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A Lé-Greuel type formula for the image Milnor number
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Abstract. Let f: (C™,0) — (C™*! 0) be a corank 1 finitely determined map germ.
For a generic linear form p : (C"™1,0) — (C,0) we denote by g : (C**,0) — (C™,0)
the transverse slice of f with respect to p. We prove that the sum of the image Milnor
numbers pur(f) + pr(g) is equal to the number of critical points of p|x, : Xs — C
on all the strata of X, where X is the disentanglement of f (i.e., the image of a
stabilisation fs of f).
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1. Introduction

The Lé-Greuel formula [4], [6] provides a recursive method to compute
the Milnor number of an isolated complete intersection singularity (ICIS).
We recall that if (X,0) is a d-dimensional ICIS defined as the zero locus
of a map germ g : (C",0) — (C"~4,0), then the Milnor fibre X, = g~1(s)
(where s is a generic value in C"~%) has the homotopy type of a bouquet
of d-spheres and the number of such spheres is called the Milnor number
w(X,0). If d > 0, we can take p : C" — C a generic linear projection with
H = p~1(0) and such that (X N H,0) is a (d — 1)-dimensional ICIS. Then,

On
(9) +J(g,p)’

where O,, is the ring of function germs from (C",0) to C, (g) is the ideal
in O,, generated by the components of g and J(g,p) is the Jacobian ideal
of (g,p) (i-e., the ideal generated by the maximal minors of the Jacobian
matrix). Note that X is smooth and if p is generic enough, then the re-

pu(X,0) 4+ (X NH,0) =dimc (1)
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striction p|x, : Xs — C is a Morse function and the dimension appearing in
the right hand side of (1) is equal to the number of critical points of p|x..

The aim of this paper is to obtain a Lé-Greuel type formula for the
image Milnor number of a finitely determined map germ f : (C",0) —
(C™*1,0). Mond showed in [11] that the disentanglement X (i.e., the image
of a stabilisation fs of f) has the homotopy type of a bouquet of n-spheres
and the number of such spheres is called the image Milnor number p;(f,0).
The celebrated Mond’s conjecture says that

Ae‘COdim(f) < Mf(f)v

with equality if f is weighted homogeneous. Mond’s conjecture is known to
be true for n = 1,2 but it remains still open for n > 3 (see [11], [12]). We
feel that our Lé-Greuel type formula can be useful to find a proof of the
conjecture in the general case. In fact, it would be enough to prove that
the module which controls the number of critical points of a generic linear
function is Cohen-Macaulay and then, use an induction argument on the
dimension n (see [1] for details about Mond’s conjecture).

We assume that f has corank 1 and n > 1. Then given a generic linear
form p : C"*t! — C we can see f as a 1-parameter unfolding of another map
germ g : (C"~1,0) — (C",0) which is the transverse slice of f with respect
to p. This means that g has image (X N H,0), where (X,0) is the image
of f and H = p~1(0). The disentanglement X is not smooth but it has
a natural Whitney stratification given by the stable types. If p is generic
enough, the restriction p|x, : X; — C is a Morse function on each stratum.
Our Lé-Greuel type formula is

pr(f) + pr(g) = #3(plx.), (2)

where the right hand side of equation is the number of critical points of p|x.
on all the strata of X;. The case n = 1 has to be considered separately, in
this case we have

pur(f) +mo(f) =1 =#X(plx.), (3)

where mg(f) is the multiplicity of the curve parametrized by f. This makes
sense, since p(X,0) = mo(X,0) — 1 for a 0O-dimensional ICIS (X,0).
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2. Multiple point spaces and Marar’s formula

In this section we recall Marar’s formula for the Euler characteristic of
the disentanglement of a corank 1 finitely determined map germ. We first
recall the Marar-Mond [9] construction of the kth-multiple point spaces for
corank 1 map germs, which is based on the iterated divided differences. Let
f:(C",0) — (CP,0) be a corank 1 map germ. We can choose coordinates
in the source and target such that f is written in the following form:

flz,2) = (z, fu(z,2),..., fplz,2), z € c*t zeC.

This forces that if f(x1,21) = f(22, 22) then necessarily 7 = x5. Thus, it
makes sense to embed the double point space of f in C*~! x C? instead
of C™ x C™. Analogously, we will consider the kth-multiple point space
embedded in C*~! x C*.

We construct an ideal Ix(f) C O,4k—1 defined as follows: Ij(f) is
generated by (k — 1)(p — n + 1) functions AZQ) € Ongk-1, 1 <i< k-1,
n < j <p. Each Agj) is a function only of the variables x, z1,. .., 2;11 such
that:

Agj)(SU,Zl,Zz) _ fj(xvzl) - fj(x?z2)’

Z1 — 22
and for 1 <i <k —2,
' AU)($ z Ziy Zi )—A(j)(m z Ziy Zi+2)
A (2,21, ., 2i40) = —i 2 Eb 0 FH FiHL P AT T T PR
R T Zi+l — Zi42

Definition 2.1 The kth-multiple point space is D*(f) = V(I1.(f)), the
zero locus in (C"E=1 0) of the ideal Iy (f).

(We remark that the kth-multiple point space is denoted by Ek( f) in-
stead of D*(f) in [9]).

If f is stable, then, set-theoretically, D*(f) is the Zariski closure of the
set of points (x, 21, ..., 2,) € C"T*~1 such that:

f(:EaZl):"':f(xvzk)a Zi?éZj, fOI"i;ﬁ]}

(see [9], [13]). But, in general, this may be not true if f is not stable. For
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instance, consider the cusp f : (C,0) — (C2,0) given by f(z) = (22, 23).
Since f is one-to-one, the closure of the double point set is empty, but

D2(f) =V(z + 22,z% + 2129 + z%)

This example also shows that the kth-multiple point space may be non-
reduced in general.

The main result of Marar-Mond in [9] is that the kth-multiple point
spaces can be used to characterize the stability and the finite determinacy

of f.

Theorem 2.2 ([9, 2.12]) Let f : (C",0) — (CP,0) (n < p) be a finitely
determined map germ of corank 1. Then:

(1) f is stable if and only if D*(f) is smooth of dimension p —k(p —n), or
empty, for k > 2.

(2) f is finitely determined if and only if for each k with p — k(p —n) > 0,
D*(f) is either an ICIS of dimension p—k(p—n) or empty, and if, for
those k such that p — k(p —n) < 0, D¥(f) consists at most of the point

{0}

The following construction is also due to Marar-Mond [9] and gives a
refinement of the types of multiple points.

Definition 2.3 Let P = (r1,...,7,) be a partition of k (that is, r1 +-- -+
Tm = k, with vy > -+ > r,,). Let I(P) be the ideal in O,,_14 generated
by the k£ —m elements z; — z;41 forry +---4+rj_1 +1 <i <ry+---+1r; for
j =1,...,m. Define the ideal I}(f, P) = Ix(f) + I(P) and the k-multiple
point space of f with respect to the partition P as D*(f,P) = V(Ix(f,P)).

Definition 2.4 We define a generic point of D*(f,P) as a point
(Ty 215y 21y ey Zmy e e oy Zm)s

(z; iterated r; times, and z; # z; if i # j) such that the local algebra of f
at (z,z;) is isomorphic to C[t]/(¢"), and such that

f(xvzl) = :f(xvzm)'

If f is stable, then D*(f,P) is equal to the Zariski closure of its generic
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points (see [9]). Moreover, we have the following corollary, which extends
Theorem 2.2 to the multiple point spaces with respect to the partitions.

Corollary 2.5 ([9, 2.15]) If f is finitely determined (resp. stable), then
for each partition P = (r1,...,7mm) of k satisfyingp—k(p—n+1)+m >0,
the germ of D*(f,P) at {0} is either an ICIS (resp. smooth) of dimension
p—k(p—n+1)+m, or empty. Moreover, those D*(f,P) for P not satisfying
the inequality consist at most of the single point {0}.

Let f : (CP,0) — (CP,0) be a finitely determined map germ of corank
1 and let fs : Us — X be a stabilization of f. For a partition P of k,
we denote by pp the mapping given as the composition of the inclusion
Dk(f,,P) < DF(f), the projection D*(f,) — Us and f,. The following
two results will be useful in the next section.

Remark 2.6 ([8]) Let P = (ai,...,an) be a partition of k, with a; >

ai+1. If y is a generic point of D*(fs,P'), where P’ = (b1,...,b,), with

b; > b1 and P < P’ then #p5' (pp/(y)) is the coefficient of the monomial
b1, b

rtr? L. 20 in the polynomial [Lisi (@ + 23" + 2.

Lemma 2.7 ([7]) Let hy be the k-th complete symmetric function in vari-
ables x1,...,2q, t.e., hy is the sum of all monomials of degree k in the
variables x1,...,xq. Then

where P runs through the set of all ordered partitions of k.

The next step is to observe that the kth-multiple point space D¥(f) is
invariant under the action of the kth symmetric group Sk.

Definition 2.8 Let M be a Q-vector space upon which Sy acts. Then the
alternating part of M, denoted by Alti M, is defined to be

Al M :={m € M : o(m) = sign(o)m, for all o € Si}.

Given a topological space X on which Sy acts, the alternating Euler char-
acteristic is
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XHX) = S (~1) dimg Alty (H, (X, Q)).

i

The following theorem of Goryunov-Mond in [3] allows us to compute
the image Milnor number of f by means of a spectral sequence associated
to the multiple point spaces.

Theorem 2.9 ([3, 2.6]) Let f : (C",0) — (C"*1,0) be a corank 1 map
germ and fs a stabilisation of f, for s # 0 and X, the image of fs. Then,

n+1

n(Xs,Q) = @Altk n—k+1(DF(£5), Q).

Note that since X, has the homotopy type of a wedge of n-spheres,
the image Milnor number of f is the rank of H, (X, Q). If we consider
H,(Xs,Q) as a Q-vector space,

Mf(f) = dlm@ Hn(XS7Q)'

So, by Theorem 2.9, the image Milnor number is

n+1

pi(f) =" dimg Altg(Hy, 41 (D*(f5), Q).

k=2

By [5, Corollary 2.8], we can compute the alternating Euler characteristic
of D*(f,) as follows: for each partition P = (r1,...,7,), we set

sign(P)
Hi a;livi’

where a; := #{j : r; =i} and sign(P) is the number (—1)*=2: % Then,

B(P) =

alt Dk Z /8 Dk fsa ))

IPI=k

Moreover, by Theorem 2.2 and Corollary 2.5, D*(f,) (resp. D*(fs,P))
is a Milnor fibre of the ICIS D*(f) (resp. D*(f,P)), and hence it has the

homotopy type of a wedge of spheres of real dimension dim D*(f) = n—k+1
(resp. dim D¥(f,P)). Thus,
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dimg Alty(H_gs1(D¥(f5), Q) = (=1)" FH1y @ (DE( £,)),
and
X(D*(f5, P)) = 1+ (~1)8m D EP) (D (1, P)).

This gives the following version of Marar’s formula [8] in terms of the Milnor
numbers of the multiple point spaces:

n+1
pi(f) = 3" (~)" L ST BP) (1 + (1) P IRy (DE(£,PY)), (4)
k=2 |P|=k

where the coefficients 3(P) = 0 when the sets D*(f,P) are empty, for
k=2,....n+ 1.

3. Lé-Greuel type formula

Let f: (C",0) — (C"1,0) be a corank 1 finitely determined map germ.
Let p : C"™' — C be a generic linear projection such that H = p~1(0) is
a generic hyperplane through the origin in C"*!. We can choose linear
coordinates in C"*! such that p(y1,...,¥ns1) = y1. Then, we choose the
coordinates in C” in such a way that f is written in the form

f(:l}l,...,l'n_l,z) = (ZL‘l,...,I'n_l,hl(l‘l,...,l’n_l,z),hg(fﬂl,...,l’n_l,Z)),

for some holomorphic functions hy, he. We see f as a 1-parameter unfolding
of the map germ g : (C*~1,0) — (C™,0) given by

9(562,. . 'axn—laz)

- ($2a “e 7xn71)h1(07$25 o 7xnflaz))h2(07$25 CIEIR 75["7171)2))'

We say that g is the transverse slice of f with respect to the generic hyper-
plane H. If f has image (X,0) in (C"*1,0), then the image of g in (C",0)
is isomorphic to (X N H,0).

We take f a stabilisation of f and denote by X the image of f, (see [11]
for the definition of stabilisation). Since f has corank 1, X has a natural
Whitney stratification given by the stable types of fs. In fact, the strata
are the submanifolds
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ME(fs,P) i= €*(D*(fs, P)°) \ *FH(D*TL( ),

where D*(f,,P)? is the set of generic points of D*(f,, P), €¥ : Crtk—1
C™*! is the map (w,21,...,2k) + fs(x,21) and P runs through all the
partitions of k with & = 2,...,n 4+ 1. We can choose the generic linear
projection p : C"*! — C in such a way that the restriction to each stratum
MP¥(fs,P) is a Morse function. In other words, such that the restriction
plx, + Xs — C is a Morse function on each stratum (this is one of the
condition of be a stratifed Morse function in the sense of [2]). We will
denote by #3(p|x,) the number of critical points on all the strata of Xj.
Our first result in this section is for the case of a plane curve.

Theorem 3.1 Let f : (C,0) — (C2,0) be an injective map germ. Let
p: C? = C be a generic linear projection, then

#2(plx.) = pr(f) + mo(f) — 1,

where mo(f) is the multiplicity of f.

Proof. After a change of coordinates, we can assume that
f(t) = (tk, Cmtm + Cm+1tm+1 + e ),

where k = mg(f), m > k and ¢, # 0. The stabilisation fs is an immersion
with only transverse double points. So, its image X has only two strata:
M?3(fs,(1,1)) is a O-dimensional stratum composed by the transverse dou-
ble points and M!(fs, (1)) is a 1-dimensional stratum given by the smooth
points of X,. Note that the number of double points of f, is the delta in-
variant of the plane curve, §(X,0), which is equal to p7(f) by [12, Theorem
2.3).

Let p: C?2 — C be a generic linear projection such that p|x, is a Morse
function on each stratum. Then:

#3(plx,) = #M?(fs, (1L, 1) + #E(Plan s, ) = 11 () + #25(0]an s, 00)-

Since f; is a local diffeomorphism on the stratum M!(f;, (1)), the number of
critical points of p|ys1(, (1)) is equal to the number of critical points of po f;
(here the points of M?(f,(1,1)) can be excluded by the genericity of p).
Assume that p(z,y) = Az + By with A # 0. Then p o f, is a Morsification
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of the function
po f(t) = At* + Blept™ + cpart™ 4 -0)
The number of critical points of po f, is equal to pu(po f) = k—1 = mo(f)—1,
which proves our formula. O
Next, we state and prove the formula for the case n > 1.

Theorem 3.2 Let f : (C*,0) — (C""1,0) be a corank 1 finitely de-
termined map germ with n > 1. Let p : C"*!1 — C be a generic linear
projection which defines a transverse slice g : (C"~1,0) — (C™,0). Then,

#X(plx,) = pr(f) + pi(g)-

Proof. By Marar’s formula (4):

n+1

ui(f) + nr(g) = D (=1 N P (1 + (1) Am P P (DR (£, P)))

k=2 |P|=k

n

+3° (=) ST BP)(L+ (~1) AP @R (DR (g, P)))

k=2 |P|=k

Note that if dim D¥(f,P) > 0, then dim D*(f,P) = 1 + dim D*(g,P).
Moreover, if dim D*(f, P) = 0, then D*(g,P) = (). So, we can separate the
formula into two parts, the first one for partitions with dim D¥(f,P) = 0,
the second one for partitions with dim D¥(f,P) > 0. Thus,

n+1
pi(f) +pr(g) =D (=)™t 3" B(P)(L+ u(DF(f,P)))
s D 170
+ i(_l)nﬂ-k—l Z
k=2 |P|=k

dim D®(f,P)>0
x B(P)(~1) 3D P (u(D*(f,P)) + u(D*(g, P)))

If dim D*(f,P) = 0, the Milnor number of D*(f,P) is
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u(DE(f, P)) = deg(D*(f,P)) — 1,

where deg is the degree of the map germ that defines the 0-dimensional ICIS
D*(f,P). Note that we can see deg(D*(f,P)) as the number of critical

points of p|pr (s, p)-
We choose the coordinates such that p(yi,...,yn+1) = y1. We denote
by p: C"t*=1 — C the projection onto the first coordinate. Then:
D*(g,P) = D*(f,P) Np~*(0).
By the Lé-Greuel formula for ICIS [4], [6],
p(D*(f,P)) + 1(D*(9,P)) = #5(Bl (1. 7))
It is easy to check that (—1)9m 2" (Ngign(P)(—1)dmP*(£:P) = 1 for any

partition P. Thus, we get:

n+1 .
MGETOED DY W
k=2 |P|=k

where v(P) =[], ali®.

Let P be a partition of k, if |P’| = k and P’ > P then any critical point
of p|pr (s, pry is a critical point of p|pr (s, p). This implies

#X(Plpr (s, p)) = Z (P, P #E(Bl ks, pry0),

1=k
P>P
where «(P,P’) is defined by
-1
(PP = TPE (pr (y))

#0p: (ppr ()

for a generic point y in D¥(f,,P’). We can see a(P,P’) as the number of
times that a generic point of D¥(f,,P’) appears repeated in D*(f,,P). By
Remark 2.6 and Lemma 2.7,
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n+1
#X(Plpr(s,,p))
)+t = 3 3 PG
k=2 |P|=k v(P

ey a(P, P’ i
=> > > W#E(plpk(fsmf))

n+1 ~
_ #0p ?/)) #5 (Dl pr(4.,p1)0)
kz:; |7>'z|£k |7;k #P;fl (pr ()
PP

n+1

_ #25 (Pl r(s,,71)0)
;;m, = #op (o (y))

n+1

=3 Y #20lurrp):

k=2 |P'|=k

which is nothing but the number of critical points of p|x.. ([

4. Examples

In this section, we give some examples to illustrate the formulas of
theorems 3.1 and 3.2.

Example 4.1 (The singular plane curve Eg) Let f(2) = (22,2%) be the
singular plane curve Eg, let fs(2) = (23 +s2, 2 +(5/4)s2?%) be a stabilisation
of f, for s # 0.

Let M2(fs,(1,1)) be the 0-dimensional stratum of X,. It is composed
by three points, they correspond to three double transversal points. Let
M(f, (1)) be the 1-dimensional stratum. If we compose f, with p(z,u) = z
there are two critical points in a neighbourhood of the origin, so # >_ Plx, =

N e

Figure 1. The curve Egs and its stabilisation for s < 0.
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7
.
¥

Figure 2. Critical points in X.

Now, since the multiplicity of f, mo(f) = 3 and the image Milnor
number of f is u;(f) = 3, ur(f) + mo(f) — 1 = 5 as predicted by the
formula.

When n > 1, we proceed in the following way: Let f : (C",0) —
(C™*1)0) be a corank 1 finitely determined map germ written as

f(a:,z) = (xahl(xvz)vha(xaz))? HAES (Cn_lv zeC.

Let fs be a stabilisation of f. The image of fs is denoted by X;. First, we
calculate the number of critical points of the restriction of p to Xj, for the
generic linear projection p(y1,...,yn+1) = y1. We separate the image set X
in strata of different dimensions given by stable types, which correspond to
the sets M*(f,,P). The n-dimensional stratum, M*(fs, (1)), is composed
of the regular part of fs. So, the restriction p|ysi(y,) has not critical points.

The (n — 1)-dimensional stratum is composed of M?(f,, (1,1)). To cal-
culate the critical points, we will work with the inverse image by €2, that
is, D?(fs,(1,1)) = D?*(fs). The double point space D?(fs) is a subset of
C™*! but we take a projection of D?(fs) in the first n variables. So, we
denote by D(fs) the projection of double point space in C™. The double
point space D(fs) is a hypersurface in C" given by the resultant of Py and
Qs with respect to zo, where Py = (hq s(x, 22) — h1 s(x, 21))/(22 — 21) and
Qs = (ha,s(x,22) — ho s(x, 21))/(22 — 21). This gives the defining equation
of D(fs), denoted by As(z,z) = 0.

To calculate the critical points of the set D( fs) we take the linear projec-
tion p(x1,...,on—1,2) = x1. Note that the hypersuface D(f;) also contains
the critical points of the other k-dimensional strata, with kK < n — 1. Then,
it will be sufficient to compute critical points here, in order to have all the
critical points. We have that (z1,...,2,-1,2) is a critical point of Ploe if
As(x,z) =0 and J(As,p)(x, z) = 0, where J(As,p) is the Jacobian determi-
nant of A and p.
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If a critical point of p D) corresponds to a m-multiple point, then
we will have m critical points in D(fs) for one in the image of fs. Thus,
once the critical points of each type are obtained, we have to divide by the
multiplicity of the point. In this way, we obtain the number of critical points
of p in the image of f;.

On the other hand, we compute separately the image Milnor numbers
of f and ¢ in order to check the formulas.

Example 4.2 (The germ Fy in C3) Let f(x,2) = (w,22,2° + 232) be the
germ Fy. Let fo(x,2) = (z, 22, 2° + 1823 + (23 — 5xs — s)z) be a stabilisation
of f, for s # 0. By [10], f is a 1-parameter unfolding of the plane curve Ay,
g(2) = (22, 2%) and in fact, g is the transverse slice of f.

-

Figure 3. The germ F4 and its stabilisation for s > 0.

Let M3(fs,(1,1,1)) U M?(fs,(2)) be the 0-dimensional strata of Xj.
In our case, there are not triple points and there are three cross caps in
M?(fs,(2)).

Let M?(fs,(1,1)) be the 1-dimensional stratum of X,. As we said, let
D2(f,) be the double point curve in C3 and by projecting in the first two
coordinates, we have the double point curve in C2, denoted by D(f).

We compute the resultant of P, and Qs respect to zo, where Ps and Q)
are the divided differences. The double point curve of f, in C? is the plane
curve

As(2,2) = —s5 — Bsw + 2® + sw2? + 2%,

The critical points of the restriction p|p(fs) are given by As(xo,20) = 0 and
J(As,D) (o, z0) = 0, where p(z, z) = x.

Nine critical points are obtained. Three of these points are cusps in
gxz,s which correspond to the three cross caps of fs;. Then, the other six
critical points in pj NP correspond to three tacnodes in g, s which are
represented in the double point curve when a vertical line is tangent at two
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=l

e R

Figure 4. Cusps and tacnodes in the double point curve.

points of D(fs). So, each two of these critical points in A; correspond to
one tacnode of g, s in M?(fs,(1,1)). Note that in the Fig. 4 there are only
two tacnodes, that is because the other is a complex tacnode.

Finally, in the 2-dimensional stratum M?!(f,, (1)) there are not critical
points. So, the number of critical points in X is #Xp|x, = 6, three cusps,
three tacnodes and zero triple points. Then, #Xp|x. = C + J + T where
C,J,T are the numbers of cusps, tacnodes and triple points respectively of
9u.s- By [10], ur(f) = C + J +T — 6(g). Since g is a plane curve, we have
that pr(g) = d(g) (see [12]). So,

#Xplx, =C+J+T = pr(f) + pr(g)-

Acknowledgements The authors thank D. Mond for many valuable com-
ments and suggestions.

References

[1] Ferndndez de Bobadilla J., Nuno-Ballesteros J. J. and Penafort-Sanchis
G., A Jacobian module for disentanglements and applications to Mond’s
conjecture, arXiv:1604.02422, 2016.

[2] Goresky M. and MacPherson R., Stratified Morse theory, Ergebnisse der
Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Re-
lated Areas (3)], vol. 14, Springer-Verlag, Berlin, 1988, MR 932724.

[3] Goryunov V. and Mond D., Vanishing cohomology of singularities of map-
pings. Compositio Mathematica, 89 (1993), 45-80.

[4] Greuel G. M., Der Gauss-Manin-zusammenhang isolierter singularititen
von vollstandigen durchschnitten. Math. Ann., 214 (1975), 235-266.

[5] Kirk N. and Houston K., On the classification and geometry of corank 1



[10]

[11]

[12]

[13]

A Lé-Greuel type formula for the image Milnor number 59

map-germs from three-space to four-space, Singularity Theory: Proceed-
ings of the European Singularities Conference, August 1996, Liverpool and
Dedicated to CTC Wall on the Occasion of His 60th Birthday, vol.263,
Cambridge University Press, 1999, p. 325.

Lé D. T., Computation of the Milnor number of an isolated singularity
of a complete intersection. Funkcional. Anal. i Prilozen., 8 (1974), 45-49
(Russian).

Macdonald I., Symmetric functions and hall polynomials, Oxford university
press, 1998.

Marar W. L., The Euler characteristic of the disentanglement of the image
of a corank 1 map germ, Singularity Theory and its Applications, Lecture
Notes in Math., Springer, 1991, 212-220.

Marar W. L. and Mond D., Multiple point schemes for corank 1 maps. J.
London Math. Soc. (2), 39 (1989), 553-567.

Marar W. L. and Nufio-Ballesteros J. J., Slicing corank 1 map germs from
C? to C®. Q. J. Math., 65 (2014), 1375-1395.

Mond D., Vanishing cycles for analytic maps, Singularity theory and its ap-
plications, Part T (Coventry, 1988/1989), Lecture Notes in Math., vol. 1462,
Springer, Berlin, 1991, pp. 221-234.

Mond D., Looking at bent wires—A.-codimension and the vanishing topol-
ogy of parametrized curve singularities. Math. Proc. Cambridge Philos.
Soc., 117 (1995), 213-222.

Nuno-Ballesteros J. J. and Penafort-Sanchis G., Multiple point spaces of
finite holomorphic maps. Q. J. Math. 68 (2017), 369-390.

J. J. NUNO-BALLESTEROS

Departament de Matematiques

Universitat de Valencia

Campus de Burjassot, 46100 Burjassot, Spain
E-mail: Juan.Nuno@uv.es

I. PALLARES-TORRES
Basque Center for Applied Mathematics
Alameda de Mazarredo 14, 48009 Bilbao, Bizkaia, Spain

E-mail: irpato@alumni.uv.es



