ON THE CONNECTION PARAMETERS IN A
NON-HOLONOMIC SPACE OF
LINE-ELEMENTS

By
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§ 0. Introduction.

The theory of a non-holonomic space of line-elements or non-holommlc
system depending on line-elements was treated already by T. HOSOKA’WA“)
H. Homeu'?, T. Svcurt®, V. WaeneEr® and the present author®.

In the present papers we shall introduce many properties appearing

only in a special non-holonomic space of line-elements defined in the
previous paper® (N.S.F.). In §1, we shall study the connection
parameters, torsion tensors and curvature tensors in a non-holonomic

space of line-elements and in § 2 find them belonging to the groups of

non-holonomic transformations under which the non-holonomic subspaces

of line-elements: X, and X ™ are invariant. §3 is devoted to
determine the structure of the same quantities in a non-holonomic

EvcripEaN space of line-elements. The second fundamental tensors

of non-holonomic subspace and geodesic non-holonomiec subspace are
introduced in §4.

The present author wishes to express to Prof. A. KawagucHr her
very sincere appreciation for his helpful guidance and his careful

criticisms.

(1) T. Hosoxawa : Uber nicht-holonome Ubertragung in allgemeiner Mannigfaltigkeit 7%,
Jour. Fac. Sci. Hokkaido Imper. Univ., Series 1, Vol. 2, No. 1-2 (1934), 1-11.

(2) H. Hompu: Die Kriimmungstheorie in Finslershen Raume, Jour. Fac. Seci. Hokkaido
Imper. Univ., Series 1, Vol. 5 (1936), 67-94.

(8) T. Sucurr: On the non-holonomic FiNsLER space (not yet printed).

(4) V. Waener: The inner geometry of non-linear non-holonomic manifolds, Rec. Math.
N. S, Vol. 13 (1943), 135-167.

(5) Y.Karsurapa: On the theory in a non-holonomic system in a Fivsrur space (in printing).

(6) This will be in the pressnt paper referred with N.SF..



130 Y. Katsurada

§ 1. A non-holonomic space of line-elements.

1. The definition of a non-holonomic space of line-elements.
Corresponding to a manifold X, referred to a coordinate system (z*)

(a=1,2,---- , 1), let us consider a space in which the displacement of
a point is defined as follows

(1.1) ds® = A (2, da*)

where A% are » mutually independent and homogeneous functlons of
degree one in the dz and analytie in the z and dz.

By homogeneity of the functions A% (1.1) can be written in the
form

1.2) . dst=—20 _ gps — e gpe — 4o

‘putting 2A%/9(dx*) = 4%, where 4% are evidently homogeneous of degree
zero. in the dz. Then it follows that

'(1.3) A (¢, dz®) = 4% (T%‘):“( )/ ( )

for the displacement dx along a curve z* =1*(f) and these values sre
finite.

Now we consider the manifold of the line-elements given by # and
2’ and A% (w,2’) as funetions of the line-element. Here we shall have
& fleld of a family of » mutually independent eovariant veetors A%(z, z")
.that are reduced from the functions A°

Let us define a non-holonomic space of line-clements in which the
digplacement of a point and the direction of a line-elements are related
xxespeetively with that in a holanomic space as follows

~a

(1.4) ds® = 1% (z, 2’) dx* and

dx
— l4 .
1.4, p = i (x, x) (Where o=

dt

I a displacement of z*:dx* lies in the direction of the line-elements
(x, x’), then it follows

ds® = 12 dx® = A°®

" (7) We use Greek indices in holonomic spaces and Latin indices in non-holonomic spaces.
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dx*
dt
Next we shall induce the reciprocal contravariant vectors A¢ of i%.

In fact, let us solve the equations (1.1) for dx*, then the solutlons ‘may
be of the form :

(1.5) dx* = B* (x, ds%)

but ds* = 25 dx® 2 A* for dx* ¢ p

where B* are homogeneous of degree one in the ds® - Fufther if 'we
put 9B* /9 (ds*) = *A2 (z, ds), (1.5) are written in :

(1.6) do® = — "——— « ds" = 1} (x,ds) ds" = B*.

Replacing the ds* by the last équation of (1.2), we get

rn  der =] 99(‘;’;;) } 9?;1% dw® = 3¢ (v, dv) 25 (x, d) das® .
de=A% .

Differentiating the above equations with respect to the dz®, we have

(1.8) oB* } 24

l 2 (ds%) o (dx?)

dst= A2

= A3 (x, x’) 2% (x,x") = 0}

for a direction of line-elements having the same direction as the dx*,
because of the homogeneity of degree one in the dx and ds of the

functions A® and B*. The second equations of (1. 8) hold for any @

and 2’. From this fact it follows that
(1.9) 28 (x, ") 2 (x,2) = o
The relation (1.8) and (1.9) are written as follows also:
(1. 10) 28 (v, 8") *A% (x,8) =05, *A& (x,8") ¥ (x,8) =T0h . = ciuve

The quantities *A¢ (z,s') = A2 (x, ') are considered components of the
reciprocal contravariant vectors of *i%(x,s’) =% (x,x’). Using the symbol
* upon a function f(x,2’), we denote the functional form in the x and
s’ of the f(x,x’) as *f(x,s’) = f(x,2'). This symbol plays an lmportant'
role for the derivatives of f with respect to the = and «’ or s/, but it
is not necessary when only a functional value is referred.

/4

Inversely the equations (1.4) may be solved for dx* and wd%—,«.and;

the solutions are then of the form



132 Y. Katsurada

d:

S “ dx®
P )ds and

dt

ds ds®

—_ ¥ja _ .
= 2“(’”’ dat ) dt °

(L11)  dz* = %8 (x,

We shall introduce the fundamental differential operations in the
space. Let us at first define the partial derivatives of *f(z,s") with
respect to the s* as follows

0¥ _ 9% 4ya of | of o*¥ s,b) xqe

= 18 =
2s° 2x® ore + or’'8  orc

(1.12)

then we obtain

of _ 9oF*f 2*f 9215 o8
ox* ~  9x* 9s5/%  9x® :

From (1.12), we have

9‘3 *f 9‘1 *f . O*f

= — Wga

?

25703 058" 95° 05°
where
) *20 o) *xc
(1. 13) WSy = —«91;5"— — _55;3_) kaa ka8

Moreover differentiating *f with respect to the s’¢, we get

0¥ f(x,s) _ of (@) Iy

(1. 14) N7 5z a
2 *f (=, 8) — _Qi_f_@?ﬁ’)_ *pa k8 of 9%
Ds%9s? ox/tox'® "¢ 7 ox/* pst
accordingly
9‘: *f (xo S,) — _Oi(x'_?,,)_ *za *ZB —_ !2«‘ B_i
o 98"’ or’® 91;’3 a b a 08’
where
| o*E
(1.15) 2 = YT *pe .

Thus we have these new important quantities g, and £3 which will
give fundamental properties in the non-holonomic space.
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2. Non-holonomic transformation of coordinate. We shall
consider the relation between any two sets of the function 42, A
inducing a non-holonomic space as follows

1 2 .oo’n
1,

(1.16) A= C° (s, A % m

|I H

where C® are n mutually independent and homogeneous functions of
degree one in the A‘ and analytic in the x and A’. Therefore (1.16)
are written in :

2 C*

(1. 17) A* = oA A= Cp A (Where : 9<% = C;‘)

where C? (x,ds) = C"( dt) for the displacement: d5 along a curve,

that follows from their homogeneity of degree zero in the A°. |
Let us define the change of the displacement of a point: ds* and

the elements ;t in the non-holonomic space of line-elements given by
(1.4) as follows

.a o dS‘) i ds® . ds§\ ds
(1.‘ 18) ds® = C,;( ' ds¢ and T Ci\x, T 7

respectively and these transformations are called the non-holonomic
transformations of coordinates. Inversely, the equations (1.16) may be
solved for A‘ and the solutions are then of the form A' = C'(x, A7),
where C° are homogeneous of degree one in the A° By using the
method by which (1.11) has been derived from (1 5), we obtain the
following results

ast - ds*

ot = Y%

(1. 19) dst = C ds® , ‘(Where: C: — 20

and

(1.20) Cict=4, C.Ci=4',

from which it follows easily that

1.21) A =Cei, Ao=0C.i, o=Cil, r=Ch

between two families: (12, 4%) and (2%, %) corresponding to A* and A
respectively. '
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Let us define a vector or a tensor in a non-holonomie space of
line-elements as the quantities changing under transformations of
coordinates as follows

(1‘ 22) P° = Cf Q—Jt , Ta1 n‘}1 gy = Cal e e Cap ("j/x oo 6? Tu o

ds
3 Then the

quantities 4% g‘ive us » contravariant vectors in the non-holonomic space
and 7 covariant vectors in the holonomic space, and the 42 are covariant
vectors in the non-holonomic space and contravariant ones in the
holonomic space.

If we put v* = 2% v*, v* are then a contravariant vector in the
non-holonomic. space, where v* is a vector in the holonomic space.
Likely the quantities

where v* or 7%~ are analytic function in the z,
by

o = . ” B LI B n
(1. 28) T ”21___% =A% .. 27 » 280 o aﬁ1 -

are a tensor in the non-holonomic space, when T“""“gl_,_ﬁq is a tensor

in the holonomic space.

Next, we shall study the change of the quantities in the non-
holonomic spice under non-holonomic transformations of coordinates.
At first the quantities of, and £ will go into

2C? A, o b P 1
* Ek *Ck
(_1.24) 46?}:0?'0;{99511 )+Ck(t)abj
0C: .. 9C WN\af 20
L +(——9_s_j c - c,)gz 2% C‘msz)

under non-holonomic transformations of coordinates (See N.H.F.).
. ips o DAL . .
Let us consider quantities 53 = 4% 9~S‘b- s’ in the non-holonomic

space, then we can know, according to the first equation of (1. 21), the

[ 3

relation %—gf—',,— s = 0 and equations (1.24), that the quantities B; and

o, + 298, B:; are changed as follows
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(B =C: 9 g;k " + C., C? B
— a3 (4 9 *C *C‘
(1.25) @ + 224, By = C; C;, {( 9s '“‘b T )
{ 7t
L _ g Sd Bc _ 9 Cc Bd) -+ C‘ ((ch + 2!20'11]9 B('])}

by non-holonomic transformations of coordinates. Such quantities B}
and of, + 95, B;— €% B; play an important role to determine connection
parameters which we shall see later.

At last we shall proceed to find the change of the connection
parameters under these transformations. @ We suppose now a contra-
variant vector v* in the non-holonomie space and introduce its covariant
differential in the form

" (1. 26) oV = dv® + I'*3 v dst 4+ C*% P 55’ ,

then the definition (1.22) demands that

(L27) o0 = Cilovt = Cl(dv® + I, 0" ds* + C*5. 0" 05 .
Let the base connections be |

(1.28) 0s°=ds" + G, ds*,

then we obtain after some calculations

E Y ol £
. = [ o — 276, 28 ¢} ayc,
(1. 29) (N.H.F.)
G =0 9 C‘ § + C.C Gs
and
rall
(1.80) O, = (6 cr, —29) ey

3. Some connection parameters of the non-holonomic space.
We shall go to find some admissible connections parameters in the
non-holonomic space of line-elements given by (1.4). For this purpose,
putting the torsion tensor ”I'% and the curvature tensor ‘Lj given by
the second equations of (4.8) and (4.17) respectively in N.H.F. to be
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equal to zero, we have the following connection parameters
(1. 31) I'*s, = Goy — 924, G5, o= 0% .

Since we can take the quantities 5 as base connection parameters,
as the firts equation of (1.25) shows, we can obtain

(1. 32) o = b e = By — £ By, B

for some admissible connection parameters in the non-holonomic space
of line-elements given by (1.4). Further we can see that the duantities
B? are equal to a base connection parameter ['*; s’° obtained from the
second equation of (1.32). In fact,

228" =0, ¢, 8" = (Bly, — 95 B9 " = B., s = B
9 B¢
where 5;,, = —97)"

4. Torsion tensors and curvature tensors in the space. We obtain
torsion tensors in the non-holonomic space

[ 'Te = o + 298 ;) B + 20700 = b + 2820, Bly + 267 »
(1. 33) l P

from (4.8) in N.H.F., and three curvature tensors different from zero:

G = I'*%p.c; + Ty ', — Q24 Ki,
(1. 34) o *By
'K{, = — B, + By, Bl + B, B (where: Bj, =~ )
where
¥4, = I'*%, — I'*4, Bl + ', I'*p, — I'*, I'q, — I'*s, I'*G ,

given by (4.15) in N.H.F. and
(1. 3b) & = Q% o — 80 + 25, ', ,
where
Do = Doy, — D B+ %5 Oy — %5, P — 5 0

reduced from (4.17) in N.H.F.. At last it follows that the curvature
tensors S%,, P% and K% in N.H.F. become in this case
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‘?bc = O ’ tabc = L?br; ’ R?bo = (abc .

Hence the space has a torsion tensor Ty and three curvature tensors
KS,, "KL, L% different from zero.

§ 2. A non-holonomic space of line-elements belonging to a
non-holonomic transformation group having invariant
non-holonomic subspaces X and X ™.

5. Definition of a non-holonomic subspace of line-elements. We
shall henceforth confine ourselves to that the indices a, b,++++-, etc. and
a', b, ¢/ ~eeer, ete. run from 1 to m and from m + 1 to n respectively
and to use capital letters 4, B, Cevees ete. for indices which run from
1 to n. Let us define a non-holonomic subspace X,” in the non-holonomic
space of line-elements given by (1.4) by the following equations

ds® dx*

2.1 d.a': a’ a — qa’
(2. 1) S 2% da 0, 7 N

=0

(@, b/ eee=m +1, o+, n) .

Then it follows from the second equation of (2.1) that a direction of

7 (@=12---, m)

For the non-holonomic transformation of coordinates under which
the subspace X7 is invariant, we must have

(2.2) Ce =0

line-elements in our subspace depends on only

a’ UM
as =0, then d§' =0 and ds
dt ds dt

Therefore the function T of the = and a7 can not depend on the
ds®

(@ =1,+++,m). Similarly, the necessary and sufficient conditions

by reason that if ds* =0 and =0.

dt
for invariance of a non-holonomic subspace X;™™ given by
6 e gpe — dst L, dxt - |
2.38) ds® = A% dx* =0 , T = A% di =0 (@ =1, , m)
are that
(2. 4) Ci, =0
- A .a’

i.e. the functions C' of the z and can not depend on the

dt dt
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(@=m+1, .+--, n). It can be then concluded CZ =C¢ =0. From
the above results the group of our non-holonomic transformations is
given by

dst = C: ds® dst = C¥ ds* ,
(2.5) A5 O 5" _ o 05
a — ¢ dt ' dc — 7Y dt

This group is evidently the subgroup of (1.18) or (1.19).

6. Invariants of the space belonging to the subgroup of non-
holonomic transformations. Under a transformation (2.5), we get
the results:

4

0 *C, oC )

I+, { « T oy T g Gop CICGE,
(2.6) 4
P ol OC? = 7 Y /~a (Yki rot Vka OCt
\ G§ = (’a >9§'J:- s+ (/a. C; G(, , C’ j] = ((/a *bc 96’:.) C.I;
( FIki [ ka ~; S *Ct'_ DC’ d\ b
gkt — l[ oc? (/ 98(’ S‘,d G J C C
2.7 q
i QCG 72 * i b
G, = C! —1["-3 + C. CV , C'L—C C e
\
(2.8) I'*, =1I*,C.CyC,, C%,=CLC;C; C%,
2.9) %, =I*%, C.CyCy, Ty = CLCy Cy C*,

and same ones exchanged the indices a,b,c,+++; 7,5, k, -+-+¢ ete. and
a,b/,c eee; i 4/ ko« ete. with one another in the equations (2.6), (2.7),
(2.8) and (2.9). The above results show us that the parts of the
connection parameters and the base connection parameters in the
non-holonomic space :

(F*gcr GZ ’ bc) (F* te? » GZ’) ’ *gc” [1*:’09 *Z'c ’ I"*a’c’ ’ C*z’c' etc°

are all the geometrical objects, 7.e. the quantities I'*%, G§ and

are the connection parameters that give a absolute differential in the
non-holonomic subspace X;*. The quantities I'*}., G% and C*}, are
the connection parameters that give components on X of a absolute
differential of a vector in X, along the non-holonomic subspace X7 ™
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ete. We can apply the same treatment to the other quantities.
Further, under the transformation, we have
o — Ci . ,
‘Q;k = (Ci -Qgc - L(,f) C:_Cz ’ jk' — Ci Cb 2 ‘-Qgc’ ’
(2.10) C

— .:»..i , _— ‘=’~/ b ¥ !
| o, =CLCrCig,,  El = CiCLCE %
( _i’ + 2S)€; T Bk’] — Cb C(I Car ((U + 2!2[b|EJ Bf]) y

*Cj C
aﬂc + 29[”@ B}y] —_ Cb [ ai - 9 B

(2. 11) l 0 s ) Sld

+ O (e + 2820 B;cErJ)}
and same ones exchanged the indices a,b,¢, -+ ¢,5,k--+ etc. and
a/, b/, ¢/,e e i/, 5, k!« «« ete. with one another in the equations (2.10) and
(2.11) .
In §1 it has been shown that the space has the following
connection parameters

(2- 12) 11*3‘}( — Bc BT p/;c y Gﬁ = Bfé ’ C*BC == -(ﬁo

but since the quantities — ((:)ZL.. + 204, BE) and — (wf + 290, BY)
change as likely as the 7™}, and [} respectively under the trans-
formations, we may take for connection parameters those which are
replaced the parts in the quantities I"*4, of (2.12): rx,, r*g. ., r*s.
and I'*¢, by the quantities

4 ’ ’ E
— (why + 28905 BLY) — (wh, + 2885 BG)
’ ~a’ E E
—_ ((l)gc + 2!{?]) (E| Bc]) y and —_— ((U;:IL' 2 Q[bl 0:]) ’
i.e.
E Al 4
f 1>}<a - Bc T -ch B‘Ilﬂ ’ l kg(,’ - (wgo’ + 2‘9?1) [E( B({']) ’
3 E
F*;)l Bc R 5) ‘lzv' ’ F*g ¢ — ((Ug'c’ + 2*-(~)?b’ 1E| Bc’]) ’
ka’ __ ’ ’ E
(2- 13) -: F*b’c’ _ .BCI H? I !J ’bl *gvc —_— ((l)(bllc + 2.(2?[)"1]][ BC]) 1}
- ’ * 14 — E
1 4bu - ‘cl' — Q7 ¢’b ’ e = (‘Ubo + 29[1);13 c_]) ’
A A A
\ B — B C*BC - ])’(‘ .

Here we must remark that the base connection parameters reduced
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from the connection parameters (2.13) do not coincide with B4. By
this reason, we shall determine the base connection parameters so as

(2.14)  [™4.8'® ='BA |

For this purpose, calculating the quantities I'*%.s'%, we have

I'*4, 8" = (Bgy — 05 BY) s” + (P%, — 0F, B%) 8"
(2. 15) = By s + E&y 8" — (95, 8" + 95, 5" B
= B? (because Q% s” + QF,s" = 0)

and likely
(2. 16) [*e, 54 — po

¢’ s

accordingly we can adopt /B? = B? and '6F% = B% as the parts of the
base connection parameters which satisfy the equation (2. 14). Further,
it follows that

[‘*icl S,A = F*l)c’ QS,b + F* b’¢? S’b,
2.17)
—_— (UFL S/I‘ + !_)L’[)( S,l + Bh Shl’> + (l o (Bb'sld+Bbl Id;)

so that it is enough to modify other parts of B4 such that holds (2. 14),
because, for instance the parts of the base connection parameters: 5%,
are changed into the corresponding part as (2.7) shows.

Let such quantities be 'B5% and ‘LY, then the equation I'*¢, g4 =
'B are written in the form

| (2.18) %, 8'F — 0%, B, s — 0%, BY, /¥ = (.Q;‘,,,,s"“’ — 08 08) 1By, + 0%, 8" BY,
similarly it follows from the equations I'%%, /4 = 5% that
(2.19) W 8'F — 0%, BY, 8"V — Q% by ' = (9%, 80— 55 05 1Bl 4+ 9% 'V B, .
Putting now

e '8 — 9%, By s — 9%, B, 'Y = D¢

WG 8’ — 0%, BY, 'Y — 0% BY s’ = DY,

Q8" — 000 = X008,  LudV =YY

and using the functions ’X¢% which, since |X|2:0, are determined
uniquely by
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ad’ b ¢’ ’
b’ Xc El' — Oc ((,-’ ’

the equations (2.18) and (2.19) may be solved for ’AY and B}, and
the solutions are then of the form

(2.20) By = (DY — YU Xl D8) Wi, Bl = (D — Vi, ' XU3 DE) Wi,
where the functions 'W/$ are determined uniquely by Wg2/Wee = 85 62
when |W| =0, putting

- Yg’{;’ ,Xé;" Q b’ eS = I/‘V'a’n’ .

Thus if in the beginning we adopt the quantities in the right hand
members of (2.15), (2.16) and (2. 20) as the base connection parameters
in the space: ’B%, these coincide with the base connection parameters
which are reduced from the connection parameters (2. 13) made of ’'B5%.

In order that an absolute differential of a contravariant vector v*
in the X7 lies in the X7, it must be

Y ki sk —
Fj—F f———C;lj-—C*]”r——- y

as v =0 and v =0 .
Similarly in the X% ™, we get also

F*zljl —_ F*h/lj = *%I i’ = \ﬁ;’clj — 0 L]

The connection parameters (2.13) become then as follows

VF*[)O——B?[) a ['*h(/——— ((l)g(:’ + ! DE !ngb E{) F* = F*Z',C,ZO y
E *ka’?
F blcr—- Bg’ I Yt .{..} r[)r[)%, \kg:(;_ ((Uh C+ (J])Iﬁ EF 1,;) F*bLI == F bhe —— 0 y
(2.21) q
- !ch y C*[,br = ‘!Jb(,’ y C*glc = Ch(;)l;c: — 0 y
\C*Z”c’ - Z:c’ ’ *g"c - 'Jb’c ’ C*%’ = >I<a' - O

where it should be remarked that the base connection parameters
reduced from the connection parameters (2.21) do not coincide with B3.

7. Torsion tensors and curvature tensors. We shall consider
torsion tensors for the displacement in X7 : d,s*(d,s* = 0) and for that
in Xp-™: d,s” (d,s® = 0), in the considered space with the connection
parameters (2.21), where the line-elements may be chosen arbitrarily
and not necessarily in the subspaces.

Denoting vectors of the natural reference of the line-elements
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with e, (z,2) @ =1,2,-<+-++, n, then the displacement of a point M
(x) is given by dM = dx* e, , consequently

(2. 22) dM = ds*2% e, .

In account of 15e, = e,, (2.22) is written in

(2. 23) AM = ds*e, .

Hence n vectors e, (A = 1,.+++,n) are vectors of the natural reference
in the non-holonomic space. (4. 6), (4. 7) and (4. 8) of N.H.F. show
us

(2. 24) d,d,M—d,d,M=Q%,, Q4='THd;s"d,s°+2"T#.d;s%5,58°
where

(2. 25) "The = wihe + 298, Bty + 21 ey "The = C*pc — D%¢ +
In our case, we have

QF = ,Tgc' dl s’ d;' §¢ — ”T}d' 0; " d: s”

and Q9 ='Tg, d,s"d, s + "T% 5,87 d, s
where Ty, ='Tf, =0, "o = — Q% , "Th=— L%

from (2.21) and (2. 25).

Consider three infinitesimally near line-elements /5, [, and I, with
the origins P (z*), Q(z* + d,z*) and R (xz* + d.x*) in the original
holonomic space, where we assume that the direction PQ (d,s* in the
non-holonomic system) lies in X} and PR (d,s*) in X;", then the vector
24 in (2.24) represents the displacement 7S, when RS and Q7' are the

parallel displacements of d,s* and d,s* from /p to I, and from lp to [,

in the non-holonomic space of line-elements respectively.

Similarly, if the line-element lies in X <.e. d;t = 0, for the torsion

tensors with respect to two displacements d,s* (d,s* =0) and d, s*(d,s* =0)
in X, we have

A ~ b
[ 0 — ((l)(‘)z,; + 2!2?[)[)[] J{ -+ 21 *Fbc]) d(x S dg] s° ’
l Q% = (wfy + 2800 BY) 0y 8" duys° — L5308/ dyy s,

we obtain thus three torsion tensors as follows
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M E ! ’ M ’
(Ugc + 2!)?[,/3{1 B‘,] + 21F Et[w] 9 (l)gc + 2!‘2&’3[] Bu] y ZE y

where we must remark &, 5%, 8,5 =0 by reason that the base
connection parameters reduced from the connection parameter (2.21)
do not coincide with F4. Further we can have many curvature
tensors as same as ones in N.H.F..

§ 3. A non-holonomic Euclidean space of line-elements.

8. A non-holonomic Euclidean space of line-elements. In the
present and following Chapters, we confine ourselves to consider only
a FinsrneEr space. A FINsLER space means such a space that the length
of a curve given by analytic functions x’ = 2¢ (£) of the parameter ¢
is defined by s= fL(x, x'ydt where L (x,2’) has continuous partial
derivatives of at least the forth order in the z and z’ and homogeneous

of degree one in the /.
In such a space of line-elements, a metric tensor has been given

by
G

9,{1,‘1 9/.//‘5

3.1) = Gap (T, T)

and its contravariant components ¢g**# are defined by the equations

(3 2) gasgar - 3?’

Let us assume that there are functions AZ (z,dx*) which satisfy
the conditions

0 A4

&B 34 2B __ 4B 4
(3.3 g*f Az Ay = 64", Vo > (dz%)

and call a non-holonomic space of line-elements given by (1.4) corres-
ponding to these functions A® non-holonomic FEuclidean space with respect

to s. Then we get the following results
(3.4) Gap = 2 AxAg ,  g*F =20 2% 4%

from the first equations of (8. 3) and (1.9), (38.2) and (1. 8) respectively.
In this case, the connection parameters in the non-holonomic space

induced from those in the original FinsreEr space (in means of Cartan)
become as follows
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s ~ 9 R‘A 9 ZA 9 G8
(3 5) 1 *1;0 = A‘; F*g -_— *'QTE;‘. 9 1’38 Ali’r >]1; 20 y = = X‘;,.,- X% /15
(N.H.F)
where
. 944 044 oG8 .
Aﬁ-f = o x’ — a0 Q.L’r — 1 *gTAa .

Then the index A of 14 denotes individual vectors in the holonomic
space and the index « components of the vectors, accordingly the right
hand member of the above equation gives the covariant derivatives
of the covariant vectors: 1§ in the holonomic space with respect to z7.
Then the quantities I'*4; may be considered as the coefficients of
rotation of the orthogonal ennuple ij.

Considering the covariant derivatives of the following equation

(3.6)  gUFAAg = o

with respect to 2 and using the second equations of (3.4), we have
the equations

A% Aaer + A AGr =0,

contracting the both sides of the last equation with if, we get
AL (A% Ader + A8 AGr) =0,

then it follows that

(3.7) I'*4, = — I'*%;

On the other hand, deforming the right hand member of the first
equations of (3.5), we get the following results

9 *24
P = (3 Mo — =) 50 AT — 24,62
(3. 8)
21 %oy = 228 T Fyv Ay A%y — (whe + 29000 G&)
consequently
3.9) I*ge — I = — (05c + 2208

in virtue of I'*%.; =0. Putting

(3. 10) (1)114;(; + 2.(2643”)] G(I?] == 0‘/4;0
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and using (3.7) and (3.9), we shall obtain the results
1 :
(3' 11) F*ﬁc = - "é‘ (0}/910 + 0?,4 + ﬁ?u) .

In this case, the quantities C.zc given by (2.7) in N.H.F. become

(8. 12) Cipc = ‘];_ 9 Oan

‘ —1
2 m*ggoapB—QECBDA):——Z—(Qﬁ’O_{_9}4;0)

and Cyz; =0 from the second equations of (2.9) in N.H.F.. It follows
then that £7,= 2%,, (3.12) are denoted with C.zc=—2%. Consequently
we have that

(3.13) *4c = 0" Cppo + Lfe= — Lic+ 25c=0 .

This faet indicates that such a special non-holonomic space of line-
A

ds
dt
differential is always independent of §s’4, but not with respect to ds*.
Moreover we shall try to represent the base connection parameters
4 in terms of the quantities wic and “4.. From (3.10) and (3.11),
we have

elements (ds?, s’*) is Fuclidean with respect to , t.e. the absolute

(3. 14) I‘*‘J{}c = ‘%” I(Uic'!" (UgA + (')%A.l_ (“"-Q‘é])Gfx)‘l' 'Q%DGQ—‘Q?!DG;;_I_ 'QgI)G£>}9

L
further
(8.15)  GA=TI"*4os"= _21 {((Ugc+(,)£A+(ugA)s'B+(—-2.@;3,,sw+2ggpsfﬂaﬁ)ag},
consequently
(3.16) G (340l — 08" + 91,87 0l) = 5 (oho + offa + BT
putting
08 08 — Q4,57 + 09,87 58 = Z%

and using the quantities Z4% given by the equations
(3.17) ZAB 7 = 5% oF
when |Z¢731 0, we have

1 ~
(3.18) = — —2— ((r)ﬁc + wf, + (UZA) SIEZDE
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§ 4. The second fundamental tensor of the non-holonomic
Euclidean subspace X and the geodesic non-holonomic
Euclidean subspace.

9. The fundamental quantities. In this Chapter, we shall
consider a subgroup of the non-holonomic Euclidean transformations
under which non-holonomie subspaces X and X} ™ given by (2.1) and
(2. 3) respectively are invariant, so that we must have the conditions
(2.2) and (2.4), and also the relations as follows

(4 1) Z VIC' - (3(10 ’ ZC[)’C | = ()b(" ’

in order that an orthogonal ennuple goes into same one too. Thus we
shall study a non-holonomic space which belongs to subgroups of non-
holonomic transformations (2.5) holding the relation (4.1).

Under such a transformation, the quantities 67, (= wf, + 287, ,Ge )
are changed as .

4 9*(/(‘ OC ¢ ~ a
4.2) ,L,_C’CL,{Q(’ — 22 G+ Uﬁ},

the above equation may be written in

0*Cy  9*C;
(4' 3) 9 Sul - —79; zi c - 7k’ Ch c’ Cu (ibc y

then using the first relation of (4.1), we obtain the results
(4‘ 4) (5:'1» ) C C’ Cﬁ” - ﬁhc + 620 .

Consequently the quantities 6. + 6. are tensors in the non-holonomic
space. In such a space we can also get the connection parameters for
which absolute differential of a contravariant vector v" in the X, lies
in the X, as follows

( 1 : . . .
[‘*;Ilc = - E (ﬁgc + ﬁzd + 624) y I >’<I(,,'Ll _— gcl y Z‘ZIU — [ g’cl == O )
(4- 5) ka 1 a’ /4 ¢’ ka’  __ a’ F* — ka’ __ O
ﬁ F b ¢ = E_ (ﬁl/’c'+ c’a’+ b’a’) ) bre — T ﬁb’c ) be' — be — ]
kA __
C BCG —

or
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(

o~

3} 1 A . g 1 o —~ o
F ’kgc - —E(bgo + HZa + 63(1)) ’.\gc' - ——g(ﬁgc’ + (j?)a + BZ’a)r F*g'c = F*g’c’ =V,

: =1 ’ 1 ~a’ ’ ’ = xa’ 1 ’ ~ ’ 1 ’ - ’
(4. 6> <P*g’a’:_§(bg’c +62‘a‘+6;}’a'); I’*g'c:—:*—é(fig’u’{-btb:’a_l_ ‘920)) F*gc':I'*go:())

kc*éc =0 .

Here the base connection parameters in the function 6%, of (4.5) and
(4.6) coincide with neither the qguantities 7"*4,s’? induced from (4.5)
nor the T'4,s'® induced from (4.6). Then the difference between (4.5)

‘and (4.6) is nothing but the tensor

) Tk 1 "] >
>'<g'cr - Iy*gc' - - 61?(:' + 2* (ﬁgc' + O(ba + bf a)
1 ,
== (67, + Oor — 6ia

Thus we have tensors of four kinds in this space as follows

a’ a a 0 a’ 14
bc o b’¢’? 9 b’ + ﬁac' 1 b’c + 6a'c

10. The second fundamental tensor. Next, we shall find the
geometrical meaning of the tensor 65, + 6% in the non-holonomic
subspace X,* with the metric

4.7) ds* = Z (ds®)* = 3 A% A% dx* dx® .

At first, we consider the variation of such a metric (4.7) in the
direction which is normal to X,*.
Putting for the variational displacement of the line-elements

(4. 8) d,z* = 1% ¢, d, s = — G% &

where the quantities 1% are the functions of the z* and s and the
quantities ¢” represent the certain infinitesimal constants. The
displacement ds® in the subspace X, corresponding to the ds® in the
X can be represented as follows

(4.9) do® = % (2% + dy 2%, ' + dys') d (@° + dy3%)

using the next calculation
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ks

*Ra(ﬁl} +dxa’sla+dwsla)_*/{ (x 6,)-]— 9 ABaXcB’ 6'_’9 e sc_,_[ ]

9 Xsa

9 *A “Acr A% 0 *A%
d (2% +d,z%) =dz* + ( dnt = T Gds + 98,;”68"l>e°'+[ ]

where the symbol [ ] denotes the higher order term than degree
two in the ¢, it follows that

do® = ds® + {(wf + 2885 GE)) ds® + 02,557} & + [ 1,
consequently we have

2 (do®)* — 27 (ds®)* = {(65+ Ohr) ds°ds + 202,05 ds*} ' + [ 1.
Thus if we consider the variation of the metric (4.7) for the variational
displacement (4. 8), we have
(4. 10) (O + 62 ds*ds® + 22,0 ' ds®

as the first variation. Let us suppose that the element s’* be displaced
parallelly in the subspace X i.e. §<“ =0, then the quantities (4.10)
are written in

(4.11) (0 + 62,) ds*ds’ .

Since the above quantities in an Euclidean or Riemannian space give
the second fundamental form of X2, we shall call the quantities

(4.12) 6% + 6%
the second fundamental tensor of X.

11. The geodesic non-holonomic sudspace. In such a Euclidean
non-holonomic space in which either the subspace X™ or Xr™ is
invariant, if we adopt the connection parameters of the space as
follows

1
(4. 13) [‘*}430 = - 7 (0}?»0 + 05‘4 + 0%4)
and in the non-holonomic subspace X7 as

F*a _ - a5 (Bbc + 02:: + 02!!) ’
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a geodesic curve in the X;* is then given by the equation

st ., ds® ds°
e 5 a5

(4. 14) e =

In order that the curve is geodesic also in the space, it must be

_d_ ds® ds® ds°

— [ =
(4.15) ds \ ds ) I ds ds 0.

ds®” *a’ j:ﬁi _ds.c__ ~_
Here, by reason of e 0, (4.15) must be I'*; i ds = 0.

Consequently, from (4.13) and 6&., = 0, we have @ + Gi =
Thus we have the theorem:

A neseccary ard sufficient cordition that such the subspace XI be
gecdsesic in the space with the conmection parameters (4.13), is that

(4.16) 6. + 6% = 0 .

(August, 1949).



