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Lipschitz continuity of a-harmonic functions
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Abstract. The aim of this paper is to discuss the Lipschitz continuity of a-harmonic
functions.
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1. Introduction and statement of the main results

Let C denote the complex plane. For a € C, let D(a,r) = {2z : [z—a| < r}
(r > 0) and D(0,7) = D,.. Also, we use the notations D = D; and T = 9D,
the boundary of D.

1.1. a-harmonic functions
For oo > —1, a complex-valued function f is said to be a-harmonic if f is
twice continuously differentiable in D and satisfies the a-harmonic equation:

Aa(f(2) = 02(1 — =)0z f(z) = 0 (L1)

in D (see [21, Proposition 1.5] for the reason of this restriction on «), where

170 0 170 0
0z=—-|—=——i— d oz==—+i—].
‘ 2(8:6 ZBy) ane o= 2(81‘—1_263/)
Obviously, a-harmonicity coincides with harmonicity when a = 0. See
[4] and the references therein for the properties of harmonic mappings.

Denote the associated Dirichlet boundary value problem of functions f
satisfying Equation (1.1) by

{Aa(f) =0 inD, 12

f=r on T.
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Here the boundary data f* is a distribution on T, i.e. f* € D(T), and the
boundary condition in (1.2) is understood as f,. — f* € DY(T) asr — 17,
where

fr(eie) _ f(?“ew)

for € € T and r € [0, 1).
In [21], Olofsson and Wittsten showed that if an a-harmonic function f
satisfies

lim f, = € DYT) (a > —1),

then it has the form of a Poisson type integral

1 2

f(2) =Palf1(z) = o= | Palee™)f*(e)d0 (1.3)

2m Jq
in D, where

(1= a2+

Pa(z) = (1 _ Z)(l _z)aJrl :

See [20] for related discussions in this line.
In the following, we always assume that every a-harmonic function has
such a representation which plays a key role in the discussions of this paper.

1.2. Main results
1.2.1 Lipschitz continuity

Let D and €2 be domains in C, and let L be a constant. Then a mapping
f D — Qis said to be L-Lipschitz if |f(z) — f(w)| < L|z — w]| for all z,
w e D.

In [22], Pavlovi¢ proved that the quasiconformality of harmonic home-
omorphisms between D can be characterized in terms of their bi-Lipschitz
continuity ([22, Theorem 1.2]). See [2], [3], [8], [10], [11], [12], [13], [14],
[17], [19] and references therein for the discussions in this topic in C. For
the discussions of this line in space, in [1], Arsenovi¢, Koji¢ and Mateljevié
showed that the Lipschitz continuity of ¢ : S*~! — R™ implies the Lipschitz
continuity of its harmonic extension P[¢] : B” — R”™ provided that P[¢] is
a K-quasiregular mapping ([1, Theorem 1]), where B" (resp. S"~!) denotes
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the unit ball (resp. the boundary of B™) in R™ and P stands for the usual
Poisson kernel with respect to A, the standard Laplacian in R™. As [1,
Example 1] shows that the assumption “P[¢] being K-quasiregular” in [1,
Theorem 1] is necessary. Meanwhile, by assuming that P[¢] : B" — B" is a
K-quasiconformal harmonic mapping with P[$](0) = 0 and ¢ € C1*, Kalaj
[9] also proved the Lipschitz continuity of P[¢] ([9, Theorem 2.1]).

The purpose of this paper is to consider the results of the above type
for a-harmonic functions. Our result is as follows.

Theorem 1.1 Suppose that f is an a-harmonic function in D with o €
(0,00) and that f* satisfies the Lipschitz condition:

(€7~ £*(e9)] < Lle? — ],
where L is a constant. Then for z1,zo € D,
|f(z1) = f(22)] < palz1 — 22,

where

a+2 .11 IN(e
M1 = L’Tl, ™ = T2 <1 +6Fa71)2

and I is the Gamma function.

When a = 0, in [1], the authors proved that there is a Lipschitz contin-
uous function f* : T — R such that f = P,[f*] is not Lipschitz continuous.
Further, we will construct an example (Example 3.1 below) to show that
for any o € (—1,0), there is a Lipschitz continuous function f* : T — C
such that f = P,[f*] is not Lipschitz continuous in D. This demonstrates
that the assumption a € (0,00) in Theorem 1.1 is necessary. We remark
that Lemma 1.6 in [21] also indicates the invalidity of Theorem 1.1 when
a € (—1,0).

In fact, we can establish a more general result on Lipschitz continuity
of a-harmonic functions, which we shall discuss next.

1.2.2 w-Lipschitz continuity
A continuous increasing function w : [0,00) — [0,00) with w(0) = 0 is
called a majorant if w(t)/t is non-increasing for ¢ > 0. For some §p > 0 and
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0 < § < dg, & majorant w is called fast if

/6 @dt < Cw(9),
o t

where C' is a positive constant.
Given a subset 2 of C, a function f : Q — C is said to belong to the
Lipschitz space A, (2) if there is a positive constant C' such that

1£(z) = f(w)] < Cuw(]z —wl) (1.4)

for all z,w € Q (cf. [5], [6]).

Let Q be a proper subdomain of C. We say that a function f: Q — C
belongs to the local Lipschitz space locA,,(§2) if (1.4) holds, whenever z € )
and |z —w| < (1/2)d(z,09), where C is a positive constant and d(z, )
denotes the Euclidean distance from z to the boundary 0f2 of 2. Further,
Q is said to be a A, -extension domain if A, (Q) = locA,(2). The geometric
characterization of A,-extension domains was first given by Gehring and
Martio [7]. Then Lappalainen [15] extended it to the general case and proved
that €2 is a A, -extension domain if and only if each pair of points z1, z9 € Q
can be joined by a rectifiable curve v C € satisfying

[y st(z) < naw([z1 — 22) (15)

with some fixed positive constant 72 = 75(2, w), where ds stands for the arc
length measure on . Furthermore, from [15, Theorem 4.12], we know that
A -extension domains exist for fast majorants w only. It is known that D is
a A-extension domain for any fast w (cf. [6, Section 1}).

The following result establishes the w-Lipschitz continuity of a-harmonic
functions with w being a fast majorant.

Theorem 1.2  Suppose that f is an a-harmonic function in D with o €
(0,00), that w is a fast majorant and that f* satisfies the Lipschitz condition

() = F*(e)] < w(le” —e™)).

Then for z1,2z0 € D,
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|f(21) — f(22)] < pow(lz1 — 22]),

where pa = 1112 and T2 = 72(D,w) is from (1.5).

We will prove Theorems 1.1 and 1.2 in Section 2, and in Section 3, an
example will be constructed, which implies that Theorems 1.1 and 1.2 are
no longer valid for any o € (—1,0).

2. Lipschitz continuity of a-harmonic functions

The aim of this section is to prove Theorems 1.1 and 1.2. First, we need
some notations.

Suppose f = u + iv has both partial derivatives at z = x + iy in €,
where €2 is a domain in C, u and v are real functions. The Jacobian matrix
of f at z is denoted by

Df(z) = (“x “y> .

Then
[Df(2)] = sup{|Df(2)s| : [s] = 1} = | f=(2)| + | f=(2)] (2.1)
and
[(Df(2)) = inf{|Df(2)s| : [s| = 1} = || f=(2)] = |F=(2)]|- (2.2)

We first prove Theorem 1.2. For this, a result from [18] is needed.
Lemma A ([18, Lemma 2.1]) Ifa > —1 and f* € C(T), then

o [T " 0 2m 9 0 i0

7 /. Polze™ ) f*(e)dO = i 5, Palze™)f"(e)df
and

9 27 4 4 2 9 _ _

[ Palze ) fH(e)dh = Pa(ze™) f*(e)db.

9z J, o 0%

Now, we are ready to show Theorem 1.2.
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Proof of Theorem 1.2. From the proof of [21, Theorem 2.5], we can easily
know that for z € D,

1 27

— Polze ?)do = 1. (2.3)
2T 0

For any z € D and ¢ € [0, 27], it follows from (1.3) and (2.3) that

1 27

F2)=o= | Palze ™) (f*(") = f*("))dO + f*(e),

:27r0

and then by Lemma A

2 ze~ ¥ - 4
Fe) =g [ TS () < (e as

and

1 /2’T 0Py (ze™)
0

- (1) — £ (7)) db.

f=(?)
To finish the proof, we let z = re!?, where r € [0,1). Since

9
0z

(L—Jz*)* [e(1 = |2]?) — (@ + 1)Z(1 — ze™ )]
(1 —ze=)2(1 — ze0)atl

Pa(ze_w) =

and

9
oz

a — |z 2 aeie
Pa(zefw) — ( "(‘11)_(Lei9’)1+)2 ’ (2‘4)

it follows from the obvious fact:
1— 2> < |1 —ze (1 +]2])

that

i 1—[2]*)*(1 + (a +2)[2])
i0 < (
Palze™)| < 11— zeif|o+2

9
0z
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and

Loy | o (et DA = [z
Palze™)| < |1 — zei|a+2

9
0z

Hence (2.1) leads to

2T | pr (i) _ fr (i
|Df(z)|§2(a+2)(1—r2)a1/o ) = )] g

1t |1 _ 26—1‘9|a+2
< 2(a+2)(1 — A,
where

L[ (e - e

= — ——d#.
1t 0 |1 _ Ze—ze|a+2

I

In order to estimate I, we split [0, 27] into two subsets:
Ey={0ec0,2n]: e —e¥| <1 -7}
and
By = {0.€ [0.20] 6 &) > 1 - 1),
Then

R ey

— — 740
o1t 0 ’1 _ 26710’a+2
21 Jp, |1 — ze=0|a+2 21 Jp, |1 — ze=0|at2
First, we know that
1 w(]ew — e'?)) 2 arcsin 157’ w(l—r)
2r Jp, |1 —ze= o427 = q(1 —r)atl 1—7r

Second, since |e? — z| > 1 — 7 and since

91
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lef? —et?| < e — 2| + | — 2| = | — 2| +1 -,
we have that
, 1 ,
’610 —Z‘ > §|ez6' _eup|

)

which, together with the assumption “w(t)/¢ being non-increasing for ¢ > 07,
implies

1 w(|e?? — i) 40 < 2w(l—r) 1/27r do
21 Jp, |1 —ze=®et2™" = 1 —p 271 Ji |1 —zei0|otl’

Further, for any given o > 0, by [21, Lemma 2.3], we have

1/2” do _ I 1
2m Jo |1 —ze~#lotl T (& 1)2 (1 —r2)e’

where I' is the Gamma function, and so

1 w(|e? —e'¥)) 2I' () w(l—r)
o1 S, L ze-wo2® S pamp e 1o,
Hence
DFE) < o+ 20+ 0" (STE + )
< TIM, (2.5)

- 1—r

where 71 = ((o +2)/3)2°T! (1 + 6(I'(a) /T (e + 1)/2)?)).
Finally, given any points 21, 29 € D, let v denote a curve in D joining 21
and zo and satisfying (1.5). Integrating (2.5) along -y, we obtain

) = 4ol = [ DrENaste) < [ A5 < s = ),

where py = 172 and 12 = 72(D,w) is from (1.5). Hence the proof of this
theorem is complete. O
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In order to prove Theorem 1.1, we need an auxiliary lemma, which is as
follows.

Lemma 2.1 Let f be a function which is continuously differentiable in D.
Then f is L-Lipschitz continuous with L > 0 if and only if

|Df(z)| < L
in D.

Proof. Assume that |[Df(z)| < L in D. Then for 21, 22 € D,

F(z2) — (1) = \ /[ S+ Sl < Ll = 2]

where [z1, 23] stands for the segment in I with the endpoint z; and zs.
Hence the sufficiency is true. To prove the necessity, we assume that f
is L-Lipschitz continuous. Let J,f denote the directional derivative of f.
Then

0f] = |tim LEHTEN =G|y G re) - G

r—0 T r—0 r

< L.

We know from [16] that |Df(z)| = max, |80f(z)‘. Hence |Df(z)| < L, as
required. O

Now, we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. By taking w(t) = Lt in Theorem 1.2, we easily see
from (2.5) that

|Df(2)| < L,
and then Lemma 2.1 leads to
|f(21) = f(22)] < pualz1 — 22,

where 1 = L7y. Hence the proof of this theorem is complete. ([
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3. An example

In this section, we will construct an example to show that when « €
(—1,0), Theorems 1.1 and 1.2 are no longer valid in D.

Example 3.1 For b € C with 0 < [b| < 1, let f*(e??) = 1/(e?® — b), where
6 € [0,27]. Then

(1) f*(e') is Lipschitz continuous in T;
(2) f(2) = Palf*](z) is an a-harmonic function in D for any « in (— 17 0);
(3) f(2) = Palf*](2) is not Lipschitz continuous in D for any « in (—1,0).

Proof. Obviously, f*(z) =1/(z —b) (2 € T). By letting z = €%, we have

‘df( O _
do

_ieiG
(ei0 _ b)2

!
— (1=

Hence we know from Lemma 2.1 that f* is Lipschitz continuous in T.

To prove the rest two statements in the example, by (2.1) and Lemma
2.1, it is sufficient to show the unboundedness of fz(z). The proof is as
follows.

First, by Lemma A and (2.4), we get the following expression of fz(z):

[Df*(2)] =

27
o) = (o D0 - P [ e

Since for any 8 > 0,
1 T(n+p) ,
T
n=0
for z € D (cf. [21, (1.13)]), it follows from Parseval’s theorem that

f=(2) = (a+ 1)(1 — |z*)~ / (Z ble zn@)

Tn+a+2)_, o
n _tn da
x <Z;] n!T(a+ 2) °e )

n—
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_ 2 azoo Pinta+2),, .
=(a+1)(1—]z|%) 2 a1 2) b"z
_ (1— 2%
—(a+1)(1_b§)a+2.

Obviously, f is an a-harmonic function in D, and aslo

[fz(2)] = o0

as |z| — 1. Hence the example is proved. O

Acknowledgements The research was partly supported by NSFs of
China (Nos. 11801159, 11571216, 11671127 and 11720101003) and STU
SRFT.

The authors thank the referee very much for his/her careful reading of

this paper and many useful suggestions.

[1]

[2]

[3]

References

Arsenovi¢ M., Koji¢ V. and Mateljevié M., On Lipschitz continuity of har-
monic quasiregular maps on the unit ball in R™. Ann. Acad. Sci. Fenn.
Math. 33 (2008), 315-318.

Chen J., Li P., Sahoo S. and Wang X., On the Lipschitz continuity of certain
quasiregular mappings between smooth Jordan domains. Israel J. Math. 220
(2017), 453-478.

Chen M. and Chen X., (K, K')-quasiconformal harmonic mappings of the
upper half plane onto itself. Ann. Acad. Sci. Fenn. Math. 37 (2012), 265—
276.

Duren P., Harmonic mappings in the plane, Cambridge University Press,
Cambridge, 2004.

Dyakonov K., Fquivalent norms on Lipschitz-type spaces of holomorphic
functions. Acta Math. 178 (1997), 143-167.

Dyakonov K., Holomorphic functions and quasiconformal mappings with
smooth moduli. Adv. Math. 187 (2004), 146-172.

Gehring F. and Martio O., Lipschitz-classes and quasiconformal mappings.
Ann. Acad. Sci. Fenn. A T Math. 10 (1985), 203-219.

Kalaj D., Quasiconformal and harmonic mappings between Jordan do-
mains. Math. Zeit. 260 (2008), 237-252.

Kalaj D., On harmonic quasiconformal self-mappings of the unit ball. Ann.



96

(10]

(1]

(12]

(13]

(14]
[15]

[16]

[17]
[18]
[19]
[20]
[21]

(22]

P. Li and X. Wang

Acad. Sci. Fenn. Math. 33 (2008), 261-271.

Kalaj D. and Mateljevi¢ M., Inner estimate and quasiconformal harmonic
maps between smooth domains. J. Anal. Math. 100 (2006), 117-132.
Kalaj D. and Mateljevi¢ M., On certain nonlinear elliptic PDE and qua-
siconfomal maps between Euclidean surfaces. Potential Anal. 34 (2011),
13-22.

Kalaj D. and Mateljevi¢ M., (K, K')-quasiconformal harmonic mappings.
Potential Anal. 36 (2012), 117-135.

Kalaj D. and Pavlovi¢ M., Boundary correspondence under harmonic qua-
siconformal diffeomorphisms of a half-plane. Ann. Acad. Sci. Fenn. Math.
30 (2005), 159-165.

Knezevi¢ M. and Mateljevi¢ M., On the quasi-isometries of harmonic qua-
siconformal mappings. J. Math. Anal. Appl. 334 (2007), 404-413.
Lappalainen V., Lipy-extension domains. Ann. Acad. Sci. Fenn. A T Math.,
Dissertationes 56 (1985).

Lehto O. and Virtanen K., Quasiconformal mappings in the plane, 2nd edn
(1973). Translated from the German by K. W. Lucas, Die Grundlehren der
mathematischen Wissenschaften, Band 126.

Li P., Chen J. and Wang X., Quasiconformal solutions of Poisson equations.
Bull. Aust. Math. Soc. 92 (2015), 420-428.

Li P., Wang X. and Xiao Q., Several properties of a-harmonic functions in
the unit disk. Monatsh. Math. 184 (2017), 627-640.

Mateljevic M. and Vuorinen M., On harmonic quasiconformal quasi-
isometries. J. Inequal. Appl. (2010). Art. ID 178732.

Olofsson A., Differential operators for a scale of Poisson type kernels in the
unit disc. J. Anal. Math. 123 (2014), 227-249.

Olofsson A. and Wittsten J., Poisson integrals for standard weighted Lapla-
cians in the unit disc. J. Math. Soc. Japan 65 (2013), 447-486.

Pavlovi¢c M., Boundary correspondence under harmonic quasiconformal
homeomorphisms of the unit disk. Ann. Acad. Sci. Fenn. Math. 27 (2002),
365-372.



Lipschitz continuity of a-harmonic functions 97

Peijin L1

Department of Mathematics

Hunan First Normal University

Changsha, Hunan 410205, People’s Republic of China
Department of Mathematics

Hunan Normal University

Changsha, Hunan 410081, People’s Republic of China
E-mail: wokeyi99@163.com

Xiantao WANG

Department of Mathematics

Shantou University

Shantou, Guangdong 515063, People’s Republic of China
E-mail: xtwang@stu.edu.cn



