— (Y,0)

is functorial, an equivalence of categories, and compatible with the comparison maps, are all easily
established facts and left to the reader. o
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Definition 3.8. Let # be any 2-category. A 1-cell f : F — FE in J is said to be surjective (or
a surjection) if given any 2-cell o : g » h: E — E' in &, such that the 2-cell af : gf > hf,
obtained by composing o with f, is an iso 2-cell, then « is an iso 2-cell.

Theorem 3.9. (Beck’s Theorem) Let % be a 2-category of abstract spaces and let .# be a Pitts
KZ-monad on J#. Assume that the objects classifier O in % is an .#-algebra. Then, for any
surjective .#-map f: ' — FE, the adjoint pair

SpAf*
is monadic.
Proof. Since O is an .#-algebra, it is .#-cocomplete by Proposition 2.5. In particular, since f is
an .#-map, the left Kan extension ¥ exists. Since, by assumption,
f#
| E| — [ F|

preserves finite (limits and finite) colimits, and reflects isomorphisms, the result now follows from
an application of Beck’s ‘Weak Tripleability Theorem’ [13] (Exercise VI 7.2). o

Lemma 3.10. Let .# be a Pitts monad on a 2-category £ of abstract spaces with O as its objects
classifier. Then, for every K in ¢,

1. .#* is a stably cocompletion monad on % /K.

2. /K is a 2-category of spaces with (K x O) —> K as its objects classifier.
3. If (Z,0) is an .#-algebra in ¥, then (K x Z,K x ) is an .#¥ algebra in ¢ /K.
Proof.
1. The first assertion is the contents of Proposition 2.4.
2. The contravariant functor
Hom y (= K x O) : # /K= —> Cat
is such that, for each O-cell E of # /K the category
| E |= Hom y ,x (E, K x O)

has finite limits and stable finite colimits and is such that, for each 1-cell f : FF — FE in
A /K, the functor

f#
| E| — | F],
notationally identified with
Hom /i (f, K x O) : Hom /i (E, K x O) — Hom 4, (F, K x O),

preserves the finite colimits that exist since they are stable.
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3. Since O is an .#Z-algebra, there is a left adjoint 8 - dp such that 0 - §p = idp. We claim
that K x O is an .#®-algebra in ¢ /K. This follows from condition (2) in the notion of an
equivariant KZ-monad .# on J# applied to O, letting

GK = (K X O) . (O’KK*O).

First, the adjointness 6 4 o implies the adjointness (K x 0) 4 (K x §p). Second, in the
commutative diagram
L
KxOK—g///K(KxO)ngO

0

where the middle vertical 1-cell 7o is the composite

ME(K % 0) TS (K x0) % p0) ),

the left square is commutative (actually a bipullback) by equivariance, and the right square
is commutative. Therefore, since the bottom composite is the identity on O and since the
diagram where the vertical arrows are the projections m is also commutative (as it simply
expresses that the top composite is a 1-cell in J#/K), the top composite is the identity on
K x O . This concludes the verification.

]

Theorem 3.11. Let £ be a 2-category of abstract spaces. Let .# be a Pitts KZ-monad on 2.
Assume that the objects classifier O is an .#-algebra. Then, the following hold:

1. For any object K of %, any surjective .#Z%-map f : F — E in ¢ /K is of effective lax
descent.

2. For any object K of .#, any surjective .#Z%-map f: F - K in .# /K is of effective descent.

Proof.

1. Theorem 3.7 and Theorem 3.9 hold for any stably cocompletion monad such as .#Z¥ for any
object K. Furthermore, the assumptions made in those theorems are stable under localization
by Lemma 3.10.

2. For an .#%-map f: F — K, the lax kernel of f reduces (by Proposition 3.2) to a diagram

Po1 Po
/sz\ TN f
FQHFI F——F
SN—7 ~—7

P12 P1
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where
P1

B!

=
ﬁj<°7
V>
-

is a bipullback and
P12

gl

P1

Iy

is a bicomma. Furthermore, since K is pseudoterminal in % /K, also the second bicomma is
a bipullback. Hence lax descent reduces to descent in this case.

]

Remark 3.12. For JZ a 2-category of abstract spaces we may consider a Pitts co-KZ-monad N
on J . Theorem 3.7 admits a dual version with virtually no changes except that the characterization
of the A -algebras (as stable A -complete objects) now involves pointwise right Kan extensions Ily,
II,, andIl,,,. As for Theorem 3.9, it is its dual version for coalgebras of the comonad induced by
the adjoint pair f# - Il that is needed. Using both we derive the following Theorem 5.13.

Theorem 3.13. Let J# be a 2-category of abstract spaces. Let .4 be a Pitts co-KZ-monad on
J . Assume that the objects classifier O is an .4 -algebra. Then, the following hold:

1. For any object K of ¢, any surjective A X-map f : F — E in J# /K is of effective lax
descent.

2. For any object K of .# , any surjective .4 X-map f: F — K is of effective descent.

4 The Symmetric Monad

The first example is that of the symmetric monad .# on the 2-category Top of bounded .7-
toposes, geometric morphisms, and 2-cells [7]. We refer the reader to [4, 5] for the construction and
basic properties of .Z .

Theorem 4.1. The symmetric monad .# on Top, is a Pitts KZ-monad.

Proof. Let # = Top,. The symmetric monad .# on % is a locally fully faithful equivariant
KZ-monad [5]. Moreover, a geometric morphism f is an .#-map if and only if it is .7-essential [5]
That in a bicomma square with bottom map an essential geometric morphism the opposite map is
locally connected and that the BCC holds, is a theorem due to A. M. Pitts [17]. These imply that
M is a Pitts KZ-monad. o
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Theorem 4.2. [17] If f : # — & is an .Y-essential surjection in Top o, then f is of effective lax
descent.

Proof. By construction, for .# the symmetric monad on .# = Top o, M. = ./ “hn is the objects
classifier. It is an .#-algebra —in fact, the free .#-algebra on the pseudoterminal object .. The
conclusion now follows from Theorem 3.11(1). o

Theorem 4.3. [7] If f:.# — & is a locally connected morphism in Top ., then f is of effective
descent.

Proof. The symmetric monad .# on Top., is a Pitts KZ-monad. The result now follows from
Theorem 3.11(2) applied to the .#Z¢-map . - & in Topg. o

5 The Lower Powerlocale Monad

Related to the symmetric monad on toposes is the lower powerlocale monad £ on the 2-category
Loc(#). Whereas the symmetric topos .# & classifies distributions (.%-cocontinuous functors) on
an .¥-bounded topos &, the lower powerlocale £ X classifies distributions (sup-preserving maps)
on a locale X.

Remark 5.1. The power locales are best known in the context of theoretical computer science
[19, 6] and are usually defined in terms of generators and relations. One of the novelties introduced
in [4] is the characterization of (frames of) locales as the algebras for a KZ-monad on the posetal
2-category sl of suplattices, a characterization which, unlike the one used in [9] for proving that
open surjections of locales are of effective descent, does not make use of the tensor product. We
recall it in what follows.

It is well-known [9] that the free frame on a poset Z is given by the set D(Z) of downward
closed subsets of Z, with union the supremum, and down-segment

Z % D(2)

the universal map. Let X be a locale in .¥. Denote its corresponding frame as ¢(X). Any frame
0 (X), regarded as a suplattice, is canonically presented as a coinverter

D@ |  DOX))—=0(X)

in sl, where @ is the poset whose elements are pairs (R,u) such that R C| u, ue 0(X), and
V R = u. The maps dy and d; are induced by the assignments (R,u) — R and (R,u) — (} u),
respectively, where > is the unique 2-cell from dy to dy, i.e., dy < d; .

One now defines the locale .ZX via its symmetric frame 3(&(X)), that is, so that

O(ZLX) = 2(0(X)).

The finite inf-completion Q°® of a poset () can be given as the collection of equivalence classes
[S], where S is a (Kuratowski) finite subset of @, and where [S] = [S'] if and only if S and S’
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generate the same upper set in Q. As a poset, Q® has the partial order given by [S] < [T] if and
only if T is contained in the upper set generated by S.
Consider the coinverter diagram

(do)*®
DQ*) | D(OX))—=2(0(X))
(d1)*®

in Fr where the parallel arrows dy®, d;* are induced from the canonical suplattice presentation of
O(X) via finite inf-completions at the level of the posets.

That the ¥ construction is part of a co-KZ-monad .Z on the posetal 2-category sl of suplattices
is shown in the same way as in the proof that the symmetric topos (also called ¥) construction
is a co-KZ-monad on the 2-category A of locally presentable categories [4]. In the former, it was
used that the finite limits completion is a co-KZ-monad at the level of categories, whereas in the
latter, this refers to the finite inf-completion on posets. By turning around ¥ 4 U and taking
opposites, one gets a KZ-monad £ on Loc(.¥). In order to apply the lax descent theorem, we
first need to identify the Z-maps, that is, those morphisms f : X — Y of locales such that
Z(f): L(X) — Z(Y) has a right adjoint.

Definition 5.2. 4 morphism f : X — Y of locales is said to be semiopen if f~ : O(Y) — O(X)
has a left adjoint 35 : O(X) — O(Y). It is said to be open [9] if it is semiopen and Frobenius
Reciprocity holds, in the sense that for ally € O(Y), x € O(X),

(T () ANa) =y A Ff(x).

It is well known that open maps of locales are pullback stable and that the BCC holds [9]. For
arbitrary semiopen maps we have the following result.

Theorem 5.3. Let

p
_—

B Z
ql < J{g
f
X ——Y

be a bicomma square in Loc(.#), where f is semiopen. Then p is open and the BCC holds, that is,
the inequality

is an equality.

Proof. The proof is entirely similar to that of [17] for the case of .#-essential geometric morphisms,
but in the posetal case. a)

Theorem 5.4. . is a Pitts KZ-monad on Loc(.¥).

Proof. .Z is a locally full and faithful equivariant KZ-monad [5]. That in a bicomma square with
bottom map semiopen the opposite map is open and the BCC holds, is the content of Theorem 5.3.
It says that £ is a Pitts KZ-monad. o
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Proposition 5.5. A morphism of locales is an Z-map if and only if it is semiopen.

Proof. Let f : X — Y be a morphism of locales in .. Assume that f is semiopen, that is,
that f~ : O(Y) = O(X) has a left adjoint 3; : 0(X) = O(Y). In terms of distributions, .Z f
corresponds to composition with f~, so that the right adjoint p; corresponds to composition with
3f. Conversely, assume that f: X — Y admits a right Z-adjoint py, that is,

(py)~ A(Zf)"

Then,
(pr)™ -3 F(0x) - (L)

By naturality,
P
2y P ox

(5Y)l l@x)

f

commutes. Therefore f~ - (dy)  has a left adjoint. Since dy is an inclusion, it follows that f~ has
a left adjoint. Thus, f is semiopen. a)

It is well known that the algebras for the lower powerlocale monad are characterized as the
injectives with respect to semiopen embeddings [6]. The following proposition is a related fact and
a consequence of Theorem 5.4.

Proposition 5.6. Let X be a locale. Then the following are equivalent:
1. X is an Z-algebra.
2. X is injective with respect to semiopen embeddings.
3. X is a stably .Z-cocomplete object.
The following theorem seems to be new.

Theorem 5.7. Semiopen surjections of locales are of effective lax descent.

Proof. Let & = Loc(). Let £ be the lower powerlocale monad on 2. By Proposition 5.5, a
morphism f : Y — X oflocales in .% has a (right) #-adjoint iff it is semiopen. The pseudoterminal
object in J is the terminal locale 1. By construction, .21 = S, the Sierpinski locale, which classifies
open sublocales of locales, the latter identifiable with objects of a locale frame €(X). Tt is a .Z-
algebra, in fact a free one. The conclusion now follows from Theorem 3.11(1). o

Theorem 5.8. [9] Any open surjection f:Y - X of locales is of effective descent.

Proof. The lower power locale monad . on Loc.” is a Pitts KZ-monad. The result now follows
from Theorem 3.11(2) applied to the .#*-map f:Y - X in Loc(.#)/X = Loc(Sh.»(X)). O
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Remark 5.9. The KZ-monads considered in this and in the previous section are classifiers of Law-
vere distributions — the symmetric monad A for distributions on toposes, and the lower powerlocale
monad £ for distributions on locales. The theory developed in [5] explains why in these cases the
object classifiers are given respectively by the free algebras A () and £(1). Indeed, the objects of
a space X (meaning here either a topos or a locale) correspond to the ‘discrete opfibrations’ over
X, and such are classified by the free algebra on the terminal object. However, for the purposes of
the general lax descent theorem, all that is needed is that the objects classifier be an algebra for the
Pitts KZ-monad/co-KZ-monad in question. This remark is an important consideration in the next
two sections.

6 The Upper Powerlocale Monad

The posetal 2-category Frm of frames of locales is monadic over the posetal 2-category PrFrm of
preframes, by means of an adjoint pair F' 4 G where

G :Frm — PrFrm

is the forgetful, with F' described in [6]. This adjoint pair induces a comonad on Frm, hence a
monad % on Loc(”), the upper powerlocale monad.

Power locales have been investigated extensively by Steve Vickers [19, 20] and Martin Escardé
[6], among others that they mention in their work. This section relies largely on their results, as
well as on those of Jaapie Vermeulen [18] and of M. Korostenski and C.C.A. Labuschagne [11], as
indicated in what follows.

Theorem 6.1. The upper powerlocale monad % is an equivariant co-KZ-monad on Loc(.).

Proof. That the upper power locale monad % is a co-KZ-monad % is shown in [19] and [6]. The
equivariance is covered by geometricity [20] (Section 7.2). o

Recall that a continuous map f : X — Y of locales is called perfect if the right adjoint f, of
the frame homomorphism f=!: 0(Y) = €(X) preserves directed joins.

Theorem 6.2. [6] A continuous map of locales is perfect if and only if it is a % -map.

Remark 6.3. Notice that the perfect maps are the continuous maps satisfying half of the definition
of a proper map of locales [18] where the missing half is Frobenius Reciprocity. Indeed, a map
f+X =Y of locales is proper if it is perfect and the condition

F(fTuvo) =uV fi(v)
holds for allu € O0(X), ve O(Y).
Theorem 6.4. [11] Consider a bicomma square

B—k>

A
h Slf
N

X ——
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in Loc(.), where f is perfect. Then h is proper and the canonical inequality
Uk -1, <ly-Ug
is an equality.

Theorem 6.5. [18] In a bipullback square

if f is proper then fh is proper and the canonical inequality
Uk -1, <l -Ug
is an equality.
Theorem 6.6. The upper powerlocale monad % on Loc(.¥) is a Pitts co-KZ-monad.

Proof. In addition to Theorems 6.1, 6.2, 6.4 and 6.5, we need to know that % is locally fully
faithful. This is indeed the case by construction [6]. O

It is shown in [6] that the % -algebras are the injectives over perfect embeddings. As a conse-
quence of Theorem 6.6, we can now add to this characterization as follows.

Proposition 6.7. Let X be a locale. Then the following are equivalent:
1. X is a % -algebra.

2. X is injective with respect to perfect embeddings.

3. X is a stably % -complete object.

Remark 6.8. An example of a locally fully faithful co-KZ-monad that is not a completion monad
(hence not a Pitts monad) is due to M. H. Escardé and included as Remark 4.2.15 in [5]. Let F
be the filter monad on the category of topological spaces (and analogously on that of locales). The
F -algebras are the injective spaces (every continuous map is an F -map) but the injective spaces do
not coincide with the Z -complete objects. More precisely, the Sierpinski space (or locale, depending
where this monad is considered) is injective, therefore an F -algebra, but it is not F-complete.

The foliowing theorem seems to be new.
Theorem 6.9. Perfect surjections of locales are of effective lax descent.

Proof. The Sierpinski locale S is an object classifier for Loc(-#) [9]. In order to apply Theo-
rem 3.13(1), we need to show that S is a % -algebra. That this is the case follows from the fact
that S is an algebra of the filter monad .# on Loc(.¥) (using that all maps are .#-maps), and the
fact that % is a submonad of .%, so that all .#-algebras are % -algebras. o

Theorem 6.10. [18] Proper surjections of locales are of effective descent.

Proof. The upper powerlocale monad % on Loc(#) is a Pitts co-KZ-monad. The result now
follows from Theorem 3.11(2) applied to the Z*-map f:Y - X in Loc(.#)/X = Loc(Sh.#(X)).

[}
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7 The Coherent Monad

A lax descent theorem, originally conjectured by A.M. Pitts [17] and proved independently by M.
Zawadowski [21], D. Ballard and W. Boshuck [1], and (twice) by I. Moerdijk and J.J.C. Vermeulen
[15, 14], states that coherent surjections of coherent toposes are of lax effective descent. This
theorem will be shown to be a corollary of Theorem 3.13.

Let us first recall some notions (see for instance [7]). A bounded .#-topos is coherent if it is
equivalent to a category of sheaves on a finitary site, that is, on a site whose underlying category
has finite limits, and where the covering families are finite. For any coherent topos &, there is a
canonical such site, to wit, the full subcategory &.on of coherent objects with the topology of finite
coverings. The latter category is a pretopos. Any pretopos is the category of coherent objects in
a coherent topos. Coherent toposes are the classifiers of finitary geometric (or coherent) logic. A
geometric morphism f : . % = & of coherent toposes is said to be a coherent morphism if f* restricts
to the full subcategories of coherent objects. For such morphisms, f, preserves (or commutes with)
filtered colimits.

Denote by B the full sub 2-category of A (locally presentable categories) whose objects are
those categories % which are small generated and small presented by categories with finite limits.
In other words, B denotes the 2-category of locally finitely presentable categories.

Equivalently, the objects of B are those categories # that appear as coinverters in A of the
form

do
P(D) o PC —X
- >
d1

where C and D are categories in . with finite limits and where
a:PC — A

as well as dg, d; are .¥-cocontinuous and finite limits preserving.

Denote by CohTop the 2-category whose objects are the coherent toposes, whose morphisms
are the coherent morphisms, and whose 2-cells are those of Top,. Let CohFrm be the opposite
(for 1-cells) of CohTop. There is a forgetful 2-functor

Y : CohFrm — B

which assigns to the frame of a coherent topos & its canonical presentation as a category of sheaves
on a (finitary) site.

Let Lex denote the 2-category of small categories with finite limits, finite limit preserving func-
tors, and all natural transformations. The pretopos (co)completion of a small category C with finite
limits is a small pretopos C, together with a finite limits preserving functor

u:C — C,

with the property that every finite limits preserving functor from C to a pretopos D extends uniquely
(up to isomorphism) to a pretopos morphism from C, to D. One way to obtain it is to define, for
C a small category with finite limits, the (small) category C, as the full subcategory of coherent
objects of the (coherent) topos PC.
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The pretopos (co)completion of a small category with finite limits extends to a left 2-adjoint
(—)e : Lex — Pretop

to the forgetful 2-functor
U : Pretop — Lex.

The 2-adjoint pair (—), 4 U induces a KZ-monad on Lex.

Theorem 7.1. The left 2-adjoint
©:B — CohFrm

to the forgetful
% : CohFrm — B

exists and induces a KZ-monad on B.
Proof. Consider the following double coinverter diagram in B

do
PMD) o ~ P(C) —* =2

— 0V o

dy
j!l li! ln%
(dl)o
[

P(D) ;v P(C.) —2>02.
(dl)o

where % is an object of B with its given presentation as a coinverter in a diagram where all
functors depicted are .#-cocontinuous and finite limit preserving, and where the parallel arrows
doe, d1e and the 2-cell o, are induced via pretopos completions and left Kan extensions along the
inclusions i : C — (C)e and j : D — (D),. Since ¢ and j are finite limits preserving, so are the
corresponding left Kan extensions 4, and j;. They are also .%’-cocontinuous.

By construction, o, is the unique 2-cell for which

e 1 =10
so that
b-iy-o=0b-04-J.

Therefore b - i) - o is invertible since b - 04 is invertible. From the universal property of the top
coinverter, it follows now that there exists a unique arrow 74 such that

ngg~a=b~i!.

In the diagram above, the (—), construction (which is part of a KZ-monad on Lex is lifted inside
the presentation of %, hence giving rise (as argued more generally in [4]) to a KZ-monad © on B.
We claim that ©% is a coherent (topos) frame and so that b is the inverse image part of a
coherent morphism between coherent toposes. In [4] (§3) we recalled (quoting [16] (Theorem 2.3))
that finite 2-colimits in Frm (exist and) are finite 2-colimits in A (locally presentable categories)
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so that, in particular, coinverters in Frm (exist and) are coinverters in A. This explicit argument
given in [16] (Theorem 2.3) can easily be adapted to deduce that coinverters in CohFrm (exist and)
are coinverters in B (locally finitely presentable categories). .

For any frame of a coherent topos &, and any object £ of B, there are equivalences of categories

CohFrm(64, &) = CohFrm,, (P(C,), &) = B,(PC,U&) =~ B(#,U&)

where the subindexes g, and ¢ are to be interpreted as restrictions of the functors in the Hom
categories to those that take the 2-cell in question into an iso. These equivalences show that
ne : B - UOR has the universal property that translates into the adjointness ® 4 . In
particular, the construction is independent of the presentation. a)

As in [5], we now turn to the “geometric point of view”, which amounts to regarding
w°P 4%
as inducing a co-KZ-monad € on CohTop. Let us call this monad % the coherent monad.

Proposition 7.2. 1. For a coherent topos &, the topos & classifies pretopos morphisms
Eeoh = 7.

2. Any coherent morphism between coherent toposes is a €-map.

Proof.

1. For a coherent topos &, €& is the coherent topos of sheaves on the site consisting of the small
category &.on with finite epimorphic coverings. The conclusion follows from an identification
of this site in terms of any given finitary site of presentation for &.

2. For the second statement, suppose that f : # — & is a coherent morphism between coherent
toposes. Then,
Cf . ¢€F -~ €&

is ‘composition with f* restricted to the full subcategories of coherent objects, from which it
follows that it always has a left adjoint, to wit

A AEf,

with Ay being ‘composition with f, (similarly restricted). In other words, any coherent
morphism between coherent toposes is a €-map.

Theorem 7.3. The co-KZ-monad % on the 2-category # = CohTop is a Pitts co-KZ-monad.

Proof. The required condition about bicomma objects is shown to be satisfied in [14] (Theorem
2). In addition, the unit of the monad is locally fully faithful, as was already shown. o

Theorem 7.4. [21, 1, 15, 14] Coherent surjections between coherent toposes are of lax effective
descent.
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Proof. A coherent surjection between coherent toposes is a surjective ¢-map. The objects classifier
FU] = .75 is a coherent topos and it is trivially a €-algebra. Apply Theorem 3.13. a]

Remark 7.5. As remarked in [15, 1], the lax descent property of a coherent surjection f : F — &
restricts to an equivalence of pretoposes, from the category éon to the category of objects in Feon
with lax descent data. The latter statement was proved originally in [21] and interpreted as a
general definability theorem for coherent theories. It was precisely this connection with ‘geometric
logic’ that motivated A. M. Pitts [17] in his work on lax descent, including the theorem about
essential surjections, proved therein as part of a possible route towards a proof of his conjecture.

Remark 7.6. In [15] it is shown that relatively tidy surjections of toposes are of lax effective
descent and that tidy surjections of toposes are of effective descent. An open question is that of the
existence of a Pitts monad on Top s that accounts for these facts.
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