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PART I.

A set is called a partially-ordered sys$tem$ , when within elements
a relation $x\geqq y$ is determined, satisfying the following axioms:

’

(A) $x\geqq x$ for each qlement $x,$ $(B)x\geqq y$ and $y\geqq x$ yield $y=x$ , (C)
if $x\geqq y,$ $y\geqq z$ , then $x\geqq z$ . If $x\neq y$ and $x\geqq y$ , then the relation
is denoted by $\prime r_{\nu}>y$ . By a least (greatest) element of a subset $X$

of a partially ordered system is meant an element $a\in X$
, such that

for all $x\in X$ the relation $a\leqq x(x\leqq a)$ holds. If there exists the
least element in the set of all the elements $u$ with $u\geqq x,$ $u\geqq y$ , it
is uniquely determined and is called the join $x\cdot y$ of $x$ and $y$ . If
further there exists the. greatest element in $th\circ$. set of all the ele-
ments $v$ with $v\leqq x,$ $v\leqq y$ , it is also uniquely detcrmined and is
called the meet $x\cap y$ of $x$ and $y$ . By a lattiee is meant a partially

. ordered system, in which any two elements have always their
join and meet. We can then verify easily th($\grave,$ following identities
$x$ $x=x\cap x=x,$ $x\cap y=y\cap x,$ $x\cdot y=y\cdot ir,$ $ x\cap(y\cap z)=(X\cap$

$y)\cap Z$ $x\cdot(y\cdot z)=(x\cdot y)\cdot z$ , $x_{\cap}(x\cdot y)=x,$ $x\cdot(x\cap y)=x$ . Con-
versely, a set, in which two kinds of operations $x\cdot y,$ $x\cap y$ are
so $determined_{r}$ that the above identities hold, becomes partially
ordered, if we define $x\geqq y$ to mean $x\cap y=y$. If the greatest
element (least element) of a lattice $L$ exists, then it is denoted with
$I(O)$ . The lattice, whose elements are in a finite number, shall be
called finite. A finite lattice has evidently $I$ and $O$ . If the modular
identity $x\cdot(y\cap z)=(x\cdot y)\cap z$ holds for $x\leqq z$ , then the lattice is
called modular. The quotient $\frac{b}{a}$ or $[a, b]$ is the $sublattice^{\Phi}of$ all

the elements $x$ between $a$ and $b$ , such that $a\leqq x\leqq b$ . In a modular
lattice the $quo,tient\frac{u\cdot v}{u}$ is lattice-isomorphic with the quotient
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$L$ are said to be independent, if $(x_{1^{\cup}}x_{1}\cdots\cdot\cdot x_{i-1}\cdot x_{i+1}\cdots\cdot\cdot x_{\lambda})_{\cap}x_{\grave{l}}$

$=0,$ $i=1,2,$ $\cdots\lambda$ , hold. $\cdot\cdot$

Lmma 1. $IJ^{\alpha}(x\cdot y)\cap z\leqq x$ in a modular lattice, then $(x\cdot z)\cap y$

$=x_{\cap}y$ .
$Pr$ . $x=\{(x\cdot y)_{\cap}z\}\cdot x=(x\cdot y)\cdot(z\cdot x)=\{(x\cdot z)\cap y\}\cdot x$ ,

$x\cap y=[\{(x\cdot z)\leftrightarrow y\}\cdot x]\cap y=\{(x\cdot z)\cap y\}\cdot(x\cap y)=(x\cup z)_{\cap}y$ .
Lemma 2. If $(x_{1}\cdot x_{2}\cdot\cdots x_{i-1})\leftrightarrow x_{i}=0,$ $ i\approx 2,3\cdots\lambda$ , in a

modular lattice, then $x_{1},$ $x_{2},$ $\cdots x_{\lambda}$ are independent.
$Pr$ . By induction on $\lambda$ . $PutX_{i}^{\prime}=x_{1}\cup x_{2}\cdots\cdot x_{i-1}\cdot x_{i+1}\cdots\cdot x_{\lambda-1}$ ,

$i=1,2,$ $\cdots\lambda-1,$ $X_{i}=x_{\lambda}\cdot X_{i}^{\prime},$ $X_{\lambda}=x_{1}\cdot x_{2^{\cup}}\cdots\cdot x_{\lambda-1}$ , then $X_{i\cap}^{\prime}x_{i}$

$=0$ by the induction-hypothesis and $X_{i\cap}x_{i}=(X_{i}^{\prime}\cdot x_{\lambda})\cap x_{i}=X_{i\cap}^{\prime}x_{i}$

,

$=0,$ $i=1,2,$ $\cdots\lambda-1,$ $X_{\lambda\cap}x_{\lambda}=0$ by lemma I, since $(X_{i}^{\prime}\cdot x_{i})\cap x_{\lambda}=0$ .
Corollary. If $x_{1}$ , $x_{2},$ $\cdots x_{\lambda}$ are independent in a modular lattice,

then, putting $X_{i}\subset x_{1\iota}$$x_{2}\cdots\cdot\cdot x_{i-1}\cup x_{i+1}\cdots\cdot x_{\lambda}$ , holds $ X_{1\cap}X_{2\cap}\cdots$

$\cap X_{\lambda}=0$ .
$Pr$ . It suffices to prove $X_{1}\cap\dot{X}_{2\cap}\cdots\cap X_{i}=x_{i+1}\cdot x_{i+2}\cdots\cdot\cdot x_{\lambda}$ ;

by induction.on $i$ . e
The case $i=1$ is evident. From $ X_{1\cap}X_{2\cap}\cdots$

$\cap X_{s}=x_{s+1}\cdot r_{\epsilon+2}\cdots\cdot\cdot x_{\lambda}$ follows $ X_{1}\leftrightarrow X_{2}\cap\cdot$ $J$ . $\leftrightarrow X\cap X_{s+1}=(x_{s+1}\cdot$

$x_{s+2}\cup\cdots\cdot x_{\lambda})_{\cap}X_{s+1}=(x_{s+2^{\cup}}\cdots\cdot x_{\lambda})\cdot(x_{\epsilon+1\cap}X_{s+1})=x_{s+2}\cdots\cdot\cdot x_{\lambda}$ .
$q$ . $e$ . $d$ .

Any three elements $x,$ $y,$ $z$ of a modular lattice are said to be
distributive, if the relation $x\cdot(y\cap z)=(x\cdot y)\cap(x\cdot z)$ holds.

$\bullet$

Theorem 1. The distributivity relation is symmetr’ic and dual,
$i$ . $e$ . $\iota fx,$ $y,$ $z$ are distributive, then we have

$x\cdot(y\cap z)=(x\cdot y)\cap(x\cdot z)\cdots\cdots\cdots\cdots\cdot\cdot(1)$

$y\cdot(z\cap x)=(y\cdot z)\cap(y\cdot x)\cdots\cdots\cdots\cdots\cdot\cdot(2)$

$z\cdot(x\leftrightarrow y)=(z\cdot x)\cap(z\cdot y)\cdots\cdots\cdots\cdots\cdot\cdot(3)$

’and the three corresponding dual relations (4), (5), (6). $i$

$Pr$ . From modular identity and (I) we have $(y\cap z)\cdot\langle y\cap x)$

$=\{x\cdot(y\cap z)\}_{\cap}y=(x\cdot y)\cap(x\cdot z)_{\cap}y=y_{\cap}(z\cdot x)$ , that is (5), and
$(z\cdot x)\cap(z\cdot y)=z\cdot\{y_{\cap}(z\cdot x)\}=z\cdot(y\cap z)\cdot(y\cap x)=z\cdot(x\cap y)$ , that
is (3). Similarly we obtain (4), (2) from (3) and (6) from (2).

Corollary. If $x\geqq y$, then $x,$ $y,$ $z$ are distributive for any $z$ .
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If an element $a$ of a modular lattice $L$ is distributiye with any
two elemen$ts$ in $L$ , then $a$ is called neutral. The elements $I$ and
$0$ in $L$ is evidently neutral, $preci\varphi ly$ improper neutral. . 0ther
neutral elements are said to be proper neutral.

Theorem 2. Every element of $\Psi$ chain is neutral. Generally,.
if there exis$ts$ only one element with a given (fimension in a modular
lattice of finite dimension, then it is neutral.

$Pr$ . SuPpose $x$ is the unique element of dimension $\lambda$ and $y$ an
arbitrary element. If Dim $ y>\lambda$ then the quoteint $\underline{y}$ contains at

$O$

least an element of dimension $\lambda$ , i.e. the element $x$ . If Dim $ y<\lambda$ ,

then the quotient $\underline{I}$ contains at least an $ei_{ement}$ of dimension
$y$

$\lambda-Dimy$ . Since its dimension equals to $\lambda$ in. $L$ , it is nothing else
than the element $x$ . Hence $x$ is neutral by the corollary $ t\sigma$

theorem I.
$Su^{-}ppose$. that a lattice $L$ have the elements $I$ and $0$ . If for an

element $a$ in $L$ an element $a^{\prime}$ exists, such that $\dot{a}\cdot a^{\prime}=I,$ $a\cap a^{\prime}=0$ ,
then $a$ is called complemented and $a^{\prime}$ its complement.

Theorem 3. $Ij$ an element $a$ of a modular lattice $L$ is comple-
mented and neutral, then the eomplement $a^{\prime}\dot{r}s$ also neutral and.for

$\bullet$ every element $x$ of $L$ holds the identity $x=(a\cap x)\cdot(a^{\prime}\leftrightarrow x)$ . Conversely,
if an element $a$ is complemented and the above identity holds for
every element $x$ , then a $\dot{?}S$ neutral.

$Pr$ . The neutrality of the element $a$ yields

$(a\cap x)\cdot(a^{\prime}\cap x)=\{a\cdot(c\gamma^{\prime}\cap x)\}\cap\{x\cdot(a^{f}\cap x)\}=\{a\cdot(a^{\prime}\cap x)\}\cap X$

$=(a\cdot a^{\prime})\cap(a\cdot x)\cap x=x$ .
Conversely $x=(a\cap x)\cdot(a^{\prime}\cap x)$ and $y=(a\cap y)\cup(a^{\prime}\leftrightarrow y)$ yield $a\cap tx\cdot y$)
$=\{(a\cap x)\cdot(a\cap y)\cup(a‘\cap x)\cdot(a^{\prime}\cap y)\}\cap a=(a\cap x)\cdot(a\cap y)\cdot[\{(a^{\prime}\cap x)$.
$(a^{r_{\cap}}y)\}\cap a]=(a\cap x)\cdot(a\cap y)$ , whence the neutrality ef the elemen $t$

pt follows. But- $a$ is the complement of $a$
‘ and the identity is

symmetric with respect to $a,$
$a^{\prime}$ . Therefore $a^{\prime}$ is also neutral.

Theorem 4. If $a$ is a complemented neutral element of a modular
lattice $L$ and $a^{\prime}$ its complement, then every element of $L$ is uniquely

$rep\gamma esen_{\wedge}table$ as the join of two elements from the quotients $\frac{a}{O}$ and $\frac{\prime a^{\prime}}{O}$
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respectively. Conversely. $iJ$ every element of a modular lattice $L$ is
representable as the join of elements from two sublattices $L_{1},$ $L$ ,
which have only $0$ as its common element, then cm have $I=e_{1}\cdot e_{l}$ ,
$O=e_{1\cap}e_{2}$ , where $e_{1},$ $e_{2}$ are the greatest elements of $L_{1},$ $L_{2}$ respectively,
and moreover every dement $x$ from $L$ is uniquely representable as
$x=(e_{1}\cap x)\cdot(e_{2}\cap x),$ $e_{1},$ $.e_{2}$ being neutral.

$Pr$ . In order to prove the converse statement, let $f_{1}$ be the
greatest element in $L_{1}$ , then $f_{1}=f_{1}\cap(e_{1}\cdot e_{2})=e_{1}\cdot(e_{2\cap}f_{1})=e_{1}$ .
Similarly the greatest element in $\overline{L}_{2}$ is identical with $q$ . From

$S$ $x=x_{1}\cdot x_{2}$ with $x_{i}\epsilon L_{i}follows/x\cap e_{1}=(x_{1}\cdot x_{f})\cap e_{1}\approx x_{1}\cdot(x_{2\cap}e_{1})=x_{1}$

and $x\cap e_{2}=xz$

Theorem 5. If in a modular latt,ice $L$ the relation $I=e_{1}\cdot e_{2}$.
. . .

$e_{\lambda}$ holds with independent neutral elements $e_{i},$ $i=1,2,$ $\cdots\lambda$ ,
then every element $x$ of $L$ , is reprensentable as $x=(x\cap e_{1})\cdot(x\cap e_{2})$.
4 $\cdot\cdot\cdot(X\cap e_{\lambda})$ .

$Pr$ . By induction on $\lambda$ .
Corollary and definition. In the above theorem, the quotient

$\frac{e_{i}}{O}\dot{r}s$ a sublattice of $L$ (also an ideal in $L$) and shall be denoted by

$L_{i}$ . Every element $x$ of $L$ is uniquely representable as the join of
.elements $x_{i}=x\cap e_{i}$ from $L_{i}$ . Then the lattice $L$ is said to be a $d\dot{u}\cdot ect$

union of latt,ices $L_{i}$ , $i=1,2,$ $\cdots\lambda,$ $x_{i}$ being the $L_{i}$-component of $x$ .
$Pr$ . If $x=x_{1}\cdot x_{2}\cdots\cdot\cdot x_{\lambda},$ $x_{i}\in L_{i}$ , then $ x\cap e_{i}=x_{i}\cdot\{(x_{1}\cdot x_{g}\cdot$

. . . $x_{i- 1}\cdot x_{i+1}\cdots\cdot\cdot x_{\lambda}$) $\cap e_{i}$} $=x_{i}$ , since ($ x_{1}\cup x_{2}\cdots\cdot\cdot x_{i-1}\cdot x_{i+1}\cdot$ ! $\cdot$ .
$x_{\lambda})\cap e_{i}\leqq(e_{1}\cdot e_{2}\cdots\cdot\cup e_{i-1}\cdot e_{i+1^{\cup}}\cdots\cdot e_{\lambda})\cap e_{i}=0$ .

Theorem 6. If $L$ is the direcb union of $L_{i}$ and $x_{i}$ , $y_{i}$ the $L_{i^{-}}$

components of $x,$ $y$ respectively, then $L_{i}$-components of $x\cdot y$ and $x\cap y$

are $x_{i}\cdot y_{i}$ and $x_{i}\cap y_{i}$ respectw$ely$ .
$Pr$ . $(x\cdot y)\cap e_{i}=(x\cap e_{i})\cdot(y\cap e_{i})=x_{i}\cdot y_{i}$ .

$(x\cap y)\cap e_{i}=(x\cap e_{i})\cap(y\cap e_{i})=x_{i\cap}y_{i}$ .

A lattice, in which every element is complemented and neutral,

is called Boolean algebra.

Theorem 7. The set of all complemented neutral elements in a
modular lattice $L$ is a sublattice of $L$ and is a Boolean algebra,

which is caued the center of L.
$-$
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$Pr$ . Suppose $a_{1},$ $a_{2}$ are complemented and neutral in $L$ . Then
we have

$(a_{1}\cdot a_{2}\cdot x)\cap(a_{1}\cdot a_{2}\cdot y)=a_{1}\cdot\{(a_{2}\cdot x)\cap(a_{2}\cdot y\lambda\}$

$=a_{1}\cdot\{a_{2^{\cup}}(x\cap y)\}=(a_{1}\cdot\alpha_{2})\cdot(x\cap y)$ .$J$

$-(a_{1}\cdot a_{2})\cdot(a_{1}^{f}\cap a_{2}^{\prime})=a_{1}\cdot\{(a_{\alpha}\cdot a_{1}^{\prime})\cap(a_{z})\}=a_{1}\cup a_{2}\cdot a_{1}^{\prime}=I$,

$c$
$(a_{I}\cdot a_{2})\cap(a_{1}^{\prime}\leftrightarrow a_{2}^{\prime})=\{(a_{1\cap a_{1}^{\prime})\cdot(a_{2}\cap a_{1}^{f})\}_{\cap a^{\prime}=a_{2\cap}a^{\prime}\cap}a_{2}^{\prime}=}zl0$ .

$Therefor\dot{e}a_{1}\cdot a_{2}$ is complemented neutral and similarly for $a_{1\cap}a_{2r}$ 1
if dually considered. $q$ . $e$ . $d$ .

If the cente $r$ of $L$ consists of only $I$ and $0$ , then $L$ cannot be
a direct union of two sublattices and is called indecomposable.

Theorem 8. If a modular lattice $L$ is the direct union of sub-
lattices $L_{i},$ $i=1,2,$ $\cdot\cdots\lambda$ , then the center $C$ of $L$ is the direct union
of the centers Ci $oj^{\iota}L_{i}$ .

$Pr$ . For $a\in C_{i}^{\prime}$ we have $a=a\cap e_{i}$ and for ’arbitrary $x,$ $y$ in $L$

$\ell a_{\cap}(x\cdot y)=a\cap e_{i}\cap \mathfrak{t}x\cdot y)=a_{\cap}(x_{i}\cdot y_{i})=(a_{\cap}x_{i})_{\cap}(a\cap y_{i})=(a\cap x)$.
$(a\cap y)$ . From $a\cdot a^{\prime}=e_{i},$ $a\cap a^{\prime}=O$ follows $ a\cup(a^{\prime}\cdot e_{1}\cdots\cdot\cdot e_{i-1}\cdot$

$e_{i+1}\cdot,\cdots\cdot e_{\lambda})=I$ and $a\cap(a^{f}\cup e_{1}\cdots\cdot\cdot e_{i-1}\cdot e_{i+1}\cdots\cdot\cup e_{\lambda})=a_{\cap}e_{i\cap}$

$(a^{r_{\cup}}e_{1}\cup\cdots e_{i- 1}\cdot.e_{i+1}\cdots\cdot e_{\lambda})=a\cap[a^{\prime}\cdot\{(e_{1}\cdots\cdot\cdot e_{i-1}\cdot e_{i\star 1}\cdots\cdot e_{\lambda})_{\cap}e_{i}\}\rceil$

$=a\cap a‘=O$ . Hence $a$ belongs to $C$ and $C_{i}\subseteqq C$. Further, if $x$ is
$\rightarrow$

an element in $C$ , then $(x\cap e_{i})\cdot(x^{\prime}\cap e_{i})=(x\cdot x^{\prime})\cap e_{i}=e_{i},$ $(x\cap e_{i})\wedge$

$(x^{\prime}\cap e_{i})=0$ and therefore $x\cap e_{i}\in C_{i}$ . Now it follows from $x=$
$(x\cdot e_{1})\cdots\cdot\lrcorner(x\cap e_{\lambda})$ , that $x$ belongs to the direct $\cdot$ union of $C_{i}$ . q.e.d.

Theorem 9. If $L\dot{?}B$ the direct union of sublattices $L^{(i)},$ $i=1$ ,
2, $\cdot$ . $m$ , each $L^{(i)}$ being the $dir^{\vee}ect_{-}$ union of $L_{J}^{(i\rangle},$ $j=1,2,$ $\cdots i_{i}$ , then
$L$ is the direct union of all $L_{J}^{(i)}$ , $i=1,2$ . $\cdots m;i=1,2,$ $\cdots\lambda_{i}$ .

$Pr$ . Let $I=e^{(1)}\cdot e^{(2)}\cdots\cdot\cdot e^{(m)},$ $e^{\langle i)}\in L^{(i)}$ , and $e^{(i)}=e_{1}^{(i)}\cdot e_{2}^{(i)}$.
. . . $e_{\lambda_{i}}^{\{i)},$ $e_{j}^{(i)}\in L_{j}^{(i)}$ . It suffices to prove that $e_{J}^{(i)}$ are independent.
This can be easily proved by lemma 1.

Theorem 10. If the dimension of the center $C$ of a modular $\cdot$

lattiee $Lis.\hslash nite$ and equals to $n$ , then C’consists of $2^{n}$ elements and
$L$ is the $d?rect$ union of $n$ indecomposable sublattices.

$Pr$ . By induction on $n$ . In case $n=1$ evident. If $n>1$ , let
[ $=e_{1}\cup e_{2},$ $e_{1}\cap e_{2}=O,$ $e_{i}$ being proper neutral. Then $L=L_{1}+b,$ $5$

$C\approx C_{1}+C_{2}$ , where the climensions $n_{1}$ , $n_{2}$ of $C_{1}$ , $C_{2}$ are smaller than $n$
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$\backslash $

with $n=n_{1}+n_{2}$ , since $\frac{I}{e_{1}}\simeq\frac{e_{1}\cdot e_{2}}{e_{1}}’\simeq\frac{e_{2}}{O}$ . Then $C_{i}$ consists of $2^{n_{i}}$

elements by induction-hypothesis. Therefore $C$ consists of $2^{n_{1}}\cdot 2^{n_{2}}=2^{n}-$

elements, and is the direct union of $n$ indecompesable sublattices,
since $C_{i}$ is the direc $t$ union of $n_{i}$ indecomposable sublattices. q.e. $d$ .

An element $x$ of a lattice $L$ is said to be reducible, if $x=y\cdot z$ ,
$x>y,$ $x>z$ . If this is not the case, tben we shall say $x$ irreducible. $\cdot$

For example every element from a chain’ is irreducible. Every
element from a lattice of finite dimension can be represented as the
join of irreducible elements. The independent irreducible elements
$x_{i}$ with $x=x_{1}\cdot x_{2}\cdots\cdot\cdot x_{\nu}$ are called a basis of the element $x$ . If
the center $C$ of a modular lattice consists of $2^{n}$ elements, then
$I=e_{1}\cdot e_{2}\cdots\cdot\cdot e_{n}$ uniquely with $irreducible$, elements $e_{i}$ from $C$ and
every element from $C$ is the join of some $e_{i}$ . Hence it follows

Theorem 11. Any modular lattice of finite dimension is uniquely
representable as the direct join of indecomposable sublattices.

Theorem 12. Every element of the center of a modular lattice
has an uwique complement. Conversely an element of a $c^{1}omplemented$

modular lattice belongs to the eenter, $\iota f\sim ts$ complement is unique.
$Pr$ . Suppose $x^{\prime},$

$x^{\prime\prime}$ are complements of an element $x$ in the
center. Then $I=x\cdot x^{f},$ $x^{\prime\prime}=(x^{\prime\prime}\cap x)\cdot(x^{\prime\prime}\cap x^{\prime})=x^{\prime\prime}\cap X^{\prime}$ , whence

ノ
$x^{\prime\prime}\leqq x^{\prime}$ . Similarly we obtain $x^{f}\leqq x^{\prime\prime}$ and therefore $x^{\prime}=x^{\prime\prime}$ . Next
let $a$

‘ be the unique complement of an element $a$ , and $u$ be an
arbitrary element, which is independent with $a$ . . Them $u,$ $a,$ $(u\cdot a)$ ‘

are independent and consequently $u\cdot(u\cdot a)^{\prime}=a^{\prime}$ , whence $u\leqq a^{\prime}$ .
Since $(a\cap x)^{\prime}\cap x$ is independent with $a$ , where $x$ is arbitrary, so we
have $(a\cap x)^{\prime}\cap x\leqq a^{\prime}$ . Now we infer

$x=(a\cap x)\cup\{(a\cap x)^{\prime}\cap x\}\leq(a\cap x)\cdot(a^{\prime}\cap x)\leqq x$

Hence a-is neutral by theorem 3. $q$ . $q$. $d$ .
The converse statement in the above theorem does not hold for

arbitrary modular lattices. For example, we consider the lattice of
seven elements $O,$ $u_{1},$ $u_{2},$ $v_{1},$ $v_{2},$ $v_{3},$

$I$, where $u_{1}\cdot u_{2}=v_{1},$ $u_{1\cap}u_{2}=O$ ,
$v_{1}\cup v_{8}=v_{1}\cup v_{3}=v_{2}\cdot v_{3}=I,$ $v_{1\cap}v_{2}=v_{1\cap}v_{3}=v_{1}\leftrightarrow v_{3}=u_{2},$ $u_{1}\cdot v_{2}$

$=u_{1}\cdot v_{3}\wedge=I,$ $u_{1\cap}v_{2}=u_{1\cap}v_{3}=O$ . This is modulads $and\alpha$ the element
$v_{2}$ has its unique complement, but $ho\dot{w}$ever not neutral, since
$(v_{2\cap}v_{8})\cdot(u_{1^{\cap}}v_{3})=u_{2}\neq v_{8}$ .
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Theorem 13. $C$ being the center of a modular lattice $\prime L$, th$e$ set
W Of all elements $(b\cap c)\cdot a$ , where $c\in C$ and $a\leqq b,\dot{?}S$ a sublattice of
the center of the quotient $\frac{b}{a}$

$Pr$ . First we prove, that $W$ is a sublattice of $L$ .
$\{(b_{\cap C_{1}})\cup a\}\cdot\{(b_{\cap}c_{2})\cup a\}=(b_{\cap}c_{1})\cdot(b_{\cap}c_{2})\cup a=\{b_{\cap}(c_{1}\cdot\phi\}\cdot a$ .
$\{(b_{\cap C_{1}})\cdot a\}\cap\{(b_{\cap}t_{2})\cdot a\}=b_{\cap}(c_{1}\cdot a)\cap(c_{2}\cdot a)$

$=b_{\cap}\{(c_{1}\sim c_{2})\cdot a\}=\{b_{\cap}(c_{1\cap}c_{2})\}\cup a$ .
Since we have further

$\{(b_{\cap}c)\cdot a\}\cdot\{(b\cap c^{\prime})\cdot a\}=b$ , $\{(b_{\cap}c)\cdot a\}\cap\{(b_{\cap}c^{\prime})\cdot.a\}=a$ ,

every element $(b\cap c)\cdot$ $a$ is complemented in $\frac{b}{a}$ . From $a\leqq x\leqq b$ ,
$x=(c\cap x)\cdot(c^{\prime}\cap x)$ follows

$[x\cap\{(b\cap c)\cdot a\}]\cdot[x\cap\{(b\cap c^{\prime})\cdot a\}]=\{(x\cap c)\cdot a\}\cdot\{(x\cap c^{\prime})\cdot a\}=x$ .
Hence $(b\cap c)\cdot a$ is neutral in the quotient $\frac{b}{a}$ by theorem 3. .

Theorem 14. If a -mdular lattiee $L$ is a clirect union $oJ^{\wedge}L_{i}$ ,
$i=1,2,$ $\cdots n$ , then a quotiont $\frac{b}{a}$ of $L$ is isomorphic with a direct
union of quotients in $L_{i}$ .

$Pr$ . Suppose $I=e_{1}\cdot e_{2}\cdots\cdot\cdot e_{n}$ and $L_{i^{t}}\simeq\frac{e_{i}}{O}$ . We infer the

independence of $(b\cap e_{i})\cdot a$ in $\frac{b}{a}$ from the independence of $e_{i}$ in $L$ ,

as follows

$\{(b\cap e_{i})\cdot a\}\cap[\{(b\cap e_{1})\cdot a\}\cdots\cdot\{(b\cap e_{i-1})\cdot a\}\cdot\{(b\cap e_{i+1})\cdot a\}\cdots]$

$=[b\cap\{e_{i}\cap(e_{1}\cdots\cdot e_{i-1}\cdot e_{i+1}\cdots)\}]\cap a=a$ .
Now we have; for $a\leqq x\leqq b,$ $x=a\cdot\sum(\dot{e}_{i}\cap x)=\sum[\{(b\cap e_{i})\cdot a\}\cap x]$

and the quotient $\frac{b}{a}$ becomes the direct union of $\underline{(b\cap e_{i})\cdot a}$

$a$

$i=1,2,$ $\cdots n$ , which are isomorphic with.the quotients $\underline{b\cap e_{i}}$ re-
$spectively^{\langle 1)]}$

$-$ $a\cap e_{i}$

(1) The sign $\sum A_{i}$ means the join of all elements $A_{i},$ $i=1,2,$ $\ldots$ .
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PART 2

Definition. A modular lattice, whose quotients are always chains
$or$ sublattices with no proper neutral element, is called primary.
For instance, chains, indecomposable complemented modular lattices
of finite dimension (projective geometries) and continuous. geometries
are all primary. Since the inversion of the order within elements
has no influence upoh the neutrality of an element, so we have ,

Theorem 15. A lattice, which is dually isomorphic $u’ ith$ a given
primary lattice, is primary. Every quotient of a primary lattice is
also primary.

Definition. A lattice, which is a direct union of a flnite number
of primary lattices, is called semi-primary. In particular a comple-
mented modular lattice of finite dimension is semi-primary.

Theorem 16. A lattice, which is dually isomorphic with a given
$I$

semi-primary lattice, zs semi-pri,mary. Any $arbq,t\gamma ary$ quotient of a
semi-primary lattice is also semi-primary.

$Pr$ . Let $\overline{L}$ be dually isomorphic with a given semi-primary
lattice $L$ and denote the corresponding element in $\overline{L}$ of an eleInent
$x$ in $L$ with $\overline{x}$ . If $I=e_{1}\cdot e_{2}\cdots\cdot\cdot e_{n}$ , where $e_{i}$ irreducible elements
from the center of $L$ , then, putting $ E_{i}=e_{1}\cdot e_{2}\cdots\cdot\cdot e_{i-1}..e_{i+1}\cdots$ .

$e_{n}$ , we have $\overline{I}=\overline{E}_{i}\cap(\overline{E}_{1}\cdots\cdot\overline{E}_{i-1}\cdot\overline{E}_{i+1}\cdots\cdot\cdot\overline{E}_{n})$ and $\overline{E}_{1}\cdot\overline{E}_{2}$.
$\overline{E}_{n}=\overline{O}$ , since $I=E_{i}\cdot(E_{1}\cap\cdots E_{i-1}\cap E_{i+1}\cdots\cap E_{n})$ and $ E_{1}\cap E_{2}\cap$

$\cap E_{n}=O$ hold. Hence $\overline{E}_{i},$ $i=1,2$ , $\cdot$ . . $n$ , are independent and

neutral. The quotient $\frac{\overline{E}_{i}}{\overline{I}}$ is now dually isomorphic with $\frac{I}{E_{i}}\mathfrak{l}\simeq\frac{e_{i}}{O}\lrcorner$

whence it follows that $\overline{L}$ is a direct union of primary lattices

$\frac{\overline{E}_{i}}{\overline{I}}$ The proof cf the second part of this theorem is immediate in

virtue of theorem 14. $q$ . $e$ . $d$ .
As regards theorem 13 we can sharpen this as follows.

Theorem 17. The center $W$ of the quotient $\frac{b}{a}$ of a semi-primary

laltice $L?S$ the set of all elements $(b\cap c)\cdot a$ with elements $c$ from $tKe$

center. $C$ of L. In particular, $\iota fc$ irreducible in $C$ , then $(b\cap c)\cdot a$

$’\dot{\kappa}$ irreducible in $W$ .
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$Pr$ . It suffices to prove, that every element $d$ in $W$ is repre-
sentable as $(b\cap c)$ $a$ with $c\in C^{\cdot}$. Let $ I=e_{1}\cdot e_{2}\cdot\cdots$ $e_{n}$ with
irreducible $element|se_{i}$ in $C$ , then we have $d=\sum\{a\cdot(e_{i}\cap d)\}$ .
Since $a\cdot(e_{i}\cap d)=t^{1}\{(b\cap e_{i})\cdot a\}\cap d$

belongs to $W$ , and since $\frac{b}{a}$ is ti

direct union of primary lattices $\frac{(b\cap e_{i})\cdot a}{a}$ by theorem 14, so the

element $a\cdot(e_{i}\cap d)$ is neutral in $\frac{(b\cap e_{i})\cdot a}{a}$ and henceforth $ a\cdot(e_{i}\cap d\rangle$

$=a$ or $a\cdot(e_{i}\cap d)=(b\cap e_{i})\cdot a$ . It follows then, that $d$ is the join
of some $a\cdot(e_{i}\cap b)$ , whence $d=a\cdot(E\cap b),$ $E\in C$. That $a\cdot(e_{i}\cap b)$ is
irreducible in $W$ follows from. the ,fact, that th$e$ quotient $\frac{a\cdot(e_{i}\cap b)}{a}$

is primary, if $e_{i}$ is irreducible in $C$.
Definition. If a quotient $\frac{a}{O}$ is a chain, then it is called a

chain in $L$ with $a$ as its summit. If moreover it is not contained
in another chain in $L$ , then it is called a maximal chain in $L$ .

Theorem 18. In a primary lattice $L$ of finite $dimension^{\langle 1)}$ , which
is not a chain, there are at least three elements, which cover the element
$0$ , and the element I covers at least three elements. Further any
element $ d\wedge$ which does not belong to a chain in $L$ , covers ’at least
three elements.

$Pr$ . Suppose there exists only one atom in $L^{\langle 2)}$ . Then it would
become proper neutral by theorem 2, contradictory to the assump-
tion. Next suppose there are two atoms $a,$

$b$ , then the quotient
$\frac{a\cdot b}{O}$ must have another atom $c$ , which is different from both $a,$

$b$ ,

since otherwise the quotient would not be primary. The dual con-
sideration asserts that $I$ covers at least three elements. The last

$d$

part of the theorem
’ is now obvious, sinc $e$ – is $primary_{\backslash }$ and not

$0$

a chain.

Theorem 19. A semi-primary lattice, whose elements are all
neutrat, is a direct join of chains.

(1) Hereafter by primary or semi-primary lattices are meant always only tho\S \Leftrightarrow
of finite dimension.

(2) An element, which covers $O$ , is called an atom.
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$Pr$ . If a primary lattice is not a chain, then by the $preceding^{\vdash}$

theorem there exists $at$ least three atoms, which are not neutral.

Theorem 20. If a modular lattic$eL$ is a direct union of $L_{i}$ ,.
$i--1,2,$ $\cdots n$ , then any chain in $L\dot{r}s$ a chain in some $L_{i}$ .

$Pr$ . it suffices to prove only in the case $n=2$ . Let $I=e_{1}\cdot e_{2r}$

$L_{1}=\frac{e_{1}}{O}$ , $L_{2}=\frac{e_{2}}{O}$ , then the relat\’ion $a=(a\cap e_{1})\cdot(a\cap e_{2})$ holds for

any $c\}_{\{a}:_{\wedge}n\frac{a}{O}$ whence $a\cap e_{1}=a$ or $a\cap e_{2}=a$ . The chain is there-

fore contained in $L_{1}$ or $L_{2}$ .
Theorem 21. An element $a$ in a semi-primary lattice $L$ is

irreducible, if and only if it is the summit of a chain in $L$ .
$Pr$ . That $a$ is irreducible, if $\underline{a}$ is a chain, is evident. Sup-

$O$

pose $\grave{t}hat$

$a$ is irreducible, then $a$ is contained in some Primary
sublattices $L_{i}$ of $L$ , for the relation $a=\sum(a\cap e_{i})$ yields $a\leqq e_{i}$ for
some $i$ . If $\underline{a}$ were not a chain, then it would cover $at$ least $two_{J}$

$O$

elements $b,$ $c$ , such that $a=b\cdot c$ , contrary to the assumption. q.e. $d$ .
Since any element of $a$ lattice of finite dimension is representable

as the join of irreducible elements, so we have

Theorem 22. Any element of a semi-primary lattice $L$ can be
represented as the join of irreducible elements, which

$s*a\gamma e$
summits of

chains in $L$ .
$The\circ r\Psi 23$ . Any element of a complemented modular lattice

$L$ of finite dimension can be represented as the join of independent
atoms in $L$ , that is, any element from $L$ has its basis.

$Pr$ . We will Prove by induction on the dimens\’ion of the given
element $a$ . If, dim $a>1,$ $a$ covers an elemen$tb$ , then $a\infty b\cdot(b^{\prime}\cap a)$ ,
$b\cap(b^{\prime}\cap a)=C$ . In virtue of the dimension-relation $t$he element
$b^{\prime}\cap a$ must be an atom. But $b$ is a join of independent atom,$\neg 3$ by
induction-hypothesis, and these together w\’ith $b^{\prime}\cap a$ make a basis of $a$ .

Lemma 3-. If in a complemented modular lattice $La>b$ and
$\theta$ the atoms $a_{i},$ $i=1,2;\cdots m,$ $b_{j},$ $j=1,2,$ $\cdots n$ are bases of $a,$

$b$

respectw$ely$ , then we have a new basis of $a$ , such that it consists of
whole $b_{j},$ $i=1,2,$ $\cdots n$ , and a part of $a_{i}$ .
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$Pr$ . Let $a_{i_{1}}$ be an atom in $\frac{a}{O}$ which is not contained in $b$

and put $b^{\{1)}=b\cdot a_{i_{1}}$ . Putting $b^{(v+1)}=b^{(\nu)}\cdot a_{i_{\nu+1}}$ successively, such

that the atom $a_{i_{v+1}}$ is not contained in $\frac{b^{\{\nu)}}{O}$ we have dim $b^{\{\nu+1)}=$

dim $b^{(v)}+.1\leqq\dim a,$ whence $\dot{w}e$ conclude $b^{\langle m-n)}=a$ .
Theorem 24. Any modular lattice, whose elements are all re-

presentable as the join of a finite number of atoms, is complemented.
$Pr$ . Let $I=c_{1}\cdot c_{2}\cdots\cdot\cdot c_{m}$ with independent atoms $c_{i}$ and let

$a$ be an arbitrary element with $a=a_{1}\cdot a_{2}\cdots\cdot\cdot a_{n},$ $a_{i}$ being in-
dependent atoms. -Then by the preceding lemma we have $I=a$.
$(c_{i_{1}}\cdot c_{i_{I}}\cdots\cdot c_{\dot{m}-n})$ , where $a\cap(C_{i_{1}}\cdot C_{j_{2}}\cdots\cdot C_{1m-n}^{-)}=O.$ $q$ . $e$ . $d$ .

In theorem 22 we have shown, that every element of a semi-
primary lattice $L$ can be represented as the join of irreducible
elemen$ts$ . We shall call the set of all elements in $L$ , which are
representable as the join of irreducible elements of dimension not
greater than $\bullet\nu$ , th$e$ v-th $der’\dot{b}vat’\dot{w}e$ of $L$ and denote it with $L^{(V)}$ . .
Evidently $L^{(0)}$ has only the element $O$ . If $L^{(h-1)}<L^{(h)}=L$ , then
we shall say, that $L$ has a height $h$ . Th\’e greatest element in $L^{(V)}$

is obviously unique and shall be denoted with $e^{(\nu)}$ .
Theorem 25. The v-th $der\dot{w}$ativ$eL^{(v)}$ of a semi-primary lattice

$L$ is an ideal in $L$ and the dimension of any arbitrary chain in
$\frac{e^{(\nu)}}{O}$ is not greater than $\nu^{1*)}$

$Pr$ . By induction on $\nu$ . First we prove the case $\nu=1$ . For
this purpose we have only to prove, that the meet ofbn element
in $L^{(1)}$ with any element in L. belongs to $L^{(1)}$ . But this verification
can be achieved,. if we show, that no irreducible element $b$ of
$dimensio\dot{n}2$ can be contained in the quotient $\frac{e^{(1)}}{O}$ Le$te^{\langle 1)}=a_{1}$.
$a_{2}\cdots\cdot\cdot a_{t}$ with independent atoms $a_{i}$ , and, suppose $b$ covers the
atom $a_{\epsilon}$ . Then putt\’ing $ A_{s}=a_{1}\cdots\cdot\cdot a_{\epsilon- 1}\cdot a_{\epsilon+1}\cdots$ $a_{l}$ , we have

(x) By an ideal in $L$ is meant a subset $S$ of $L$ , where the join of any two
elements from $S$, and the meet of any element from $S$ with an arbitrary element
$fr_{\wedge}om\prime L$ belong always to $S$. That $L(V)$ is an ideal in $L$, means therefore, $L(\nu)$ is

$e(\nu)$

identical with the $\tilde{q}uotient\overline{O}$
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$e^{(1)}=A_{\epsilon}\cdot b,$ $\frac{e^{(1)}}{A_{s}}’\simeq\frac{b}{O}$ in contradiction with the modularity of $L$ .
If $b$ cove$rs$ none of the atoms $a_{i}$ , but covers the atom $c$ , then there
exists an $A_{S}$ , such that $A_{s}\cap b=O$ , since otherwise $ c\leq A_{1}\cap A_{2}\cap\cdots$

$\cap A_{t}=O$ would follow. We then have $\frac{e^{\langle 1)}}{A_{s}}|\simeq\frac{b}{O}$ , $w$hich is however

not the case. In case $v>1$ , suppose $x$ is an irreducible element

\’in $L$ with dim $x=v+1$ . Then we have $\frac{x\cdot e^{1^{V-1)}}}{e^{(\nu-1)}}\underline{\sim}\frac{x}{x\cap e^{(w-1)}}\bullet$ , where

$\frac{x}{x\cap e^{(\nu-1)}}$ is a chain of dimension 2 by induction-hypothesis. But

the first derivative of the quotient $\frac{I}{e^{(\nu-1)}}$ does nott contain the chain

$\frac{x\cdot e^{(\nu-1)}}{e^{(v-1)}-}$ of dimension 2. Hence $x$ is not contained in $\frac{e^{(\nu)}}{O}$ q.e.d.

The quotients $\frac{e^{(\nu)}}{e^{(\nu-1)}}$ of $L$ are complemented modular lattices by

theorem 24. If in particular $L$ is primary, then they are moreover
indecomposable. We shall call the system $(a^{(1)}, a^{\langle 2)}, \cdots a^{(h)})$ , where
$a^{\langle i)}=(a\cap e^{(i)})\cdot e^{(:-1)}=e^{(i)}\cap(a\cdot e^{(:-1)}),$ $h$ being the height of $L$ , system

of $representa^{J}t\dot{w}$es for an element $a$ , and denote th $e$ dimension-of the

element $a^{(i)}$ in the quotient $\frac{e^{(i)}}{e^{(i-1)}}$ with $\gamma_{i}(a)$ .

Theorem 26. $\sum_{i-1}^{h}\gamma_{i}(a)\approx\dim a$ .
$Pr$ . By adding the both sides of the following ’relations

dim $(a\cap e^{(i)})=\gamma_{i}(a)+di\hat{m}(a\cap e^{(i-1)}),$ $i=1,2,$ $\cdots h$ . $q$ . $e$ . $d$ .
By the invariant of an element $a$ of a semi-primary lattice $L$

is meant the system $(\gamma_{1}(a), \cdots\gamma_{h}(a))$ . $T$he invariant of the element
$I$ is called th\‘e $inva\gamma!^{\wedge}\dot{b}ant$ of $L$ and denoted with $(\gamma_{1}, \gamma_{2} \cdots\gamma_{h})$ .

Theorem 27. If $a\geqq b$ and $a^{(i)}=b^{(i)},$ $i\approx 1,2,$ $\cdots h$ , then $a=b$ .
$Pr$ . The assumption $a^{(h)}=b^{\langle h)}$ yields $a\cdot e^{(h-1)}=b\cdot e^{(h-1)}$ . Now

we will show, that $a\cdot e^{(i-1)}=b\cdot e^{(i-1)}$ follows from $a\cdot e^{(i)}=b\cdot e^{(i)}$ .
Since $\frac{a\cdot e^{(i-1)}}{a^{\langle i)}}=\frac{a\cdot e^{(i-1)}}{(a\cdot e^{(i-1)})\cap e^{(i)}}\simeq\frac{a\cdot e^{(i)}}{e^{(i)}}=\frac{b\cdot e^{(i)}}{e^{\langle i)}}\simeq\frac{b\cdot e^{(i-1)}}{b^{(i)}}$ and

$a\cdot e^{(i-1)}\geqq b\cdot e^{(i-1)}$ , we have $a^{\backslash }\cdot e^{(i-1)}=b\cdot e^{(i-1)}$ and finally $a=b$ .
Definition. A $homomorph^{\prime}1sm$ of a lattice $L$ into a lattice $W$
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is called proper, if it is not an isomorphism and moreover the image
$\mathfrak{s}\nu bas$ at least two elements. A lattice $L$ is called simple, if there
exists no proper homomorph-ism of $L$ .

Theorem 28. Every homomorphism of a complemented modular
lattice $L$ of finite dimension is $equ\dot{w}$alent with the endomorph,ism
$\alpha\rightarrow x\cdot a$ , where $a$ is neutral, and the homomorphic $im$age of $L$ is
then isomorphic vith the quotient $\frac{I}{a}$

$\mu\}$

$Pr$ . Suppose $L$ is homomorphic with a lattice $W$. The set of
antecedents in $L$ of $t$he least element in $W$ is evidently an ideal in
$L$ . Let $a$ be the greatest element in this ideal. Then we can
prove that two elements $x$ and $y$ in $L$ have the same image hi in

$\wedge W$, if and only if $x\cdot a=y\cdot a$ . $x\rightarrow\overline{x},$ $ y-\rightarrow$ af yield namely $(x\cap y)^{\prime}\cap$

$(x\cdot y)\rightarrow\overline{O}$ , whence $(x\cap y)‘\cap(x\cdot y)\leq a$ . In virtue of the relation
$x\cdot y=(x\cap y)\cdot\{(x\cap y)^{\prime}\cap(x\cdot y)\}$ we conclude $x\cdot y\leqq(x\cap y)\cdot a$ and
therefore $x\cdot a=y\cdot a’$ . Since for any arbitrary two elements $x$ and
$y(x\cdot a)\cap(y\cdot a)$ and $x\cap y$ have the same image in $W$, we obtain
$(x\cdot a)\cap(y\cdot a)I=(x\cap y)\cdot a$ . $W$ is therefore isomorphic with the
quotient –, if we make correspond to $\overline{x}$ the element $x\forall a$ .

$a$

Corollary. An indecomposable complemented modular latt’ice of
$\alpha finite$ dimension is simple.

This is however not the case for a chain. We $c$an establish
homomorphisms of a chain of dimens\’ion $n$ into a chain of dimension
$r\leqq n$ in $\frac{(n-1)!}{(r-1)!(n-r)!}$ different ways.

Theorem 29. A primary lattic\‘e $L$ is simple, if it is not a
chain.

$Pr$ . By induction on the height $h$ of $L$ . In case $h=1$ it is
evident by the preceding corollary. In case $h>1,\overline{e^{(i)}},$ $c^{e}’=1,2,$ $\cdots h$ ,
can not be all different for a homomorphism 4 $L$ , unless it is an
isomorphism. Indeed, if $a\rightarrow\overline{a},$ $b\rightarrow\overline{a},$ $a\neq b$ , then either $a\cdot b>a$

$ora\cdot b>b$ . Supposing $a\cdot b>a,$ $(a\cdot b)^{1:)}>a^{(i)}$ holds for some $i$ by

th\‘eorem 27. But $\overline{(a\cdot b)^{(i)}}=\overline{a^{(:)}}$ belongs to the
$\backslash $

quotient $\frac{\overline{e^{(i)}}}{\overline{e^{\langle i-1)}}}$ and

we have $\overline{e^{\langle i\}}}-=\overline{e^{(i-1)},}$ since the quotient $\frac{e^{\langle i)}}{e^{(i-1)}}$ is simple. Now we
k have only to treat the following two cases
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. $r$

(i) $\overline{O}=\overline{e^{(1)}}=\cdots=\overline{e^{(h-1)}}<\overline{e^{(h)}}=\overline{I}$ .

(ii) $\overline{O}<\overline{e^{(1)}}<\cdots<\overline{e^{(h-1)}}=\overline{e^{(h)}}=\overline{I}$ .

For other cases do not occur by the $induction- hypothes^{\prime}1S$ , if we
consider the quotient $\frac{e^{(h-1)}}{O}$ which is not a chain by theorem 18.

In case (i), $x,$ $y$ being arbitrary from $L$ , we have

$(\overline{e^{\{h-1)}\cdot x)\cap(e^{\langle h-1)}\cdot y})=(\overline{0}\cdot\vec{x})\cap(\overline{0}\cdot\overline{y})=\tilde{o}\cdot(\overline{x}\cap\overline{y})=\frac{\iota}{e^{\langle h-1)}\cdot(x\cap y)}$ ,

where $e^{\langle h-1)}\cdot x,$ $e^{(h-1)}\cdot y$ and $e^{(h-1)}\cdot(x\cap y)$ are elements from the
quotient $\frac{I}{e^{(h-1\rangle}}$ Since this quotient is simple by the corollary to

theorem 28 the pre $se$nt homomorphism of $L$ induces an isomorphism
of this quotient. . Hence $(e^{(h-1)}\cdot x)\cap(e^{\langle h-1)}\cdot y)=e^{(h-1)}\cdot(x\cap y)$ holds
and $e^{\langle h-1)}$ is neutral, contrary to the hypothesis, that $L$ is primary.
In case (ii), the homomorphism induces an isomorphism of the

quotient $\frac{e^{\langle h-1)}}{O}$ because $\overline{e^{\langle i)}},$ $i=1,2,$ $\cdots h-1$ , are all different.

Now; $x,$ $y$ being arbitra$ry$ from $L$ , we have

$\overline{(e^{(h\rightarrow 1)}\cap x)\cdot(e^{(h-1)}\cap y})=(\overline{I}\cap\overline{x})\cdot(\overline{I}\cap\overline{y}\rangle=\overline{I}\cap(\overline{x}\cdot\overline{y})=\overline{e^{(h-1)}\cap(x\cdot y)}$

and consequently $(e^{(h-1)}\cap x)\cdot(e^{(h-1)}\cap y)=e^{\langle h-1)}\cap(x\cdot y)$ contrary to
the assumpt\’ion. $q$ . $e$ . $d$ ,

We will show here $an$ example of $a$ modular lattice, which has
no proper neutral element, and which however not simple. Consider
the modular lattice $L$ , which consists of ten elements $O,$ $E_{i}^{\langle 1)},$ $i=1$ ,
2, 3; $E_{j}^{(2)},$ $j=1,2;E_{k}^{(3)},$ $k=1,2,3$ and $I$ such that $E_{1}^{(1)}\cdot E_{2}^{(1)}=E_{2}^{(1)}$

$F_{3}^{(1)}\lrcorner=E_{i;}^{(1)}\cdot E_{1}^{(1)}\overline{7^{-E_{1}^{(2)}}}$ , $E_{1}^{\langle 1)}\rightarrow\cap E_{2}^{\langle 1)}=E_{2}^{\{1)}\cap E_{3}^{(1)}=E_{3}^{(1)}\cap E_{1}^{(1)}=O$ ,
$E_{1}^{\langle 2)}\cdot E_{2}^{(2)}=E_{1}^{(3)},$ $E_{1}^{\langle 2)}\cap E_{2}^{(2)}=E_{3}^{\{1)},$ $E_{1}^{13)}\cdot E_{2}^{t^{o}\cdot)}=L_{2}^{\urcorner(8)}\sqrt{}\cdot\cdot E_{3}^{(3)}=E_{3}^{(3)}\cdot E_{1}^{(3)}$

$=I,$ $E_{1}^{(3)}\cap E_{2}^{(3)}=E_{2}^{\langle 8)}\cap b_{3}^{(3)}\gamma=E_{3}^{(d)}\cap E_{1}^{(3)}=E_{2}^{\langle 2)}$ , and t,he $modu^{\tau}ar$ lattice
$L^{\prime}$ , which consists of eight elements $\overline{O},$ $F_{i}^{(1)},$ $i=1,2,3;F_{j}^{t^{\underline{o}})},$ $j=1$ ,
23 and $\overline{I}$ such that $F_{1}^{(1)}\cdot F_{2}^{(1)}=F_{2}^{(1)}\cdot F_{3}^{(1)}=F_{3}^{(1)}\cdot F_{1}^{(1)}=F_{1}^{\{2)},$ $ F_{1}^{(1)}\cap$

$F_{2}^{\langle 1)}=F_{2}^{\langle 1)}\cap F_{8}^{(1)}=F_{3}^{\langle 1)}\cap F_{1}^{\{1)}=\overline{O},$ $F_{1}^{(2)}\cdot F_{2}^{\langle 2)}=F_{2}^{\langle 2}$ $F_{3}^{\langle 2)}=F_{8}^{(2)}\cdot F_{1}^{(2)}$

$=\overline{I}$ , $F_{1}^{(2)}\cap F_{2}^{\{2\rangle}=F_{2}^{(2)}\cap F_{8}^{\langle 2)}=F_{\theta}^{(2)}\cap F_{1}^{(2)}=F_{3}^{(1)}$ . $L$ is then proper
homomorphic with $L$‘ by the following correspondence:

$E_{i}^{\{1)}\rightarrow F_{i}^{(1)},$ $i=1,2,3,$ $E_{1}^{(2)}\rightarrow F_{1}^{(2)},$ $E_{k}^{\langle 3)}\rightarrow F_{k}^{\langle 2)},$ $k=1,2,3$ .
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Definition. If an element $a$ in a semi-primary lattice $L$ has a
basis $a_{i},$ $i=1,2,$ $\cdots r$ , then we call the number $r$ of the $c$ompo-
nents $a_{i}$ rang of the element $a$ . If further $\nu i$ is the dimension of
$a_{i}$ , where $\nu_{1}\geqq v_{2}\geqq\cdots\geqq v_{f}$ , then we $c$all the system $(v_{1}, v_{2}, \cdots\nu,)$

type of the element $a$ . By basis, rang or type of $L$ is to be meant
$the\vee$ basis, the rang or the type of the $elem_{\#}ent$

$I$ of $L$ respectively.

Lemma 4. If in a semi-primary lattice $r$ irreducible elements
$a_{i},$ $i=1,2,$ $\cdots r$ , are independent, among which $a_{1},$ $a_{2},$ $\cdots a_{r_{\nu}}$ are of
dimensions greater then $\nu-1$ , then $a_{i}\cdot e^{(v-1)},$ $i=1,2,$ $\cdots r_{\nu}$ , are in-
dependent over $e^{(\nu-1)}$ .

$Pr$ . Suppose $a_{i}\cdot e^{(\nu-1)}$ are not independent over $e^{(v-i)}$ , then
$(a_{1}\cdot a_{2}\cdot\backslash \cdots\cdot a_{s}\cdot e^{(\nu-1\rangle})\cap(a_{s+1}\cdot e^{(\nu-1)})>e^{(v-1)}$ for some $s<r_{v}$ and
hence $a_{\epsilon+1}\cap e^{1^{\nu)}}\leqq a_{1}\cdot a_{2}\cdots\cdot\cdot a_{s}\cdot e^{\langle\nu-1)}$ . Putting $ A_{\epsilon}=a_{1}\cdot a_{2}\cdots\cdot$ .
$a_{\epsilon}$ , we have $A_{s}\cdot(a_{\epsilon+1}\cap e^{(v)})\leq A_{s}\cdot e^{\{\nu-1)}$ and

$\frac{A_{s}\cdot(a_{s+1}\cap e^{(\nu)})}{A_{s}}\simeq\frac{a_{s+1}\cap e^{(\nu)}}{O}$ , $\frac{A_{s}\cdot e^{\langle\nu-1)}}{A_{s}}\simeq\frac{\neg e^{(v- 1)}}{A_{s}\cap e^{(\nu-1)}}$ .

The quotient $\frac{A_{\underline{s}}\cdot e^{(v- 1)}}{A_{\epsilon}}$ would then contain a chain of dimension

$v$, which contradicts with theorem 25.
$\iota$

Lemma 5. If $a_{i}$ , $i=1,2,$ $\cdots r_{v}^{\prime}$ are of $dJ\dot{b}mension/greater$ than
$v-1$ among the components of a basis of $L$ and $\lambda\geqq\nu$ , then $ a_{i}^{r}=(a_{i}\cap$

$e^{(\lambda)}$

$e^{1^{\lambda)}})\cdot e^{\langle v-1)},$ $i=1,2,$ : $\cdot\cdot r_{v}$ make a basis of the quotient
$\overline{e^{(v-1)}}$

$Pr$ . Since $a_{i}\cdot e^{\{u-1)}$ are independent over $e^{(V-1)}$ by the preceding
lemma, so $(a_{i}\cap e^{(\nu)})\cdot e^{(\nu-1)}$ are independent atoms in the quotient

. $\frac{e^{\{\nu)}}{e^{(\nu-1)}}$ , whence we have $\gamma_{\nu}=\dim\frac{e^{(\nu)}}{e^{(\nu-1)}}\geqq r_{\nu}$ . On the other hand it

h61ds dimI $=\sum_{v-1}^{h}\cdot r_{\nu}=\sum_{\nu-1}^{h}\gamma_{\nu}$ , whence $\gamma_{\nu}=r_{\nu}$ follows and $(a:\cap e^{(\nu)})\cup$

$e^{t^{v-1)}},$ $i=1,2,$ $\cdots r_{v}$ , become a basis of $\frac{e^{(\nu)}}{e^{(\nu-1)}}$ Next, in order to

prove the case $\lambda>v$, we can assume $v=1$ without loss of generality,

since $a_{i}\cdot e^{(\nu-1)},$ $\prime i=1,2,$ $\cdots r$, , are a basis of $\frac{I}{e^{(\nu-1)}}$ .Putting $ a:\cap e^{(\rangle}\lambda$

$=a_{l}^{1^{\lambda)}},$ $i=1,2,$ $\cdots r$, we now have dim $(a_{1}^{(\lambda)}\cdot a_{\mathfrak{g}}^{(\lambda)}\cdots\cdot\cdot a_{r}^{(\lambda)})=\sum_{:-1}^{\lambda}r$:

in virtue of the independence of $a^{(\lambda)}$ . The relation dim $e^{(\lambda)}=\sum_{\nu-1}^{\lambda}\gamma_{\nu}$
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$=\sum_{i-1}^{\lambda}r_{i}$ yields then $e^{(\lambda)}=a_{1}^{(\lambda)}\cdot a_{2}^{(\grave{\lambda})}\cdots\cdot\cdot a_{r}^{\{\lambda)}$ .

Corollary. If $a_{i},$ $i=1,2,$ $\cdots m$ , are independent and irreducible
in a semi-primary lattice $L$ , then $a_{i}\cap e^{()}vi=1,2,$ $.\cdots m$ , are indepen-
dent and $(a_{1}\cdot a_{2}\cdots\cdot\cdot a_{m})\cap e^{\langle v)}=(a_{1}\cap e^{(\nu)})\cdot(a_{2}\cap e^{\{\nu)})\cdots\cdot\cdot(a_{m}\cap e^{(\nu)})$ .

$Pr$ . Putting $(a_{1}\cdot a_{2}\cdot\cdots\cdot a_{m})\cap e^{(\nu)}=\overline{e}^{(\nu)}$ , it becomes the

greatest element of the $\overline{\nu}$-th derivative of the quotient $\frac{-a_{1}\cdot a_{t}\cdots\cdot a_{m}}{O}$

and $a_{i}\cap e^{\langle\nu)}=a_{i}\cap\overline{e}^{\langle v)}$ . Hence $a_{i}\cap e^{(\nu)}$ are a basis of the quotient $\frac{\overline{e}^{(\nu)}}{O}$

Theorem 30. An element $a$ of a semi-primary lattice $L$ is
supposed to have bases. The number $r_{\nu}$ of the basis-components with

, dimensions greater than $v-1$ and the type of $a$ are then un$c\prime quely$

determined $irrespet?^{\gamma}yc$ of the ehoice of bases.
$Pr$ . In the proof of lemma 4 we have showed $r_{v}=\gamma_{\nu}$ , where

$\gamma_{\nu}$ is clearly irrespective of the choice of bases.

Lemma 6. If a $quo$tient $\frac{g}{k}t$is a chain, then there exists a chain,

$\frac{l}{O}$ , sueh that $g=l\cdot k$ .
$\backslash $

$Pr$ . Let $ g=a_{1}\cdot a_{2}\cdot\cdots$ $a_{\epsilon}$ , where $\mathfrak{R}$ , $i=1,2,$ $\cdots s$ , are

irreducible, and let $\frac{a_{P}\cdot k}{O}$ be with the highest dimension among

the quotients $\frac{a_{i}\cdot k}{O}$ Then we have $a_{i}\cdot k\leqq a_{P}\cdot k,$ $i=1,2,$ $\cdots s$ ,

since otherwise the sublattice $\frac{a_{i}\cdot a_{P}\cdot k}{k}$ of the quotient $\frac{g}{k}$ would

not be a chain. Therefore we have $g=a_{P}\cdot k$ .

Theorem 31. A primary lattice $L’\dot{b}S$ suppsed to have a baszs,
whose components are all of $\cdot$ dimension greater than $\nu$ . Then every
maximal chain in $L$ has a dimension greater than $\nu$ .

$Pr$ . Let $r$ be the rang of $L$ . The case $r=1$ being trivial, we
first consider the case $r=2$ and make its proof by induction on $v$ .

$b$

Given a chain
$\overline{O}$

in $L$ with dimension $\lambda<\nu+1$ , let $a_{1}$ , $a_{2}$ be a

1
basis of $e^{\langle\lambda+1)}$ and let $\frac{d}{O}$ be a maximal chain in $\frac{e^{t^{\lambda)}}}{O}$ which is in-

$\theta$
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$b$

dependent with – . By induction-hypothesis dim $ d=\lambda$ . $\prime I^{7}hen$

$O$

$e^{(\lambda)}=b\cdot d$ , and $\frac{e_{\not\in}^{1^{\lambda})}}{b}\simeq\frac{d}{O}$ is a chain of dimension $\lambda$ , which is con-

tained in the quotient $\frac{e^{1^{\lambda+1)}}}{b}$

$t$

This quotient is however not a chain, since the quotient $\frac{e^{1^{\lambda+1)}}}{e^{1^{\lambda)}}}$

$

is not $a$ chain. Hence there exists an atom $\frac{c}{b}$ in $\frac{e^{1^{\lambda+}0}}{b}$ which is

independent with $e^{(\lambda)}$ over $b$ . We have now by lemma 6 $\cdot c=bf$,

where $f$
’ is a chain, $w|$hich is not contained in $\frac{e^{(}\lambda)}{O}$ Henceforth we

have dim $c=\dim f=\lambda+1$ and $c=f,$ $b<f$. Therefore $\underline{b}$ is not
$O$

maximal. In case $r>2$, we prove by induction on $r$ . Given a
$b$

chain – in $L$ with dimension $\lambda$ , let $a_{i},$ $i=1,2,$ $\cdots r$, be abasis of
$O$

$e^{(\lambda+1\}}$ and put $A=a_{1}\cdot a_{2}\cdots\cdot a_{r-1}$ , where we can assume $b\cap a_{r}=O$

without loss of generality, since otherwi $se$ we can replaco $a_{r}$ by a
new component $a_{r}^{\prime}$ , such that $a_{1}^{\prime}\cup a_{1}=a,.\cup a_{1},$ $a_{r}^{\prime}\cap b=O$ . Since th $e$

relation $\frac{a_{r}\cdot A}{A}=\frac{(b\cdot a_{r})\cdot A}{A}\simeq\frac{b\cdot a_{f}}{(b\cdot a_{r})\cap A}$ holds, and dim $(b\cdot a_{r})$

$=2\lambda+1$ , we have, putting $(b\cdot a_{r})\cap A=d,$ $\frac{d}{O}=\frac{d}{d\cap\alpha_{r}}\simeq\frac{a,..d}{a_{r}}$

$=\frac{a_{r}\cdot b}{a_{r}}\simeq\frac{b}{O}$ . The quotient $\frac{d}{O}$ is-therefore a chain in $\frac{A}{O}$ with

dimension $\lambda$ . Now by induction-hypothesis there exists a chain $\frac{c}{O}$

of dimension $\lambda+1$ in $\frac{A}{O}$ , which contains $d$ and is independent with

$a,.$ . The quotient $\frac{c\cdot a_{r}}{O}$ is primary of type $(\lambda+1, \lambda+1)$ and more-

over contains the chain $\frac{b}{O}$ of dimension $\lambda$ . Therefore $\frac{b}{O}$ is not

maximal.

Theorem 32. Every element of a primary lattice $L$ has a basis.
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$Pr$ . $Since\approx$ every quotient $\frac{a}{O}$ is primary, we need oiily Prove,

$-that$ the element $I$ has a basis. Suppose $L$ is not $a$ chain, we
choose $an$ irreducible element $a_{1}$ of highest dimension in $L$ , and
next an irreducible element $a_{2}$ of highest dimension, which is in-
dependent with $\alpha_{1}$ . Suppose we have thus successively $\nu$ irreducible
elements $a_{i},$ $i=1,2,$ $\cdots\nu$ , suoh that $a_{i}$ is independent with $A_{i-1}$

$=a_{1}\cdot a_{2}\cdots\cdot\cdot a_{i-1}$ and moreover of highest dimension. We will
prove, that, whenever $A,$ $<I$, we can find an irreducible element
$a_{\nu+1}$ , which is independent with $A_{\nu}$ . Since $A_{\nu}<I$, there exists
certainly a chain, which is not contained in $\frac{A_{\nu}}{O}$ We choose among

those a chain $\frac{b_{v+1}}{O}$ such that $A_{v}\cap b_{v+1}=d_{\nu+1}$ is of least dimension.

’Suppose $d_{\nu+1}>O$ and $c_{v+1}$ cover $d_{\nu+1}$ in $\frac{b_{\nu+1}}{O}$ and let $\frac{e_{v+1}}{O}$ be a

maximal chain in $\frac{A_{\nu}}{O}$ which contains $d_{\nu+1}$ . . If $e_{\nu+1}>d_{\nu+1}$ , then

$\frac{e_{\nu+1}\cdot c_{\nu+1}}{O}$ is not a chain and therefore contains an atom $h$ , which

does not belong to $\frac{d_{\nu+1}}{O}$ such that $h\cdot e_{v+1}=c_{\nu+1}\cdot e_{\nu+1}$ . Then we

have $h\cap A_{\nu}=O$ , which contradicts with the assumption. Now
suppose $e_{\nu+1}=d_{\nu+1}$ , then, putting $\mu=\dim e_{\nu+1}=\dim d_{\nu+1}$ , holds
the inequality $\mu<\dim b_{\nu+1}\leqq\dim a_{1}$ . By the way of selec-
tion of the elements $a_{i},$ $i=1$ , 2, $\cdot$ . .

$\nu$ , we have evidently
dim $a_{\nu}\leqq\dim a_{\nu-1}\leqq\cdots\leqq\dim a_{1}$ . The preceding theorem then as-
serts that there exists certainly a place, $w$here $\dim a_{p}>\mu$ and
$\dim a_{p+1}\leqq\mu$ hold. If $(a_{1}\cdot a_{2}\cdots\cdot\cdot a_{p})\cap e_{\nu+1}=O$ , then $(a_{1}\cdot a_{2}\cdots\cdot$

$a_{p})\cap b_{\nu+1}=O$, contrary to the assumption, that $a_{p+1}$ is indeper.dent
with $a_{1}\cdot a_{2}\cdots\cdot\cdot cx_{p}$ and ”moreover of highest dimension. Now let
$k_{\nu+1}=(a_{1}\cdot a_{2}\cdots\cdot\cdot a_{p})\cap e_{\nu+1}>O$ . Then there exists a $ch^{\circ}-$ in $\frac{f_{\nu+1}}{O}$ of

‘

dimension $\mu+1$ in $\frac{a_{1}\cdot a_{2}\cdots\cdot\cdot a}{O}p-$ which contains $k_{v+1}$ . The quo-

tient $\frac{f_{\nu+1}\cdot c_{v+1}}{O}$ being not a chain, contains an atom $\theta$ , which is

.contained neither in $\frac{j_{v+1}^{\backslash }}{O}$ nor in $\frac{c_{\nu+1}}{O}$ Since $f_{\nu+1}\cap c_{\nu+1}=k_{\nu+I}$ , the
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quotient $\frac{f_{\nu+1}\cdot c_{\nu+1}}{k_{\nu+1}}$ has a basis, whose components are both of

dimension $=\mu+1-\dim k_{v+1}$ . Let $\frac{\phi}{k_{\nu+1}}$ be a maximal chain in this.

quotient $w_{-}ith$ dim $\phi\approx\mu+1$ , such tha$ t\phi$ Contains $\theta\cdot k_{\nu+1}$ . Then
$\phi=l\cdot k_{\nu+1}$ , where $l$ is a chain and diml $\leqq_{\mu}+1$ . If diml $=\mu+1$ ,

then $l\geqq k_{\nu+1}$ , whence $ l\geqq\theta$ . The chain $\frac{k_{\nu+1}}{O}$ thpn contains the

atom $\theta$ and henceforth $\frac{f_{\nu+1}}{O}$ contains $\theta$ contrary to the hypothesis,

$th$at $\theta$ is not contained in $\frac{f_{v+1}}{O}$ Therefore d\’im $ l\leqq\mu$ and $l$ is not

contained in $\frac{A_{\nu}}{O}$ , since otherwise we would $havec_{\nu+1}\leqq\backslash .A_{\nu}$ from the

relation $\phi f_{\nu+1}=f_{\nu+1}\cdot a_{\nu+1}=l\cdot f_{\nu+1}$ . On the other hand we have
$d!m(l\cap A_{\nu})=\dim l+\dim A_{\nu}-\dim(l A_{\nu})$ . $l\cdot A_{\nu}=l\cdot f_{\nu+1}\cdot A_{\nu}$

$=c_{\nu+1}\cdot A_{\nu}$ , dim $(c_{v+1}\cdot A_{\nu})=\dim c_{\nu+1}+\dim A_{\nu}$ –dim $(c_{\nu+1}\cap A_{\nu})$ ,
$c_{\nu+1}\cap A_{\nu}=b_{\nu+1}\cap A_{\nu}=d_{v+1}$ , whence dim $(l\cap A,)$

$=\dim l$ –d\’im $c_{\mathcal{V}+1}+\mu=\dim l-1\leqq\mu-1$ , yielding a contradiction
dim $(l\cap A_{\nu})<\dim(b_{\nu+1}\cap A_{v})$ . $q$ . $e$ . $d$ .

Theorem 33. Every ele.ment of a semi-primary lattice has a
basis, its type being uniquely determined irrespective.of the choice of
the bases.

We now fix ‘the order of types of elements in a semi-primary
lattice lexicographically; namely $(\nu_{1}, \nu 2, \cdots)>(\nu_{1}^{\prime}, \nu_{2}^{\prime}, \cdots)$ , if $\nu_{1}=\nu_{1}^{\prime}$

. . $\nu_{\epsilon}=v_{s}^{\prime}$ and $\nu_{\epsilon+1}>\nu_{s+1}^{f}$ .
Theorem 34. If $a\geqq b$ , then holds the relations following: (1)

$7^{\cdot}ang$ of $a\geqq rang$ of $b,$ (2) type of $a\geqq type$ of $b$ , and (3) $m_{v}(a)\cdot\geqq m_{v}(b)$ ,
where $m.(a)$ denotes the number of basis-coynponents with dimensions $\cdot$

$g\gamma eater$ than $\nu-1$ for the element $a$ .
$Pr$ . If we denote with $a^{(i)},$ $i=1,2,$ $\cdots h$ the represqntatives

of the element $a$ , we have $a^{(i)}\geqq b^{(i)}$ and consequently $\gamma_{i}(a)\geqq\gamma_{i}(b).$ .

It follows then $m_{\nu}(a)\geqq m_{\nu}(b)$ by virtue of the relation $r_{\nu}=\gamma_{\nu}$ . $q.e.d.\backslash $

The summit of a maximal chain in $L$ is not always a basis-
$c$omponent of $L$ . For example, consider the lattice of all subgroups
in an abelian group, which is generated by an element $a_{1}$ of order
8 and an element $a_{2}$ of oder 2, where $u\neq a_{1}^{4}$ . Then the cyclic
subgroup $\{a_{1}^{2}a_{2}\}$ is of order 4. This subgroup being the-summit
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of the maximal chain, which contains $\{a_{1}^{2}a_{2}\},$ $\{a_{1}^{\prime}\triangleleft\}$ and $\{e\}$ , can not
become a basis-component of the group. Under what conditions
the summit of $a$ maximal chain becomes a basis-component, shall be
$an$swered in the following.

Theorem 35. The summit of a maximal chain in a semi-
primary lattice $L$ can become a basis-component of $L,$ $xf$ and only if
it $\dot{n}s$ complemented.

Definition. A chain of highest dimension among those chains,
which hav\’e a given atom commonly in possesion, is called absolutely
maximal.

Theorem 36. An element $a$ in a semi-primary lattice $L$ is
complemented, if and only $\iota f$ every absolutely maximal chain in the

quotient
$0$

$\underline{a}$ is always absolutely maximal in $L$ .

$Pr$ . By induction on th $e$ rang $s$ of the quotient $\frac{a}{O}$ . In case

$s=1$ the quotient $\frac{a}{O}$ itself is an absolutely maximal chain in $L$ by

hypothesis. Let $c_{i},$ $i=1,2,$ $\cdots r$ be a basis of $L$ with $\dim c_{i}=v_{i}$ ,
$\nu_{1}\geqq\nu_{2}\geqq\cdots\geqq\nu_{r}$ , and suppose dima $=a$ , $\nu_{t}>a>=^{\nu_{t+1}}’$ , $\nu_{O}=\infty$ .
By theorem 31 we have $(c_{1}\cdot c_{2}\cdots\cdot\cdot c_{t})\cap a=O$ and hence $\underline{a}$ must

$O$

be a chain of highest dimension, which is independent with $c_{1}\cdot c_{2}$.
. . . $c_{t}$ . Then $a=v_{t+1}$ and the element $a$ becomes a component of
a basis together with $c_{i}$ , $c_{2},$ $\ldots c_{t}$ . If conversely $a$ is complemented

and if $\frac{a}{O}$ were not absolutely maximal, such that there exists a chain

$b$

with dim $a<\dim b$ , $a\cap b>O$ , then we have $b\cap a^{\prime}=O$ and
$0$

$\frac{a}{O}=\frac{a\cdot a^{\prime}}{ta}=\frac{b\cdot a^{\prime}}{a}\simeq\frac{b}{O}$ in contradiction. Next suppose $s>1$ and

% , $i=1,2,$ $\cdots s$ are a basis of $\frac{a}{O}$ with dim $ a_{1}\geqq\dim a_{2}\geqq\cdots\geqq$

$\dim a_{s}$ . First we consider the case $\nu_{1}=\dim a_{1}=\dim a_{2}=\cdots=\dim a_{s}$ .
Then $a_{i},$ $i=1,2,$ $\cdots s$ , are all able to become components of a basis
of $ L\wedge$, as in the proof of theorem 32 and therefore complemented.
Next consider the case $v_{1}<\dim a_{1}=d^{\prime}1ma_{2}=\cdots=\dim a_{\iota}$ . Then
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there exists $v_{t}$ , such that $\nu_{t}>\dim a_{1}\geqq\nu_{t+1}$ . Putting $C_{t}=c_{1}\cdot c_{2}$.
. . . $c_{t}$ , we have $a\cap C_{t}=O$ , since otherwise the absolutely maximaI
chain in $\frac{a}{O}$ which contains an atom in $a\cap C_{t}$ would not be absolutely

maximal in $L$ by theorem 31. Hence we have $a_{1}\cap C_{t}=O$ and
necessarily dim $a_{1}=\nu_{t+1}$ . Then $a_{1}$ can become a basis-component of
$L$ togcther with $c_{1}$ , $c_{2},$ $\cdots c_{t}$ . Since fu $r$ther $(c_{1}\cdot c_{l}\cup\cdots\cdot c_{t}\cup a_{1}\cdots$

$a_{i-1})\cap a_{i}=O$ and dim $a_{i}=\nu_{t+1}$ , $i=1,2,$ $\cdots s$ , so $a_{i}$ are all basls-
components of $L$ and therefore $a$ is complemented. Finally consider
the case dim $\alpha_{l}>\dim a_{t+1}=\cdots=\dim a_{s}$ . Putting $a_{1}\cdot a_{2}\cdots\cdot\cdot a_{l}$

$=A_{1}$ , $a_{l+1}\cdots\cdot\cdot a_{s}=A_{2}$ , it follows by the induction-hypothesis,

that every absolutely maximal chain in $\frac{A_{1}}{O}$ or $-A_{2}O$ is always

absolutely maximal in $\underline{a}$ , and consequently absolutely maximal in
$O$

L. $A_{1}$ is therefore complemented in $L$ by the induction-hypothesis
and $L$ has $a$ basis, which contain all $a_{i},$ $i=1,2,$ $\cdots l$ as its com-
ponents. Let it be $b_{i},$ $i=1,2,$ $\cdots r$ with dim $b_{i}=^{a}\nu_{i}$ . Since
$\nu_{1}\geqq\dim a_{l}>\dim a_{s}$ , there exists $\nu_{t}$ such that $\nu_{t}>\dim a_{s}\geqq\nu_{t+1}$ .
Putting $B_{t}=b_{1}\cdot b_{2}\cdots\cdot\cdot b_{t}$ , we’have $B_{t}\cap A_{2}=O$ and dim $a_{s}=v_{t+1}$ .
The elements $\omega_{+1},$ $\cdots,$ $a_{s}$ become then $\vee basis$-components $of*L$ to-
gether with $b_{1},$ $\cdots b_{t}$ . S\’ince $a_{1},$ $a_{2},$ $\cdots a_{l}$ are part of $b_{1},$ $\cdots b_{t}$ , so
$\alpha_{j}$ are all basis-components of $L$ , whence $a$ is complemented.

The converse statement of the last two cases follows immediately
from the fact, that if $a$ is complemented, theIf every basis-com-
ponent $a_{i}$ of $a$ becomes a basis-component of $L$ . In fact the quotient
$\frac{a_{i}}{O}$ will then be $absolute!y$ maximal in $L$

’

according to the converse
statement of the first case.

Corollary. A chain in $L$ can become a basis-component of $L\iota f$

and only $’\iota f$ it is $ absolutely\sim$ maximal in $L$ .
9

Theorem 37. If a complemented element $c$ in a primar’y latt,ice
$L?S$ of rang $r$ , then we can find $r+1$ complements of $c$ , such that
the join of them equals to $e^{\langle h)}$ , where by $h$ is meant the height of the
complements.

$Pr$ . The cases $c=I$ or $c=O$ being trivial, we prove by in-
duction on $r$ . In case $r=1$ , let $c$

‘ be a complement of $c$ and let
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$\overline{o}^{-}d$ be an absolutely maximal
$t$

chain of highest dimension in $\frac{c^{\prime}}{O}$

Further let dim $c=t$ , dim $d=h$ and $d^{\prime}$ be a complement of $d$ in
$\frac{c^{\prime}}{O}$ If $t\geqq h$ , there exists a maximal chain $\frac{c^{\prime\prime}}{O}$ in $\frac{c\cdot d}{O}w$hich

does not contain the atom commonly $wi$th $\frac{c}{O}$ and $\frac{d}{O}$ Then we

have $c\cap c^{\prime\prime}=\Theta,$ $c\cdot c^{\prime\prime}=c\cdot d$ , dim $c^{\prime\prime}=h,$ $c\cap(c^{\prime\prime}\cdot d^{\prime})=O,$ $ c\cdot(c^{\prime\prime}\cdot$

$d^{\prime})=I$. Hence $c^{\prime\prime}\cdot d^{\prime}$ is a $complement|$ of $c$ and $(c^{\prime\prime}\cdot d^{\prime})\cdot c^{f}=(c^{\prime\prime}\cdot$

$d)\cdot d^{f}=\{(c\cdot d)\cap e^{(h)}\}\cdot d\backslash $$‘=(c\cap e^{(h)})\cdot c^{\prime}=e^{\langle h)}$ . If $t<h$ , Iet $g$ be the

element of dimension $h-t$ in $\frac{d}{O}$ There exists a maximal chain

$\underline{c^{\prime\prime}}$

of dimensim $t$ in $\underline{c\cdot d}$

. $w$hich does not possess the atom com-
$g.*$ $g$

$mon_{1}^{1}y$ with $\frac{c\cdot g}{g}$ and $\frac{d}{g}$ We have then $c^{\prime\prime}\cap c=O$ and $\frac{c^{\prime\prime}}{O}$ is a

chain of dimension $h$ in $\frac{c\cdot d}{O}$ For, if $\frac{c_{\ltimes}^{\prime f}}{O}$ were not a chain,

$(c\cdot d)\cap e^{\{1)}$ and $c^{\prime\prime}\cap e^{(1)}$ would be of rang 2 and $c^{\prime\prime}\cap c>O$ . Hence
we obtain $c^{\prime\prime}\cdot c=d\cdot c^{\prime\prime}=c\cdot d$ and conkquently $c^{\prime\prime}\cdot d^{\prime}$ is a com-
plement of $c$ , and c’ $(c^{\prime\prime}\cdot d^{\prime})=I=e^{\langle h)}$ . In case $r>1$ , let $c_{i}$ ,

$i=1,2,$ $\cdots r$ , be $a$ basis of $c$ and let $\frac{b}{O}$ be an absolutely maximal

chain of highest dimension in
$\underline{c^{\prime}}$

, where $c^{\prime}$ is a complement of $c$ ,
$O$

’

and dim $b=h$ . We choose a complement $b_{i}^{f}$ of $c_{i}$ in $\frac{c_{i}\cdot b}{O}$ such

that $b\cdot b_{i}^{\prime}=(c_{i}\cdot b)\cap e^{(h)}$ . Further let $c_{i}^{f},$ $f$ be fcomplements of $c_{i}$ , $b$

in $\frac{c}{O}$ , $\frac{c^{\prime}}{O}$ respectively. Then we have $(b_{i}^{f}f)\cdot c=(b_{i}^{\prime}f)\cdot(c_{i}\cdot c_{i}^{\prime})$

$=(b_{i}^{f}\cdot c_{i})\cdot\zeta f\cdot c_{i}^{\prime})=(c_{i}\cdot b)\cdot[f\cdot c_{i}^{\prime})=c\cdot c^{\prime}=I,$ $(b_{i}^{\prime}f)\cap c=(b_{i}^{f}f)\sim$

$ci=b_{i}^{\prime}\cap c_{i}=O$ . Therefore $b_{i}^{\prime}f,$ $i=1,2,$ $\cdots r$ , are all comPlements.
of $cand|$ we have $c^{\prime}\cdot\sum_{i=1}^{r}(b_{i}^{f}f)=\sum_{i=1}^{r}(b\cdot b_{i}^{\prime}f)=bf\cdot\sum_{i-1}^{f}(c_{i}\cap e^{(h)}$}

$=\sum_{i\Leftarrow 1}^{1}(c_{i}\cdot c^{\prime})\cap e^{\{h)}=e^{\{h)}$ .
Corollary 1. Every complemented element in a $pn\dot{\eta}mary$ lattice,

uhich is different from $0$ and $I$, has at least two complements.

Corollary 2. An etement in a semi-primary lattice, which has
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an unique compleinent, $tS$ neutral and consequently belongs to the
center.

$Pr$ . Let $c$ be such an elememt and $I=e_{1}ve_{2}\cdots\cdot e_{n}\vee.$ , where
$p_{i}$ indepenpent and irreducible in ’the center. Since $c\cap e_{i}$ must have

an unique complement in $\frac{e_{i}}{O}$ we have necessarily $c\cap^{\backslash }e_{i}=e_{i}$ or $0$

and hence $c$ belongs to the center.

-Corollary 3. If $\frac{c}{O}$ is a chain of highest dimension in a primary

lattice $L$ of rang $r$ , then we can choose two of its $c$omplements, such
that their meet is of rang $r-2$ and complemented, and that their
join-equals to $e^{\{h)}$ , where by $h$ is meant the height of the complements.

$Pr$ . Considering the case $t\geqq h$ in the proof of th $e$ above
theorem, we have $(c^{f\prime}\cdot d^{\prime})\cap c^{\prime}=d^{\prime}$ and $d^{f}$ is evidently complemented.

Theorem 38. If $a\cdot b$ and $a\cap b$ are both complemented ‘in a
semi-primary lattice $L$ , then $a$ and $b$ are complemented in $L$ .

$Pr$ . Since $a\cap b$ is complemented $in\sim$ the quotrents $\frac{a}{O}$ and $\frac{b}{O}$

we have from $a=(a\cap b)$ $\overline{a},$ $b=(a\cap b)\cap\overline{b}$ , where $\overline{a}\cap b=O$ ,
$b\cap a=O$ , the relation $a\cdot b=a\cdot b\approx b\cdot\overline{a}$ . Hence $a,$

$b$ are both
complemented in $\frac{a\cdot b}{O}$ and $consequente!y\backslash $ also in $L$ .

Lemma 7. If an element $a$ of a semi-primary lattice can be re-
presented as the join of $m$ irreducible elements, then rang of $a\leqq m$ .

$Pr$ . By induction on $m$ . Suppose $m>1$ and $ a=a_{1}\cdot a_{2}\cdots$ .
$a_{m}$ , where $a_{1}$ is of the highest dimension among the irreducible

elements $a_{i}$ . Since the dimension of any chain in $\frac{a1}{O}$ is not greater

than that of $a_{1}$ , so $a_{1}$ becomes a component of a basis and
$c$onsequently complemented. Putting $ a_{2}\backslash \cdot$ . . . $a_{m}=A$ , we have
$\frac{a}{a_{1}}=\frac{\alpha_{1}\cdot A}{a_{1}}\simeq\frac{A}{A\cap a_{1}}\simeq a_{1}^{f}$ , where $a_{1}^{f}$ is a complement of $a_{1}$ . Since

$A$ is the join of $a_{i}\cdot(A\cap a_{1}),$ $i=2,3,$ $\cdots m$ , where $\frac{a_{i}\cdot(A\cap a_{1})}{- A\cap a_{1}}$ are
chains, so we have $r$ang of $a_{1}^{\prime}\leqq m-1$ by induction-hypothesis.
Hence rang of $a\leqq m$ .

Theorem 39. If $a\geqq b$ , then $m_{\nu}(a)\underline{\geq}m_{V}(\frac{a}{b})$ and type Of $ a\geqq$
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type of $\frac{a}{b}$ In $particu_{;}lar$ , rang of $a\geqq rang$ of $\frac{a}{b}$

$Pr$ . In case $\nu=1$ , let $a_{i},$ $i=1,2,$ $\cdots r$ , be a basis of $a$ . Then

$a=\sum(a_{i}\cdot b)$ and by -the above lemma rang of $\frac{a}{b}\leqq$ rang of $a$ .

Now, denoting with $e^{(i)},$ $E^{(i)}$ the greatest element of the i-th deri-

vative of the quotient $\frac{a}{O}$ $\frac{a}{b}$ respectively, we have the inequality

$m_{\nu}(\frac{a}{b})=rang$ of $\frac{a}{E^{(\nu-1)}}\leqq rang$ of $\frac{a}{b\cdot e^{f^{\nu- 1)}}}\leqq rang$ of $\frac{a}{e^{\langle\nu-1)}}=m_{\nu}(a)$ ,

since $E^{(\nu-1}\triangleright\cdot containsb\cdot e^{(v-1)}$ .

Lcmma 8. A basi$ $a_{i},$ $i=1,2,$ $\cdots 7n$ , of a complemented element
$a$ in a semi-primary lattice $L$ and a basis $a_{i}^{\prime}$ , $i=1,2,$ $\cdots n$ , of its
complement make together a basis of $L$ .

$Pr$ . From lemma 1 and lemma 2 follows the independency of
$a_{i},$

$a_{j}^{\prime}$ .

Lemma 9. If an element $a$ in a semi-primary lattice $L$ is com-

plemented, then $a\cdot e^{(i)}$ are complemented in $\frac{\overline{1}}{e^{\langle i)}}$

$Pr$ . This follows directly from Lemma 4 and lemma 8.

Lemma 10. $Giv$en an element $a$ with the basis $a_{i},$ $i=1,2,$ $\cdots r$

in a semi-primary lattice $L$ and given $ar_{b}$ another element $bwdh$

$\prime b\leqq a$ , rang $b=s<r$ , we can choose $r-s$ components $a_{i_{1}},$ $a_{:_{2}},$ $\cdots a_{i_{r-s}}$

among $a_{i}$ , such that $(a_{i_{1}}\cdot a_{\dot{e}=}\cdots\cdot\cdot a_{t,-s})\cap b=O$ .
$Pr$ . Suppose $b_{i},$ $i=1,2,$ $\cdots s$ , is a basi $s$ of $b$ , then $b^{(1)}=b_{1}^{(1)}$ .

$b_{2}^{(1)}\cdots\cdot\cdot b_{s}^{(1)}$ , where $b_{i}^{(1)}=b_{i}\cap e^{\langle 1)}$ . Since the first derivative $\frac{a^{\langle 1)}}{O}$ of

$a$ is complemented modular, so we have by lemma 3 $a$ new basis $\backslash $

of $a^{(1)}$ , which consists of $b_{i}^{\langle 1)},$ $i=1,2,$ $\cdots s$ and $a_{i_{1}}^{(1)},$ $a_{i_{A}}^{(1)},$ $\cdots,$
$a_{i_{r-}}^{\{1)}$ ,

such that $b\cap(a_{i_{1}}\cdot a_{i_{2}}\cup\cdots\cdot a_{:_{r-\delta}})=C$ .

Theorem 40. If $a\geqq b$ and $b\dot{?}S$ complemented in $\frac{a}{O}$ then

$m_{i}(\frac{a}{b})=m_{i}(a)-m_{i}(b),$ $i=1,2,$ $\cdots h$ .

If $b\dot{r}s$ not complemented in $\frac{a}{O}$ then at least one of the above
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equalities does not hold.
$lPr$ . It suffices to prove in the case $a=I$. Silppose $b$ has a

complement $b^{\prime}$ , then we have by lemma 8 $m_{i}(\frac{I}{b})=m_{i}(b^{j})=m_{i}(I)$

$-m_{i}(b)$ . If $b$ is not complemented, then there exists certainly an
$abso\backslash lutely$ maximal chain $\frac{d}{O}$ in $\frac{b}{O}$ , which is not absolutely maximaI

in $\frac{I}{O}$ by theorem 36. So let $\frac{f}{O}$ be a chain in $\frac{I}{O}$ which contains

the atom in $\frac{b}{O}$ , such that dim$f>\dim d$ . Further we can find a
basis of $b$ , to which $d$ belongs as its component. Suppose $r,$ $s$ are
$the\backslash \sim$ rangs of $I$ and $b$ respectively. In the case $r=s$ , we have
$b\neq I,$ $m_{1}(\frac{I}{b})>0$ , and $m_{1}(I)=m_{1_{c}}(b)$ . In case $\gamma>s$ , we can find

$A=a_{i_{1}}\cdot a_{i_{2}}\cdots\cdot\cdot a_{i,-S}$ , where $a_{i}$ are the basis-components of $\frac{I}{O}f$

such that $b\cap A=O$ by lemma 10. If $d<f$, we have

$(bf)\cap(b\cdot A)=b\cdot\{f\cap(b\cdot A)\}’=b\cdot\{f\cap(d\cdot d^{f}\cdot A)\}$

$=[d\cdot\{(d^{\prime}\cdot A)\cap f\}]\cdot b=d\cdot b=b$ ,

where $d$‘ is $a$ component of $d$ in $\frac{b}{O}$ . $b$. $fand\sim b\cdot A$ are therefore
$\dot{u}ndependent$ over $b$ and consequently we have

$m_{1}(\frac{I}{b})\geqq m_{1}(\frac{bf\cdot A}{b})=m_{1}(\frac{bf}{b})+m_{1}(\frac{b\cdot A}{b})$

$=1+m_{1}(A)>m_{1}(I)-m_{1}(b)$ .

If $d<f$ does not hold, then $\frac{df}{O}$ is not a chain and con-

sequently of rang two by lemma 7. We have then a chain $\underline{h}$ such
$O$

that $d\cdot f=f\cdot h,$ $h\cap f=O$ and dim $h<\dim d$ , whence follows,

putting dimd $=i,$ $e^{(i- 1)}\cdot d<e^{\langle i-1)}\cdot f$. Since $d$ is in
$\overline{O}$

comple-
$b$

mented, so $d\cdot e^{\langle i-1)}$ is complemented in $\frac{b\cdot e^{\{i-1)}}{e^{(i- 1)}}$ by lemma 4 and
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henceforth the chain $\frac{d\cdot e^{(i-1)}}{e^{\langle 2-1)}}$ i,g absolutely maximal in $\frac{b\cdot e^{(i- 1)}}{e^{(:-1)}}$ but

not in $\frac{I}{e^{(i-1)}}$ , whence follows

$m_{1}(\frac{I}{b\cdot e^{(:-1)}})>m_{1}(\frac{I}{e^{(\mathfrak{i}-1)}})-m_{1}(\frac{b\cdot e^{(:-1)}}{e^{(i-1)}})$ .

Considering the relation. $\dim\frac{I}{b\cdot e^{\langle i-1)}}=d^{o}1m\frac{I}{e^{(i-1)}}-\dim\frac{b\cdot e^{(1-1)}}{e^{(i-1)}}$ , it

then holds for some $j$ the relation

$m_{j}(\frac{I}{b\cdot e^{(:-1)}})<m_{j}(\frac{I}{e^{(:-1)}})-m_{j(\frac{b\cdot e^{(i-1)}}{e^{(i-1)}}):}=m_{i+j- 1}(I)-m\dashv j-1(b)$ .

Since further, for the $i-1$-th derivative $E^{\langle i-1)}$ of $\frac{I}{b}$ the relation
$b\cdot e^{\langle i-1)}\leqq E^{(i-1)}holds_{\wedge}$ so we have

$m_{i+j_{\sim 1}}(\frac{I}{b})=m_{j}(\frac{I}{E^{\{:-1)}})\leqq m_{j}(\frac{I}{b\cdot e^{(i-1)}})<m_{i_{t}j- 1}(I)-m_{i+j-1}(b)$ .

PART 3

Definition. Two elements $a$ and $b$ in a modular lattice are
called quasi-perspective, if there exists an element $c$ , which is called
the axis, such that $a\cap c=O$ and $a\cdot c=b\cdot c$ . If furthermore
$b\cap c=O$ , then $a$ and $b$ are called perspective with respect to the axis
$c$ and denoted with the symbol $a\sim b$ .

Theorem 41. If $a$ and $b$ are quasi-perspective, then $\frac{a}{O}\alpha nd\frac{b}{b\cap c}$

are isomorphic by the $C0^{\prime}t’ respondenceu-\rightarrow v$ with $0\leqq u\leq a,$ $b\cap c\leqq v$

$=b\cap(u\cdot c)\leqq b$ , where $u$ and $v$ are also $q\iota/\vee asi- perspect\dot{w}e$ with respect
to the $ax\dot{?}sc$ .

$Pr$ . $v\cdot c=(b\cdot c)\cap(u\cdot c)=(a\cdot cj\cap(u\cdot c)=u\cdot c,$ $u\cap c=a\cap c$

$=0$ , whence the quasi-perspectivity of $u$ and $v$ with the axis $c$

follows. We see from $th^{\alpha}$. relation $(v\cdot c)\cap a=(u\cdot c)\cap\alpha=u\cdot(c\cap a)$

$=u$ that the correspondence $u\rightarrow v=b.\cap(u\cdot c)$ is one-to-one. It
remains to prove that this induces moreover an isomorphism. From
$u_{1}\rightarrow v_{1}=(u_{1}\cdot c)\cap b,$ $u_{2}\rightarrow v_{2}=(u_{2}\cdot c)\cap b$ , we obta\’in

$v_{1}\cdot v_{2}=\{(u_{1}\cdot c)\cap b\}\cdot\{(u_{2}\cdot c)\cap b\}\leq(u_{1}\cdot u_{2}\cdot c)\cap b$ .
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$u_{1}\cdot u_{2}=\{(v_{1}\cdot c)\cap a\}\cdot\{(v_{2}\cdot c)\cap a\}\leqq(v_{1}\cdot v_{2}\cdot c)\cap a$ ,

$(u_{1}\cdot u_{2}\cdot c)\cap b\leqq(v_{1}\cdot v_{2}\cdot c)\cap b=v_{1}ov_{2}$ ,

which yields $v_{1}\cup v_{2}=(u_{1}\cdot u_{2}\cdot c)\cap b$ . Further we have

$v_{1}\cap v_{2}=\{(u_{1}\cdot c)\cap b\}\cap\{(u_{2}\cdot c)\cap b\}\geqq\{(u_{1}\cap u_{2})\cdot c\}\cap b$ ,

$u_{1}\cap u_{2}=\{(v_{1}\cdot c)\cap a\}\cap\{(v_{2}\cdot c)\cap a\}\geqq\{(v_{1}\cap v_{2})\cdot c\}\cap a$ ,

$(u_{1}\cap u_{2})\cdot c\geqq(v_{1}\cap v_{2})\cdot c$ , which yields $ v_{1}\cap v_{2}=\{(u_{1}\cap u_{2})\cdot c\}\cap b\sim$ . q.e.d.
We can choose the axis of quasi-perspectivity in such a manner,

that it is contain.ed in the quotient $\frac{a\cdot b}{O}$ Put $c^{f}=c\cap(a\vee b)$ . Then

we have $a\cdot c^{\prime}=(a\cdot c)\cap(a\cdot b)=a\cdot b,$ $b\cdot c^{\prime}=(b\cdot c)\cap(a\cdot b)=a\cdot b$ ,
$a\cap c=a\cap c=O,$ $b\cap c^{\prime}=b\cap c$ , whence the quasi-perspectivity of $a$

and $b$ with respect to the axis $c^{\prime}$ follows. Since $(u\cdot c^{f})\cap b=\{(u\cdot c)$

$\cap(a\cdot b)\}\cap b=(u\cdot c)\cap b$ holds, this change of the axis exerts no
influence upon the correspondence.

Theorem 42. If $a$ and $b$ are perspectw$e$ with the axis $c$ , then
$a\cap e^{(i)}$ and $b\cap e^{\langle i)}$ are perspective with the axis $c\cap e^{\langle i)}$ by the corre-
spondence $u\cap e^{\langle i)}\rightarrow v\cap e^{(i)}\backslash $

’ where $0\leqq u\leqq a,$ $0\leqq v\leqq b$ , and $v=(u\cdot c)\cap b$ .
$Pr$ . From $a\cdot c=b\cdot c$ and $a\cap c=b\cap c=O$ we have by the

corollary to lemma 4, the following relations

$(a\cap e^{\langle i)})\cdot(c\cap e^{(i)})=(a\cdot c)\cap e^{\langle i)}=(b\cdot c)\cap e^{(i)}=(b\cap e^{(i)})\cdot(c\cap^{\backslash }e^{(i)})$ ,

$(a\cap e^{(i)})\cap(c\cap e^{(i)})=O$ , $(b\cap e^{(i)})\cap(c\cap e^{(i)})=O$ . $c$

Further from $v=(u\cdot c)\cap b$ we obtain

$v\cap e^{(i)}=(u\cdot c)\cap e^{(i)}\cap b=\{(u\cap e^{(i)})\cdot(c\cap e^{\langle i)})\}\cap(b\cap e^{(i)})$ .
Theorem 43. Two irreducible elements $e_{1},$ $e_{2}$ of the same dimen.

sion in a primary lattice $a\gamma e$ perspectiv$e$ .
$Pr$ Suppose $e_{1}\neq e_{2}$ and dim $e_{I}=\dim e_{2}$ . The quotient $\frac{e_{1}\cdot e_{2}}{O}$

being not $a$ chain, there exists certainly an element $\backslash e_{3}$ , such that
$e_{1}\cdot e_{2}=e_{1}^{-}\cdot e_{3},$ $e_{1}\cap e_{3}=O$ . For the case $e_{1}\cap e_{2}=O$ we may take for
$\ell_{3}$ the summit of $a$ . maximal chain in $\frac{e_{J}\cdot e_{2}}{O}$ $w$hich contains neither

the atom in $\underline{e_{1}}$ nor the atom in $\underline{e_{2}}$ . Then $e_{1}\cdot e_{2}=e_{1}\cdot e_{3}=e_{2}\cdot\overline{e}_{8}$ ,
$O$

.
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$e_{1}\cap e_{3}=e_{2}\cap e_{3}=O$ , proving‘ $e_{1}\sim e_{2}$ . For thc case $e_{1}\cap e_{l}>O$ ,

$e_{2}\cap e_{8}=O$ follows from $e_{1}\cap e_{3}=O$ , whence we have $e_{1}\cdot e_{2}=e_{2}\cdot e_{a^{\prime}}$

and consequently $e_{1}\sim e_{2}$ .

Theorem 44. If in a primary $l\alpha tt\tau.ce$ two quotients $\frac{a}{a\cap d}$ and

$\theta\frac{b}{d}$ are isomorphic, and $xf(a\cap b)\cdot d$ is complemented in $\frac{I}{d}$ then a

and $b$ are quasi-perspective in $\frac{I}{a\cap d}$

2

,

$Pr$ . Put $a\cdot d=a^{\prime},$ $a^{\prime}\cap b=(d\cdot a)\cap b=d\cdot(a\cap b)=d$ ‘ and let

$c_{i},$ $i=1,2,$ $\cdots s$ , be a basis of $\frac{d^{\prime}}{d}$ Since by hypothesis $d^{\prime}$ is com-

plemented in $\frac{a^{\prime}}{d}$ , we can $find-$ a basis of $\frac{a^{\prime}}{d}$ , such that it consists

of Cof, $i=1,2,$ $\cdots s$ and $e_{j},$ $j=1,2,$ $\cdots m$ . Since $d^{\prime}$ is also comple-

mented in $\frac{b}{d}$ , and since by hypothesis $\frac{b}{d}$ is isomorphic with $\frac{a^{\prime}}{d}$ , we

may assume that $c_{i}$ , $i=1,2,$ $\cdot$ . ,
$s,$ $f_{j},$ $j=1,2,$ $\cdot\circ\cdot m$ is a basis of

$\frac{b}{d}$ with $(e_{1}\cdots\cdot\cdot e_{m})\cap(f_{1}^{\prime}\cdots\cdot f_{m})=d$ , where $\frac{e_{i}}{d}$ and $\frac{f_{i}}{d}$ are chains

of the same dimension. Now $e_{i}$ and $f_{i}$ are perspective in $\frac{I}{d}$ by the

preceding theorem and hence there exists. $g_{i}$ , such that $e_{i}\cdot g_{i}=f_{i}$.
$g_{i}=e_{i}f_{i},$

$e_{i}\cap g_{i}=f_{i}\cap\searrow g_{i}=e_{i}\cap f_{i}=d$ . Then we have $a\cdot\sum g_{i}$

$=a^{\prime}\cdot\sum g_{i}=\sum c_{i}\cdot\sum e_{i}$ . $\sum g_{i}=,$ $\sum$ ci $\sum f_{i}\cdot\sum g_{j}=b\cdot\sum g_{i}$ ,
$(a\cap\sum g_{i})\cdot d=a^{\prime}\cap\sum g_{i}=d=b\cap\sum g_{i}$ . Hence $a\cap\sum g_{i}=d\cap a$ and

therefore $a$ is quasiperspective to $b$ in $\frac{I}{a\cap d}$ with the axis $\sum g_{i}$ .

Corollary 1. If $\frac{a}{O}$ and $\frac{b}{O}$ are isomorphic and. if $a\cap b$ . is

complemented, then $a$ and $b$ are perspect,ive.

Corollary 2. If $a$ and $\dot{b}$ are perspective, then they are projective.
Conversely, if’ $a$ and $b$ are project,ive and further if $a\cap b$ is comple–

mented, then they are $perspect\dot{w}e$ .
$Pr$ . From $a\cdot c=b\cdot c,$ $a\cap c=b\cap c=O$ follows immediately

$\frac{a}{O}=\frac{a}{a\cap c}$ ts $\frac{a\cdot c}{c}=\frac{b\cdot c}{c}\simeq\frac{b}{O}\sim$ .

The converse statement follows from the preceding $corollar- y_{\leftarrow}$
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Theorem 45. A modular lattice $L$ is primary if and only $\iota f$

all atoms in any quotzent of $L$ are $pairw\dot{w}eperspect\dot{w}e$ .
$Pr$ . It is evident by theorem 43, that any two atoms in $a$

quotient of a primary lattice are Perspective. We will show con-
$ve$rsely, that there exists no Proper neutral element in $L$ , if $L$ is
not a chain, and if $L$ satisfies the above mentioned condition. Let
$a$ be an arbitrary element distinct from $O$ and $I$. For the case,
$\frac{a}{O}$ is not a chain, let $\frac{b}{O}$ be simply a chain in $L$ , which is not

contained in $\frac{a}{O}$ For the c,ftse, $\frac{a}{O}$ is a chain, the chain $\frac{b}{O}m^{\prime}ust$

be moreover so chosen, that it does not contain the element $a$ .
Then we have. $b\cap c\iota<a,$ $b\cap a<b$ and, denoting , the atoms in
$\frac{a}{b\cap}$

a
, $\frac{b}{b\cap}a$ with $c$ , $d$ respectively, we can find $f$ such that

$cf=df=c\cdot d,$ $c\cap f=d\cap f=b\cap a=c\cap d$ , since by hyPothesis
$c$ and $d$ are Perspective in $\frac{a\cdot b}{\alpha\cap b}$ Then we have $(df)\cap a=(c\cdot d)\cap$

$a\geqq c$ and $(d\cap a)\cdot(f\cap a)=\{(f\cap a)\cdot d\}\cap a=\{(b\cap\alpha)\cdot d\}\cap a=d\cap a$

$=b\cap a$ , whence $(d\cap a)\cdot(f\cap a)<(.df)\cap a$ , and therefore $a$ is not
neutral. $q.\backslash e$ . $d$ .

In a primary lattice $L$ let $a^{*}$ be quasi-Perspective to $b$ withax $sx$ and $b$ quasi-perspective to $a$ with axis $y$ , where $0<a^{*}\leqq a$ .
Then $\frac{a^{*}}{O}$ is ‘isomorphic with a quotient $\frac{a}{\kappa}w$ We shall call this
isomorphism a projection of $a^{*}$ ,into $a$ , and $\kappa,$

$a\cap b$ , and $(x\cdot y)\cap a=C$

respectively base, pole and center of the projection. Here the base
$\sqrt c=\{(x\cap b)\cdot y\}\cap a$ is obviously contained in the center $C$. In the
particular case $\kappa=O$ we have automatically $a^{*}=a$ and then the
Projection is called a $projecti,ve$ automorphism of $\frac{a}{O}$

.Theorem 46. In a projection of $a^{*}$ into $a$ with base $\kappa$ , pole $P$ ,
center $C$ to every element $u$ in $P\cap a^{*}$ corresponds $ u\cdot\kappa$ and to every
element in $C\cap a^{*}$ corresponds an element in $C$ .

$Pr$ . If $u\leqq a^{*}\cap b$ , then $v=(u\cdot x)\cap b=u\cdot(x\cap b),$ $(v\cdot y)\cap a$

$=\{u\cdot(x\cap b)\cdot y\}\cap a=u\cdot[\{(x\cap b)\cdot y\}\cap a]=u\cdot\kappa.$ . If $u\leqq(x\cdot y)\cap a^{*}$ ,
then $ v=(u\cdot x)\cap b.\leqq[\{(x\cdot y)\cap a^{*}\}\cdot x]\cap b=(x\cdot y)\cap(a^{*}\cup x)\cap b=(x\cdot$

$y)\cap b$ , and. $[\{(x\cdot y)\cap b\}\cdot y]\cap a=(x\cdot y)\cap(b\cdot y)\cap a=(x\cdot y)\cap a=C$,
$When_{C}e(v\cdot y)\cap a\leqq C$ .
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Theorem 47. If in a projeetion of $a^{*}$ into $a$ with pole $P,$ $u\rightarrow v$

with $v=(u\cdot x)\cap b$ and $v\rightarrow w$ with $w=(v\cdot y)\cap a$ , then $u\cap P=v\cap P$

$=w\cap P$.
$Pr$ . From $(u\cdot P)\cap x=O$ follows $v\cap P=(u\cdot x)\cap P=u\cap P$ by

lemma 1. Further we have $(v\cdot P)\sim\cap y\leq b\cap y=O$ , whence $w\cap P$

$=(v\cdot y)\leftrightarrow P=v\cap P$ follows by lemma 1.

Theorem 48. If $u\cap C=O$ , then $v\cap(x\cdot y)=b\cap x,$ $ w\cap C=\kappa$ .
$Pr$ . From the hypothesis $u\cap(x\cdot y)=O$ , we obta’n $v\cap(x\cdot y)$

$=(u\cdot x)\cap b\cap(x\cdot y)=x\cap b$ and $ w\cap C=(v\cdot y)\cap a\cap(x\cdot\iota J)=\kappa$ .
Definition. If the axes of $a$ projection of $a^{*}$ into $a$ a $re$ both

irreducible, then it is called normal.

Theorem 49. $ln$ a normal projection the base $\kappa$ and the center
$Ca^{0}\cdot ebo$th irreducibfe.

$Pr$ . $C=(x\cdot y)\cap a$ and $C^{\prime}\cap x=O$ yield

$\frac{C}{O}\simeq\frac{C\cdot x}{x}\leqq\frac{x\vee\prime y}{x}\simeq\frac{y}{x\cap y}$ .

Theorem 50. If a normal projection of $a^{*}$ into $a$ has the base
$\kappa$ with dimension. $v$ , then to every irreducible element $g$ of dimension

$\lambda$ in $\frac{a^{*}}{O}$ , which is independent with $P$ , corresponds an irreducible ele-

ment $h$ of dimension $\lambda+$ , in $\frac{a}{O}$ which is independent with $P$ .
$Pr$ . $h\cap P=O$ follows immediately from $g\cap P=O$ by theorem

47. From $\frac{a}{P}=\frac{a}{a\cap b}\simeq\frac{a\cdot b}{b}\leq\frac{b\cdot y}{b}\simeq\frac{y}{O}$ follows, that $a=P\cdot l$

with an irreducible $ele\cdot nent$ $l$ by lemma 6. Hence we obtain from
$v=(g\cdot x)\cap b$ and $(v\cdot\backslash ?J)\cap a\backslash =h$ the relation

$h\cdot P=(v\cdot P\cdot y)\cap a=(v\cup P\cdot y)\cap(P\cdot l)|=P\cdot\{l\cap(v\cdot P\cdot y)\}$

Putting $l^{\prime}=l\cap(v\cdot P\cdot y)$ , we have $\frac{h}{O}\simeq\frac{h\cdot P}{P}$

.
$=\frac{P\cdot l^{f}}{P}\simeq\frac{l^{f}}{l^{f}\cap P}$

proving that $\frac{h}{O}$ is a ehain of dimension $\lambda+\nu$ , since $\frac{g}{O}$ and $\frac{h}{\kappa}$ are

isomorphic in the proection.

Lemma 11. In a primary lattice $L$ with height $h$ , there $ex\dot{u}ts$
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‘an irreducible element of dimension $h$ , which is independent with two
given elements, whose $\gamma angs$ are less than $\dot{m}_{h}$ .

$Pr$ . Le$ta_{i}$ , $i=1,2,$ $\cdots m_{h}$ , be all the basis-components with
dimension $h$ of $L$ , and $c_{1}$ , $c_{2}$ two given elements, $w$hose rangs are
less than $m_{h}$ . The theorem is evident for the case, $w$here among
the atoms $a^{\dot{(}1)}=a_{i}\cap e^{(1)}$ at least such an one exists, that it is con-
tained neither in $\frac{c_{1}}{O}$ nor in $\frac{c_{2}}{O}$ If it is not the case, there exists

certainly an atorn $a_{r}^{(1)}$ contained in $\frac{c_{1}}{O}$ but not contained in $\frac{C_{1}\cap C_{2}}{O}$

and also an atom $a_{\epsilon}^{(1)}\backslash $ contained $i\acute{n}\frac{c_{2}}{O}$ but not contained in $\frac{c_{1}\cap c_{2}}{O}$

Then, the quotient $\frac{a_{r}^{(1)}\cdot a_{s}^{(1)}}{O}$ being not a chain, contains an atom $a_{r}$

which is distinct from both $a_{r}^{(1)}$ ahd $a_{\epsilon}^{(1)}$ . The absolutely maximal
chain, $w$hich contains $a$ , is of dimension $h$ by theorem 31 and ls

independent with both $c_{1},$ $c_{2}$ . $q$ . $e$ . $d$ .
Two projections are said to be $identical,$ $,if$ their correspondence

relations are same in both projections.

Theorem 51. In a primary lattice $L$ -with the height $h$ and
$\grave{m}_{h}\geqq 4$ , let $\mathfrak{P}_{1},$ $\mathfrak{P}_{2}$ be two normal projecticns of $a^{*}$ into $a$ with centers
Ci and poles $P_{i},$ $i=1,2$ , where it is assumed. that rang $a\leqq m_{h}-2$ ,
$P_{1}\leqq P_{a}$ , and $C_{1}\geqq C_{2}$ or $C_{1}\leqq C_{2}$ . If for a given element $t_{0}$ , which
satisfies the relations $t_{0}\cap C_{1}=O,$ $t_{0}\cap C_{2}=O,$ $a^{*}=(P_{1}\cap a^{*})\cdot t_{0}$ , holds
$\mathfrak{P}_{1}(t_{0})=\mathfrak{P}_{2}(t_{0})$ , then $\mathfrak{P}_{1}$ and $\mathfrak{P}_{2}$ are ident,vcal.

$Pr$ . Suppose that $\mathfrak{P}_{i}$ is generated by the quasi-perspectivities
$\frac{a^{*}}{O}\simeq\frac{b_{i}}{\tau_{i}}w$ith axis $x_{i}$ and $\frac{\prime b_{i}}{O}\simeq\frac{a}{\eta_{i}}$ with axis $y_{i}$ , where we can

assume that $a\cdot y_{i}=b_{i}\cdot y_{i}=a\cdot b_{i},$ $a^{*}\cdot x_{i}=b_{i}\cdot x_{i}=a^{*}\cdot b_{i}$ . If we
put $(t_{0}\cdot x_{1})\cap b_{1}=v\int^{1)},$ $(v_{0}^{(1)}\cdot y_{1})\cap a=u)_{0}$ $(t_{0}\cdot\hat{x}_{2})\cap b_{2}=v_{0}^{(2)}$ , then we
have $(v_{0^{2)}}^{t}\cdot y_{2})\cap\alpha=w_{0}$ by hypothesis. It is required-to prove, using
these relations, that for any element $t$ the relation $(v_{2}\cdot y_{2})\cap a=w$

follows from $(t\cdot x_{1})\cap b_{1}=v_{1},$ $(v_{1}\cdot y_{1})\cap a=w,$ $(t\cdot x_{2})\cap b_{2}=v_{2}$ . We
shall now distinguish two cases: case‘(i), where $x_{2}\cap(a\cdot x_{1})=O$ and
case (ii), where $x_{2}\cap(a\cdot x_{1})>O$ .

Since $(t\cdot x_{2}\cdot b_{2})\cap x_{1}\leqq(a^{*}\cdot x_{2})\cap x_{1}=O$ , we have by lemma 1

(1) $v_{l}=(t\cdot x_{1}\cdot x_{2})\cap b_{2}.$ .
Since $a\cdot x_{2}=a\cdot b_{2}=a\cdot y_{2}=b_{2}\cdot y_{\grave{2}}$ and $(w\cdot y_{2}\cdot b_{l})\cap y_{1}\leqq(a\cdot x_{2})\cap y_{I}$
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$=a\cap y_{1}\leqq w$ , we have a18o by lemma 1

(2) $-$ $v_{2}=(w\cdot y_{2})\cap b_{2}=(w\cdot y_{l}\cdot y_{1})\cap b_{2}$ .
Then (1) and (2) yield

(3) $v_{2}\cap v_{2}=(t\cdot x_{1}\cdot x_{2})\cap(w\cdot y_{8}\cdot y_{1})\cap h$ .
Putting $u=(x_{1}\cdot x_{2})\cap(y_{1}\cdot y_{2})$ and considering $v_{1}\leqq w\cdot y_{1},$ $v_{1}\leqq t\cdot x_{1}$ ,
we have $u\cdot v_{1}\leqq(t\cdot x_{1}\cdot x_{2})\cap(w\cdot y_{1}\cdot y_{2})$ . Hence from (3) follows

$-$

(4) $(u\cdot v_{1})\cap b_{2}\leqq v_{2}\cap v_{l}$ .

Now we will. show that $(u\cdot v_{1})\cap b_{a}=v_{l}$ . From $v_{1}=(t\cdot x_{1})\cap b_{1}$

$=(t\cdot x_{1}\cdot x_{2})\cap b_{1}$ , we have
(5) $u\cdot v_{1}=(u\cdot b_{1})\cap(t\cdot x_{1}.\cdot x_{2})$ .

$\bullet(6)$
$(t_{0}\cdot x_{1}\cdot x_{2})\cap(w_{0}\cdot y_{1}\cdot y_{2})=(v_{0}^{(1)}\cdot x_{1}\cdot x_{2})\cdot(v_{0}^{(1)}\cdot y_{1}\cdot y_{2})$

$=vi^{1)}\cdot\{(y_{1}\cdot y_{2})\cap(v_{0}^{(1)}\cdot x_{1}\cdot x_{2})\}=v_{0}^{(1)}\cdot u$

$1\alpha$ where the last inequality follows by lemma 1, since
$v_{Q}^{(1)}\cap(x_{1}\cdot x_{2}\cup y_{1}\cup y_{2})=v_{0}^{(1)}\cap(C_{i}\cdot x_{1})=(t_{0}\cdot x_{1})\cap(C_{i}\cdot x_{1})\cap b_{1}$

$=b_{1}\cap[x_{1}\cdot\{t_{0}\cap(C_{i}\cdot x_{1}\rangle\}]=b_{1}\cap x_{1}\leqq x_{1}\cdot x_{2},$ $\backslash \backslash $

where $i=1$ or 2 according as $C_{1}\geqq C_{2}$ or $C_{2}\geqq C_{1}$ . Similarly we
$\iota$

obtain
(7) $(t_{0}\cdot x_{1}\cdot x_{2})\cap(w_{0}\cdot y_{1}\cdot y_{2})=v_{0}^{(B)}\cdot u$ .

But $(a^{*}\cap P_{1})\cdot v_{0}^{(1)}=(a^{*}\cap P_{1})\cdot\{(t_{0}\cdot x_{1})\cap b_{1}\}=\{(a^{*}\cap P_{1})\cdot t_{0}\cdot x_{1}\}\cap b_{1}$

$=(a^{*}\cdot x_{1})\cap b_{1}=b_{1}$ and $(a^{*}\cap P_{1})\cdot v_{0}^{(2)}=b_{2}$ . Hence we have $b_{1}\cup u$

$=b_{2}\cdot u$ in $\backslash virtue$ of (6) and (7). Substituting this in (5) we have
$u\cdot v_{1}=’(u\cdot b_{2})\cap(t\cdot x_{1}\cdot x_{2})$ , whence

$(u\cdot v_{1})\cap b_{2}=b_{2}\cap(t\cdot x_{1}\cdot x_{2})=b_{2}\cap(t\cdot x_{2})=v_{2}$ .
Then from (4) follows $v_{2}\leqq v_{2}\cap\overline{v_{2}}$ and this implies $\overline{v}_{2}\geqq v_{2}$ . Hence

$\backslash $

$(v_{2}\cdot y_{2})\cap a\leqq(\overline{v_{2}}\cdot y_{2})\cap a=[\{(w\cdot y_{2})\cap b_{2}\}\cdot y_{2}^{\prime})]\cap a\backslash =(w\cdot y_{2})\cap(b_{2}\cdot y_{2})\cap$

$\alpha=w$ . If we further rega$rd$ , that $(v_{2}\cdot y_{2})\cap a$ and $w$ are of the
same dimension, then we have finally the required result.

Proof of the $ca$se (ii). By lemma 11 we can find an irreducible
element $x_{3},$ \S uch that $x_{3}\cap(a\cdot\not\in 1)=O,$ $x_{9}\cap(a\cdot x_{2})=O$ and dim $x_{8}$

$=\dim y_{1}$ . Since $\frac{a}{P_{1}}=\frac{a}{a\cap b_{1}}=\frac{a\cdot b_{1}}{b_{1}}=\frac{b_{1}\cdot y_{1}}{b_{1}}\simeq\frac{y_{1}}{O}$ , so the uqo-
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tient $\frac{a\cdot x_{3}}{P_{1}}is$

(

of type ($\dim y_{1}$ , dim $y_{1}$) and consequently there exists

a complement $b_{i}^{\prime}\tau_{3}$ of $x_{3}\cdot P_{1}$ in $\frac{a\cdot x_{3}}{P_{1}}$ , such that $a\cap b_{3}^{\prime}=P_{1},$ $ b_{3}^{\prime}\cap(x_{3}\cdot$

$P_{1})=P_{1}$ , and $ab_{3}^{\prime}\backslash \cdot=a\cdot x_{3}^{\backslash }=b_{s}^{\prime}\cdot x_{3}$ . Putting $b_{3}=b_{3}^{\prime}\cap(a^{*}\cdot x_{3})$ , we
have $b_{8}\cdot x_{3}=a^{*}\cdot x_{\underline{3}},$ $b_{3}\leftrightarrow x_{3}=O$ . Therefore $a^{*}$ and $b_{3}$ are perspective
with respect to the axis $x_{3}$ . Next, put $v_{3}=(t_{0}\cdot x_{3})\cap b_{3},$ $(w_{0}\cdot v_{3})\cap$

$(C_{1}\cdot x_{3})=y_{3}$ , and we have

(8) $v_{3}\cdot(P_{1}\cap a^{*})=(a^{*}\cdot x_{8})\cap b_{3}=b_{3}$

Now it holds $t_{0}\cdot v_{1}=t_{0}\cdot\{b_{1}\cap(t_{0}\cdot x_{1})\}=(t_{0}\cdot b_{1})\cap(t_{0}\cdot x_{1})=t_{0}\cdot x_{1}$ ,
since $t_{0}\cdot b_{1}=t_{0}\cdot(a_{1}^{k}\cap P_{1})\cdot b_{1}=a^{*}\cdot b_{1}=b_{1}\cdot x_{1}$ . Hence it follows
$t_{0}\cdot w_{0}=t_{0}\cdot\{(v_{1}\cdot y_{1})\cap a\}=(t_{0}\cdot v_{1}\backslash \cdot y_{1})\cap a=(t_{0}\cdot x_{1}\cdot y_{\dagger})\cap a=t_{0}\cdot\{(oe$

$y_{1})\cap a\}=t_{0}\cdot C_{1}$ . Now from $w_{0}\cap C_{1}=\kappa_{1}$ , we have $w_{0}\cdot t_{0}=t_{0}\cdot C$

$=w_{\theta}\cdot C_{1}$ and by virtue of this relation $-$

(9) $v_{3}\cdot y_{3}=(w_{0}\cdot v_{3})\cap(C_{1}\cdot v_{3}\cdot x_{3})=(w_{0}\cdot v_{3})\cap(C_{1}\cdot f_{0}\cdot x_{3})$

$=(w_{0}\cdot v_{3})\cap(C_{1}\cdot w_{0}\cdot x_{3})=w_{0}\cdot v_{8}=w_{0}\cdot y_{3}$ . &

From (8) and (9) we have

(10) $b_{d}\cdot y_{8}=(P_{1}\cap a^{*})\cdot v_{3}\cdot y_{3}=(P_{1}\cap a^{*}\succ\rightarrow w_{0}\cdot y_{8}=a\cdot y_{3}$ ,

where $(P_{1}\cap a^{*})\cdot w_{0}=a$ follows from $(P_{1}\cap d^{*})\cdot t_{0}=a^{*}$ by the iso-
$a^{*}$

morphi $sm\overline{O}\sim\simeq\frac{a}{\kappa_{1}}$ Further we have

$b_{3}^{\prime}\cap y_{3}=(w_{0}\cdot v_{3})\cap(C_{1}\cdot x_{8})\cap b_{3}^{\prime}=\{v_{3}\cdot(w_{0}\cap b_{3}^{\prime})\}\cap(C_{1}\cdot x_{3})$

$=\{v_{3}\cdot(w_{0}\cap P_{1})\}\cap(C_{1}\cdot x_{3})=v_{3}\cap(C_{1}\cdot x_{3})$ (by theorem 47)

$=.(t_{0}\cdot x_{3})\cap b_{3}\cap(C_{1}^{Y}\cdot x_{3})=x_{3}\cap b_{S}=O$ ,

whence $b_{3}\cap y_{3}=O$ and so $b_{3}$ is quasiperspective to $a$ with the axis $y_{3}$

by the relation (10). Since $v_{3}\cap y_{3}=(t_{0}\cdot x_{3})\cap(C_{1}\cdot x_{3})\cap b_{3}=x_{3}\cap b_{3}=O$

and $\frac{y_{S^{\prime}}}{O}\simeq\frac{v_{3}\cdot y_{3}}{v_{3}}=\frac{w_{0}\cdot v_{3}}{v_{:i}}\simeq\frac{w_{0}}{w_{0}\cap v_{3}}$ , so $y_{3}$ is irreducible and we

have a normal projection $\mathfrak{P}_{3}$ of $a^{*}$ into $a$ by means of $x_{3},$ $y_{3},$
$b_{3}$ .

Next by virtue of $v_{3}\cdot x_{8}=t_{0}\cdot x_{3}$ we have $C_{3}=(x_{3}\cdot y_{3})\cap a=(w_{0}\cdot h$

$x_{3})\cap(C_{1}\cdot x_{3})\cap a=(t_{0}\cdot C_{1}\cdot x_{3})\cap(C_{1}\cdot x_{3})\cap a=C_{1}\cap a=C_{1}$ and
$P_{a}=a\cap b_{3}=P_{1}\cap a^{*}\leqq P_{1}$ , whence $(P_{3}\cap a^{*})\cup t_{0}=a^{*}$ . From (9)
follows $(v_{3}\cdot y_{3})\cap a=(w_{0}\cdot v_{3})\cap a=w_{0}\cdot(v_{3}\cap a)=w_{0}\cdot(t_{0}\cap P_{1})=w_{0}$ and
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therefore $\mathfrak{P}_{3}(\acute{t}_{0})=\mathfrak{P}1(t_{0})=\mathfrak{P}_{2}(t_{0})$ . Now, using the result in the first
case, we obtain $\mathfrak{P}_{3}\equiv \mathfrak{P}_{1}$ and $\mathfrak{P}3\equiv \mathfrak{P}_{2}$ .

PART 4.

Hereafter $L$ is suPposed to be primary and $m_{h}\geqq 4$ with the
height $h$ . $a_{1},$ $a_{2}$ being two independent irreducible elements in $L$ ,

the quotien $t\frac{a_{1}\cdot a_{2}}{O}$ is called a straight line in L., In a given straight

line $l$ we choose a complemented irreducible element as its origin
and one of its complements in $l$ shall be fixed as the infinite poin $t$

of $l$ . Every irreducible element in $l_{3}$ which is independent with
the inPnite point, is caIled a finite point. The dimension of any
finite point is evidently not greater than that of the origin. In
what follows, we denote with $a_{1}$ the origin and with $a_{2}$ the infinite
point. Now we will establish a composition among finite points of
dimension $\lambda$ by means of a normal projective automorphism in $t$he

sublattice $\frac{(a_{1}\cap e^{\{\lambda)})\cdot a_{2}}{O}$ If the infinite point contains its center and

is contained in its pole, then we say such an automorphism add,ition.

If in an addition the image of the point, which is $conta^{;}ned$ in the
origin, is the finite.point $t$ , we denote this addition with the symbol
$A_{t}$ and the image of any point $u$ with $A_{t}(u)$ .

Theorem 52. For any finite point $t$ of a straig$htl\prime ine$ there
exists the uniquely determined addition $A_{t}$ .

$Pr$ . According to.the assumption $m_{h}\geqq 4$ , we can find certainly
an irreducible element $x$ of dimension $\lambda$ , which is independent with
$a_{1}\cdot a_{2}$ . We Put $ a_{l}^{(}\lambda$

) $=a_{i}\cap e^{t^{\lambda)}},$ $i=1,2$ , and choose an irreducible

element $a_{3}$ of dimension $\lambda$ in $\frac{a_{1}\cdot x}{O}$ which is independent with both

$a_{1}$ and $x$ . Next we put $a_{3}\cdot a_{2}=b,$ $a^{\{\lambda)}=a_{1}^{\{\lambda)}\cdot a_{2},$ $\prime then$ we have
$a^{(\lambda)}\cap x=b\cap x=O,$ $a^{\{\lambda)}\cdot x=b\cdot x=a^{1^{\lambda)}}\cdot b$ . Hence $a^{(\lambda)}$ is perspective
to $b$ with the axis $x$ . Putting further $(a_{1}^{(\lambda)}\cdot x)\cap b=v_{0},$ $(t\cdot v_{0})\cap$

$(a_{2}\cdot x)=y$ , we have $a_{2}\cdot y=(a_{2}\cdot t\cdot v_{0})\cap(a_{2}\cdot x)=(a^{\langle\lambda)}\cdot v_{0})\cap(a_{2}\cdot x)$

$=(a_{1}^{\langle\lambda)}\cdot x\cdot a_{2})\cap(a_{2}\cdot x)=a_{2}\cdot x,whence\sim*a^{(\lambda)}\cdot y=a^{()}\cdot x\lambda=b\cdot x=b\cdot y$ .
F. om $v_{0}\cap(t\cdot a_{2})=v_{0}\cap a^{t^{\lambda)}}=O$ follows $a^{(\lambda)}\cap y=a_{2}\cap(t\cdot v_{0})=a_{l}\cap t=O$

and $b\cap y=O$ by virtue of the relation dim $b=\dim a^{(\lambda)}$ . Hence
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$\alpha^{(\lambda)}\sim b$ with the axis $y$ and $y$ is irreducible by $\frac{y}{O}\simeq\frac{a^{(\lambda)}\cdot y}{a^{\{\lambda)}}$

$=\frac{a^{(\lambda)}\cdot x}{a^{()}\lambda}\simeq\frac{x}{O}$ . Thus we obtain a normal projective automorphism

of $-\frac{(\lambda)}{O}a$ by means of $x,$ $y,$
$b$ . That this.is the required addition $A_{t}$ ,

can be seen as follows. $(x\cdot y)\cap a^{(\text{\‘{A}})}=(x\cdot t\cdot v_{0})\cap(a_{2}\cdot x)\cap a^{(1)}$

$=(x\cdot t\cdot v_{0})\cap a_{2}\leqq a_{2}$ and $C\leqq a_{2}=a^{(\lambda)}\cap b=P$. Furthermore $v_{0}\cdot y$

$=(t\cdot v_{0})\cap(a_{2}\cdot x\cdot v_{0})=t\cdot v_{0}$ , whence $(v_{0}\cdot y)\cap a^{(\lambda)}=t\cdot(v_{0}\cap a^{(\lambda)})=t$ .
By theorem 51 we can conclude further, that such an addition is
unique.

Theorem 53. (commutative law of $additt\prime on$). $t,$ $s$ being any $ tw\sigma$

finite points of the same dimension in a stra’ight line, $A_{t}(s)=A_{\epsilon}(t)$

holds.
$Pr$ . In the proof of the preceding theorem, put $v_{0}=x^{f},$ $a_{l}\cdot x$

$=b^{f},$ $(x^{\prime}\cdot a_{2})\cap(s\cdot x)\approx y^{f}$ . Then $x^{\prime}$ is obviously an irreducible
element of dimension $\lambda=\dim t=\dim s$ . We have $a_{2}\cdot v_{0}=b$ and
$a_{2}\cdot y^{\prime}=(a_{2}\cdot s\cdot x)\cap(x^{\prime}\cdot a_{2})=(a^{\langle\lambda)}\cdot x)\cap b=b$ . Hence $a^{(\lambda)}\cdot y^{\prime}=a_{1}^{(\lambda)}$

$b=a^{\{\lambda)}\cdot x^{\prime}=\alpha_{\vee}^{1^{\lambda)}}\cdot x$ and $b^{\prime}\cdot y^{\prime}=x\cdot a_{2}\cdot y^{\prime}=x\cdot b=b^{f}\cdot x^{f}=a^{(\lambda}!\cdot y^{\prime}$ .
Since $a^{\langle\lambda)}\cap y^{\prime}=(x^{f}\cdot\sigma_{2})\leftrightarrow s=b\cap s=O,$ $b^{f}\cap y^{\prime}=(x^{\prime}\cdot a_{2})\cap x=b\cap x=O$ ,
$a^{(\lambda)}\cap x^{f}=a^{1^{\lambda)}}\cap v_{0}=a_{1}^{(\lambda)}\cap b=O$ and $b^{\prime}\cap x^{\prime}=(a_{2}\cdot x)\cap v_{0}=O$ , so we
have $a^{()}\lambda\sim b^{\prime}$ with axis $x^{\prime}$ and $a^{1^{\lambda\}}}\sim b^{\prime}$ with axis $y^{\prime}$ , where $y^{f}$ is

irre.ducible by the relation $\frac{y^{\prime}}{C}\simeq\frac{a^{(\lambda)}\cdot y^{f}}{a^{(\lambda)}}=\frac{a^{\langle\lambda)}\cdot x}{a^{t^{\lambda})}}\simeq\frac{x}{O}$ . Thus
$\epsilon$

we obtain a normal projective $automorphi\mathfrak{V}n$ of $\frac{a^{(\lambda)}}{O}$ by means of
$b^{\prime},$ $x^{\prime},$ $y^{\prime}$ . It holds furthermore $a^{\langle\lambda)}\cap b^{\prime}=a^{(\lambda)}\cap(a_{2}\cdot x)=a_{2}$ , $x^{f}\cdot y^{\prime}$

$=(x^{\prime}\cdot a_{2})\cap(s\cdot x\cup x^{f})=b\cap(s\cdot x\cdot x^{\prime}),$ $(x^{f}\cdot y^{\prime})\cap a^{()}=a_{2}\cap\lambda(s\cdot x\cdot x^{\prime})$

$\leqq a_{2}$ and $(a_{1}^{(\lambda)}\cup x^{j})\cap b^{\prime}=(a_{1}^{(\lambda)}\cdot x)\cap(a_{2}\cdot x)=x,$ $(x\cdot y^{f})\cap a^{(\lambda)}=(x\cup v_{0}$

$\cup a_{2})\cap(s\cdot x)\cap a^{(\lambda)}=a^{()}\lambda$ $(s\cdot x)<s$ . This automorphism \’is therefore
the addition $A_{s}$ . Since $(t\cdot x^{f})\cap b^{\prime}=(i\cdot v_{0})\cap(a_{2}\cdot x)=y$ and $(y\cdot y^{\prime})$

$\cap a^{(\lambda)}=[y\cdot\{(v_{0}\cdot a_{2})\cap(s\cdot x)\}]\cap a^{\{\lambda)}=[y\cdot\{b\wedge(s\cdot x)\}]\cap a^{(\lambda)}$ , so we
have the required result $A_{s}(t)=A_{t}(s)$ . $q$ . $e$ . $d$ .

This theorem justifies the adoption of the symbol $t+s$ for the
point $A_{t}(s)=A.(t)$ , if dim $s=\dim t$ .

Theorem 54. ($associat\dot{w}e$ law of addition). $\cdot t,$ $s,$ $u$ being any
three finite points of the same $d\dot{t}mension$ , holds the $ident\prime ity$

$t+(s+u)=(t+s)+u$ .
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$Pr$ . Suppose we have obtained $A_{t}$ by means of $x,$ $y,$ $b$ just as
in the proof of theo $r$em 52. We put further $(s\cdot x)\cap b=v_{1}$ ,
$(a_{1}^{(\lambda)}\cdot v_{1})\cap(a_{2}\cdot x)=z$ . Then $a_{2}\cdot v_{1}=(a_{2}\cdot sx)\cap b-\cdot=b$ ,

(1) $ a^{1^{\lambda)}}\cdot z=a_{2}\cdot a_{1}^{\langle\lambda)}\cdot z=a_{2}\cdot\{(a_{1}^{(\lambda)}\cdot v_{1})\cap(a^{(\lambda)}\cdot x)\}\rightarrow$

$=a_{2}\cdot a_{1}^{\langle\lambda)}\cdot v_{1}=a_{1}^{(\lambda)}\cdot b=a^{(\lambda)}\cdot x$

(2) $a^{\langle\lambda)}\cap z=(a_{1}^{(\lambda)}\cdot v_{1})\cap a_{2}=a_{1}^{(\lambda)}\cap a_{2}=O$

by lemma 1, since $v_{1}\cap a^{(\lambda)}=(s\cdot x)\cap b\cap a^{(\lambda)}=s\cap\infty=O$ . Now $z$ is
irreducible and of dimension $\lambda$ . For in virtue of (1) and (2)

$\frac{z}{O}\dagger\simeq\frac{a^{1^{\lambda)}}\cdot z}{a^{1^{\lambda)}}}=\frac{a^{\langle\lambda)}\cdot x}{a^{\langle\lambda)}}\simeq\frac{x}{O}$ . Further $ b\cdot z=v_{0}\cdot a_{2}z=v_{0}/\cdot$ .
$\{(a_{1}^{\{\lambda)}\cdot a_{2}\cdot v_{1})\cap(a_{2}\cdot x)\}=v_{0}\cdot a_{2}\cdot x=b\cdot x=a^{()}\cdot x\lambda$ This, together
with (1), yields $b\cdot z=a^{(\lambda)}\cdot z$ . Hence $a^{t^{\lambda)}}\sim b$ with the axis $z$ and
we obtain $A_{t+s}$ by means of $z,$ $y,$

$b$ . For we have $a^{(\lambda)}\cap b=a_{2}$ ,
$z\cdot y\leq a_{2}\cdot x$ , whence $(z\cdot y)\cap a^{(\lambda)}\leqq a_{2}$ and $(a_{1}^{(\lambda)}\cdot z)\cap b=(a_{1}^{(\lambda)}\cdot v_{1})\cap b$

$=v_{1},$ $(v_{1}\cdot y)\cap a^{\{\lambda)}=A_{t}(s)$ . We see further, that $A_{\epsilon}$ can be obtained
by means of $z,$ $x,$ $b$ . In fact $\langle z\cdot x$) $\cap a^{\langle\lambda)}\leqq(a_{2}\cdot x)\cap a^{()}\lambda\leqq a_{2}$ and
$(a_{1}^{(\lambda)}\cdot z)\cap b=v_{1}$ , $(v_{1}\cdot x)\cap a^{(\lambda)}=(s\cdot x)\cap a^{(\lambda)}=s$ . It holds then
$(A_{s}(u)\cdot x)\cap b=(u\cdot z)\cap b$ , whence we have $[\{(A_{8}\sim(u)\cdot x)\cap b\}’\cdot y]\cap a^{(\lambda)}$

$=[\{(u\cdot z)\cap b\}\cdot y]\cap a^{\{\lambda)}$ , proving the identity $A_{t}(A_{s}tu))=A_{t+8}(u)$ .
$q$ . $e$ . $d$ .

Theorem 55. (possibility and uniqueness $oJ$ substraction). Given
any two finite points $s,$

$t$ of dimension $\lambda$ , there exists the $a\mathbb{R}itionA_{u}$

$un^{i}$quely, such that $A_{u}(t)=s,$ $i$ . $e$ . $u+t=s$ .
$Pr$ . We choose $x,$

$b$ as in the proof of theorem 52 and put
$(x\cdot t)\cap b=v,$ $(v\cdot s)\cap(a_{2}\cdot x)=y$ . Then $a_{2}\cdot v=b$ and $ a_{2}\cdot y=(a_{2}\cdot$

$v\cdot s)\cap(a_{2}\cdot x)=(a^{1^{\lambda)}}\cdot v)\cap(a_{2}\cdot x)=a_{2}\cdot x$ . Hence $a^{\langle\lambda)}\cdot y=a^{(\lambda)}\cdot x$

and $b\cdot y=b\cdot x$ , whence $a^{(\lambda)}\cdot y=b\cdot y$ . Further we have $ a^{()}\cap y\lambda$

$=a_{2}\cap(v\cdot s)=a_{2}\cap s=O$ , since $v\cap(a_{2}\cdot s)=v\cap a^{\langle\lambda)}=(x\cdot t)\cap\alpha_{2}$

$--t\cap a_{2}=O$ , and $b\cap y=(v\cdot s)\cap b\cap(a_{2}\cdot x)=v\cap(a_{2}\cdot x)=O$ . There-
fore $a^{1^{\lambda)}}$ is perpective to $b$ with the axis $y$ . Furth$e$rmore holds the

relation $\frac{y}{O}\simeq\frac{a^{()}\cdot y\lambda}{a^{(\lambda)}}=\frac{a^{(\lambda)}\cdot x}{a^{(\lambda)}}’\simeq\frac{x}{O}$ and consequently $y$ is irre-

ducible. Since $a^{(\lambda)}\cap b=a_{2}$ and $(x\cdot y)\cap a^{(\lambda)}=(x\cdot v\cdot s)\cap a_{2}\leqq a_{2}$ , we
have now an addition by mean$s$ of $x,$ $y,$

$b$ and, since $ v\cdot y=(v\cdot a_{2}\cdot$

$x)\cap(v\cdot s)=\partial(b\cdot x)\cap(v\cdot s)=v\cdot s$ , $(v’\cdot y)\cap a^{t^{\lambda)}}=(v\cdot s)\cap a^{(\lambda)})=s\cdot(v$

$\cap a^{(\lambda)})=s$ holds, the image of $t$ is indeed the point $s$ . Since from
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$A_{t}(u)=A_{t}(u^{\prime})$ follows $u=u^{\prime}$ , so the substraction is unique. $q$ . $e$ . d.-
The dimension of the meet of a finite point $t$ and the origln is

called $0\gamma der$ of the point ノ t and denotad with $O(t)$ . Every finite
point, whose order is zero, is called unit. In a given straight line

$l=\frac{a_{1}\cdot a_{2}}{O}$ , where $a_{1}$ is the origin and $a_{2}$ the infinite point, put

$a_{1}\cap e^{(i)}=a_{1}^{(i)},$ $a_{1}^{\{i)}\cdot a_{2}=a^{\langle i)}$ . A normal projection of $a^{(j)}$ into $a^{(i)}$ ,
where $j\leqq i$ , is called multiplication, if $P\geqq a_{2},$ $\kappa\leqq C\leq a_{1}$ holds,
$w$here $\kappa,$ $P,$ $C$ are base, pole, and center of the projection. We
choose one of complemented units in $l$ as a fixed unit point of $l$ and
denote it with $e_{12}$ .

Theorem 56. Given a finite point $t$ of dimension $i$ with order
$\nu$ , there exists uniquely such a multiplication, that. the image of the
point $e_{12}^{(j)}=e_{12}\cap e^{(j)}$ is the point $t$ , where $ j=i-\nu$ .

$Pr$ . We choose an irreducible element $x$ of dimension $j$ in $L$ ,
which is independent with $a_{1}\cdot a_{2}$ ,and- also an irreducible efement $r$

$\alpha_{6}$ of dimension $iin\frac{a_{1}^{\{j)}\cdot x}{O}\backslash $ , which is independent with both $a_{1}$ and

$x$ . Putting $a^{(j)}=a_{1}^{\langle j)}$ $a_{2},$ $b=a_{2}\cdot a_{3}$ , we have $a^{(j)}$ $x=b$ $x$ ,
$a^{\langle j\rangle}\cap x=b\cap x=O$ . Hence $a^{(j)}$ is perspective to $b$ with th$e$ axis $x$ .
Next we Put $(e_{12}^{\{j)}\cdot x)\cap b=v_{12},$ $(t\cdot v_{12})\cap(a_{1}^{(i)}\cdot x)=y$ . Then it follows

$b\cap y=(t\cdot v_{12})\cap(a_{1}^{(i)}\cdot x)\neg b=\{v_{I2}\cdot(t\cap b)\}\cap(a_{1}^{(i)}\cdot x)=v_{12}\cap(a_{1}^{(i)}\cdot x)$

$=(e_{12}^{(j)}\cdot x)\cap b\cap(a_{1}^{\{i)}\cdot x)=\cdot x\cap b=O$ ,

$a_{2}\cdot v_{12}=(a_{2}\cdot e_{12}^{(j)}\cdot x)\cap b=(a^{(j)}\cdot x)\cap b=b$ ,

$v_{12}\cdot y=(t\cdot v_{12})\cap(a_{1}^{(t)}\cdot x\cdot v_{12})=(t\cdot v_{12})\cap(\alpha_{1}^{\{i)}\cdot e_{12}^{(j)}\cdot x)=t\cdot v_{12}$

$=(t\cdot v_{12})\cap(a_{1}^{\{i)}\cdot t\cdot x)=t\cdot y$ ,

$\backslash v^{-}henceb\cdot y=a_{2}\cdot v_{12}\cdot y=a_{2}\cdot t\cdot y=a^{\langle i)}\cdot y$ . By these relations we
see that $b$ is quasiPerspective to $a^{\langle i)}$ and $y$ is irreducible, since
$v_{12}\cap y.=O,$ $0_{12}\cdot y=t\cdot v_{12}$ and $\frac{y}{O}\simeq\frac{v_{12}\cdot y}{v_{12}}=\frac{t\cdot v_{12}}{v_{12}}\simeq\frac{t}{O}$ . Further
$a^{(i)}\cap b=a_{2},$ $(x\cdot y)\cap a^{(i)}\leqq a_{1}$ and $\kappa=a^{(i)}\cap y=a_{1}^{(\nu)}$ , so we -have a
multiplication by means of $x,$ $y,$ $b$ . Next it follows

$(v_{12}\cdot y)\cap a^{(i)}=(t\cdot v_{12})\cap a^{\langle i)}=t\cdot(v_{12}\cap a^{\langle i)})\backslash =t$

and therefore the image of $\theta$ is the point $t$ . $q$ . $e$ . $d$ .
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We denote the above multiplication with the symbol $M_{t}$ and
the image of a point $u$ with $M_{t}(u)$ . That sllch multiplication is
unique, is the result of theorem 51, since $e_{12}^{\langle j)}\cap C=O,$ $e_{J2}^{\langle j)}\cdot(P\cap a^{(j)})$

$=e_{12}^{(j)}\cdot a_{2}=a^{\langle\dot{g})}$ hold. Given a finite point $t$ with dim $t=i,$ $ O(t)=\nu$

and an arbitrary finite point $s$ , we define product of $t$ and $s$ as the
point $M_{t}(s^{\{i-\nu)}),$ $w$here $s^{\{i-v)}=s\cap e^{(i-\nu)}$ , and denote with the symbol
$ts$ . The present definition yields then dim $ts=i$ , if dim $ s\geqq i-\nu$ ,
and dim $ ts=\dim s+\nu$ , if dim $s<i-v$ .

.Thorem 57. If dim $t=i$ , $ 0(t)=\nu$ , dim $ s=\mu<i-\nu$ , then
$t\cdot s=t^{\langle\nu+\mu)}s$ , where $t^{t\nu}\ddagger^{\mu)}=t\cap e^{(v+\mu)}$ .

$Pr$ . We choose $x,$ $a_{3}$ , $y,$
$b$ just as in theorem ‘56. Putting

$b^{\{\mu)}=a_{2}\cdot a_{3}^{(\mu)},$ $x^{(\mu)}=x\cap e^{(\mu)},$ $(e_{12}^{(\mu)}\cdot x^{\langle\mu)})\cap b^{(\mu)}=v^{(\mu)},$ $y^{(\mu)}=(t^{(\mu+\nu)}\cdot v^{(\mu)})$

$\cap(a_{1}^{(\mu+\nu)}\cdot x^{(\mu)})$ , we have $M_{t(\nu+\mu)}$ by $mean\grave{s}$ of $x^{(\mu)},$ $y^{(\mu)},$ $b^{\langle\mu)}$ . Since
$t^{(v*\mu)}s=[\{(s\cdot x^{(\mu)})\cap b^{(\mu)}\} y^{\{\mu)}]\cap a^{(\mu+\nu)}\leq[\{(s\cdot x)\cap b\}\cdot y]\cap a^{(i)}=ts$

and dim $t^{\langle\nu+\mu)}s=\dim ts,$ s\={o} we obtain $t^{\langle\nu+\mu)}s=ts$ .
Theorem 58. $s,$

$t$ being two finite points $w\prime ithO(s)=\mu,$ $O(t)=v$ ,
dim ts $=j$ , then $O(ts)=O(t)+O(s)$ , if $j>\mu+v$ , and $0(ts)=j,$ $\psi$

$ j\leqq\mu+\nu$ .
$Pr$ . Suppose $M_{t}$ is generated by means of $x,$ $y,$ $b$ just as in

theorem 56. Then, putting dim $t=i,$ $(s^{\{i-\nu)}\cdot x)\cap b=v_{1},$ $(v_{1}\cdot y)\cap$

$a^{(i)}=ts$ and $a_{1}^{\langle i)}\cdot y=a_{1}^{(:)}\cdot x^{(1)}$ Hence we obtain

{3) $a_{1}^{(:)}\cdot ts=(a_{1}^{(i)}\cdot v_{1}\cdot y)\cap a^{(i)}=(a_{1}^{(i)}\cdot v_{1}\cdot x)\cap a^{(i)}$

$=(\alpha_{1}^{\{i)}\cdot s^{\langle i-\nu)}\cdot x)\cap a^{(i)}=a_{1}^{(i)}\cdot s^{(i-\nu)}$ .
In case dim $s\geqq i-v$ , we have dim $ts=j\backslash =i$ . Then from (3) it
follows

dim $(a_{1}^{(i)}\cup ts)=i+(i-\nu-\mu)$ , if $\nu+\mu<i$ ,

dim $(a_{1}^{(\cdot)}\cdot ts)=i$ , if $\nu+\mu\geqq i$ ,
whence

$ O(ts)=v+\mu$ , if $|^{\nu+\mu}<j$

$O(ts)=j$ , if $v+\mu\geqq j$

In case dim $ s<i-\nu$ , we have $j=\dim s+\nu\backslash \geqq_{\mu+\nu}$ and from (3)

dim $(a_{1}^{(i)}\cdot ts)=i+\dim s-\mu\triangleright$ ’ whence follows

(1) This follows from $a_{1}^{(i)}\cdot y\leq a_{1}^{\langle i)}\cdot x,$ $a_{1}^{(i)}\cap y=a_{1}^{1\nu)}$ and dim $y=diMx+v$ .
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$O(ts)=(\dim s+\nu+i)-(i+\dim s-\mu)=\mu+v$ .
Lemma 12. The product of a point in the origin with any

finite $po’\dot{m}t$ is in the origin.
$Pr$ . Suppose $t=a_{1}^{(i)}$ and $M_{t}$ is generated by $x,$ $y,$ $b$ . Then

$(O\cdot x)\cap b=O,$ $(O\cdot y)\cap a^{(i)}=\kappa=a_{1}^{(i)}=t$ .

Theorem 59. (assoeiatw$e$ law $\iota of$ multiplication). $(ts)u=t(su)$ .
$Pr$ . Suppose dim $t=i,$ $O(t)=\nu,$ $ O(s)=\mu$ If $\mu+v\geqq i$ , then

$ts=a_{1}^{(i)}$ by theorem 58 and $(ts)u=a_{1}^{(i)}$ by the preceding lemma.
Since dim $(su)\geqq\mu\geqq i-\nu$ , we have dim $t(su)=i,$ $ O(su)\geqq\mu$ . Hence
dim $t(su)\leqq O(t)+O(su)\backslash $ and by theorem 58 $t(su)=af)$

Now we have only $t\alpha$ treat the case $\mu+\nu<i$ . Put $ i-\nu=\lambda$ ,
if dim $s\geqq i-v$ , and dim $ s=\lambda$ , if dim $ s<i-\nu$ . ‘l’heorem 57 and 58
yield then the resul$tsts=t^{(\lambda+\nu)}s$ , dim $ts=l-\{-\nu,$ $ O(ts)=\mu+\nu$ . Since
further dim $su\leqq\dim s$ , we have $t(su)=t^{(\lambda+\nu)}(su)$ by theorem 57.
Therefore we can assume dim $ t=i=\lambda+\nu$ without loss of generality
and we see that

(4) $(ts)u=M_{ts}(u^{(\lambda-\mu)})$ , (5) $t(su)=M_{t}\{M_{s}(u^{1^{\lambda-\mu)}}\}$

by virtue of $M_{s}(u^{(\lambda-\mu)})=(su)^{t^{\lambda}})$ We will now prove that the right
hand sides of both (4) and (5) are equal. Suppose $M_{l}$ is generated
by $x,$ $y,$

$b$ , where $b=a_{2}\cdot a@^{\lambda)},$ $(s^{\langle\lambda)}\cdot x)\cap b=v_{1}$ and $(v_{1}\cdot y)\cap a^{(i)}=ts$

as in theorem 56. Putting $(e_{12}^{(\lambda)}\cdot v_{1})\cap(x\cdot a_{1}^{(\lambda)})=z$ , we have $a^{(i)}\cap z$

$=(e_{12}^{(\lambda)}\cdot v_{1})\cap a^{(\lambda)}1=e_{12}^{\{\lambda)}\cap a_{1}^{(\lambda)}=O$ , where $(a_{1}^{(\lambda)}\cdot e_{12}^{(\lambda)})\cap v_{1}\leqq a^{1^{\text{\‘{A}})}}.\cap v_{1}=O$ .
From the relations $zAe_{12}^{\{\lambda)}=O,$ $z\cdot e_{J2}^{(\lambda)}=(e_{12}^{(\lambda)}\cdot cf_{1})\cap(x\cdot a_{1}^{(\lambda)}\cdot e_{12}^{(\lambda)})$

$=e_{12}^{\langle\lambda)}\cdot v_{1}$ follows $\frac{z}{O}!\simeq\frac{z\cdot e_{12}^{(\lambda)}}{e_{12}^{(\lambda)}}=\frac{e_{12}^{(\lambda)}\cdot v_{1}}{e_{12}^{(\lambda)}}\simeq\frac{v_{1}}{O}$ and therefore $z$ is

irreducible. Further we have

(6) $a_{2}\cdot v_{1}=(a_{2}\cdot s^{(\lambda)}\cdot x)\cap b=(a^{(\text{\‘{A}})}\cdot x)\cap b=b$

(7) $v_{1}\cdot z=(e_{12}^{(\lambda)}\cdot v_{1})\cap(x\cdot v_{1}\cdot\alpha_{1}^{(\lambda)})=(e_{12}^{(\lambda)}\cdot z)\cap(x\cdot s^{1^{\lambda)}}\cdot a_{1}^{\{\lambda)})$

$=e_{12}^{(\lambda}\mu)$ $z$ .
From (6) and (7) follows $b\cdot z=a_{2}\cdot v_{1}\cdot z=a^{\{\lambda-\mu)}\cdot z$ and hence $a(\lambda-\mu)$

is $quasiq$)$erspective$ to $b$ with the axis $z$ . Since further $(x\cdot z)\cap a^{1^{\lambda)}}$

$=(e_{J2}^{(\lambda)}\cdot v_{1}\cdot x)\cap a_{1}^{(\lambda)}\leq a_{1}$ , so we have a $mUltiplication$ by mean\S of
$z,$ $x,$

$b$ . That this multiplication is indeed $M_{S}(\lambda)$ can be seen from
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$(e_{12}^{(\lambda-\mu)}\cdot z)\cap b=(x\cdot af^{\lambda)}\cdot e_{12}^{\langle\lambda-\mu)})\cap v_{1}=v_{1}$ ,

$(v_{1}\cdot x)\cap a^{I^{\lambda)}}=*(s^{(\lambda)}\cdot x)\cap a^{\langle\lambda)}=s^{\{\lambda)}$ .
Next th $e$ quasi-perspectivity of $a^{(\lambda-\mu)}$ and $b$ with axis $z$ and the

quasi-perspectivity of $b$ and $a^{(i)}$ with axis $y$ yield $a$ normal projection
of $a^{\{\lambda-\mu)}$ into $a^{(i)}$ . Further $(y\cdot z).\cap a^{(i)}\leqq(x ai^{i)})\cap a^{(i)}\leqq a_{1}$ ,
$(e_{12}^{(\lambda-\mu)}\cdot z)\cap b=v_{1},$ $(v_{1}\cdot y)\cap a^{\langle i)}=t\cdot s$ . Hence this $project^{;}\wedge on$ is $M_{ts}$ .
Then we have $(u^{(\lambda-\mu)} z)\cap b=v_{2}$ , $(v_{2}\cdot x)\cap a^{(\lambda)}=M_{s}(u^{(\lambda-\mu)})$ ,
$\{M_{s}(u^{\{\lambda-\mu)})\cdot x\}\cap b=(v_{2}\cup x)\cap b=v_{2},$ $(v_{2}\cdot y)\cap a^{(i)}=M_{ls}(u^{t^{\lambda-\mu)}})$ . $q$ . $e$ . $d$ .

Theorem 60. $lfO(t)\leqq O(s)$ and dim $s\leqq\dim t$ for any two
finite points $t,$ $s$ , then there exists uniquely a finite point $q$ , such that
$s=tq$ and dim $q=\dim s-O(t)$ .

$Pr$ . Put dim $t=i$ , $ O(t)=\nu$ , $a^{\langle i-\nu)}=a_{1}^{\langle i-\nu)}$ $a_{2}$ , $b=a_{3}\cdot a_{2}$ ,
$(e_{12}^{\{i-\nu)}\cdot x)\cap b=v_{12},$ $(v_{12}\cdot t)\cap(a_{1}^{(i)}\cdot x)=y$ just as in theorem 56, then
we have $M_{t}$ by $\iota lleans$ of $\backslash \alpha\cdot,$ $y,$

$b$ . Now in this projection to $s$ cor-
responds the \’element $q=(v\cdot x)\cap a^{(i-\nu)},$ $w$here $v=(s\cdot y)\cap b$ . Since

$q\cdot x=v\cdot x$ , $q\cap x=a^{\langle i-\nu)}\cap x=O$ and $\frac{v}{O}\simeq\frac{v\cdot x}{x}=\frac{q\cdot x}{x}=\frac{q}{O}$

and since $v\cdot y=s\cdot y,$ $v\cap y=b\cap y=O,$ $\frac{v}{O}\simeq\frac{v\cdot y}{y}=\frac{s\cdot y}{y}|\simeq- a_{1}^{\overline{\{v})}s$ ’

so $q$ is irreducible and of dimension dim $ s-\nu$ . Further, by virtue
of $q\cap a_{2}=v\cap a_{2}=(s\cdot y)\cap a_{2}=C,$ $q$ is finite and $s=tq$ .

, $r$ Theorem 61. If $0(s)=\mu,$ $O(t)=\nu,$ $\mu\geqq\nu$ and dim $s\leq\dim t+$

$(\mu-\nu)$ for any two finite points $s,$
$t$ , then there exists a finite point

$q$ such that $s=qt$ and dim $q=\dim s$ .
$Pr$ . First we consider the case $\mu=v$ and put d\’im $s=i$ . Since

the case $ i=\nu$ is trivial, we assume that $i>v$ . We determine $x$ ,
$b$ as in theorem 56 and put $(t^{(i)}\cdot x)\cap b=v,$ $(s\cdot v)\cap(a_{1}^{\langle i)}\cdot x)=y^{\prime}$ .
Then we have $ a_{1}^{(i)}\cdot y^{\prime}=(a_{1}^{(i)}\cdot s\cdot v)\cap(a_{1}^{(i)}\cdot x)=(a_{1}^{\{i)}\cdot a_{2}^{(i-\nu)}\cdot v)\cap(\grave{a}_{1}^{(i)}\cdot$

$x)=a_{1}^{\langle i)}\cdot x$ and $a^{(i)}\cap y^{\prime}=(s\cdot v)\cap a_{1}^{(i)}=\alpha_{1}^{(\nu)}$ . -Hence $\frac{y^{\prime}}{a_{1}^{(v)}}’\simeq\frac{a^{(i)}\cdot y^{\prime}}{a^{(i)}}$

$\rightarrow=\frac{a^{\langle i)}\cdot x}{a^{(i)}}\simeq\frac{x}{O}$ and $\frac{y^{\prime}}{a_{1^{\backslash }}^{(,)}}$ is a chain of dimension $i$ . By lemma 6

we have then $y^{f}=l\cdot a_{1}^{(\nu)}$ , where $l$ is irreducible and of dimension
not less than $i$ . Since $l\leqq a_{1}^{(i)}\cdot x$ , the dimension of $l$ must be equal

to $i$ and con8equent1y $l\leftrightarrow a_{1}^{(i)}=O$ . The quotient
$\underline{y^{\prime}}$

is then of type
$O$

$(i, \nu)$ . If we put further $v\cap(a_{1}^{(i)}\cup x)=v_{0}$ , then $v_{0}=(x,.a_{1}^{(\nu)})\cap b$ and
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dim $ v_{0}=\dim b+\dim(x\cdot a_{1}^{()})-\dim(b\cdot x)=\nu$ .
Now $v_{0}$ is contained in $\frac{y^{\prime}}{O}$ and $v_{0}y^{\prime}$– fs a chain of dimension $i$ . Fo $r$

$\frac{y^{\prime}}{v_{0}}=\frac{(s\cdot v)\cap(a_{1}^{(i)}\cdot x)}{v\cap(s\cdot v)\cap(a_{1}^{(i)}\cdot x)}|\simeq\frac{v\cdot\{(s\cdot v)\cap(a_{1}^{(i)}\cdot\dot{x})\}}{v}=\frac{s\cdot v}{v}=\frac{s}{O}$ .

Since $m_{j}(\frac{y^{\prime}}{v_{0}})=m_{j}(y^{\prime})-m_{j}(v_{0})$ holds for every $j$ , so $v_{0}$ is comple-

mented in $\frac{y_{\sim}^{\prime}}{O}$ by theorem 40. The chain $\frac{a_{1}^{\{\nu)}}{O}$ is absolutely maximal

in $\frac{y^{\prime}}{O}$ Therefore a complement $y$ of $v_{0}$

“ in $\frac{y^{\prime}}{O}$ is irreducible with

dimension $i$ and independent with $a_{1}$ by the assumption $i>v$ .
kHence $y$ is also a complement of $a_{1}^{(\nu)}$ in $\frac{y^{\prime}}{O}$ From $b\cap y^{\prime}=v\cap(a_{1}^{(i)}\cdot x)$

$=(t^{\langle i)}\cdot x)\cap(a_{1}^{(i)}\cdot x)\cap b=(x\cdot a_{1}^{\{V)})\cap b=v_{0}$ follows $b\cap y=b\cap y^{\prime}\cap y$

$=v_{0}\cap y=O$ and from $a^{(i)}\cdot y.=a^{(i)}\cdot y^{\prime}=a^{\Gamma i)}\cdot x$ follows $b\leq a^{\langle i)}\cdot y$ ,
whence $b\cdot y=a^{(i)}\cdot y$ and consequently $a^{(i)}\sim b$ with $a\grave{x}$ is $y$ . Since
further $a^{(i)}\cap b=a_{2},$ $(x\cdot y)\cap a^{(i)}\leqq(x\cdot y^{\prime})\cap a^{(i)}\leqq a_{1}^{(i)}$ holds, so we have
$a$ multiplication by means of $x,$ $y,$

$b$ . $(t^{(i)}\cdot x)\cap b=v$ and
$(v\cdot y)\cap a^{(i)}=(v\cdot v_{0}\cdot y)\cap a^{(i)}=(v\cdot y^{\prime})\cap a^{(i)}$

$=(s\cdot v)\cap(a_{1}^{(i)}\ovalbox{\tt\small REJECT}^{i)}\cdot x)\cap a^{\langle i)}=s\cdot\{v\cap(a_{1}^{(i)}\cdot t^{\langle i)})\}=s$

show that this is the required multiplication.
In case $\mu>\nu$ , we choose an arbitrary finite point $q^{f}$ with

$\dim q^{f}=i$ , $O(q^{\prime})=\mu-v$ and put $s^{f}=q^{\prime}t$ . Then $O(s^{\prime})=O(s)$ and
$\dim s^{\prime}=d\ddagger ms$ . Hence there exists a finite point $q^{\prime\prime}$ , such that
$s=q^{\prime f}s^{\prime}=q^{\prime\prime}(q^{\prime}t)$ . Finally, applying the associative law, we obtain
$s=(q^{\prime\prime}q^{\prime})t$ .

Theorem 62. $t,$ $s$ being two finite points of the same d,imension,
it holds $0(t+s)\geqq 0(t)=O(s)$ , $?f$ $O(t)=O(s)$ ,
and $O(t+sj={\rm Min}\{O(t), O(s)\},$ $\iota f$ $O(t)\neq 0(s)$ .

$Pr$ . Put $0(s)=\mu,$ $ O(t)=\nu$ and assume $v\geqq_{\mu}.$ . In virtue of
$A_{t}(s^{(\mu)})=A_{t}(a_{1}^{(\mu)})=t^{(\mu)}$ and $A_{t}(s^{(\mu+1)})\neq t^{(\mu+1)}$ we have $\dim\{(t+s)\cap t\}=\mu_{r}$

whence follows $(t+s)\cap a_{1}\geqq s\cap a_{1}$ , that is $ O(t+s)\geqq\mu$ . In particular
$ O(t+s)=\mu$ , if $v>_{\mu}$ .

Theorem 63. (first $dcstr\prime ibutive$ law). If $s,$ $u$ are two finite
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points of the same dimension, then holds $t(s+u)=ts+tu$ for every

finite point $t$ .
$Pr$ . Suppose dim $t=i,$ $O(t)=v$ . Then we can assume dim $s$

$=\dim u=i-\nu$ without loss of generality. Next suppose we obtain
$M_{t}$ by means of $x,$ $y,$

$b$ , such that, putting $\lambda=i-\nu,$ $(e^{(\lambda)}\cdot x)\cap b=v$,
$(v\cdot t)\cap(a_{1}^{(i)}\cdot x).=y$ . Next we choose an irreducible element $x^{\prime}$ of
dimension $\cdot\lambda$ , which is independent with $a_{1}\cdot a_{2}\cdot x$ and $anirreducib1e\wedge^{-}$

element $a_{4}$ of dimension $\lambda$ in $\frac{a_{1}^{(\lambda)}\cdot.x^{\prime}}{O}$ , which is independent with

both $x$
‘ and $a_{1}$ . Putting $b^{\prime}=a_{4}\cdot a_{2},$ $(a_{1}^{(\lambda)}\cdot x^{\prime})\cap b^{\prime}=v^{\prime},$ $(v^{\prime}\cdot s)\cap(a_{2}\cdot$

$x^{\prime})=y^{\prime}$ , we have $- a^{1^{\lambda)}}\sim b^{\prime}$ with axis $x^{\prime}$ and $b^{\prime}\sim a^{1^{\lambda)}}$ with axis $y^{\prime}$.
Since $a^{()}\lambda\cap b^{\prime}=a_{2},$ $(x^{\prime}\cdot y^{\prime})\cap a^{(}\lambda)\leqq oe$ and $(v^{\prime}\cdot y^{\prime})\cap a^{(\lambda)}=s$ hold, so
we obtain $A_{s}$ by means of $x^{\prime},$ $y^{\prime},$

$b^{\prime}$ . Now the perspectivity $a^{\{\lambda)}\cdot x^{\prime}$

$\sim b\cdot x^{\prime}$ with axis $x$ and the quasi-perspectivity of $b\cdot\varphi^{\prime}$ and $a^{(i)}\cdot x^{\prime}$

with axis $y$ generates a normal projection $\mathfrak{P}$ of $a^{(\lambda)}\cdot x^{f}$ into $a^{\langle i)}\cdot x^{\prime}$ ,

where the pole is $(a^{(i)}\cdot x^{\prime})\cap(b\cdot x_{\tau}^{\prime})=x^{\prime}\cdot a_{2}$ . Since $v^{\prime}\cap(x^{\prime}\cdot a_{2})=O$,
$\mathfrak{P}(v^{f})=q$ is irreducible and of dimension $i$ with $q\cap(x^{\prime}\cdot a_{2})=0$ ,
$q\geqq\kappa=a_{1}^{(\nu)}$ by theorem 50. Putting $b^{\prime\prime}=a_{2}\cdot q$ , we have

$b^{\prime\prime}\cdot x_{\backslash }^{f}=a_{2}\cdot \mathfrak{P}(v^{\prime})\cdot \mathfrak{P}(x^{\prime})=a_{2}\cdot \mathfrak{P}(v^{f}\cup x^{\prime})=a_{2}\cdot \mathfrak{P}(a_{1}^{(\lambda)})\cdot x^{f}$ ,

where $\mathfrak{P}(a_{1}^{(\lambda)})=[\{(a_{1}^{(\lambda)}\cdot x)\cap(b\cdot x^{f})\}\cdot y]\cap(a_{1}^{t:)}\cdot x^{\prime})$

$=[\{(a_{1}^{(\lambda)}\cdot x)\cap b\}\cdot y]\cap a^{(i)}=a_{1}^{\{i)}$ .

Therefore we haye $b^{\prime\prime}\cdot x^{\prime}=a^{(i)}\cdot x^{\prime}$ , $a^{\langle i)}\cap x^{\prime}=O$ and $b^{t\prime}\cap x^{\prime}=O$ ,
whence $a^{(i)}\sim b^{\prime\prime}$ with axis $x^{f}$ . Further we have

$ b^{ff}\cdot y^{f}=a_{2}\cdot y^{\prime}\cdot \mathfrak{P}(v^{f})=a_{2}\cdot x^{\prime}\cdot \mathfrak{P}(v^{\prime})=b^{\prime\prime}\cdot x^{\prime}=a^{(i)}\cdot x^{\prime}=a^{(i)}\cdot y^{\prime},\cdot$

and $b^{\prime\prime}\cap y^{\prime}=a^{(i)}\cap y^{\prime}=(v^{\prime}\cdot s)\cap a_{2}=v^{\prime}\cap a_{2}=O$ , whence $a^{\langle i)}-b^{\prime\prime}$ with
axis $y^{\prime}$ . It holds furthermore $a^{\langle i)}\cap b^{\prime\prime}\geqq\alpha_{2}$ , $(x^{\prime}\cdot y^{\prime})\cap a^{\langle i)}\leqq a_{8}$ and
$(a_{1}^{\langle i)}\vee x^{\prime})\cap b^{\prime\prime}=(a_{1}^{\{i)}\cdot x^{\prime})\cap(a_{2}\cdot q)=\mathfrak{P}\{(a_{1}^{(\lambda)}\cdot x^{\prime})\cap(a_{2}\cdot v^{\prime})\}=\mathfrak{P}(v^{\prime})=q$ ;
$(q\cdot y^{\prime})\cap a^{\{i)}=\mathfrak{P}\{(v^{\prime}\cdot y^{\prime})\cap a^{(\lambda)}\}=\mathfrak{P}(s)$ .

Since $\mathfrak{P}$ induces a multiplication $M_{t}$ in $\frac{a^{(i)}}{O_{-}}$ so $\mathfrak{P}(s)=ts$ .
Consequently we have $A_{ts}$ by means of $x^{\prime},$ $y^{f},$

$b^{\prime\prime}$ , and

$t(s+u)=\mathfrak{P}(s+u)=\mathfrak{P}[\{(u\cdot x^{f})\cap b^{\prime}\}\cdot y^{\prime}]\cap \mathfrak{P}a^{(\lambda)}$

$=[\{(\mathfrak{P}(u)\cdot x^{f})\cap b^{\prime\prime}\}\cdot yq\cap a^{(i)}=ts+\mathfrak{P}(u)=ts+tu$ .
Theorem 64. (second distributive law). If $u,$

$s-are$ two $z_{b^{\backslash \dot{r}7},\text{ノ}J}$
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points of the same dimension, $then\wedge(s+u)t=st+ut$ for every finite
point $t$ .

$Pr$ . Putting dim $ s\approx$ dim $u=i$ , we assume $\lambda=\dim t=i-v>O$ .
First we consider the case $ 0(s)=O(u)=\nu$ , $O(t)=0$ . Then
$\mu=O(s+u)\geqq v$ by theorem 62. We choose $a_{3}$ , $x,$

$b$ as usual such
that $a^{(\lambda)}\sim b$ with axis $x$ . Putting $(e^{1^{\text{\‘{A}})}}\cdot x)\cap b=p,$ $(t\cdot x)\cap b=q$ and

(8) $(s\cdot p)\cap(a_{1}^{(i)}\cdot x)=y_{8}$ , (9) $(u\cdot p)\cap(a_{1}^{\langle i)}\cdot x)=y_{u}$ ,

we have

(10) $(y_{\epsilon}\cdot q)\cap a^{(i)}=st$ , (11) $(y_{u}\cdot q)\cap a^{(i)}=ut$ .
If we put $\lambda^{\prime}=i-\mu$ , then $\lambda^{\prime}\leqq\lambda$ and from the above perspectivity
follows $a^{\langle\lambda^{r})}\sim b^{(\lambda^{\prime})}$ with axis $x^{1^{\lambda^{\prime})}}$ and $(e^{\{\lambda^{\prime})} x^{\langle\lambda^{\prime})})\cap b^{1^{\lambda^{\prime})}}=P^{(\lambda^{\prime})}$ ,
$\langle t^{(\lambda^{\prime})}\cdot x^{(\lambda^{\prime})})\cap b^{(\lambda^{\prime})}=q^{\{\lambda^{\prime})}’$ .

We choose an irreducible element $a_{4}$ of dimension $i$ in $\frac{a_{1}^{(i)}\cdot x^{\prime}}{O}$

which is independent with both $a_{1}$ and $X_{\backslash }^{\prime}$ . Puttlng $a_{2}^{\langle\lambda)}\cdot a_{1}^{\{i)}=a^{\prime}$ ,
$a_{I}^{(\lambda)}\cdot a_{4}=b^{\prime}$ , we have $a^{\prime}\sim b^{f}$ with axis $x^{f}$ . Further putting $(a_{1}^{(i)}\cdot x^{\prime})$

$\cap b^{\prime}=v^{\prime},$ $(v^{\prime}\cdot s)\cap(a_{2}\cdot x^{\prime})=y^{\prime}$ , we have $A_{s}$ by means of $x^{\prime},$ $y^{\prime},$
$b^{\prime}$ .

Hence $[\{(u\cdot x^{\prime})\cap b‘\} y^{f}]\cap a^{(i)}=s+u$ and putting $\{(s+u)\cdot p^{\{\lambda^{\prime})}\}\cap$

$\langle a_{1}^{(i)}\cdot x$) $\approx y_{s+u}$ , we have

(12) $(y_{s+u}\cdot q^{(\lambda^{\gamma})})\cap\alpha^{(i)}=(s+u)t$ .
Next $\cdot$ it hords for $a_{1}^{(i)}\cdot x=d$ the relations

$(d\cdot x^{\prime})\cdot p=a_{1}^{\langle i)}\cdot x^{\prime}\cdot x\cdot p=a_{1}^{(i)}\cdot e^{(\lambda)}\cdot x\cdot x^{\prime}$

$=a_{1}^{(i)}\cdot a_{2}^{\{\lambda)}\cdot x\cdot x^{f}=(a^{\prime}\cdot x^{\prime})\cdot p$ ,

$(d\cdot x^{\prime})\cap p=d\cap p=d\cap(e^{1^{\lambda)}}\cdot x)\cap b=x\cap b=O$ ,

$(a^{\prime}\cdot x^{\prime})\cap p=(a‘ x^{\prime})\cap(e^{(\lambda)}\cdot x)\cap b=a_{2}^{(\lambda)}\cap(e^{(\lambda)}\cdot x)\approx O$ .
Hence $a^{\prime}\cdot x^{\prime}\sim d\cdot x^{\prime}$ with axis $p$ . Next we have

$(d\cdot x^{\prime})\cdot q\approx(a_{1}^{(i)}\cdot x‘)$ $(q\cdot x)=(a_{1}^{(i)}\cdot x^{\prime})\cdot(t\cdot x)$

$=a_{1}^{(i)}\cdot x^{\prime}\cdot a_{2}^{(\lambda)}\cdot x=a^{\prime}\cdot x^{\prime}\cdot q$

.and $(d\cdot x^{\prime})\cap q=(d\cdot x^{\prime})\cap(t\cdot x)\cap b=x\cap b=O$ ,

$)a^{\prime}\cdot x^{\prime})\cap q=(a^{\prime}\cdot x^{\prime})\cap(t\cdot x)\cap b=a_{2}^{(\lambda)}\cap(t\cdot x)=O$ .
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$I^{1}hereforea^{\prime}\cdot x^{\prime}\sim d\cdot x^{\prime}$ with axis $q$ and we obtain $a$ normal pro-
jective automorphism $T$ of $a^{f}\cdot x^{l}$ by means of $p,$ $q,$

$d\cdot x^{\prime}$ , its pole
being $(a^{f}\cdot x^{\prime})\cap(d\cdot x^{\prime})=a_{1}^{t:)}\cdot x_{\wedge}^{\prime}$ . From (8), (9), (10), (11) and (12)
we have $st\approx T(s)$ , $ut=T(u)$ , $(s+u)t\leqq T(s+u)$ and $T(x^{\prime})=x^{j}$ ,
$T(b^{l})\cdot x=T(b^{\prime}\cdot x^{\prime})=T(a^{f}\cdot x^{\prime})$ . Now we $proc^{\circ}ed$ as follows

$T(a_{2}^{\langle\lambda)})=[\{(a_{2}^{(\lambda)}\cdot p)\cap(d\cdot x^{\prime})\}\cdot q]\cap(a^{\prime}\cdot x^{\prime})$

$\rightarrow[\{(a_{2}^{\langle\lambda)}\cdot p)\cap(d\cdot x^{\prime})\}\cdot x\cdot t]\cap af^{\lambda)}=(a_{1}^{(\lambda)}\cdot x\cdot t)\cap a_{2}^{(\lambda)}=a_{2}^{(\lambda)}.$ .

Hence $T(b^{\prime})\cdot x^{\prime}=T(a^{f}\cdot x^{\prime})i\approx T(a_{1}^{\{i)}\cdot a_{2}^{(\lambda)}\cdot x^{\prime})=a_{1}^{(i)}\cdot a_{2}^{(\lambda)}\cdot x^{\prime}=a^{f}\cdot x^{r}$,

$T(b^{\prime})\cdot T(y^{\prime})rT(b^{\prime}\cdot y^{f})=T(a^{\prime}\cdot y^{\prime})=T(a^{\prime})\cdot T(y^{\prime})=a^{\prime}\cdot T(y^{\prime})$ .
and $T(b^{\prime})\cap x^{\prime}=T(b^{f}\cap x^{\prime})=O$ , $T(b^{\prime})\cap T(y^{\prime})=\mathcal{I}^{\prime}(b^{\prime}\cap y^{\prime})\approx 0$ .

Therefore $a^{(i)}\sim T(b^{\prime})\cdot a_{2}$ with axis $x^{\prime}$ and $T(y^{\prime})$ . Since further
$T(b^{\prime})\cap a^{f}=T(a_{2}^{(\lambda)})\#=a_{2}^{(\lambda)},$

$\{x^{f}\cdot T(y^{\prime})\}\cap a^{(i)}\}\leqq a_{2}$ , and

$[\{(a_{1}^{(i)}\cdot x^{\prime})\cap T(b^{\prime})\}\cdot T(y^{\prime})]\cap a^{\prime}=T[\overline{\{(a_{1}^{(i)}\cdot x^{\prime})\cap b^{\prime}\}\cdot y^{\prime}]\cap a^{f}}=T(s)\approx st,$ .

$\backslash $ so we obtain $A_{st}$ by means of $x^{\prime},$ $T(y^{\prime}),$ $T(b^{f})\cdot a_{2}$ . Then

$st+ut\geqq[\{(ut\cdot x^{\prime})\cap T(b^{\prime})\}\cdot T(y^{\prime})]\cap a^{\prime}$

$=T\overline{[\{(u\cdot x^{\prime})\cap b^{\prime}\}\cdot y^{\prime}]\cap a^{\prime}}\cong T(s+u)’$ .

Now we have $(s+u)t\leqq st+ut$ , from which we conclude
$(s+u)t=st+ut$ considering the dimensions of the both sides.

In case $O(t)=O$ and $O(s)>O(u)$ , it follows $O(s+u)=O(u)$
$=O(-u)^{(1)}$ Hence we have $(s+u)t+(-u)t=\{(s+u)+(-u)\}t=st$ .
From $(-u)t+ut=\{(-u)+u\}t=a_{1}^{(i)}$ follows then $(s+u)t=st+ut$ .
In case $O(t)>0$ , it is evidently $O(t+e^{()}\lambda)=0$ . Hence it follows

$(s+u)(t+e^{(\lambda)})=s(t+e^{(\lambda)})+u(t+e^{()}\lambda)=st+ut+se_{\backslash }^{(\lambda)}+ue^{(\lambda)}$

$=st+ut+s+u$ .
On the other hand we have $(s+u)(t+e^{(\lambda)})=(s+u)t+(s+u)$ by
applying the Prst distributive law. Hence the uniqueness of sub-
straction yields $(s+u)t=st+ut$ .

(1) Here $-u$ means a finite point, for which $(-u)+u=a_{1}(i)$ holds.
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PART 5.

As in the preceding parts let $L$ be a primary lattice with
height $h,$ $m_{h}\geqq 4$ and let $a_{i},$ $1,2,$ $\cdots r$ , be its basis with $d_{i}=\dim a_{i}$ ,

where $d_{1}=d_{2}=d_{3}=d_{4}=h$ holds. In each straight line $\frac{a_{1}\cdot a_{i}}{O}$ we

choose an irreducible element $e_{1i}$ of dimension $d_{i}$ as its unit element,

which is independent with both $a_{1}$ and $a_{i}$ . In the straight line

$\frac{a_{i}\cdot a_{j}}{O}$ where $i$ , $j$ distinct from 1, we fix the elemeht

$[a_{1}\cdot\{(a_{i}\cdot e_{1j})\cap(a_{j}\cdot e_{1i})\}]\cap(a_{i}\cdot a_{j})$ as its unit element $e_{ij}$ . Then we
will show“ that (i) $e_{ij}$ is independent with both $a_{i}$ and $a_{j}$ . (ii) $e_{i_{J}}$

is irreducible and of dimension Min $(d;, d_{j})$ . In order to prove
these, we suppose $d_{i}\geqq d_{j}$ . Since

$\overline{\lfloor}a_{i}\cdot\{(a_{i}\cdot e_{1j})\cap(a_{j^{L^{\prime}}}e_{1i})\}]\cap a_{1}=\{(a_{i}\cdot a_{1}^{(d_{i})}\cdot\alpha_{j})\cdot(a_{i}\cdot e_{1j})\}\cap a_{1}$

$=[a_{i}\cdot\{e_{1j}\cap(a_{i}\cdot a_{1}^{(d_{i})}\cdot a_{j})\}]\cap a_{1}=(a_{i}\cdot e_{1j})\cap a_{1}=e_{h}\cap a_{b}=0$ ,

so lemma I yields
$e_{j}\dot{0}^{\cap}a_{i}=.\{(a_{i}\cdot e_{1j})\wedge(a_{j}\cdot e_{1i})\}\cap a_{i}=\alpha_{i}\cap(a_{j}\cdot e_{1i})=a_{i}\cap e_{1i}=0$ .

Similarly $e_{ij}\cap a_{j}=O$ . The validity of (ii) can be seen by

$\frac{e_{ij}}{O}\simeq\frac{a_{i}\cdot e_{ij}}{a_{i}}=\frac{(a_{1}\cdot a_{i}\cdot e_{j})\cap(a_{i}\cdot a_{j})}{a_{i}}=\frac{a_{i}\cdot a_{j}}{a_{i}}\simeq\frac{a_{j}}{O}$ .

Theorem 65. Among the unit elem ents eij of straight lrnes $\frac{a_{i}\cdot a_{j}}{O}$

in $Lhold\sim the$ relations
$[a_{\dot{k}}\cdot\{(a_{i}\cdot e_{kj})\cap(c\iota_{j}\cdot e_{ki})\}]\cap(a_{i}\cdot a_{j})=e_{ij}^{(dk)}\backslash $ ’

where $k$ is distinct from $i$ and $j$ .
$Pr$ . By definition the case $k=1$ is evident. For the $ca$se $i\Leftrightarrow 1$

$’\langle orj=1$) we have

$(a_{1}\cdot e_{kj})\cap(a_{j}\cdot e_{1k})=[a_{1}\cdot\{(a_{k}\cdot e_{b})\cap(a_{j}\cdot e_{1k})\}]\cap(a_{j}\cdot e_{1k})$

$=\{(a_{k}\cdot e_{1j})\cap(a_{j}\cdot e_{1k})\}\{a_{1}\cap(a_{j}\cup e_{k}Y)\}’\cdot=(a_{k}\cdot e_{j}!)\cap(a_{j}\cdot e_{1k})$ ,

$w$hence $[a_{k}\cdot\{(a_{1}\cdot e_{kj})\cap(a_{j}\cdot e_{1k})\}]\cap(a_{1}\cdot\alpha_{j})=(a_{k}\cdot e_{1j^{k}}^{(d)})\cap(a_{1}\cdot a_{j})$

$=e_{Jj^{k}}^{\{d)}$ .
The $ca$ses, where all $i,$ $j,$ $k$ are distinct from 1, can be treated

as follows
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$a_{i}\cdot e_{kj}\approx[a_{1}\cdot\{(a_{i}\cdot a_{k}\cdot e_{b})\cap(a_{i}\cdot a_{j}\cdot e_{1k})\}]\cap(a_{i}\cdot a_{k}\cdot a_{j})$ ;

$a_{j}\cdot e_{ki}=[a_{1}\cdot\{(a_{j}\cdot a_{k}\cdot e_{1i})\cap(a_{i}\cdot a_{j}\cdot e_{1k})\}]\cap(a_{i}\cdot a_{k}\cdot a_{j})$ .
Now the relation $a_{1}\cap(a_{i}\cdot a_{j}\cdot e_{1k})=O$ yields

$(a_{i}\cdot e_{kj})\cap(a_{j}\cdot e_{ki})=[a_{1}\cdot\{(a_{i}\cdot a_{k}\cdot e_{1}j)\cap(a_{j}\cdot a_{k}\cdot ei_{i})\cap(a_{i}\cdot a_{j}\cdot e_{1k})\}]$

$\cap(a_{i}\cdot\alpha_{k}\cdot a_{j})$ ,

$[a_{k}\cdot\{(a_{i}\cdot e_{kj})\cap(a_{j}\cdot e_{ki})\}]\cap(a_{i}\cdot a_{j})$

$=[a_{1}\cdot\{(a_{i}\cdot e_{1j^{k}}^{\langle d)})\cap(a_{j}\cdot e_{1l}^{(d_{k})})\}1\cap(a_{i}\cdot a_{j})\leq e_{ij}.(1)$ $q$ . $e$ . $d$ .
For an irreducible element $l$ of. dimension $\lambda$ in the straight line

$\frac{a_{i}\cdot a_{j}}{O}$ we choose a basis-component $a_{k}$ such that dim $a_{k}\geqq\lambda,$ $k\neq i$ ,

$k\neq j$ . Then we can find an irreducible element lf of dimension $\lambda$

with $a_{k}\cdot l=a_{k}\cdot l^{\prime},$ $a_{k}\cap l^{\prime}=O,$ $(a_{i}\cdot a_{j})\cap l^{\prime}=O$ . We put

$\overline{l}=_{r}[\{(a_{j}\cdot l^{f})\cap(a_{i}\cdot a_{k})\}\cdot\{(a_{i}\cdot l^{f})\cap\{(a_{j}\cdot a_{k})\}]\cap(a_{i}\cdot a_{j})$

and will prove that $\overline{l}$ is also an irreducible $elem\epsilon$ nt of dimension $\lambda$ ,
uniquely determined irrespective of the choice of $a_{k},$

$l^{\prime}$ . Suppose
$\cap a_{f}=0$ and take $a_{i},$ $a_{j}$ respectively as the origin and the infinite
point of the straight line. Using $a_{j}\cdot l=a_{j}\cdot a!^{\lambda)}$ , we have

$(a_{j}\cdot a_{i}^{(\lambda)})\cdot a_{k}=(a_{j}\cdot l^{\prime})\cdot a_{k}$ , $(a_{j}\cdot l^{f})\cap a_{k}=l^{\prime}\cap a_{k}=O$

by lemnia 1, since $(a_{k}\cdot l)\cap a_{j}=l\cap a_{j}=O$ . Therefore $a_{j}\cdot a_{l}^{(\lambda)}\sim a_{j}\cdot l^{\prime}$

with axis $a_{k}$ . Putting $(a_{i}\cdot l^{\prime})\cap(a_{j}\cdot a_{k})=m$ , we obtain $m\cap a_{j}=$

\langle $a_{i}\cdot l^{\prime}$) $\cap a_{j}=a_{i}\cap a_{j}=0$ and

$\frac{m}{O}\simeq\frac{m\cdot a_{j}}{a_{j}}=\frac{a_{j}\cdot a_{k}^{\{\lambda)}}{a_{j}}\simeq\underline{a}_{k,0^{-}}^{(\lambda)}$ .

Hence $m$ is $irr$ . ducible $a$ nd of dimension $\lambda$ . Further we have

$(a_{j}\cdot\sigma_{i}^{\{\lambda)})\cdot m=a_{j}\cdot a_{l}^{(}\cdot a_{k}\lambda)(\lambda)=a_{j}\cdot a_{k}^{\langle\lambda)}\cdot l$$‘=(a_{j}\cdot l^{\prime})\cdot m$

and $m\cap(a_{j}\cdot a_{i}^{\{\lambda}))- 0$ . $m\cap(a_{j}\cdot l^{\prime})=m\cap a_{j}<Q$ by $1\in m\dot{m}a1$ , since

$lr\cap(a_{j}\cdot m)=l^{\prime}\cap(a_{j}\cdot a_{k}^{(\lambda)})=l^{\prime}\cap(a_{k}\cdot l^{\backslash }\cap(a_{j}\cdot a_{k}^{(\lambda)})$

$=l^{\prime_{\cap}\ulcorner}a_{k}^{(\lambda)}\cap\{a_{j}\cap(a_{k}\cdot l)\}]\sim=l^{f}\cap a_{k}^{(\lambda)}=O$ .

(1) The $c_{-}\iota 1cu^{1}ation$ of dimension of the left-hand $s$ de yieldg the $requir^{\circ}\backslash d$ result.
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Therefore $a_{j}\cdot l^{\prime}$ is perspective to $a_{j}\cdot a!^{\lambda)}$ with axis $m$ . Since further
$(a_{j}\cdot a^{1^{\lambda)}})\cap(\%\cdot l^{f})\approx a_{j},$ $(a_{k}\cdot m)\cap(a_{j}\cdot a_{:}^{(\lambda)})\leqq a_{j}$ holds, we have really

an addition in $\frac{a_{i}\cdot a_{j}}{O}$ by means of $a_{k},$ $m,$ $a_{j}\cdot l^{\prime}$ . Now we put

$p=(a_{i}\cdot a_{k})\cap(a_{j}\cdot l^{\prime})=(a^{(}.\lambda)$ $a_{k}$) $\cap(\prime a_{j}\cdot l^{\prime})$ .
Then $\overline{l}=(p\cdot m)\cap(a_{i}\cdot a_{j})=(p\cdot m)\cap(a_{i}^{(\lambda)}\cdot a_{j})$ .
Hence $\overline{l}$ is the image of $ a_{l}^{(}\lambda$

) in this $add?tion$ and therefore $\overline{l}$ is
irreducible with dimension $\lambda$ . Since further

$(l\cdot a_{k})\cap(a_{j}\cdot l^{f})=l^{f}$ ,

$(l^{f}\cdot m)\cap(a_{l}^{\{\lambda)}\cdot a_{j})=(\alpha_{i}\cdot l^{\prime})\cap(a_{j}\cdot a_{k}\cdot l^{\prime})\cap(a_{l}^{(\lambda)}\cdot\Phi)=a^{(\lambda)},$
$\backslash $

so we have $A_{\overline{l}}(l)=a_{i}^{(\lambda)}$ , that is $l=-\overline{l}$ . Therefore $\overline{l}$ is uniquely
determined irrespective of the choice of. $a_{k},$

$l$ by theorem 51.
$rIhe$ element $\overline{L}$ is called conjugate to the element $l$ .
Theorem 66. $(e_{ki}\cdot e_{kj})\cap(a_{i}\cdot a_{j})=\overline{e_{ij^{k}}^{\{d)}}$ , where $\overline{e_{ij}}$ is conjugate to

$e_{ij}$ and $\overline{e_{ij}}\cap a_{i}=O,\overline{e_{ij}}\cap a_{j}=O$ .
$Pr$ . Putting $(a_{i}\cdot e_{kj})\cap(a_{j}\cdot e_{ki})\approx e_{\ddot{v}}^{f}$ , we have $a_{k}\cdot e_{i\dot{g}}^{\prime}=a_{k}\cdot e_{\dot{v}}^{|d_{k})}$

by theorem 65, and $e_{ij}^{f}\cap a_{k}=O,$ $e_{\acute{i}j}\cap(a_{i}\cdot a_{j})=O$ . Now it follows

$\overline{e_{t}^{5_{j^{k}}^{d)}}}=\sim[\{(a_{j}\cdot e_{ij}^{\prime})\cap(a_{i}\cdot a_{k})\}\cdot\{(a_{i}\cdot e_{ij}^{\prime})\cap(\dot{a}_{j}\cdot a_{k})\}]\cap(a_{i}\vee a_{j})$

$=[\{(a_{j}\cdot e_{ki}^{(dj)})\cap(a_{i}\cdot a_{k})\}\cdot\{(a_{i}\cdot e_{kj^{i}}^{\{d)})\cap(a_{j}\cdot a_{k})\}]\cap(a_{i}\cdot a_{\dot{f}})$

$=(e_{ki}^{(d_{J})}\cdot e_{kj}^{(d_{i})})\cap(a_{i}\cdot a_{j})=(e_{ki}\cdot e_{kj})\cap(a_{i}\cdot a_{j})$

Theorem 67. $(\overline{e_{ij}}\cdot\overline{e_{jk}})\cap(a_{i}\cdot a_{k})=\overline{e_{k}^{(dj)}}$ .
$Pr$ . Choose $a_{P}$ , such that $d_{P}\Leftarrow h,$ $\rho\neq i,$ $p\neq j,$ $\rho\neq k$ . Then

we have
$-$

$\overline{e_{ij}}=(e_{\rho\acute{i}}\cdot e_{r^{j}}\mathfrak{t})\cap(a_{i}\cdot a_{j})=(e_{pi}\cup e_{pj}\cdot e_{pk})\cap(cu\cdot a_{j})$ .
$\overline{e_{jk}}=(e_{pi}\cdot e_{pj}\cdot e_{pk})\cap(a_{j}\cdot a_{k})$

$\overline{e_{ij}}\cdot\overline{e_{jk}}=[\{(e_{pi}\cdot e_{pj}\cdot e_{Pk}\cdot a_{j})\cap(a_{i}\cdot a_{j})\}\cdot\hat{a}_{k}]\cap(e_{p:}\cdot e_{\rho j}\cdot e_{fk})$

$=(a_{l}^{\{dj)}\cdot a_{j}\cdot a_{k})\cap(e_{pi}\cdot e_{r;}\cdot e_{\rho k})$

$(\overline{e_{\ddot{v}}}\cdot\overline{e_{jk}})\cap(\mathfrak{R} a_{k})=(e_{pi}\cdot e_{pk})\cap(a_{l}dj)a_{k})=\overline{e_{1}^{t_{k}}\cdot}$ . $q$ . $e$ . $d$ .
Given two different straight lines $\frac{a_{k}\cdot a_{i}}{O}$ and $\frac{a_{k}\cdot a_{j}}{O}$

$ a_{k}\cdot a^{\{dj\rangle}\iota$
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is perspective to $a_{k}\cdot a_{f}^{(dp)}$ with axis $\overline{e_{ij}}$ . This perspectivity shall be
denoted with the $symbo-1p(kkji)$ and the image of a point $q$ with

$P(kkji)q$ . For the sake of completeness $we_{\Leftrightarrow}$ shall give the symbol

$P\left(\begin{array}{l}ki\\ki\end{array}\right)$ the meaning of $t$he $1^{l}a_{entica1}$ correspondence such that
$P\left(\begin{array}{l}ki\\ki\end{array}\right)q=q$ .

Theorem 68.

(1) $P\left(\begin{array}{l}ki\\kj\end{array}\right)a_{k}=a_{k}-$ , (2) $P\left(\begin{array}{ll}k & l\\kj & \end{array}\right)a_{1}^{\{dj)}=a_{f}^{(d_{i})}$ ,

(3) $P\left(\begin{array}{l}k\iota\\ kj\end{array}\right)e_{ki}^{(dj)}=e_{kj}^{(d_{i})}$ , (4) $P\left(\begin{array}{l}ki\\kj\end{array}\right)\overline{e_{ki}^{(dj)}}=\overline{e_{kj}^{(d_{l})}}$ .
$Pr$ . Suppose $d_{j}\geqq d_{i}$ . Then (1) follows from $(a_{k}\cdot e_{ij}\overline{)}\cap(a_{k}\cdot a_{j}^{(d)})$

$=a_{k}$ , and (2) from $(a_{i}\cdot\overline{e_{ij}})\cap(a_{k}\cdot a_{j}^{(d_{i})})=a_{j}^{(d_{i})}$ . Theorem 66 yields
$e_{ki}\cdot\overline{e_{ij}^{(d_{k})}}=e_{ki}\cdot e_{kj}^{(d_{i})}$ and consequently $(e_{ki}\cdot\overline{e_{ij}})\cap(a_{k}\cdot a_{j}^{\{d_{i})})=e_{kj}^{(d_{i})}$ , which
$pr\alpha\gamma es(3)$ , and Pnally by theorem 67 we have $(\overline{e_{ki}}\cdot\overline{e_{ij}})\cap(a_{k}\cdot a_{f}^{(d_{i})})$

$=\overline{e_{k\dot{g}}^{\{d_{i})}},$ $w$hich proves(4).

Theorem 69. If $c$ is irreducible in $\frac{a_{k}\cdot a_{i}}{O}$ and if $P\left(\begin{array}{l}k\prime i_{\prime}\\kj\end{array}\right)c=d$ ,

then $P\left(\begin{array}{ll}k & b\\k & j\end{array}\right)\overline{c}=\overline{d}$.
P.. Choose $a_{P}$ , such that $d_{P}=h,$ $\rho\neq k,$ $i,$ $j$ and an irreducible

element $c^{\prime}$ such that $a_{P}\cdot c=a_{P}\cdot c^{\prime}$ , $c’\cap a_{P}=O,$ $c^{\prime}\cap(a_{k}\cdot a_{i})=O$ . Then
by definition $\overline{c}=[\{(a_{k}\cdot c^{\prime})\cap(a_{P}\cdot a_{i})\}\cdot\{(a_{i}\cdot c^{\prime})\cap(a_{P}\cdot a_{k})\}]\cap(a_{i}\cdot a_{k})$ .
The $pe$rspectivity of $a_{P}\cdot a_{k}\cdot a_{i}^{(dj)}$ and $a_{P}\cdot a_{k}\backslash \prec a_{j}^{(d_{i})}$ with axis $\overline{e_{ij}}$ being
denoted with the symbol $\mathfrak{P}$ , we have

$p\left(\begin{array}{l}ki\\kj\end{array}\right)\overline{c}=[\{(a_{k}\cdot \mathfrak{P}^{(C^{f}))\cap(a_{P}\cdot a_{j}^{(d_{i})})\rangle}$

1

$\{(a_{J}^{(di)}\cdot \mathfrak{P}^{(c^{\prime}))\cap(a_{P}\cdot a_{k})\}]\cap(a_{j}^{(d_{i})}\cdot a_{k})}\cdot$

But $a_{P}\cdot d=a_{\rho}\cdot \mathfrak{P}(c)=a_{\rho}\cup \mathfrak{P}(c^{f})$ and $\mathfrak{P}(c^{f})\cap a_{f}=O,$ $\mathfrak{P}(c^{f})\cap(a_{k}\cdot a_{J}^{(d_{l})})$

$=O$ . Hence $P\left(\begin{array}{ll}k & l\\kj & \end{array}\right)\overline{c}=\overline{d}$. $q$ . $e$ . $d$ .
The image of a given element $t$ exists for $P(kkj\iota)$ , when $t$

belongs to $a_{k}\cdot a^{(dj)}$ . Every element, $w$hose image exists, is said to
be proper with $re$spect to the perspectivity. If for every element
$t$ , which is proper with respect to $\mathfrak{P}2$ and $\mathfrak{P}_{3}$ , $\mathfrak{P}2(t)$ being proper with
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respect to $\mathfrak{P}_{1}$ , the relation $\mathfrak{P}_{1}(\mathfrak{P}2(t))=^{l}\mathfrak{P}_{J}3(t)$ holds, then we say that
$\mathfrak{P}3$ is product of $\mathfrak{P}_{1}$ and $\mathfrak{P}_{2}$ anrl $w$rite $\mathfrak{P}1\mathfrak{P}_{2}=\mathfrak{P}s$ \ddagger Furthe $r$ an element
$t$ is said to be proper with respect to the product of perspectivities
$\mathfrak{P}_{1},$ $\mathfrak{P}_{2},$ $\cdots \mathfrak{P}_{\lambda}$ , if $\mathfrak{P}_{1}(\mathfrak{P}2 \mathfrak{P}_{\lambda}(t))$ exists. Two products are said to
be equivalent, if for every element, which is proper with respect

to both, iffimage is the same for both products.

Theorem 70. If $i,$ $j,$ $k,$ $l$ are all $d\dot{t}fferent$ , then

$p^{/kj}(kl)P(kj)=\dot{P}(kkil)$ .

$Pr$ . Put Min $(d_{i}, d_{j})=\nu$ . Then we have

$P(kkjl)P\left(\begin{array}{l}ki\\kj\end{array}\right)t=[\{(t\cdot\overline{e_{\dot{w}}})\leftrightarrow(a_{k}\cdot a_{j}^{(d_{i})})\}\cdot\overline{e_{jl}}]\cap(a_{k}\cup ai^{dj)})$

$=(t\cdot\overline{e_{\ddot{v}}}\cdot\overline{e_{jl}})\cap(a_{k}\cdot a_{l}^{\langle\nu)})$ .

But $fr$om theorem 67 $ful|ows\overline{e_{w}^{\{dl)}}\cdot\overline{e_{jl}}=\overline{e_{d}^{(dj)}}\cdot\overline{e_{jl}}$ , which yields

$P(kkjl)P(kkji)t\geqq(t\cdot\overline{e_{tl}^{(dj)}})\cap(a_{k}\cup af^{\nu)})=d_{\backslash }^{ki}kl)t$ .

Theorem 71. If $i,$ $j,$ $k,$
$\rho$ are all different, then

$P\left(\begin{array}{ll}k & j\\k\rho & \end{array}\right)P(\iota^{\prime}kjj)’=P^{(ip}v)P’\left(\begin{array}{lll} & i & j\\ & \prime\dot{b} & \mu\end{array}\right)$ .

$Pr$ . $P\left(\begin{array}{l}kj\\k\rho\end{array}\right)P^{(ij}\langle kj)t=[\{(t\cdot\overline{e_{ik}})\cap(a_{\dot{f}}\cdot at^{d_{i})})\}\cdot\overline{e_{\dot{g}\rho}}]\cap(a_{k}\cdot a_{P}^{(dJ)})$

$=(t\cdot\overline{e_{ik}}\cdot\overline{e_{j\rho}})\cap(a_{k}^{(d:)}\cdot a_{\rho}^{(d_{J})})$ .

On the other hand we have

$P(ik\rho\rho)P(i\rho)t=[\{(t\cdot\overline{e_{j_{P}}})\cap(a_{i}\cdot a_{\rho}^{\{d\gamma)})\}\cdot\overline{e_{ik_{-}}}|\cap(a_{\downarrow J}\cdot a_{k}^{(d)})$

$=(t\cdot\overline{e_{j_{P}}}\cdot\overline{e_{ik}})\cap(a_{\vdash}^{(dj)}\cdot a_{k}^{(d_{i})})$ .
.

Theorem 72. If $i,$ $j,$
$p,$

$k$ are all different, then

$P\left(\begin{array}{l}ki\\ij\end{array}\right)P(ki)H_{\backslash kj}^{ij})=p(\rho iji)P(pjpi)P\left(\begin{array}{l}ij\\j\rho\end{array}\right)$ .
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$Pr$ . $p(ji)P(\rho i,)4_{\rho j}^{ij})=P\left(\begin{array}{l}ki\\ij\end{array}\right)p(\rho k\prime i\dot{\iota})P_{{}^{t}\rho i}^{\rho j})P(i\rho jj)$ by theorem 70

$=P\left(\begin{array}{ll}k & i\\ji & \end{array}\right)P(kkji)4_{kj}^{\rho j})P\left(\begin{array}{l}ij\\jp\end{array}\right)$ by theorem 71

$=P\left(\begin{array}{l}ki\\ji\end{array}\right)P\left(\begin{array}{ll}k & j\\k & l_{\prime}\end{array}\right)P\left(\begin{array}{l}ij\\kj\end{array}\right)$ again by theorem 70.
$q$ . $e$ . $d$ .

Now we define $4_{k\rho}^{i}J)=P\left(\begin{array}{l}k_{J}\\kp\end{array}\right)P\left(\begin{array}{l}iI\\kj\end{array}\right)$ , if $k\neq j,$ $i\neq j,$ $ k\neq\rho$ .
If moreover $i,$ $j,$ $k,$ $\rho$ are all different, then thi$ is the perspectivity
of $a_{i}^{\langle d_{k})}\cdot a_{J}^{\{d_{P})}$ and $a_{k}^{(d_{i})}\cdot a_{P}^{(dj)}$ with axis $\overline{e_{j_{f}}}\cdot\overline{e_{ik}}$ by theorem 71. Further
we define $P\left(\begin{array}{ll}i & j\\j & i\end{array}\right)=P(k^{l}jii)P(ki)P(kj)$ , where $d_{k}=h$ and $k\neq i,$ $j$ .

Theorem 73. $P\left(\begin{array}{ll}k & \rho\\ k\sigma & \end{array}\right)P\left(\begin{array}{ll}i & j\\k\rho & \end{array}\right)=P\left(\begin{array}{l}ji\\k\sigma\end{array}\right)$ .
$Pr$ . The case $i=k$ or $ 0=\rho$ is evident. For the $ca$se $i\neq k$ ,

$ j\neq^{\prime}\rho$ and $j\neq k$

$P\left(\begin{array}{ll}k & \rho\\ k\sigma & \end{array}\right)P(ik\rho j)=P(kk\sigma p)P(kkjij\rho\backslash kj=P(kk_{\sigma}j)P(kj)=p(ik_{\sigma}j)$ .

For the case $i\neq k,$ $j\neq\rho,$ $j=k,$ $ i=\rho$ we can assume $\sigma\neq i$ and

$P(jj\sigma i)P\left(\begin{array}{ll}i & j\\j\cdot i & \end{array}\right)=P(j\sigma)P\left(\begin{array}{l}\sigma i\\j\prime i\end{array}\right)P(\sigma\sigma ji)P\left(\begin{array}{ll}\prime\dot{b} & j\\\sigma & j\end{array}\right)$

$=P(j\sigma)P\left(\begin{array}{l}\sigma i\\\sigma\sigma\end{array}\right)P(\sigma\sigma ji)P\left(\begin{array}{l}ij\\j\sigma\end{array}\right)=P(j\sigma)P(\sigma\sigma\sigma j)P(i\sigma jj)$

$=P(j\sigma)P\left(\begin{array}{l}i\sigma\\\sigma\sigma\end{array}\right)P(ii$

.
$\sigma j)=P(j\sigma)P(ii\sigma j)=4_{j\sigma}^{ij})$ ,

where $\sigma\neq i,$ $j,$ $\sigma$ . For the case $i\neq k,$ $j\neq\rho,$ $j=k,$ $i\neq\rho,$ $ i=\sigma$

we $have\overline{\infty}P(jj\rho i)P\left(\begin{array}{l}ij\\j\rho\end{array}\right)=P\left(\begin{array}{ll}j & \rho\\ ji & \end{array}\right)P\left(\begin{array}{l}i\rho\\ j\rho\end{array}\right)P\left(\begin{array}{l}ij\\ip\end{array}\right)=P\left(\begin{array}{l}ij\\jr_{J}\end{array}\right)$ . Finally in
$\hat{4}hecase\alpha\vee-\vee|i\neq k,$

$j\neq\rho,$ $j=k,$ $ i\neq- p\backslash i\neq\sigma$ ,

$P(jj\sigma\rho)P\left(\begin{array}{ll}? & j\\j\rho & \end{array}\right)=P(j\sigma)P\left(\begin{array}{ll}\prime\dot{b} & \rho\\ j & p\end{array}\right)P\left(\begin{array}{l}ij\\i\rho\end{array}\right)=P\left(\begin{array}{ll}i & \rho\\ j & \sigma\end{array}\right)P\left(\begin{array}{l}ij\\i\rho\end{array}\right)$

$=P(j\sigma\backslash )P\left(\begin{array}{ll}i & \rho\\ i\sigma & \end{array}\right)P\left(\begin{array}{l}ji\\i\rho\end{array}\right)=P\left(\begin{array}{l}i\sigma\\ j\sigma\end{array}\right)P\left(\begin{array}{ll}\prime i & j\\i & \sigma\end{array}\right)=P\left(\begin{array}{l}j\iota^{o}\\j\sigma\end{array}\right)$ .

Theorem 74. $P\left(\begin{array}{ll}i & j\\k & \rho\end{array}\right)P\left(\begin{array}{l}i_{\sigma}\\\prime ij\end{array}\right)=P\left(\begin{array}{l}i\sigma\\ k\rho\end{array}\right)$ .
$Pr$ . The case $i=k$ or $ j=\rho$ is evident. Suppose $i\neq k,$ $ j\neq\rho$ ,

$j\neq!\dot{\iota}k$ . By the preceding theorem we have
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$ P\left(\begin{array}{l}ij\\k\rho\end{array}\right)P\left(\begin{array}{l}i\sigma\\ ji\end{array}\right)=P\left(\begin{array}{l}kj\\kp\end{array}\right)P\left(\begin{array}{ll}i & j\\k & j\end{array}\right)P(ii\sigma j)=4_{k\rho}^{kj})^{\vee}\overline{4}_{kj}^{i\sigma})=P(k\rho)\vee$

If $i\neq k,$ $j\neq p$ and $j=k$ , then we have for the case $i\neq p$

$p(i,j\rho j)P\left(\begin{array}{l}i\sigma\\ ji\end{array}\right)=P\left(\begin{array}{l}i\rho\\ j\rho\end{array}\right)P(i_{J}i\rho)P\left(\begin{array}{l}i\sigma\\ ij\end{array}\right)=P\left(\begin{array}{l}i\rho\\ j\rho\end{array}\right)P\left(\begin{array}{l}i\sigma\\ ip\end{array}\right)=P(ij\sigma\rho)t$

and for the case $i=p$

$P(ijji)P\left(\begin{array}{l}i\sigma\\ ji\end{array}\right)=p(ji,)4_{\sigma i}^{\sigma f})P\left(\begin{array}{l}ij\\j\sigma\end{array}\right)p(ii\sigma j)$

$=P(j\zeta_{\dot{b}’ i}^{2})P\left(\begin{array}{l}j\zeta\\\zeta i\end{array}\right)P\left(\begin{array}{l}i\sigma\\ j\zeta\end{array}\right)=P\left(\begin{array}{l}\zeta i\\\prime ji\end{array}\right)P\left(\begin{array}{ll}i & \sigma\\\zeta & i\end{array}\right)\vee=P(ij\sigma i)$

by the preceding theorem. $q$ . $e$ . $d$ .
Theorem 73 and 74 show that through successive perspectivities $\cdot$

the Bnal image of a given point depends only on the final straight
line, whereupon the process of perspectivit,ies ends, and never depends
on the choice of intermediating straight lines.

Theorem 75. $P\left(\begin{array}{ll}i & j\\ji & \end{array}\right)t=t^{-1}$ for every unit $t$ in $\frac{a_{i}\cdot a_{j}}{O},$ where $t^{-1}$

-means a point, for which $M_{t}(t^{-1})\leqq e_{ij}$ holds.
$Pr$ . We put dim $ t=\lambda$ . From $t\cdot a_{i}\leqq a_{i}\cdot a_{j},t\cdot a_{j}\sim\leqq\alpha^{\prime}\cdot a_{\dot{\mathcal{F}}}$

follows dim $ a_{i}\geqq\lambda$ , dim $ a_{j}\geqq\lambda$ . Suppose $P(ji)=P\left(\begin{array}{l}ki\\ji\end{array}\right)P(kkji)P(kj)_{\hslash}$

where dim $ a_{k}\geqq\lambda$ , and put

$(t\cdot\overline{ei_{i}^{\lambda)}})\cap(a_{k}^{(\lambda)}\cdot a_{j}^{\langle\lambda\}})=t^{\prime}$ , $(t‘ \overline{e_{ij}^{(\lambda)}})\cap(a^{(.\lambda)}\cdot a_{k}^{\{\lambda)})=t^{\prime\prime}$ ,

$(t^{\prime\prime}\cdot\overline{ei_{j}^{\lambda)}})\cap(a_{l}^{(}\lambda)$ $ a_{J}^{(}\lambda$ )) $=t^{\prime\prime\prime}$

Then we haue obviously $t^{\prime\prime\prime}=4_{ji}^{ij})t$ and

$a_{l}^{(\lambda)}\cdot t^{\prime\prime}=a_{l}^{t^{\lambda)}}\cdot at^{\lambda)}$ , $ai^{\lambda)}\cdot t^{\prime\prime}t=a_{l}^{t^{\lambda)}}\cdot a_{k}^{\langle\lambda)}$ ,

whence $(a_{l}^{t^{\lambda)}}\cdot a_{j})\cdot t^{\prime f}=(a_{k}^{(\lambda)}\cdot a_{j})\cdot t$‘’. Furthe $r$

$(a_{l}^{\{\lambda\}}\cdot a_{j})\cap t^{\prime\prime}=(t^{\prime}\cdot\overline{e_{tj}^{(\lambda)})}\cap a^{\dot{\{}\lambda)}=\overline{e_{\dot{v}}^{i^{\lambda)}}}\cap a_{i}^{(\lambda)}=O$ ,

$(a\beta^{\lambda)}\cdot a_{j})\cap t^{\prime\prime}=(t^{\prime}\cdot\overline{e_{ij}^{(\lambda)}})\cap ai^{\lambda)}=t^{\prime}\cap a_{k}^{(\lambda)}=O$ .
Therefore $a_{i}^{(\lambda)}\cdot a_{j}\sim a_{k}^{(\lambda)}\cdot a_{j}$ with axis $t^{\prime f}$ and we have a projective
automorphism of $at^{\lambda)}’\cdot a_{j}$ by means of $t^{\prime\prime},\overline{\overline{e}t_{1}^{\lambda)}}$ and $a_{k}^{(\lambda)}\cdot\alpha_{j}$ . If we
take $a_{j}$ as the infini$te$ point and $a$: as the orgin of the straight line
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$\frac{a_{i}\cdot a_{\dot{f}}}{O}$ , then this automorphism becomes the multiplication $M_{-t}$ .
In fact $(a^{1^{\lambda)}}.. a_{j})\cap(ai^{\lambda)}\cdot a_{j})=a_{j},$ $(t^{f\prime}\cdot e_{k:}^{(\lambda)})\cap(a!^{\lambda)}\cdot a_{j})\leqq a_{i}$ , and
$\{\overline{e_{\dot{v}}^{(\lambda)}}\cdot t^{\prime\prime})\cap(al^{\lambda)}\cdot a_{j})=(t^{\prime}a\overline{e_{*j}^{1^{\lambda)}}})\cap(a1^{\lambda)}\cdot a_{j})=t^{\prime},$ $(t^{\prime}\cdot\overline{e}E))\cap(a_{1}^{(\lambda)}\cdot\%)--$. $t$ .
The image of the point $\overline{e_{j}^{(.\lambda)}}=-e_{j}^{\dot{(}\lambda)}$ being $t$ , we see that the image
of $e_{\ddot{v}}^{(\lambda)}$ is the point $-t$ by the use of the fir$st$ distributive law. Now
it follows $(t^{\prime\prime}‘ t^{\prime f})\cap(a1^{\lambda)}\cdot a_{j})=\overline{ei_{j}^{\lambda)}}$ and $(\overline{eb_{j}^{\lambda)}}\cdot\overline{e_{k1}^{\langle\lambda)}})\cap(a_{i}^{(\lambda)}\cdot a_{j})=\overline{e_{sj}^{()}\lambda}$ by
theorem 67. Hence $(-t)\cdot t^{\prime\prime f}=-e_{1j}^{(.\lambda)}$ , whence $t^{\prime\prime\prime}=t^{-1}$ . $q$ . $e$ . $d$ .

The quotient $\frac{a_{i}\cdot a_{j}\cdot a_{k}}{O}$ where $a_{i}$ , $a_{j},$ $a_{k}$

. are any three basis-
components of $L$ , is called a plane in $L$ . The perspectivity of two

$P(i,j,’ wedefinrtherp1anes\frac{a_{i}\cdot a_{j}\cdot a_{k}}{kk).ThenO}and\frac{a_{i}\cdot a_{j}\cdot a_{k^{\prime}}}{efuO}withi,j$,
axis $e_{kk^{\prime}}$ shall he denoted by

$P(ii,$ $j^{f}j,,$ $k^{f}k)=i,j,k^{\prime}i,j,$$ki,j^{f},k^{\prime}i,j,k$ if $j\neq k^{f}$ .

$P(ii,’ jk,kj)=4_{i,k,j}^{i,\rho,j})P(i.’ p,k)P(ii’ jp,$ $kk)$ , if $\rho\neq i,$ $\rho\neq j,$ $\rho\neq k^{\wedge}$

.

$P(j\dagger)=P(i,j^{f},k^{\prime)P()}i_{j^{J^{\prime}}}^{\prime},k^{\prime}\cdot i,j,k\sim i,$

$j^{f},k^{\prime}$
if $\dot{b}\neq j^{f},$ $i\neq k^{\prime}$

$PC_{i,k^{f}}^{i.’ j,k}’)=p(j,,i,,k)P(ii,$ $jj’,$ $kk)$ and so forth.

Theorem 76. The perspectivity $P(;/,)$ in $\frac{a_{i}\cdot a_{j}\cdot a_{k}}{O}$ induces

$p(i)$ in $\frac{a_{j}\cdot a_{k}}{O}$

$Pr$ . In case $i=i$‘, $j=j^{\prime},$ $k\neq k^{\prime}$ we have for $t\leqq a_{j}\cdot a_{k}$

$P(i,)t=(t\cdot\overline{e_{kk^{\prime}}})\cap(a_{i}\cdot a_{j}\cdot a_{k}^{(d_{k})})$

$=(t\cdot\overline{e_{kk^{\prime}}})\cap(a_{j}\cdot a_{k}^{\langle d_{k})})=P(j,kj,k^{f)t}$

‘The proofs of the other case $s$ can be readily obtained by virtue of,
theorem 73 and 74.

PART 6.

As in the preceding parts we consider a primary lattice $L$ with
a basis $a_{1},$ $a_{2},$ $\cdots a_{r},$ .where $r\geqq 4$ and dim $ a_{1}=\dim a_{2}=\dim$ da
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$=\dim a_{\underline{4}}=h$ holds, $h$ being the height of $L$ , and we deno$te$ with
$A_{i}$ the join of all $a_{\nu}$ , $v=1,2,$ $\cdots i-1,$ $i+1,$ $\cdots r$ except $tk$ , with
$A_{i;}$ the join of all $a_{\nu}$ except $a_{i}$ and $a_{j}$ , etc. If $l$ is an irreducible
element of dimension $\lambda$ in $L$ , we put $lij=(A_{ij}\cdot l)\cap(a_{i}\cdot a_{j})$ , and
will prove

’

Theorem 77. $l_{ij}$ is irreducible and, ’if, qmttrng dim $(l\cap A_{i})=\lambda_{\dot{i}r}$

$\lambda_{j}\geqq\lambda_{i}$ , then $l_{ij}\cap a_{j}=O$ , dim $l_{ij}=\lambda-\lambda_{i}$ , dim $(l_{ij}\cap a_{i})=\lambda_{j}-\lambda_{i}$ .
$Pr$ . Since $\frac{l_{ij}}{O}=\frac{l_{ij}}{l_{ij}\cap A_{ij}}\simeq\frac{A_{ij}\cdot l_{\ddot{v}}}{A}=\frac{A_{ij}\cdot l}{A_{ij}}\simeq\frac{l}{l\cap A_{ij}}h$olds, $l_{ji}$

is irreducible and dim $l_{ij}=\dim l-\dim(l\cap A_{\ddot{v}})=\lambda-\lambda_{i}$ . Since further

$\frac{l_{ij}\cap a_{i}}{O}=\frac{(A_{ij}\cdot l)}{\{(A_{ij}\cdot l)\cap}\frac{\cap a_{i}}{i\}\cap A_{?^{j}}}a\cdot\simeq\frac{\{(A_{\ddot{v}}\cdot l)\cap a_{i}\}\cdot A_{\ddot{w}}}{A_{ij}}$

$=\frac{A_{\ddot{v}}\cdot(l\cap A_{j})}{\wedge A_{ij}}\simeq\frac{l\cap A_{j}}{l\cap A_{?^{j}}}$

we have dim $(l_{ij}\cap a_{i})=\dim(l\cap A_{j})-\dim(l\cap A_{\ddot{v}})=\lambda_{j}-\lambda_{i}$ . Similarly

we have $\frac{l_{ij}\cap a_{j}}{O}\simeq\frac{l\cap A_{i}}{l\cap\wedge 4_{ij}}$ whence $l_{ij}\cap a_{j}=O$ follows in virtue of
’ $\lambda_{j}\geqq\lambda_{i}$ .

Theorem 78. If $\lambda_{i}\geqq{\rm Min}(\lambda_{j}, \lambda_{k})$ , then $l_{kj}^{-}\leqq l_{ki}\cdot l_{ji}$ . If moreover
$\lambda_{i}\geqq\lambda_{j}\geqq\lambda_{k}$ holds, tllen $\overline{l_{kj}}\cdot l_{ji}=l_{ki}\cdot l_{ji}$ .

$Pr$ . Choose $a_{P}$ , such that.$\rho\neq i,$ $j,$ $k$ and dim $a_{f^{r}}=h$ and an
irreducibie element $l^{\prime}$ , such that $a_{\rho}$ $l_{kj}=a_{P}$ $l^{\prime}$ , $l^{f}\cap a_{P}=O_{r}$

$l^{\prime}\cap(a_{k}\cdot a_{j})=O$ . Putting $t=(l^{f}\cdot a_{i})\cap(A_{ijk}\cdot l)$ , we have

$A_{ijk}\cdot t=(A_{kj}\cdot l^{\prime})\cap(A_{ijk}\cdot l)=(A_{kj}\cdot l)\cap(A_{ijk}\cup l)=A_{ijk}\cdot l$ ,

and $t\cdot a_{i}=$ $(l‘ a_{i})\cap(A_{jk}\cdot l)=(l‘ a_{j})\cap(A_{jk}\cdot l‘)$ $=a_{i}\cdot l^{\prime}$

Now it follows

$\overline{l_{kj}}=[\{(a_{k}\cdot l^{\prime})\cap(a_{j}\cdot a_{P})\}\cdot\{(a_{j}\cdot l^{\prime})\cap(a_{k}\cdot a_{P})\}]\cap(a_{k}\cdot a_{j})$

$=[\{(A_{j_{P}}\cdot l^{\prime})\cap(a_{j}\cdot a_{P})\}\cdot\{(A_{kp}\cdot l^{\prime})\cap(a_{k}\cdot a_{P})\}]\cap(a_{k}\cdot a_{j})$

$=[a_{i}\cdot\{(A_{j_{P}}.\cdot t)\cap(a_{j}\cdot a_{\mu})\}\cdot\{(A_{kp}\cdot t)\cap(a_{k}\cdot a_{P})\}]\cap(a_{k}\cdot a_{j})$

$=[a_{i}\cdot\{(A_{jpi}\cdot t)\cap(a_{j}\cdot a_{P}\vee a_{i})\}\cdot\{(A_{ik\rho}\cdot t)\cap(a_{i,-}\cdot a_{k}\cdot a_{P})\}]\cap(a_{k}\cdot a_{j})\leftarrow$

But $A_{jpi}\cdot A_{ipk}\cdot t\cdot a_{k}\cup a_{j}=A_{pi}\cdot t$ and $(A_{\ell i}\cdot t)\cap a_{i}=A_{\rho i}\cap oe=O$ ,,
$where_{\$}(A_{pi}\cdot a_{i})\cap t=A_{r}l\cap t=a_{i}\cap(A_{ijk}\cdot.l)=a_{i}\cap A_{\ddot{v}k}=O$ , since
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si

$l\cap(a_{i}\cdot A_{ijk})=l\cap A_{jk}\leqq A_{ijk}$ by hypothesis. Hence we have by
lemma 1

$\overline{l_{kj}}=[\langle(A_{jpi}\leftrightarrow t)\cap(a_{j}\cdot a_{P}\cdot a_{i})\}\cdot\{(A_{\dot{v}k\rho}\cdot t)\cap/a_{i}\cdot a_{k}\cdot a_{P})\}]\cap(a_{k}\cdot a;)$

$\leqq[\{(A_{j:}\cdot t)\cap(a_{j}\cdot a_{i})\}\cdot\{(A_{ik}\cdot t)\cap(a_{i}\cdot a_{k})\}\cdot a_{r}J]\cap(a_{k}\cdot a_{j})$

$=[\{(A_{ji}’\cdot l)\cap\prime a_{j}\cdot a_{i})\}\cdot\{(A_{\tau k}\cdot l)\cap(a_{\dot{4}}\cdot a_{k})\}]\cap(a_{k}\cdot a_{j})/\cdot$

$=(\iota_{;j}\cdot l_{ki})\cap(a_{k}\cdot aq\cdot)$ , whence

(1) $\overline{l_{kj}}\leq l_{j\dot{n}}\cdot l_{ki}$ .
If moreover $\lambda_{i}\geqq\lambda_{j}\geqq\lambda_{k}$ , then dim $l_{kj}^{-}=\lambda-\lambda_{k}$ , dim $l_{ki}=\lambda-\lambda_{k}$ , dim $l_{i=}$

$=\lambda-\lambda_{j}$ . Since lii $\cap a_{i}=O$ and $\overline{l_{kj}}\cap a_{j}=O$ , we have $l_{ij}\cap l_{ki}=O,$ $\sim$

$\overline{l_{kj}}\cap l_{ij}=O$ and consequently dim $(l_{ki}\cdot l_{ji})=\dim(\overline{l_{kj}}\cdot l_{ji})$ . Hence from
(1) we conclude $\overline{l_{kj}}\cdot l_{ji}=l_{ki}\cdot l_{ji}$ . $q$ . $e$ . $d$ .

The $pe$rspectivity $a_{k}\cdot a_{i}^{(dj)}\sim a_{k}\cdot a_{J}^{(di)}$ with axis $e_{\ddot{v}}$ shall be

denoted with the symbol $\overline{P}\left(\begin{array}{l}ki\\kj\end{array}\right)$ . Then we have.

$l\cap a_{k}=O,then\overline{P}\left(\begin{array}{l}ki\\kj\end{array}\right)l=- P\left(\begin{array}{l}ki\\kj\end{array}\right)\left(\begin{array}{l}ki\\kj\end{array}\right)=P(kj)lTheorem79.Ifl?sanirreducibleelem_{ki}en_{\mathfrak{l}}tin\frac{a_{k}\cdot a^{\{dj)}}{O}$

with

$Pr$ . Put $g=(l\cdot a_{j})\cap(a_{k}\cdot e_{ij})$ and $\lambda=\dim l$ . Then $g$ is $irreducible\backslash $

and of dimension $\lambda$ with $\lambda\leqq d_{i},$ $d_{j}$ . For $g\cap a_{j}=.a_{j}\cap(a_{k}e\cdot j|)=O$

and $\frac{g}{O}\simeq\frac{g\cdot a_{j}}{a_{j}}=\frac{l\cdot a_{f}}{a_{\dot{\beta}}}\simeq\frac{l}{O}$ .

Now We have

$g_{ij}=(A_{\ddot{w}}\cdot g)\cap(a_{\dot{0}}\cdot a_{j})=(a_{k}\cdot g)\cap(a_{i}\cdot a_{j})=(l\cdot a_{j}\cdot a_{k})\cap e_{\ddot{w}}=e_{:jr}^{(\lambda)}$

$g_{ki}=(A_{kl}\cdot g)\cap(a_{i}\cdot a_{k})=(a_{j}\cdot g)\cap(a_{i}\cdot a_{k})=(l\cdot a_{j})\cap(a_{k}\cdot a_{i})=l$ .

These relations yield

$\overline{P}(kkji)l=(l\cdot e_{\ddot{v}})\cap(a_{k}\cdot a_{j}^{(d_{i})})\geqq(g_{ki}\cdot g_{?^{j}}\cdot)\cap(\alpha_{k}\cdot a_{J}^{(d_{i})})\backslash $

But, since $g\cap A_{i}=g\cap A_{j}=(l\cdot a_{j})\cap a_{k}=l\cap a_{k}=O$ by hypothesis,
so we obtain $\overline{P}_{(kj}^{u}$) $l\geqq\overline{g}_{kj}$ by theorem 78. Further we have

$P(kkj^{1}|\backslash \backslash l=(l\cup\overline{e}_{i\dot{g}})\cap(a_{k}\cdot a_{j}^{(d_{i})})=(g_{b}\cdot\overline{g}_{ij})\cap(a_{k}\cdot a_{J}^{\{d_{i})})$

$\leqq(g_{kj}\cdot g_{b})\cap(a_{k}\cdot a_{J}^{(d_{\ell})})=g_{kj}$ ,

Hen.ce we have $\overline{P}(kk\dot{p}l)l\geqq P(kkij)\overline{l}$ by theorem 69, which proves th $e$ first
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formula of the theorem, $-$

The second one follows from this by
observing that $i=\overline{\overline{l}}$ .

Theorem 80.’ If $\lambda_{i}\geqq\lambda_{j}\geqq\lambda_{k}$ , and $\iota f$ we put $P(1k2:)gki=h_{ki}$ ,
$P(ji)12g_{ji}=h_{ji},$ $P(k12j)gkj=h_{kj}$ , then $h_{ki}$ , $h_{ji}$ and $h_{kj}$ are finite $w^{\iota}ith$ the
relation $h_{ki}=h_{kj}h_{ji}$ .

$Pr$ . We put $P(k1\dot{\S})g_{kj}=l_{kj},$ $P(\S_{2}^{i})g_{ji}=l_{ji}$ yielding $P_{12}(^{13})l_{kj}=h_{kj}$ ,
$P(3122)l_{ji}=h_{ji}$ . By theorem 77 we $have_{i}g_{ki}\cap a_{i}=O,$ $g_{ji}\cap a_{i}=O$ ,
$g_{kj}\cap a_{j}=O$ , whence $l_{kj}\cap a_{3}=O,$ $l_{ji}\cap a_{2}=O,$ $h_{ki}\cap a_{2}=O,$ $h_{kj}\cap a_{2}=O$ ,
$h_{ji}\cap a_{2}=O$ . Putting $\lambda=\dim g$ , we have dim $l_{kj}=\dim l_{ki}=\dim h_{k\dot{f}}$

$=\dim h_{ki}-=\lambda-\lambda_{k}$ , dim $h_{\ddot{n}}=\dim l_{ji}=\lambda-\lambda_{j}$ . We put further
$a=a_{1}^{(\lambda-\lambda_{k})}\cdot a_{2},$ $b=a_{3}^{(\lambda-\lambda j)}\cdot a_{2},$ $a^{*}=a_{1}^{(\lambda-\lambda j)}\cdot a_{2}$ . Then $a^{*}\sim b$ with
axis $e_{13}^{(\lambda-\lambda j)}$ . Since dim $(\overline{l}_{kj}\cap a_{1})=\dim(\overline{g}_{kj}\cap a_{k})=\lambda_{j^{-}}-\lambda_{k}$ , and
$a_{1}^{(\lambda-\lambda_{k})}\cdot\overline{l}_{kj}=a_{1}^{(\lambda-\lambda_{k})}\cup a_{3}^{(\lambda-\lambda j)}=a_{s}^{\iota\lambda-\lambda j)}\cdot\overline{I}_{kj}$ , so we have $a\cdot\overline{l}_{u}$

$=b\cdot\overline{l}_{kj}$ , where $b\cap\overline{l}_{kj}=a_{8}^{(\lambda-\lambda j)}\cap\overline{l}_{kj}=O$ . Thus we obtain
$M_{\overline{h}_{k}j}$ by means of $e_{13}^{(\lambda-\lambda j)},\overline{l}_{kj},$ $b$ . For $a\cap b=a_{R},$ $(e_{13}^{(\lambda-\lambda_{J})}\cdot\overline{l}_{kj})\cap a\leq a_{1}$ ,
and $(e_{12}^{(\lambda-\lambda j)} e_{1\theta}^{(\lambda-\lambda j)})\cap b=\overline{e}_{2S}^{(\lambda-\lambda j)}$ , $P(12)\overline{l}_{k\dot{g}}=\overline{h}_{kj}$ . But theorem
79 yields $(\overline{h}_{ji}\cdot e_{13}^{(\lambda-\lambda j)})\cap b=$ ( $\overline{h}_{ji}\cdot$ es3) $\cdot(a_{2}\cdot as)=\overline{P}_{sz}^{12})\overline{h}_{ji}=P(81z2)h_{ji}$

$=l_{ji}$ . Since moreover from $g_{ji}\cdot\overline{g}_{kj}=g_{ji}\cdot g_{ki}\sim follows$ $l_{ji}\cdot\overline{l}kj$

$=l_{ji}\cdot h_{ki}$ by $P(1k2i3j)$ , so we have $(l_{ji}\cdot\overline{l}_{kj})\cap a=h_{ki}$ , that is
$h_{ki}=\overline{h}kj\cdot\overline{h}ji=h\cdot h$ . $q$ . $e$ . $d$ .

In the following we use the notation $P(1ij2)g_{\gamma j}=h_{i\dot{g}}$ , if $\lambda_{i}\leqq\lambda_{j}$ ,
and $P(21)g_{ij}=h_{ji}$ , if $\lambda_{i}\geqq\lambda_{j}$ . If $\lambda_{i}=i_{j}$ , then $h_{ij}$ is an unit and
$h_{ji}=h_{ij}^{-1}$ by theorem 75. $\backslash $ Given an arbitrary irreducible element $g$

in $L$ , we can find $A_{P}$ such that $g\cap A_{P}=0$ by the corollary to
lemma 2. Then $\lambda=\dim g\leqq\dim a_{P}$ and $h_{pi},$ $i=1,2,$ $\cdots r$ are all
finite points of dimension $\lambda$ , where $h_{PP}$ means $e_{12}^{\{\lambda)}$ . Every system $\{\epsilon h_{\rho i}\}$ ,
$i=1,2,$ $\cdots\gamma$ with arbitrary unit $e$ is now called a system of
coordinates of the irreducible element $g$ . If $A_{P}\cap g=O$ and $A_{O}\cap g\rightarrow O$

{$\sigma+\rho$), then $h_{\rho\sigma}$ is an unit and we have $ h_{pi}=h_{\rho\sigma}h_{oi},\cdot$ if $i\neq\sigma,$ $i+p$ ,
by the preceding theorem. Furthermore $h_{PP}=h_{p\sigma}h_{\sigma p}$ , $h_{\rho\sigma}=h_{\rho\sigma}h_{\sigma\sigma}$ .
Hence two systemsy of coordinates $\{h_{i}\}$ and $\{h_{i}^{f}\}$ of an irreducible
element are in a relation $h_{i}=eh_{:}^{\prime},$ $i=1,2,$ $\cdots r$ with an unit $\epsilon$ . $\backslash $

Among the coordinates $h_{i}$ there exists always at least $an$ unit $h_{\rho}$

such that $ d_{P}\geqq\lambda$ and, since from $g_{pi}\cdot a_{P}\leqq a_{\rho}\cdot a_{i}$ the relation -

$h_{p:}\cdot a_{1}\leqq a_{1}\cdot a_{8}^{(d_{i})}$ follows, it, holds $O(h_{i})\geqq\lambda-d_{i}$ . Conversely to every
system of finite points $h_{i},$ $i=1,2,$ $\cdots r$ of dimension $\lambda in\backslash \frac{a_{1}\cdot a_{2}}{O}$ ,
where $h_{P}$ is an $Ul$) $it$ with $ d_{P}\geqq\lambda$ and $O(h_{i})\geqq\lambda-d:$ , there corresppnds



On Prim $ry$ Lattices 96

an irreducible element in $L$ , such that- $h_{i},$ $i=1,2,$ $\cdots r$ , a$re$ its
coordinates.

In.order to prove this assertion, we put $h_{P}^{-1}h_{i}=h_{P},$ $P(12)h_{Pi}=g_{Pi}$ ,
where $h_{\rho i}$ is proper, since $h_{P}:\cdot a_{1}^{(d_{P})}\leqq a_{1}^{(d_{P})}\cdot a_{2}^{(d_{i})}$ , -and put

$g=\prod_{i\neq p}(A_{\rho i}\cdot g_{r:})$ . Then $g_{r:}\cap A_{P}=g_{pi}\cap a_{i}=O$ ,

$A_{P}\cap g=Ir\{(A_{p:}\cdot g_{pi})\cap A_{P}\}i\neq p=_{i}T_{\neq}r_{P}A_{pi}=O$ ,

’
by the corollary to lemma 2, and

$A_{pi}\cdot g=(A_{pi}\cdot g_{\rho i})\cap II(a_{j}\cdot A_{pj}\cdot g_{\rho i})j\neq i\rho=(A_{pi}\cdot g_{\rho i})\cap n_{P}(A_{P}\cdot g_{pj})j\neq|$.
$=(A_{\rho i}\cdot g_{Pi})\cap(A_{P}\cdot a_{P}^{(\lambda)})=A_{pi}\cdot g_{\rho i}$ .

Hence it holds $\frac{q}{O}\simeq\frac{A_{pi}\cdot g}{(A_{pi}}=\frac{A_{\lceil^{j}:}\cdot g_{p:}}{A_{p:}}\simeq\frac{g_{\rho i}}{O}$ . $g$ is therefore an

irreducible element of dimension $\lambda$ with the relation $(A_{p:}\cdot g)\cap(a_{P}\cdot$

$a_{i})=g_{()i}$ , proving that $h_{i}$ are coordinates of $g$ . We prove further,
that for the coordinates $h_{i}^{\langle 1)},$ $h_{i}^{\langle 2)}$ of two different elements $g^{(1)},$ $g^{(2)}$

the relations $eh_{i}^{(1)}=^{s}h_{l}^{(2)}$ do not hold with an unit $\epsilon$. If $\epsilon h_{P}^{(1)}=h_{\sigma i_{r}}^{(2)}$ ,
$i=1,2,$ $\cdots r$ with an unit $\epsilon$ , then, $h_{p\sigma}^{(1)}$ and $h_{\sigma p}^{(2)}$ being units, we
have $\lambda_{P}=\lambda_{\sigma}=0$ for both $g^{(1)}$ and $g^{(2)}$ . Hence $h_{\sigma i}^{(2)}=h_{\sigma p}^{(2)}h_{pi}^{(2)}$ and
consequently $h_{ri}^{(1)}J=h_{pi}^{\langle 2)},$ $g_{p2}^{\{1)}=g_{Pi}^{(2)}$ . From this we obtain $A_{pi}\cdot g^{\langle 1)}$

$=A_{r^{y}:}\cdot g^{(2)}=A_{pi}\cdot g_{Ji}^{i1)},$ whence $q^{(1)}=\prod_{i\neq p}(A_{\hslash}\cdot g^{\langle 1)})\equiv g^{(8)}$ . $q$ . $e$ . $d$ .
We shall now investigate the relation, which the coordinates of

every point on a given straight line satisfy.

Theorem 81. The coordinates $h_{i},$ $i=1,2,$ $\cdots r$ of any point
$P$ on a stright $l’\dot{b}ne--\frac{{}_{1}P_{2}}{O}P$

. , where $P_{1},$ $P_{2}$ are independent points $wq$ th

coordinates $h_{i}^{(1)}$ and $h_{i}^{(f)}$ respectiv$ely$ , satisfy the reiation

$h_{i}=\lambda_{1}h_{i}^{(1)}+\lambda_{2}h_{i}^{\{2)},$ $i=1,2,’\cdots 7^{\cdot}$

$w^{r}ith$ two fixed $poi?\iota ts\lambda_{1}$ and $\lambda_{2}$ of $d^{\eta_{U}}mensc\prime on$ dim $P$, where either $\lambda_{1}$ or
$\lambda_{2}$ is an unit.

$Pr$ . We can assume that dim $P_{1}=s\geqq\dim P_{2^{\rightarrow}}=t$ , \"and find $A_{kj}$

such that $A_{kj}\cap(P_{1}\cdot P_{2})=O$ by lemma 10. For an arbitrary point
$P$ in $\frac{P_{1}\cdot P_{2}}{O}$ it bolds either $P\cap A_{k}=O$ or $P\cap A_{j}=O$ . If we put

$P_{1}\cdot P_{2}=,l,$ $A_{k}\cap l=w$ , then we have
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$\backslash $

$\frac{w}{O}r\simeq\frac{w\cdot A_{k\dot{s}}}{A_{kj}}=\frac{A_{k}\cap(l\cdot A_{kj})}{A_{kj}}=\frac{(a_{j}\cdot A_{kj})\cap}{A_{k}}j\underline{(l\cdot}\underline{A_{kj})}$

$=\frac{A_{l\dot{q}}\cdot\{a_{j^{\cap}}(l\cdot A_{kj})\}}{A_{kj}}\simeq\frac{a_{j^{\cap}}(l\cdot A_{hj})}{O}$

Hence $w$ is a point and $w\cap A_{j}=O$ , whence $u\prime_{\ddot{v}}\cap a_{i}=O$ , dim $w_{\dot{\tilde{q}}}$

$=\dim w$ for all $i\neq j$. We first consider the case $P_{1}\cap A_{k}=O$ ,
$P\cap A_{k}=O$ and put $P(ae)w_{ij}=W_{i\dot{g}},$ $P(1kSj)P_{kj}=P_{kj}^{*},$ $\lambda=\dim P=d^{\tau}1mP_{kf}$

$=dnP_{kj}^{*}\dot{\backslash }\#,$ $v=\dim(P\cap A_{j})=\dim(P_{kj}\cap a_{k})=\dim(P_{kj}^{*}\cap a_{1})$ . Then
$Pt_{12}^{1_{v}^{\cap}})P_{kj}^{*}=P(1k\not\in)P_{kj}=h_{jk}$ , where $h_{kj}\cap a_{2}=C$ and, since

$P_{1}\cdot w=P_{1}\cdot\{A_{k}\cap(P_{1}\cdot P_{2})\}=(P_{1}\cdot A_{k})\cap(P_{1}\cdot P_{2})$

$=e^{(s)}\cap(P_{1}\cdot P_{2})=P_{1}\cdot P_{2}=l$ ,

it holds dim $w=\dim P_{2}=t=\dim W_{ij}$ . We choose an irreducible
element $W_{ij}^{*}$ of dimension $\lambda$ in $\frac{a_{2}\cdot a_{3}}{O}$ which contains $W_{ij}$ , if $\lambda>t$,
and put $W_{\dot{g}i}^{*}=W_{\dot{w}}^{(\lambda)}$ , if $\lambda\leqq t$ . Then, putting $P(ae)W_{ji}^{\star}=l_{ji}^{*},$ $P(2J)W_{i_{\dot{J}}}^{(\lambda)}$

$=l_{ji}$ , we have $l_{ji}^{\star}\geqq l_{ji},$ $l_{ji}^{*}\cap a_{2}=O$ .
Next it holds obviously $ai^{\lambda-\nu)}\cdot a_{2}\sim a_{3}^{\{\lambda-\nu)}\cdot a_{2}$ with axis $e_{13}^{(\lambda-\nu)}$ .

Since, $\sim in$ virtue of $P_{kj}\cap a_{k}=a_{k}^{(\nu)}$ , the relations

$(a_{1}^{(\lambda)}\cdot a_{2})\cdot P_{kj}^{k}=(a_{3}^{(\lambda-\nu)}\cdot a_{2})\cdot P_{kj}^{*}$ , $P_{kj}^{*}\cap((d^{\lambda-\vee)}\cdot a_{2})=P_{kj}^{\star}\cap a_{3}=O$

hold, so $ a_{s}^{\{\lambda-\nu)}\Gamma$
$a_{2}$ is quasi-perspective to $a_{1}^{\{\lambda)}\cdot a_{2}$ with axis $P_{kj_{A}}^{*1}$.

Further $(a_{1}^{(\lambda)}\cdot a_{2})\cap(a_{3}^{(\lambda-\nu)}\cdot a_{2})=a_{2},$ $(e_{13}^{\langle\text{\‘{A}}-\nu)}\cdot P_{kj}^{\star})\cap(a_{1}^{(\lambda)}\cdot\dot{a}_{2})\leqq a_{1}$

$(e_{12}^{(\lambda-v)}\cdot e_{13}^{(\lambda-\nu)})\cap(a_{s}^{(\lambda-v)}\cdot a_{l})=\Phi^{\lambda-\nu)}$ , $(\overline{e}_{23}^{\langle\lambda-\nu)}\cdot P_{kj}^{*})\cap(a_{1}^{(\lambda)}\cdot a_{2})=h_{kj}$ .
Thus we have $M_{h_{k}j}$ by means of $e_{13}^{\langle\lambda-\nu)},$ $P_{kj}^{*}$ and $\alpha^{(\lambda-\nu)}\cdot a_{2}$ . If we
put $M=t_{f}W_{ji}^{*(\lambda-\nu)}\cdot P_{kj}^{*}$) $\cap(a_{1}^{(\lambda)}\cdot a_{2})$ , so we have from

$(\overline{l}_{ji}^{*(\lambda-\nu)}\cdot e_{13}^{(\lambda-\nu)})\cap(\alpha_{3}^{(\lambda-\nu)}\cdot a_{2})=\overline{P}(clp\backslash 22)\overline{l}_{ji^{\backslash }}^{*\{\lambda-\nu)}=W_{j\dot{\circ}}^{*(\lambda-\nu)}$

the relation $M=h_{kj}\overline{l}_{j1}^{*}=-h_{kj}l_{ji}^{*}\backslash $ . It holds furthermore $ a_{1}^{\langle\lambda)}\cdot a_{2}\sim f_{kj}^{*}\cdot\%$

with axis $W_{ij}^{*}$ . Since $(a_{1}^{(\lambda)}\cdot a_{3}^{(\lambda)})\cap(a_{2}\cdot P_{kj}^{*})=P_{kj}^{*},$ $(P_{kj}^{*}\cdot W_{ij}^{*})\cap(a_{1}^{(\lambda)}\cdot$

$a_{2})=M$, so we have $A_{M}$ by means of $a_{3}^{\langle\lambda)},$ $W_{ij}^{*}$ and $a_{2}\cdot P_{kj}^{*}$ . Now
we put $P_{kij}=(A_{kij}\cdot P)\cap(a_{k}\cdot a_{i}\cdot a_{j})$ and obtain

$\frac{P_{kij}}{O}\simeq\frac{P_{kij}\cdot A_{kij}}{A_{k\ddot{v}}}=\frac{A_{hj}\cdot P}{A_{kij}}\simeq\frac{P}{O}$ .
$P_{k\ddot{v}}$ is therefoSe a point of dimension $\lambda$ and similarly for
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$\overline{P}_{hj}=(A_{k_{?}j}\cdot P_{1}^{\langle\lambda)})\cap(a_{k}\cdot a_{i}\cdot a_{j})^{(1)}$ .
$I^{I}hen$ it holds

$w_{ij}^{(\lambda)}=(A_{ijk}\cdot P_{1}^{(\lambda)}\cdot P_{2}^{(\lambda)})\cap(a_{i}\cdot a_{j})$ .
$P_{k\mathfrak{i}j}\cdot w_{1j}^{(.\lambda)}=\{A_{bj}\cdot P)\cap(a_{k}\cdot a_{i}\cdot a_{j})\}\cup\{(A_{kij}\cdot P_{1}^{(\lambda)}\cdot P_{2}^{(\lambda)})\cap(a_{i}\cdot a_{j})\}$

$=(A {}_{k}P)\cap(A_{k\ddot{w}^{\cup}}F_{1}^{\{\lambda)}\cdot P_{2}^{\langle\lambda)})\cap(a_{k}\cdot a_{i}\cdot a_{j})$

$=(A_{k}\cdot P_{1}^{(\lambda)})\cap(A_{kij}\cdot P_{1}^{\langle\lambda)}\cdot P_{2}^{\{\lambda)})\cap(a_{k}\cdot a_{i}\cdot a_{j})’=\overline{P}_{\kappa ij}\cdot w_{ij}^{\{\lambda)}$ .
If we put $P(kij)\overline{P}_{kcj}=\overline{Q}_{kij}$ and $P(kij)P_{f_{l?}j}=Q_{kij}$ , then

(2) $Q_{kij}\cdot W_{ij}^{*}=\varpi_{kij}\cdot W_{\ddot{v}}^{*}$ .
We have further $P_{kij}\cdot a_{j}^{(\lambda)}=P_{ki}\cdot a_{J}^{(\lambda)}$ from $(P_{kij}\cdot a_{j})\cap(a_{k}\cdot a_{i})=P_{ki}$ ,

whence follows $Q_{kij}\cdot a_{3}^{(\lambda)}=h_{ki}\cdot a_{3}^{(\lambda)}$ , and similarly $Q_{kij}\cdot a_{2}=P_{kj}^{*}\cdot a_{2}$ .
Hence we have

$(h_{ki}\cdot d^{\lambda)})\cap(P_{kj}^{*}\cdot a_{2})=(Q_{k\ddot{v}}\cdot a_{3}^{\{\lambda)})\cap(Q_{k_{\dot{7}}j}\cdot a_{2})\backslash =Q_{kij}$
,

$w$here $Q_{kij}\leftrightarrow(a_{2}\cdot a_{3})=O$ follows from $P_{k\ddot{w}}\cap(a_{i}\cdot a_{j})=O$ , and putting-
$(Q_{kij}\cdot W_{\tau\ddot{\rho}}^{*})\cap(a_{1}^{(\lambda)}\cdot a_{2})=U$, it holds

(3) $U=M+h_{ki}=-h_{kj}l_{\dot{g}\grave{v}}^{*}+h_{J\sigma i}$ . $’\leftarrow$

In virtue of (2) we have $simila\acute{r}lyU=-h_{k_{J}}^{(1|(\lambda)}l_{j}^{\triangleright}\backslash .+h_{kl}^{(1)\{\lambda)}$ . This, to-
gether with (3-), yields $h_{ki}-hb_{l}^{1)(\lambda)}=_{i}(h_{kj}-h_{kj}^{(1)(\lambda)})l_{ji}^{*}$ . If $\lambda>t$ , then
dim $(P\cap P_{1})-\geqq\lambda-t,$ $O(h_{kj}-h_{kj}^{\{1)(\lambda)})\geqq\lambda-t$ , and hence

(4) $h_{ki}-h_{ki}^{(1)(\lambda)}=(h_{kj}-h_{kj}^{\{l)(\lambda)})l_{ji}$ .
If $\lambda\leqq t$ , then $l_{ji}^{*}=l_{ij}$ and therefore (4) holds also in this case.

We next consider the case $P_{1}\cap A_{k^{-}}>O$ and $P\cap A_{k}=O$ . Then
it holds $P_{1}\cap w>O$ and therefore $P_{2}\cap A_{k}=O,$ $P_{1}\cap P=O$ , whence
dim $P\leqq t=\dim P_{2}$ . Further we have

$-\frac{w}{O}\simeq\frac{P_{2}\cdot w}{P_{2}}=\frac{(P_{2}\cdot A_{k})\cap(P_{1}\cdot P_{2})}{P_{2}}\simeq\frac{P_{1}\cap(P_{2}\cdot A_{k})}{O}\geqq\frac{P_{1}\cap e^{(t)}}{O}=\frac{P_{1}^{(t)}}{O}$

which yields $d^{\backslash }im\acute{w}\geqq t$ . Since the point $P$ lies on the straight line

$\frac{Pi^{t)}\cdot P_{2}}{O}$ , we can apply the above result for the present case, if

we only relace the point $P_{1}$ with $P_{2}$ . We have henceforth

(1) Here $\overline{P}_{kij}$ does not signify the conjugate point of $P_{k\ddot{\eta}}$ .
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(5) $h_{ki}-h_{ki}^{(2)\{\lambda)}=(h_{kj}-h_{kj}^{(2)\{\lambda)})l_{ji}$ .
In similar manner we tre\‘at the case $P\cap A_{j}=O,$ $P_{1}\cap A_{j}=O$ and
the case $P\cap A_{j,\backslash }=O,$ $P_{1}\cap A_{j}>O,$

’

and we have
(6) $h_{ji}-h_{f}^{t!)\{\lambda)}=(h_{jk}-h_{jk}^{11)(\lambda)})m_{ki}$ , or
(7) $h_{ji}-h_{j1}^{\{2)\{\lambda)_{\wedge=}}(h_{jk}-h_{jk}^{(2)(\lambda)})m_{ki}$ ,

where $A_{j}\cap l=u,$ $P(21)u_{ik}=m_{ki}$ .
Now, assuming $P_{1}\cap A_{k}=O$ and $P_{2}\cap A_{k}=O$ , it follows from (4)

(8) $h_{kt}^{(2)}-h_{ki}^{(1)(t)}=(h_{kj}^{\langle 2)}-h_{kj}^{\langle 1)(t)})l_{ji}$ ,

where $h_{kj}^{\langle 2)}-h_{k\dot{g}}^{(1)(t)}$ is an-unit. For

$g_{kj}^{\langle 2)}\cap g_{k_{J}}^{(1)}=(A_{kj}\cdot P_{1})\cap(A_{kj}\cdot P_{2})\cap(a_{k}\cdot a_{j})$

$=[A_{kj}\cdot\{P_{1}\cap(A_{kj}\cdot P_{8})\}\cap(a_{k}\vee a_{j})=A_{kj}\cap(a_{k}\cdot a_{j})=O$ .
Putting $h_{k}^{(2)}-h_{k_{J}}^{(1)(t)}=\epsilon^{-1}$ , we have from (4) and (8)

$h_{ki}-h_{k:}^{(1)(\lambda)}=(h_{kj}-h_{k_{J}}^{(1\}(\lambda)})e(h_{ki}^{(2)}-h_{ki}^{(1)(t)})$

for the coordinates of the point $P$ of dimension $\lambda$ with $P\cap A_{k}=O$ .
If we put further $(h_{kj}-h_{kj}^{\langle 1)\{\lambda)})e=\theta$ , then $\theta$ is a: finite point of
dimension $\lambda$ and $h_{ki}=\Theta hi_{i}^{2)}+(e^{(\lambda)}-\theta)hl_{i}^{1)}$ . Furthermore it is evident
from theorem 62 that either $\theta$ or $ e^{(\lambda)}-\Theta$ is an unit.

If $P\cap A_{k}>O$ , then $P\cap A_{j}=O$ , $w\cap A_{j}=O$ and $l=P_{1}\cdot w$ ,
$\lambda=\dim P\leqq t=\dim w$ . Hence we $ha$ve from (7)

(9) $h_{ji}-l_{f}^{(\lambda)}i=h_{jk}m_{ki}$ .
Since further $u\cap A_{k}=O,$ $P_{1}\cap A_{k}=O$ , we have $m_{ki}-h_{k\iota}^{(1)(\mu\rangle}=-h_{k_{J}}^{(1\}\langle\mu)}l_{ji}$

with $\mu=\dim u$ and, substituting this in (9), we obtain
(10) $h_{ji}=h_{jk}hb_{i}^{1)}+(e^{(\lambda)}J2-h_{jk}h_{kg}^{\{1)})l_{ji}$

$=h_{jk}h_{k_{l}}^{(1)}+(e_{12}^{(\lambda)}-h_{jk}h_{k_{J}}^{\langle 1)})e(hb_{i}^{2)}-h_{ki}^{\{1)\{t)})^{(1)}$

If we Put further, $(e^{(\lambda)}J2-h_{jk}h_{k\dot{g}}^{\langle 1)})\epsilon=\theta$ , then $h_{ji}=\theta h1_{1}^{2)}+(h_{jk}-\theta)h_{ki}^{(1)}$ ,
where in case $O(h_{jk} 0)>O$ it follows from $(h_{jk}-\theta)e^{-1}=h_{jk}h_{jk}^{(2)^{\backslash }}-e_{12}^{\{\lambda)}$

that $O(h_{jk})=O$ , whence $O(\theta)=O$ .
We can treat the case $P_{1}\cap A_{j}=O,$ $P_{2}\cap A_{j}=O$

, similarly as $a\mathfrak{y}oVe$ .
(1), That $ p\geq\lambda$ , follows from $P.u\geqq(P\cdot A_{j})\cap(P_{1}\cdot P)=P\cdot P_{1}^{(\lambda)}$ .
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For the case $P_{1}\cap A_{k}=0|\backslash P_{2}\cap A_{k}>0$ , we have $l=P_{1}\cdot w$ and
$fr$om (10) we obtain

(11) $h_{ji}^{12)}=h_{jk}^{(2)}h_{k:}^{\langle 1)}+(e_{12}^{(t)}-h_{jk}^{(2)}h_{kj}^{(1)})l_{ji}$ .
Since $O(h_{jk}^{(2)})>0,$ $e_{12}^{(t)}-h_{jk}^{(2)}h_{k\dot{g}}^{(1)}$ is an unit and we have from (4) and $(1|1)$

$h_{ki}-h_{ki}^{(1)(\lambda)}=_{9}(h_{kj}-h_{kj}^{(1)(\lambda)})\epsilon(h_{ji}^{(2)}-h_{Jk}^{\{2)}ht_{i}^{1)})$ ;
where $e_{12}^{(l)}-h_{\dot{g}k}^{(2)}h_{kj}^{\langle 1)}=\epsilon^{-1}$ and $P\cap A_{k}=O$ . It follows then

$h_{ki}=\theta h_{J}^{(2)}:+(e_{12}^{(\lambda)}-\Theta h_{jk}^{(2)})h_{ki}^{(1)}$

with $\theta=(h_{kj}-h_{kj}^{(1)})_{C}$ . That eithe $ r\Theta$ or $e_{12}^{\{\lambda)}-\Theta h_{J^{k}}^{(2)}$ is an unit, can be
easily seen. If $P\cap A_{k}>O$ , then $P\cap A_{j}=O$ and dim $P.\leq t$ . Con-
sequently $P\leqq P_{1}^{(t)}\cdot P_{2}=l^{\prime}$ . Hence we have to consider the new
straight line $l^{\prime}$ , where $P_{1}^{(t)}\cap A_{j}>O$ . $P_{2}\cap A_{j}=O,$ $P\cap A_{j}=O$ , and,
interchanging $k$ with $j$ and $P_{2}$ with $P_{1}^{(t)}$ in the above result, we
obtain

$h_{ji}=\theta h_{ki}^{(1)}+(e_{12}^{\langle\lambda)}-\theta h_{k_{J}}^{(1\}})h_{ji}^{(2)}$ ,

where $\theta=(h_{jk}-h_{jk}^{\langle 2)\iota\lambda)})\in,$ $e^{-1}=e_{12}^{(t)}-h_{kj}^{(1)(t)}h_{jk}^{\langle 2)}$ .
Finally for the case $P_{1}\cap A_{k}>O,$ $P_{2}\cap A_{k}=O$ , we can treat as

follows. If $P_{2^{\Gamma\rangle}}A_{j}=O$ , then it reduces to the second case and, if
$P_{2}\cap A_{j}=O$ , then we can treat in the same way as the third case.

Theorem 82. (Converse of theorem $8I$) If $h!^{1)},$ $h_{l}^{(2)}$ represent the
coordinates of two’ independent.$po^{l}\dot{m}tsP_{1}$ , $P_{2}$ respectively, and $\iota f\lambda_{1},$ $\lambda_{2}$

are twe finite points of the same dimension $s$ , where at least one is-
an unit and dim $\lambda_{1}h_{i}^{(1)}=di\iota p\lambda_{2}h_{i}^{(2)}=s$ , then $h_{i}=\lambda_{1}h_{i^{1)}}^{(}+\lambda_{2}h^{(2)}$ are coor-
dinates of a point of dimension $s$ on the straight line $\frac{P_{1}\cdot P_{2}}{O}$

$Pr$ . We can assume here that $\lambda_{1}$ is an unit and $t=\dim P_{l}\leq_{-}$

dim $P_{1}\backslash =s=\dim\lambda_{i}$ . Supposing $(P_{1}\cdot P_{2})\cap A_{jk}=O$ , we first consider
the case $P_{1}\cap A_{k}=O,$ $P_{2}\cap A_{k}=O$ . $Th6n$ we can assume further
tha$th_{l}^{(1)}=ht_{1}^{1)}$ and $h_{i}^{(2)}=h_{ki}^{(2)}$ . Since $ht_{\dot{f}}^{1)}\cap h_{kj}^{(2)}=O$ , either $\lambda_{1}+\lambda_{l}$ or $\cdot$

$\lambda_{1}h_{kg}^{(1|}+\lambda_{2}h_{k_{J}}^{(2)}$ is an unit. If $\lambda_{1}+\lambda_{2}$ is an unit, we put

$(\lambda_{1}+\lambda_{2})h_{kj}=\lambda_{1}hb_{j}^{1)}+\lambda_{2}h_{kj}^{\langle 2)}$ , $P(l2kj)h_{kj}=P_{kj}$ ,

$P(kj)h_{k_{l}}^{(1|}=Pi_{\dot{J}}^{1)}$ , $(A_{jk^{\cup}}P_{kj})\cap l=P$ .
We shall now show that $P$ is a point of dimension $s$ on $l$ . Since
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$O(\lambda_{2})\geqq s-\dim P_{2}$ , we obtain $O(h_{kj}-h_{kj}^{(1)})\geqq s-\dim P_{2}$ , whence
dim $(P_{kj}\cap P_{kj}^{\{1)})\geqq s-\dim P_{2}$ follows. Hence we have

$A_{jk}\cdot P_{kj}\leqq A_{jk}\cdot P_{kj}^{\langle 1)}\cdot P_{k_{J}}^{(2\}}=A_{jk}\cdot P_{1}\cdot P_{2}$

and then $\frac{P}{O}\simeq\frac{A_{jk}\cdot P}{A_{jk}}=\frac{A_{jk}\cdot P_{kj}}{A_{jk}}\simeq\frac{P_{kj}}{O}$

$\not\in r$

and $(P\cdot A_{jk})\cap(a_{j}\cdot a_{k})=P_{kj}$ . Since the point $P$ lies on $l=P_{1}\cdot P_{2}$

and $P_{1}\cap A_{k_{\backslash }}=O,$ $P_{2}\cap A_{k}=O,$ $P\cap A_{k}=O$ , we have for the eoordi-
nate $s$ of $P$ $h_{ki}=\Theta l_{\dot{n}}^{2)}+(e_{12}^{(s)}-\Theta)h_{ki}^{\langle 1)}$ , where $\Theta=(h_{kj}-hb_{j}^{1)})\epsilon$ and
$\epsilon^{-1}=h_{kj}^{\langle 2)}-h_{kj}^{\{1)(t)}$ . But $(\lambda_{1}+\lambda_{2})\theta=\lambda_{2}(h_{kj}^{(2)}-h_{kj}^{(1)(t)})\epsilon=\lambda_{2}$ and $(\lambda_{1}+\lambda_{l})(e_{12}^{(s)}-$

$\theta)=\lambda_{1}$ . Hence $(\lambda_{1}+\lambda_{2})h_{ki}=h_{i}$ are coordinates of $P$. If $\lambda_{1}+\lambda_{2}$ is
not an unit and if $\lambda_{1}h_{kj}^{(1)}+\lambda_{2}h_{k_{J}}^{(2)}$ is an unit, then both $\lambda_{1}$ and $\lambda_{2}$ are
units and $t=s$ . Putting $(A_{jk}\cdot P_{jk})\cap l=P,$ $\lambda_{1}+\lambda_{2}=(\lambda_{1}h_{kj}^{\langle 1)}+\lambda_{2}h_{kj}^{(2)})h_{jk}$

and $Pt_{jk}^{12}$) $h_{jk}=P_{jk}.$ , we have

$\frac{P}{O}\simeq\frac{A_{jk}\cdot P_{jk}}{A_{jk}}\simeq\frac{P_{jk}}{O}$ .

Hence $P$ is a point of dimension $s$ with $P\cap A_{j}=O$ and $(P\cdot A_{jk})\cap$

$(a_{j}\cdot a_{k})=P_{jk}$ . Its coordinates are now $h_{ji}=\theta hf_{i}^{4}$
)

$+(h_{jk}-\theta)h_{ki}^{(1)}$ with
{$e_{12}^{(\epsilon)}-h_{jk}hi_{j}^{1)}$ ) $\epsilon=\theta$ , $\epsilon^{-1}=h_{k_{J}}^{\{2)}-h_{kj}^{(1)}$ . But $(\lambda_{1}h_{kj}^{(1)}+\lambda_{2}h_{kj}^{21})\theta=\lambda_{2}$ and
$(\lambda_{1}hb_{j}^{1)}+\lambda_{2}h_{kj}^{\{2)})(h_{jk}-\Theta)=\lambda$; yield $(\lambda_{1}hi_{J}^{1)}+\lambda_{2}h_{kj}^{(2)})h_{ji}=h_{i}$ , $r$ proving that
these are coordinates of the point $P$.

For the case $P_{1}\cap A_{j}=O$ and $P_{2}\cap A_{j}=O$ we can treat analo-
gously as above. In case $P_{1}\cap A_{k}=O,$ $P_{2}\cap A_{k}>0$ , we can assume
that $h_{i}^{(1)}=h_{ki}^{(1)}$ and $h_{i}^{(\cdot)}\sim=h_{ji}^{\{2)}$ . Since $O(h_{jk}^{(2)})>O,$ $\lambda_{1}+\lambda_{2}h_{gk}^{(z)}$ must be
an unit. Pu $t$ting$\cdot$

$(\lambda_{1}+\lambda_{2}h_{jk}^{(2)})h_{kj}=\lambda_{1}h_{kj}^{(1)}+\lambda_{l},$ $P(kj)h_{kj}=P_{kj}$ and $(A_{jk}\cdot$

$P_{kj})\cap l=P$, we se $e$ that $\backslash P$ is a point of dimension $s$ with $P\cap A_{k}=O$ ,
$(P\cdot A_{jk})\cap(a_{j}\cdot a_{k})=P_{jk}$ and its coordinates are $h_{ki}=\theta h_{ji}^{\{2)}+(e_{12}^{(s)}-$

$\theta h_{jk}^{(2)})h_{ki}^{(1)}$ with $\theta=(h_{kj}-h_{kg}^{(1\}})\epsilon,$ $e_{12}^{(\ell}-h_{jk}^{\{2)}h_{h}^{\langle 1\}}=\epsilon^{-1}$ . Since $(\lambda_{1}+\lambda_{2}h_{jk}^{(2)})\theta=\lambda_{2}$

and $(\lambda_{1}+\lambda_{2}h_{jk}^{(2)})(e_{1\Lambda}^{(\sigma)}-\Theta^{7}\vee\iota_{jk}^{(2)})=\lambda_{1}$ , so we have $(\lambda_{1}+\lambda_{2}h_{\dot{g}k}^{\{2)})h_{ki}=h_{i}$ . Finally,
if $P_{1}\cap A_{k}>O,$ $\backslash P_{2}\cap A_{k}=O$ , we have either the case $P_{1}\cap A_{j}=O$ ,
$P_{2}\cap A_{j}=O$ or the case $P_{1}\cap A_{j}=O,$ $P_{2}\cap A_{j}>0$ . The latter case
can be treated in the same way as above, if we interchange $j$ and $k$ .

Theorem 83. Le$ta^{(1)},$ $a^{(2)}$ . $\cdots a^{(V)}$ be a basis of an element a
in $L$ and $P$ be an irreducible element (point) of dimendion $\lambda$ in $\frac{a}{O}$

with coordinates $h_{i}$ , then there exists finite poin$ts\lambda_{k},$ $k-=1,2,$ $\cdots v$
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of d,imension $\lambda$ . in $\frac{a_{1}\cdot\alpha_{2}}{O}$ such that $h_{i}=\sum_{k- 1}^{\nu}\lambda_{k}h_{i}^{(k)},$
$O(\lambda_{k})\geqq\lambda-\dim a^{(k)}$

and at least one of $\lambda_{k}$ is an unit, where $h_{i}^{(k)},$ $i=1,2,$ $\cdots r$ are coor-
dinates of $a^{(k)}$ . Conversely, if $\lambda_{k},$ $k=1,2,$ $\cdots v$ are all finite points

of dimension $\lambda$ with $O(\lambda_{k})\geqq\lambda-\dim(a^{(k)})$ , of which at least one is an

unit, then $h_{i}=\sum_{k-1}^{\nu}\lambda_{k}h_{i}^{(k)}$ are coordinates of a point of dimension $\lambda$ in $\frac{a}{O}$

$Pr$ . By induction on $\nu$ . The case $\nu=2$ is evident from theorems

81 and 82. Suppose, $\nu>2$ and $P$ does not belong to $\frac{a^{(\nu)}}{O}$ . Putting

$A^{\langle v)}=a^{\langle 1)}\cdot a^{(2)}\cdots\cdot\cdot a^{\{\nu-1)},$ $(P\cdot.a^{\langle v)})\cap A^{\{\nu)}=d$ , we have

$\frac{d}{O}\simeq\frac{d\cdot a^{(\nu)}}{a^{(v)}}=\frac{P\cdot a^{(\nu)}}{a^{(\nu)}}\simeq\frac{P}{P\cap a^{(\nu)}}$

Hence $\frac{d}{O}$ is a chain with $ O<\dim d\leqq\lambda$ and consequently $the’ point$

$P$ lies on the straiglrt line $\frac{a^{(v)}\cdot d}{O}$ By theorem 81 we have
/

$h_{i}=\lambda_{\nu}h_{i}^{\langle\nu)}+\mu d_{i},$ $w$here $\lambda_{\nu}$ and $\mu$ are finite points of dimension $\lambda$ , of

which at least one is an unit, and where $d_{i}$ are coordinates of the

point $d$ . But by induction-hypothesis we have $d_{i}=k^{r_{A}}\sum_{\tau}^{\nu-1}\lambda_{\lambda}^{\prime}h_{i}^{(k)}$ , where
$\lambda_{k}^{\prime}$ are all finite points with dim $\lambda_{k}^{\prime}=\dim d$ and at least one of $\lambda_{k}^{f}$ is

an unit. Hence it follows $h_{i}=\sum_{k=1}^{\nu-1}\mu\lambda_{k}^{f}h_{i}^{(k)}+\lambda_{\nu}h_{i}^{(\nu)}$ , where either $i_{\nu}$ or

at lea$st$ one of $\mu\lambda_{k}^{\prime}$ is an unit.
The converse statement of the theorem can be proved alsO by

induction on $v$ . If $\lambda_{\nu}$ is not an unit, then at least one of $\lambda_{1},$ $\lambda_{2},$ $\cdots$

$\lambda_{\nu-1}$ is an unit and $h_{i}^{\prime}=\sum_{k\leftarrow 1}^{\nu-1}\lambda_{k}\rho\iota_{l}^{(k)}$ will be coordinate $s$ of a point $d$ with

dimension $\lambda i1$ $\frac{A^{(\nu)}}{O}$ Hence $h_{i}=h_{i}^{\prime}+\lambda_{\nu}h_{i}^{\langle\nu)}$ are coordinates of a

point with dimension $\lambda$ in $\frac{d\cdot a^{(\nu)}}{O}\leqq\frac{a}{O}$ . In case, $\lambda_{\nu}$ is an unit,

let $o(\lambda_{P})=v$ be the least one among $O(\lambda_{i}),$ $i=1,2,$ $\cdots\nu-1$ and put

$\lambda_{k}=\lambda_{P}\mu_{k},$ $k=1,2,$ $\cdots\nu-1$ with dim $\mu_{k}=\lambda-v$ . Then $h_{i}^{\prime\prime}=\sum_{k\leftrightarrow 1}^{\tau/-1}\mu_{k}h_{i}^{(k)}$

are coordinates of a point $c$ with dimc $=\lambda-v$ in $\frac{A^{(J})}{O}$ $s_{1}^{\backslash }nce$

$\mu_{P}=e_{12}^{(\lambda- v)}$ is an unit. Therefore $h_{i}=\lambda_{P}h^{\prime}$ $+\lambda_{v}h_{i}^{(\nu)}$ are coordinCates of

a point with dimension $\lambda$ in $\frac{c\cdot a^{(\nu)}}{O}\leqq\frac{a}{O}$ .
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PART 7.
Let the. height of the given primary lattice $L$ be $h$ and aig

$r$

$i=1,2,$ $\cdots r$ be its basis with $r\geqq 4,$ $d_{1}=d_{2}=d_{8}=d_{4}=h$ . Then
all finite points of dimension $h$ in the straight line $\frac{a_{1}\cdot\infty}{O}$ generates

a ring $R$ with respect to the addition and the multiplication defined
in Part 4. The set of all poin$tsP$ in $R$ with $o(P)\geqq i$ is now an $\sim$

ideal $J_{i}$ in $R$ by theorems 58 and 62. That conversely every leftor right ideal in $R$ is such an ideal, can be seen from theorems 60
and 61. Indeed, if $u$ is a point in an ideal $J$ with the least order
$O(u)=i$, then we can find by theorems 60 and 61 points $q_{1}$ and $q_{l}$

$\ln R$ for any point $t$ with $0(t)\geqq i$, such that $t=q_{1}u$ or $t=uq$
whence $J_{i_{\backslash }}\leqq J$ and hence $J=J_{i}$ follows. Now we see that $the2$

ideal $J_{1}$ is a prime ide\‘al without divisors and consequently theresidue class ring $R/J_{1}$ is a field. (generally non-commutative). Ifwe select a point $\tau$ from each class of $R/J_{1}$ as its representant
then we can represent uniquely any finite point $t$ in $R$ as $t=\tau 0+$
$\tau_{1}\pi+\tau_{2}\pi^{2}+\cdots+\tau_{h-1}\pi^{\hslash-1}$ with a fixed point $\pi$ of order I.

Now, $r$ being the rank of the lattice $L$ , we consider a R-module .
$M$ of rank $r$ , i.e. a module with the operator ring $R$ and with a .
basis $x_{1},$ $x_{2},$ $\cdots x_{r}$ . To each irreducible element (point) $P$ of dimen-
$s\ddagger on\lambda$ in L- we make correspond a submodule $M_{P}$ of rank 1, such
thIt $M_{P}=(\sum_{t-1}^{f}\pi^{h-\lambda}h_{i}x_{i})$ , where $h_{i}$ are coordinates of $P$ and $\dot{\pi}$ is a
fixed point in $R$ with $0(\pi)=1$ . Given any submodule $(\sum b\cdot x\cdot)$ of
rank 1 in $M$, such that $0(b_{i})\geqq h-\dim a_{i}$ , there exists always its
corresponding point $P$ in $L$ . In order to prove this, let Min $o(b_{i})$

$=O(b_{\nu})=t$ , then $\pi^{-t}b_{i}=h_{i}$ are coordinates of a point of dimension
$h-t$ in $L$ , since $O(h_{i})\geqq h-t-d_{i}$ and $h_{\nu}$ is an unit. That this
correspon.dence is one-to-on $e$ can be proved as follows. $I_{\lrcorner}eth_{i}$ and
$h_{:}^{f}$ be two coordinates of a point of dimension $\lambda$ with $h^{f}\dot{.}=\epsilon h_{i}$ , $\epsilon$

being an unit. Then $\pi^{h-\lambda}h_{:}^{\prime}=(-\lambda$ and $\pi^{h-\lambda}\epsilon\pi^{-(h-\lambda)}$ is
an unit in $R$ . Hence the submodule $(\sum\pi^{h-\lambda}h_{i}^{f}x_{i})$ is identical with
the submodule $(\sum\pi^{h-\lambda}h_{i}^{f}x_{i})$ . Conversely if $(\sum b_{i}x_{i})$ and $(\sum b_{i}^{\prime}x)$ are
the same submodule, then $b_{:}^{\prime}=\epsilon b_{i}^{\sim}wIth$ an unit $e$ and Min $o(b_{i}^{f})^{t}$

$=MinO(b_{i})=t,$ $\pi^{-t}b^{f}.\cdot=(\pi^{-t}\epsilon\pi^{t})\pi^{-t}b_{i}$ , where $\pi^{-t}\epsilon\pi^{t}$ is evidently an
unit.

Theorem $84\backslash $ Let $M_{1},$ $M_{2}$ be the correspondm $g$ submodule for
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the point $P_{1},$ $P_{2}$ respeetively. From $P_{1}\leq P_{2}$ follows $M_{/1}\leqq M_{2}$ and
vice $v\sigma rsa$ .

$Pr$ . Suppose $P_{2}\cap A_{k}=O$ and $hg$) $h_{ki}^{\{2)}$ , $i=1,2,$ $\cdots r$ are coor-
dinates of $P_{1},$ $P_{2}$ respectively, where dim $P_{1}=t_{1}$ , dim $P_{2}=t_{2}$ . We
have $M_{1}=\sum b_{i}^{(1)}x_{?},$ $M_{2}=\sum b_{i}^{(z\$}x_{i}$ with $b_{1}^{(1)}=\pi^{h-t_{1}}h_{ki}^{(1)},$ $b_{t}^{\{2)}=\pi^{h-t_{2}}h_{ki}^{(2)}$ .
From $P_{1}\leq P_{2}$ follows $t_{1}\leqq t_{2}$ and $h_{k}^{\{2)(t_{1})}=h_{ki}^{(1)}$ , whence $b_{i}^{(1)}=\pi^{t}:^{-t_{1}}b_{l}^{(2)}$

and consequently $M_{1}\leqq M_{2}$ . Conversely, if $M_{1}\leqq M_{2}$ , then we have
$b_{i}^{\{1)}=\vee*\pi^{\mu}b_{i}^{(2)}$ , where $e$ is an unit. Hence $\pi^{th-t_{1})}h_{i}^{(1)}=\epsilon\pi^{\mu+(h-t_{2})}h_{i}^{\langle 2)}$ and
consequently $t_{2}-t_{1}=\mu,$ $h_{i}^{(1)}=\sigma h_{i}^{\{1i)\langle t_{1})},$

$\sigma$ being an unit, which yields
$P_{1}\leqq P_{2}$ .

Lemma 13. $h_{i}^{\{\nu)},$ $i=1,2,$ $\cdots r$ being coord,inates $oJindependen_{t}$

points $P_{\nu},$ $\nu=1,2,$ $\cdots s$ , it holds

Min $\{O(\sum_{j\approx 1}\lambda_{j}h_{1}^{(j)}), O(\sum_{j\propto 1}^{s}\lambda_{j}h_{2}^{(j)}), \cdots\}={\rm Min}(O(\lambda_{1}), O(\lambda_{2}),$ $\cdots$ ).

$Pr$ . By induction on $s$ . First we treat the case $s=2$ , where
we can suppose that O $(\lambda_{2})_{-}\geq O(\lambda_{1})andh_{k}^{\{1)}\vee$ is an unit. $IfO(\lambda_{P}hi^{\Gamma}z))>O(\lambda_{1})$ ,
then we have $o(\lambda_{1}h_{k}^{\langle 1)}+\lambda_{2}hb^{2)})=O(\lambda_{1})$ and $o(\lambda_{1}h_{2}^{(1)}+\lambda_{2}h_{:}^{\langle 2)})|\geqq O(\lambda_{1});i=1$ ,
2, $\cdots r$ . If $O(\lambda_{2}h_{k}^{(2)})=O(\lambda_{1})$ , then $O(\lambda_{2})=O(\lambda_{1}$} and $h1^{2)}$ is an unit.
Hence we can assume $h_{k}^{\langle 1)}\leqq e_{12},$ $h_{k}^{(2)}\leqq e_{12}$ . If $O(\lambda_{1}h_{f}^{(1)}+\lambda_{2}h_{i}^{(2)})>O(\lambda_{1})$

for every $j$ , it would follow $O(h_{J}^{(2)}-h_{j}^{(1)})>O$ for $e$very $j$ , which
yields however the dependence of $P_{1}$ and $P_{2}$ , contrary to the
hypothesis. If $s>2$ , we can put by induction-hypothesis

Min $\{O(\sum_{\dot{f}-1}^{s\sim 1}\lambda_{j}h_{1}^{\langle j)}), \cdots\}={\rm Min}(O(\lambda_{1}), \cdots, O(\lambda_{\epsilon\rightarrow 1}))=\nu$ .

We conclude therefore that $h_{i}^{\prime}=\pi^{-V}\lambda_{1}h$
)$.1$) $+\cdots+\pi^{-V}\lambda_{s-1}h_{v}^{(\epsilon-1)}$ are

coordinates of a point $P^{\prime}$ of dimension $\lambda-\nu$ , which is independent

with $P_{s}$ . Then it follows $\nabla_{\lrcorner}^{s}\lambda_{j}h_{i}^{(\dot{g})}i-1=\pi^{V}h_{i}^{f}+\lambda_{s}h_{i}^{(s)}$ and

Min $\{O(\lambda_{1}^{\urcorner}\lambda_{j}n_{1}^{\{j)})\cdots O(\sum_{jj--- 1}^{\cdot}\lambda_{j}h_{f}^{(i)})\}$

$={\rm Min}(0(\pi^{\nu}), O(\lambda_{s}))={\rm Min}(O(\lambda_{1}), O(\lambda_{2}\rangle, \cdots Ot\lambda_{\iota}))$ .
?.heorem $85^{\downarrow}$. If $a^{(i)},$ $i=1,2,$ $\cdots s$ are independent points in

$L$ , then $lhe$ corresponding submodules $M_{i}=t\sum_{j-1}^{1}A_{f}^{(:)}xj$), $i=1,2,$ $\cdots s$

are independent. Moreover to every point in the quotient $\frac{a^{(1)}\cdot a^{\{2)}\cdots\cdot a^{(\lambda)}}{O}$

corresponds uniquely a submodule in the module $M$ of rank $s$ , which
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is generated by $\sum_{j-1}^{r}A_{j}^{(i)}x_{j}|\dot{r}’=1,2,$ $\cdots s$ . Conversely to every submodule

of rank 1 in $M$ corresponds a point in $\frac{a^{\langle 1)}\cdot a^{(2)}\cdots\cdot\cdot a^{()}\lambda}{O}$

$Pr$ . First we consider the case $s=2$ . Since any submodule,

which is contained both in $M_{1}$
. and $M_{2}$ , corresponds to a point in

$\frac{a^{(1)}\cap a^{(2)}}{O}$ by theorem 84, so $M_{1}$ and $M_{2}$ are indepedent. The coordi-

nates of a point of dimension $\lambda$ in $\frac{a^{(1)}\cdot a^{\{l)}}{O}$ are $\lambda_{1}a_{f}^{(1)}+\lambda_{2}a_{J}^{(2)}$ , where

$a_{J}^{(i)},$ $i=1,2$ are coordinates of the point $a^{(i)}$ respectively. Then it
corresponds the submodule generated by

$\sum_{j-1}^{r}\pi^{h-\lambda}(\lambda_{1}a_{j}^{\{1)}+\lambda_{2}a_{j}^{(2)})x_{j}=\pi^{h-\lambda}\lambda_{1}\pi_{\wedge}^{-(h-\dot{n}_{1})}\sum_{j-l}^{r}A_{j}^{(1)}x_{j}+\pi^{\hslash-\text{\‘{A}}_{\wedge}}\lambda_{2}\pi^{-(h-n_{2})}\sum_{j-1}^{r}A_{J}^{\{2)}x_{j}$ ,

where $n_{i}=\dim a^{(i)},$ $i=.1,2,$ $\lambda\leqq{\rm Max}(n_{1},7b_{2})$ end $O(\pi^{h-\lambda}\lambda_{1})\geqq h-\cdot n_{1}$ ,
$O(\pi^{h-\lambda}\lambda_{2})\geqq h-n_{2}$ . Hence it is contained in the submodule, generated

by $M_{1}$ and $M_{2}$ . Conversely, if a submodule $\{\sum_{j-l}(r_{1}A_{J}^{(1)}+r_{2}A_{J}^{(2)})x_{j}\}$ of

rank 1 is given, we have by lemma 13

Min $\{O(7^{\cdot}1A_{1}^{(1)}+r_{2}\tilde{A}_{1}^{(2)}), \cdots\}={\rm Min}\{O(r_{1}\pi^{h-\downarrow 1),O(\varphi_{2}\pi^{hz\ddagger_{2}})\}}\cdot$

Denoting this with $\nu$ , it corresponds the point, whos6 coordinate $s$

-

are

$\pi^{-\nu}(\cdot)=\pi^{-\nu}r_{1}\pi_{1}^{h-p_{1}}$ ,

where $\pi^{-t}r_{1}\pi^{h- n_{1}},7r^{-\nu}r_{2}\pi^{h- n_{2}}$ are both of dimension $ h-\nu$ and at least
. one of them is an unit. The point is therefore of dimension $ h-\nu$

in $\frac{a^{(1)}\cdot a^{\langle 2)}}{O}$

The general case will be proved by inductien on $s$ . Any sub-
module of rank 1 in the submodule generated by $\sum_{}A_{f_{\backslash }}^{(1)}x_{j}r$ . .
$\sum_{j-1}^{r}A_{j}^{(\mu-1)}x_{j}$ shall correspond $a$ point in $\frac{a^{(1)}\cdot a^{(2)}.\cdots\cdot\cdot a^{(\mu-1)}}{O}$ by

hypothesis, if $\mu\leqq s$ . $\sum A^{(1)}xjj,$ , $\sum A_{j}^{(s)}x_{j}$ are then independent in
virtue of the relations $(a^{\langle 1)}\cdots\cdot\cdot a^{\langle\mu-1)})\cap a^{(\mu)}=O,$ $\mu=2,$ $\cdots s$ . The

coordinates of a point of dimension $\theta\lambda$ in $\frac{a^{(1)}\cdot a^{(2)}\cdots\cdot\cdot a^{(\epsilon)}}{O}$ are

$h_{\dot{y}}=\sum_{j-1}\lambda ja_{i}^{\{j)}$ and its corresponding submodule is generated by

$\sum_{i-- 1}^{r}\pi^{h-\lambda}h_{i}x_{i}=\sum_{-i\rightarrow J}^{f}7\mu-J\sum_{j\Leftarrow 1}^{s}\lambda_{j}a_{i}^{(j)}x_{i}=\sum_{j- 1}^{s}1\pi^{h}\lambda\lambda_{j^{7\Gamma}}-(h- n_{1})\sum_{i- 1}A_{i}^{(\dot{g})}x_{i}$ ,
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where $ni=\dim a^{(i)}$ , $0(\lambda_{j})2\lambda-n_{j}$ . Conversely, if a submodule
$(\sum_{i- 1}^{r}\sum_{j-1}^{\epsilon}r_{j}A_{l}^{U)}x_{i})$ of $\iota\cdot ank$ 1 is given with Min ($\sum_{j- 1}^{\epsilon}r_{j4^{(.j)})}=\nu$ , then
$\nu={\rm Min}(7_{j}\pi^{h-n_{j}})$ and the coordinates of the corresponding point are
$\sum_{j-1}^{s}\pi^{-\nu}r_{j}\pi^{h-n_{j}}a_{l}^{(i)},$ $w$here $\pi^{-\nu}r_{j}\pi^{h- n_{j}}$ are of dimension $h-v$ in $R$ and
at least one of them is an unit. Hence the point belongs to

$a^{\langle 1)}\cdot a^{\langle 2)}\cdots\cdot\cdot a^{(s)}$

$\overline{O}$
–. $q_{*}e$ . $d$ .

Now we make correspond to an element with a basis $c^{(1)},$ $c^{\{2)}.$

’

$c^{t^{\lambda)}}$ in $L$ , the submodule in $M$, which is $generate_{t}d$ by $\sum_{j-1}^{r}C_{J}^{(1)}x_{j}$ ,
$\sum_{j\rightarrow 1}^{r}C_{j}^{\{\lambda)}x_{j}$ . That this correspondenoe is unique, can be seen from

the preceding theorem. We see furthermore, that, if. $c\leqq b$ in $L$ ,
then $M_{c}\leqq M_{b}$ and vice versa, where by $M_{b},$ $M_{e}$ are meant the
corresponding submodules of $b,$ $c$ respectively. Therefore we have

Theorem 86. $-4$ primary lattice of rank $r\geqq 4$ with a basis
$a_{1},$ $a_{2},$ $\cdots a_{r}$ , where dim $a_{1}=\dim a_{2}=\dim a_{3}=\dim a_{4}=h,$ $h$ being
the height of $L$ , is isomorphic with the lattiee of all submodules in a
submodule $M$ of a R-module $1\Psi$ with basis $x_{1}$ , $x_{2},$ $\cdots x_{r}$ , where, $R$

-being an uniserial complete $prima$”
$\cdot y$ ring, $M$ has a basis $\pi^{\lambda_{i}}X;,$ $i=1$ ,

2, $\cdots r$ with $\pi$ in $R$ and $\lambda_{i}=h-\dim_{J\backslash }a_{i},O(7r)=1$ .

Theorem 87. If $K$ is an uniserial complete primary ring, then
the lattice of all submodules in any K-module $M$ is primary.

$Pr$ . Since $K$ is complete primary and unise,rial, $K$ has only
such ideals $J_{i}=(_{\pi^{i}}),$ $i=1,2,$ $.\cdots l$ , where $J_{l}=(O)<J_{l-1}<\cdots<$

$J_{1}<K$ holds. Every submodule $A$ of rank 1 in $M$ is generated by
an element $\sum a_{i}x_{i}$ , where $x_{1},$ $x_{2},$ $\cdots$ are basis of $M$ and $a_{i}\in K$. If
$\eta\in J_{1}$ , then the submodule $A_{\eta}=(\sum\eta a_{j}x_{i})$ is properly contained in
$A$ , because the ideal $(\eta a_{i})$ is different from the ideal $(a_{j})$ and hence
$6\eta a_{i}=a_{i}$ with $\in\in K$ doe $s$ not hold. We have only to show by
theorem 45, that, a.submodule $N$ being contained in a submodule
$N^{*}$ . two atoms in the quotient $\frac{N^{*}}{N}$ are always perspective. We

represent these two atoms as $A\cdot N$ and $B\cdot N$, where $A=$ ( $\sum$ aixi),
$B=(\sum b_{i}x_{i})$ . We. shall now show that $A\cdot N$ and $B\cdot N$ are
perspective with axis $c_{c^{\prime}}N$ in $\frac{N^{::}}{N’}$ where $C$ is the $s$ubmodule

$\{\sum(a_{j}+b_{?}\cdot)\prime x;\}$ . Since it holds evidently $A\cdot C\cdot N=B\cdot C\cdot N$, it
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$rema\dot{i}ns$ to prove that $(A\cdot N)/\neg(C\cdot N)=N,$ $(B\cup N)\cap(C\cdot N)\underline{\lrcorner L}N$.
Since $A\cdot N\dot{\Phi}$ an atom in $\frac{N}{N}-*$ $A$ would belong to $C\cdot N$, if

$(A\cdot N)\cap(C\cdot N)=N$ does not hold. But then it would follow that
a submodule $\{\sum(a_{b}-r/a_{i}-\eta\tilde{b}_{i})x_{?}\cdot\}$ with $\eta\in K$ is contained in $N$. Since
$B$ can not be contained in $A\cdot N$, so $\eta$ belongs to the ideal $J_{1}$ . Then
both $A_{\eta_{s}}$ and $B_{\eta}$ are contained in $N$ and consequently also $A$ in $N$,
contrary to the assumption. Similarly we can prove $(B\cdot N)\cap(C\cdot$

$N)=N$.

Theorem 88. If $R$ is the ring of all matrices with degree $n$ in
an uniserial com plete $prima\gamma\cdot y$ ring $K$, then the latnce $LoJ.all$ sub-
modules in cz $R$-modl’ $/e$ of rank $m$ is isomorphic with the lauice $L^{*}$

of all submodules $\dot{\iota}y$ a K-module of rank $mn$ .
$Pr$ . Let $x_{i}$ , $i=1,2,$ $\cdots m$ be a basi $s$ of the R-module $M$ and

consider a K-module $M^{\prime}$ with basis $e_{1j}x$” $i=1,2,$ $\cdots m,$ $j=1,2$ ,
. n, where $e_{ij}$

-

are $mat7^{\cdot}ix$ units. To every submodule $A$ in $M$, which
is generated by $A^{1^{\nu)_{\backslash =}}}\sum_{j.k}a_{ijk}^{(\nu)}e_{kj}x_{i}$ , $a_{\tau ik}^{(\nu)}\in K$, $\nu=1.2$ , $r$ , we
correspond the submodule $A^{f}$ in $M^{\prime}$ , which is generated by
$A_{\lambda_{\psi}}=\sum_{:_{J}}a_{ijA}^{(\lambda)}e_{1}jX_{?}\cdot,$

$\lambda=1,2,$ $\cdots r,$ $\mu=1,2,$ $\cdots n$ . Then to every sub-
module in $M^{f}$ , which is generated by $B_{d}\backslash =b^{(\nu\rangle}ex_{i},$ $b_{ij}^{(v)}\in K,$ $\nu=1$ ,

2, $\cdots s$ corresponds the submodule in $M$, which is generated by
$B^{\prime}$. $=\sum_{k:,j}-\urcorner b^{\langle\nu)}e_{kj}x_{i}$ . Now, if a submodule $C=(\lambda^{1}c_{ijk}e_{kj}x_{i}):.j.k$ of rank

1 in $M$ is contained in the submodule $A$ , it holds

$\sum_{j.k}c_{\tau jk}e_{kj}=\overline{\lambda}^{\urcorner}\Lambda_{\backslash },\sum_{jv.k}a_{ij}^{\{\nu}2e_{kj},$ $i=1,2,$ $\cdots m$

with $\Lambda_{v}=\sum_{Rt}\lambda_{st}^{(\nu)}e_{st}\in R$ , whence $Cijk=\sum_{\nu.t}\lambda_{kt}^{1v)}a_{l}^{t_{jt})}\backslash ’$ . Then

$\nabla_{/C_{jjk}e}^{\urcorner}’\alpha_{?}$

.
$ljXi=\geq\neg\lrcorner\lambda_{kt}^{(\nu)}2_{j}^{\urcorner}a_{ijt}^{\{\nu)}e_{\rfloor j}\gamma_{j}\nu.tt$.

Hence the corresponding submodule $C^{\prime}$ in $M^{\prime}$ , which is generated by
$\sum_{\iota.j}c_{ijk}e_{1j}x_{i},$ $k=1,2,$ $\cdots n$ , is contained in $A^{f}$ . Conversely, if a Bub-
module $(\sum d_{ij}e_{\rfloor j}x_{i})$ , $di.i\in K$, is contained in $A^{f}$ , then $d_{ij}=\sum_{\mu.\nu}\lambda_{\mu\nu}a_{i;w}^{(\mu)}$ and
$\sum_{k}\tilde{\sum_{i_{\dot{f}}}}d_{ij}e_{kj}x_{i}=\sum_{\mu}(\sum_{k,\iota}\lambda_{\mu s}e_{ks})\sum\tau_{V}a_{ij\nu}^{(\mu)}e_{vj}x_{i}i.j$

. Hence the. corresponding sub-
module in $M$ is contained in $A$ . The above consideration shows us
that the correspondence is one-to-one and isomorphIc. $q$ . $e$ . $d$ .

By the preceding theorem we see readily that, if $R$ is a direct
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sum of uniserial primary rings $R_{i},$ $i=1,2,$ $\cdots\lambda$ and if $R_{i}$ is the
ring of all matrices with degree $n_{i}$ in a complete primary ring $K_{i}$ ,

then the lattice $L$ of all submodules in a R-module of rank $s$ is

isomor hic with the direct union of lattices $L_{i},$ $w$here $L_{i}$ is the

lattice of all submodules in a $K_{i}$-module of rank $n_{i}s$ . There ore $L$

is semi-primary. Conversely, if $L$ is a direct union of primary

lattices $L_{i}$ and $m_{h}.(L_{i})\geqq 4$ , then $L$ is isomorphic with a lattice of

submodules in a R-module, where $h_{i}$ being the height of $L_{i}$ and $R$

is a direct sum of uniserial primary rings. It is to be remarked
furthe $r$ that by theorem 88 the lattice of all submodules in a $\backslash K-$

module of rank $n$ is isomorphic with the lattice of all left ideais in

the ring of all matrices with degree $n$ in $K$. Then theorem 86 ’

asserts $that\sim$ a primary lattice of rank or with $m_{h}\geqq 4$ is isomorphiel

with a lattice of left ideals in the ring of all matrices with degree

$r$ in an uniserial complete primary ring.
$t$


