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\S 0. Introduction.

The theory of a non-holonomic space of line-elements or $non- holo_{\vee}\psi$mic
system depending on line-elements was treated already by T. $Hoso\kappa AWA^{(1)}$ ,
H. $HoMBU^{r}2$) T. $SuGURI(3)$ , V. WAGNER(4) and the present author.

In the present papers we shall introduce many properties appearing
only in a special non-holonomic space of line-elements defined in the
previous paper(6) (N. S.F.). In \S 1, we shall study the connection
parameters, torsion tensors and curvature tensors in a non-holonomic
space of line-elements and in \S 2 find them belonging to the groupS of
non-holonomic transformations under which the non-holonomic subspaces
of line-elements: $X_{n}^{m}$ and $X_{n}^{n-m}$ are invariant. \S 3 is devoted to
determine the structure of the same quantities in a non-holonomic
EUCLIDEAN space of line-elements. The second fundamental tensors
of non-holonomic subspace and geodesic non-holonomic subspace are
introduced in \S 4.

The present author wishes to express to Prof. A. KAWAGUCHI her
very sincere appreciation for his hdpful guidance and his careful
criticisms.
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\S 1. A non-holonomic space of line-elements.

1. The definition of a non-holonomic space of line-elements.
Corresponding to a manifold $X_{n}$ referred to a coordinate system $(x^{a})$

$(a=1,2, \cdots\cdots , n)$ , let us consider a space in which the displacement of
a point is defined as follows

(1. 1) $ds^{a}=A^{a}(x, dx^{\alpha})$
$a=1,2,$ $\cdots n^{(7)}$

$a=1,2,$ $\cdots n$

where $A^{a}$ are $n$ mutually independent and homogeneous functions of
degree one in the $dx$ and analytic in the $x$ and $dx$ .

By homogeneity of the functions $A^{a},$ $(1.1)$ can be written in the
form

(1. 2) $ds^{a}=\frac{9A^{a}}{9(dx^{a})}dx^{a}=\grave{\Lambda}_{\alpha}^{a}dx^{\alpha}=A^{a}$

putting $9A^{a}/9(dx^{\alpha})=\lambda_{\alpha}^{a},$ $where/_{(a}^{a}\backslash $ are evidently homogeneous of degree
zero in the $dx$ . Then it follows that

(1. 3). $\lambda_{a}^{a}(x, dx^{\alpha})=\lambda_{\alpha}^{a}(x,$ $\frac{dx}{dt})=9^{\Delta_{A}^{a}}(x,$ $\frac{dx}{dt})/9(\frac{dx^{a}}{dt})$

for the displacement $dx$ along a curve $x^{\alpha}=x^{\alpha}(t)$ and these value8 are
finite.

Now we consider the manifold of the line-elements given by $x$ and
$x^{\prime}$ and $\lambda_{a}^{\alpha}(\vee x,, x^{\prime})$ as funetions of the line-element. Here we shall have
a fleld of a family of $n$ mutually independent covariant veetoacs $\grave{A}_{l}^{a}(x, x^{\prime})$

.that are reduced from the functions $A^{a}$ .
Let us define a non-holonomic space of $hne$-olements in which the

di\S placement of a point and the direetion of a line-elements are related
.reapeetively with that in a holqnomic space as follows

(14) $ds^{a}=\grave{\Lambda}_{a}^{a}(x, x^{\prime})dx^{\alpha}$ and $\frac{ds^{a}}{dt}=\grave{\Lambda}_{a}^{a}(x, x^{\prime})\frac{d,x^{\alpha}}{dt}(where;x^{\prime}=\frac{dx}{dt})$ .
,If a displaeement of $x^{\alpha}$ : $dx^{\alpha}$ lies in the direction of the line-elements

$(x, x^{\prime})$ , then it follows
;..

$ds^{a}=\lambda_{a}^{a}dx^{\alpha}=A^{a}$

(7) We use Greek indices in holonomic spaces and Latin indices in non-hofOnomic spaces.
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but $ds^{a}=\lambda_{\alpha}^{a}dx^{\alpha}\neq A^{a}$ for $dx^{\alpha}\neq\rho\frac{dx^{\alpha}}{dt}$ .
Next we shall induce the reciprocal contravariant vectors $\lambda_{b}^{\alpha}$ of $\lambda_{a}^{a}$ .

In fact, let us solve the equations (1. 1) for $dx$ , then the solution xmay
be of the form

(1. 5) $dx^{\alpha}=B^{\alpha}(x, ds^{a})$

where $B^{\alpha}$ are homogeneous of degree one in the $ds^{a}$. Further if we
put $9B^{\alpha}/9(ds^{a})=*\lambda_{a}^{\alpha}(x, ds),$ $(1.5)$ are written in

(1. 6) $dx^{\alpha}=-\frac{B^{a}}{(ds^{a})}99$ . $ds^{a}=\lambda_{a}^{\alpha}(x, ds)ds^{a}=B^{a}$

Replacing the $ds^{a}$ by the last equation of (1. 2), we get

(1. 7) $dx^{\alpha}=\{$ $-9\frac{9B^{\alpha}}{(ds^{a})}\}$ $\frac{9A^{a}}{9(dx^{B})}dx^{\beta}=\lambda_{a}^{\alpha}(x, dx)\lambda_{\beta}^{a}(x, dx)dx^{\beta}$

$ds^{a}\equiv A^{a}$

Differentiating the above equations with respect to the $dx^{\beta}$ , we have

(1. 8)
$\{\frac{9B^{\alpha}}{9(ds^{a})_{d}}\}s^{a}\equiv A^{a}\frac{94^{a}}{9(dx^{\beta})}=\lambda_{a}^{a}(x, x^{\prime})\lambda_{\beta}^{a}(x, x^{\prime})=\delta_{\beta}^{\alpha}$

for a direction of line-elements having the same direction as the $dx^{\alpha}$ ,
because of the homogeneity of degree one in the $dx$ and $ds$ of the
functions $A^{a}$ and $B^{\alpha}$ . The second equations of $(1, 8)$ hold for any $x$

and $x^{\prime}$ . From this fact it follows that ..
$\leftarrow$

)

(1. 9) $\lambda_{a}^{\alpha}’.(x, x^{\prime})\lambda_{\alpha}^{b}(x, x^{\prime})=\delta_{a}^{b}$ .
The relation (1. 8) and (1. 9) are written as follows also:

(1. 10) $*\lambda_{a}^{\alpha}(x, s^{\prime})*\lambda_{\beta}^{a}(x, s^{\prime})=\delta_{\beta}^{\alpha}$ , $*\lambda_{a}^{\alpha}(x, s^{\prime})*\lambda_{\alpha}^{b}(x, s^{\prime})=.\delta_{a}^{b}$ .
The quantities $*\lambda_{a}^{\alpha}(x, s^{\prime})=\lambda_{a}^{\alpha}(x, x^{r})$ are considered components of the
reciprocal contravariant vectors of $*\lambda_{\alpha}^{a}(x, s^{\prime})=\lambda_{\alpha}^{a}(x, x^{\prime})$ . Using the symbol
*upon a function $f(x, x^{\prime})$ , we denote the functional form in the $x$ and

$s^{\prime}$ of the $f(x, x^{\prime})$ as $*f(x, s^{\prime})=f(x, x^{\prime})$ . This symbol plays an important
r\^ole for the derivatives of $f$ with respect to the $x$ and $x^{\prime}$ or $s^{\prime}$ , but it
is not necessary when only a functional value is referred.

Inversely the equations (1. 4) may be solved for de“ and $\frac{dx^{\alpha}}{dt}$ , and

the solutions are then of the form
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(1. 11) $dx^{a}=*\lambda_{a}^{\alpha}(x,$ $\frac{Ls}{dt})ds^{a}$ and $\frac{dx^{\alpha}}{dt}=*\lambda_{a}^{\alpha}(x,$ $-ddts-)\frac{ds^{a}}{dt}$ .

We shall introduce the fundamental differential operations in the
space. Let us at first define the partial derivatives of $*f(x, s^{\prime})$ with
respect to the $s^{a}$ as follows

(1. 12) $\frac{0^{*}f}{9s^{a}}=\frac{0^{*}f}{9x^{a}}*\lambda_{a}^{\alpha}=(\frac{0f}{9x^{\alpha}}+\frac{0f}{0x^{\beta}}\frac{9^{*}\lambda_{b}^{\beta}}{9x^{\alpha}}s^{;b})*\lambda_{a}^{\alpha}$ .
then we obtain

$\frac{0f}{9x^{a}}=\frac{0^{*}f}{9x^{a}}+\frac{0^{*}f}{9^{-\prime a}\dot{3}}\frac{9\lambda_{\beta}^{a}}{9x^{\alpha}}x^{;\beta}$ .

From (1. 12), we have

$\frac{0^{:*}f}{as^{a}93^{b}}-\frac{0^{0*}f}{0s^{b}o^{\grave{a}}}=-\omega_{ab}^{c}\frac{9^{*}f}{9j^{c}}$ ,

where

(1. 13) $\omega_{ab}^{c}=(\frac{9^{*}\lambda_{\alpha}^{c}}{9x^{\beta}}-\frac{9^{*}\lambda_{\beta}^{c}}{9x^{\alpha}})*\text{{\it \‘{A}}}_{\alpha}^{\alpha*}\lambda_{b}^{\beta}$ .

Moreover differentiating $*f$ with respect to the $s^{ra}$, we get

(1. 14) $\underline{9^{*}}f(0_{S}^{-\frac{x.s^{\prime})}{\prime a}}=\frac{0f(x,x^{\prime})}{9x^{\alpha}}\lambda_{a}^{\alpha}$ ,

$\frac{0^{:*}f(x.s^{\prime})}{\circ s^{a}9s^{\prime b}}=-\frac{:f}{x^{a}}\frac{x,x^{\prime})}{9x^{\beta}}*\lambda_{a}^{\alpha}0(9*\lambda_{b}^{\beta}+\frac{9f}{9x^{\alpha}}\frac{9^{*}\lambda_{a}^{\alpha}}{9S^{b}}$ ,

accordingly

$\frac{9*f(x.s^{\prime})}{9S^{a}9S^{b}}--\frac{:f}{x^{a}}\frac{x^{\prime}}{9x’}0(x,)0^{\epsilon^{-}}*\lambda_{a}^{a}*\lambda_{b}^{8}=\Omega_{ab}^{c}\frac{9^{*}f}{0s^{rc}}$

$\bullet$ where

(1. 15) $g_{ab}=\frac{9^{*}\lambda_{a}^{\alpha}}{QS^{b}}*\lambda_{a}^{c}$ .

Thus we have these new important quantities $\omega_{ab}^{c}$ and $\Omega_{ab}^{c}$ which will
give fundamental properties in the non-holonomic space.
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2. Non’holonomic transformation of coordinate. We shall
consider the relation between any two sets of the function $A^{a},$ $E^{l}$

inducing a non-holonomic space as follows

(1. 16) $A^{a}=C^{a}(x,\overline{A}^{i})$
$a=1,2,$ $\ldots,$ $n$

$i=1,2,$ $\ldots,$ $n$

where $C^{a}$ are $n$ mutually independent and homogeneous functions of
degree one in the $\overline{A}^{i}$ and analytic in the $x$ and $\overline{A}^{i}$ . Therefore (1. 16)
are written in

(1. 17) $A^{a}=\frac{9}{9(}\overline{\frac{C}{A}t}a$

)
$\overline{A}^{\iota}=C_{i}^{a}\overline{A}^{i}$ $(where$ : $9()9C_{--}^{a}\frac{}{A}\iota=c_{i}^{a})$

where $C_{i}^{a}(x, d\overline{s})=C_{i}^{a}\left(\begin{array}{ll} & d\overline{s}\\ & --\\x & dt\end{array}\right)$ for the displacement: ($x\tilde{s}$ along a curve,

that follows from their homogeneity of degree zero in the $\overline{A}^{i}$ .
Let us define the change of the displacement of a point: $ds^{a}$ and

the elements $\frac{d,s^{a}}{dt}$ in the non-holonomic space of line-elements given by

(1. 4) as follows

(1. 18) $As^{a}=C_{i}^{a}(x,$ $\frac{d\vec{s}}{dt})d\vec{s}^{\iota}$ and $\frac{ds^{a}}{dt}=C_{t}^{a}(x,$ $\frac{d\vec{s}}{dt})\frac{d\tilde{s}^{\iota}}{dt}$

respectively and these transformations are called the non-holonom’ic
transformations of coordinates. Inversely, the equations (1. 16) may be
solved for $\overline{A}^{l}$, and the solutions are then of the form $\overline{A}^{l}=\overline{C}^{i}(x, A^{a})$ ,
where $\overline{C}^{i}$ are homogeneous of degree one in the $A^{a}$ . By using the
method by which (1. 11) has been derived from (1. 5), we obtain the
following results

(1. 19) $d\vec{s}^{i}=\overline{C}_{a}^{J};ds^{a}$ , $\frac{d\tilde{s}^{\iota}}{dt}=C_{a}^{i}\Leftrightarrow\frac{ds^{a}}{dt}$ $(where:\overline{C}_{a}^{j}=\underline{9c_{9}\Rightarrow}\frac{{}^{t}(x,s^{\prime})}{s^{a}})$

and

(1. 20) $\overline{C}_{a}^{i}C_{i}^{b}=\delta_{a}^{b}$ , $\overline{C}_{a}^{f}C_{j}^{a}=\delta_{j}^{i}$ ,

from which it follows easily that

(1. 21) $\lambda_{l}^{\alpha}\Rightarrow=C_{l}^{a}\lambda_{a}^{\alpha}$ , $\lambda_{\alpha}^{i}\Leftrightarrow=\overline{C}_{a}^{\iota_{\grave{\Lambda}_{a}^{a}}}$ , $\lambda_{a}^{\alpha}=\overline{C}_{a}^{j}\tilde{\lambda}_{j}^{\alpha}$ , $\lambda_{\alpha}^{a}=C_{i}^{a}\leftarrow\lambda_{\alpha}^{i}$

between two families: $(\lambda_{a}^{\alpha}, \lambda_{\beta}^{a})$ and $(\tilde{\lambda}_{t}^{\alpha}, \Rightarrow\lambda_{\beta}^{j})$ corresponding to $A^{a}$ and $\overline{A}^{l}$

respectively.
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Let us define a vector or a tensor in a non-holonomic space of
line-elements as the quantities changing under transformations of
coordinates as follows

(1. 22) $v^{a}=C^{a}\overline{v}$ , $T^{a_{1}\cdots a_{p}}=\delta_{I}\cdots b_{q}C_{i_{1}}^{a_{1}}\cdots C_{i_{p}}^{a_{p}}O_{\delta_{1}}^{i_{1}}\cdots\sigma_{l^{q}j_{1}\cdot\cdot j_{q}}\text{ノ_{}Jq}\overline{\tau}^{i_{1}\ldots i_{p}}$.
$ds^{a}$

where $v^{a}$ or $T^{a_{1}\cdots c\psi_{b_{1}\cdots b_{q}}}$ are analytic function in the $x,$
$\overline{dt}$

. Then the

quantities \‘A‘. give us $n$ contravariant vectors in the non-holonomic space
and $n$ covariant vectors in the holonomic space, and the $\lambda_{a}^{a}$ are covariant
vectors in the non-holonomic space and contravariant ones in the
holonomic space.

If we put $v^{a}=\lambda_{\alpha}^{a}v^{\alpha},$ $v^{a}$ are then a contravariant vector in the
non-holonomic space, where $v^{a}$ is a vector in the holonomic space.
Likely the quantities

(1. 23) $T^{a_{1p}}a_{b_{1}\cdots\delta_{q}a_{p}1}=\lambda_{a_{1}}^{a_{1}}\cdots\lambda^{\prime}r_{p^{\rightarrow}}\lambda_{l;}^{\beta_{I}}\cdots\overline{\lambda}_{\delta_{q}^{q}}^{\beta}T^{a_{\rceil}\cdots a_{0}}\beta_{1}\cdots\beta_{q}$

are a tensor in the non-holonomic space, when $T^{a_{1}\cdots a_{p}}\beta_{1}\cdots\beta_{q}$ is a tensor
in the holonomic space.

Next, we shall study the change of the quantities in the non-
holonomic sp\‘ace under non-holonomic transformations of coordinates.
At first the quantities $\omega_{bc}^{*}$ and $\Omega_{\&}^{a}$ will go into

(1. 24) $\left\{\begin{array}{ll}\partial^{r_{J}}=\frac{\circ C_{4}^{a}}{95^{J\int}}\overline{C}_{a}^{k}+C_{t}^{a} & \overline{C}_{c}^{k}l2_{ab}^{c},\\\overline{\omega}_{tj}^{k}=C_{l}^{a}C_{f}^{b}\{(0*^{-}\overline{C}_{a_{-}}^{k}0s^{b} & -\frac{0^{*}\overline{C}_{b}^{k}}{QS^{a}})+c_{c^{(U^{C}}ab}^{k}\}\\+( & C^{a}-\frac{9C_{l}^{d}}{9S}c_{j}^{a})\epsilon^{\prime l}(\frac{9\overline{\tilde{C}}_{a}^{k}}{9s^{;a}}-C_{c}^{k}\Omega_{ad}^{c})\end{array}\right.$

under non-holonomic transformations of coordinates (See N.H.F.).

Let us consider quantities $B_{b}^{a}=\lambda_{\alpha}^{a}9\underline{\lambda}_{i}^{\alpha}’ 0s^{b^{-s^{\prime c}}}$ in the non-holonomic

space, then we can know, according to the first equation of (1. 21), the

relatian $\frac{9\lambda_{a}^{a}}{9S^{b}}s^{Ja}=0$ and equations (1. 24), that the quantities $B_{b}^{a}$ and

$\omega_{bc}^{a}+2\Omega_{tb|e|}^{a}B_{el}^{e}$ are changed as follows
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(1. 25) $\left\{\begin{array}{l}\overline{B}_{j}^{i}=\overline{C}_{a}^{\iota}\frac{9C_{k}^{a}}{9S^{j}}\delta^{rk}+\overline{C}_{a}C_{f}^{b}B_{b}^{a}\\\overline{\omega}_{jk}^{t}+2\overline{J?}\prime r\int|l|\overline{B}_{kj}^{\prime}=C_{j}^{b}C_{k}^{c}\{(\underline{9}\frac{*\overline{c}_{b}^{t}}{9S^{c}}-\frac{9^{*}}{9s}\overline{C_{c}^{\ell}b})\\-(-99\frac{6_{b}^{t}}{s^{d}}B_{c}^{cl}--09\frac{C_{c}^{i}\Leftrightarrow}{s^{\prime d}}B_{b}^{d})+C_{a}^{\ell}(\omega_{bc}^{a}+2\Omega_{\iota b|e(}^{a}B_{cJ)\}}^{e}\end{array}\right.$

by non-holonomic transformations of coordinates. Such quantities $B_{b}$

and $\omega_{bc}^{a}+\Omega_{be}^{a}B_{c}^{e}-\Omega_{ce}^{a}B_{b}^{c}$ play an important r\^ole to determine connection
parameters which we shall see later.

At last we shall proceed to find the change of the connection
parameters under these transformations. We suppose now a contra-
variant vector $v^{a}$ in the non-holonomic space and introduce its covariant
differential in the form

(1. 26) $\delta v^{a}=dv^{a}+\Gamma_{bc}^{*a}v^{b}ds^{c}+C_{bc}^{*a}v^{b}\delta s^{\prime c}$ ,

then the definition (1. 22) demands that

(1. 27) $\delta\overline{v}^{t}=\vec{C}_{a}^{i}\delta v^{a}=\overline{C}_{a}^{\prime}’(dv^{a}+1_{bc}^{\tau*a}v^{b}ds^{c}+C_{bc}^{*a}v^{b}\delta_{\theta}^{\prime\prime c})$

Let the base connections be

(1. 28) $\delta s^{\prime c}=d.s^{\prime c}+G_{a}^{c}ds^{a}$ ,

then we obtain after some calculations

(1. 29) $\left\{\begin{array}{l}\overline{\Gamma}_{jk}^{*\iota}=\{\Gamma_{bc}^{*a}C_{a}^{t}--\frac{*\overline{c}_{b}^{t}}{9s^{c}}9+_{9}^{9}-\frac{\overline{C}_{b}^{i}}{b^{\prime d}}G_{c}^{d}\}C_{j}^{b}C_{k}^{c}\\\overline{G}_{j}^{i}=\ovalbox{\tt\small REJECT}_{a_{9}}^{9}t-\frac{C_{k}^{a}}{\tilde{s}^{j}}S^{Jk}+C_{a}^{t}C_{j}^{b}G_{b}^{a}\leftarrow\end{array}\right.$ (N.H.F.)

and

(1. 30) $5_{jk}^{*i}=(C_{q}^{\iota}\Rightarrow C_{bc}^{*a}-\frac{0\overline{C}_{b}^{i}}{9s^{c}})C_{j}^{b}C_{k}^{c}$ .

3. Some connection parameters of the non’holonomic space.
We shall go to find some admissible connections parameters in the
non-holonomic space of line-elements given by (1. 4). For this purpose,
putting the torsion tensor $/’\tau_{b}^{a_{C}}$ and the curvature tensor $/L_{bc}^{a}$ given by
the second equations of (4. 8) and (4. 17) respectively in N.H.F. to be
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equal to zero, we have the following connection parameters

(1. 31) $\Gamma_{bc}^{*r}=G_{c;b}^{p}-\Omega^{J_{b}}G_{f}^{\prime}(’$ $C_{bc}^{*a}$ . $=\Omega_{b_{\dot{C}}}^{a}$

Since we can take the quantities $B_{b}^{a}$ as base connection parameters,
as the firts equation of (1. 25) shows, we can obtain

(1. 32) $C_{b_{(}}^{*a}$ . $=\Omega_{bc}^{a}$ , $\Gamma_{bc}^{*c}=B_{c;b}^{r}-\Omega^{\gamma_{b}}B_{f}^{r}($ , $B_{i}^{\iota}$

for some admissible connection parameters in the non-holonomic space
of line-elements given by (1. 4). Further we can see that the quantities
$B_{b}^{a}$ are equal to a base connection parameter $I_{bc}^{*(}s^{\prime b}$ obtained from the
second equation of (1. 32). In fact,

$\Omega_{bc}^{a}s^{\prime b}=0$ , $I_{bc}^{\tau*c}s^{\prime b}=(B_{c;}^{r}b-\Omega^{f_{b}}(B_{J}^{e})s^{\prime b}=B^{e}.s^{\prime b}=B_{C}^{e}(;b$

where $B_{c;b}^{\epsilon}=\frac{9B_{c}^{e}}{0s^{b}}$

4. Torsion tensors and curvature tensors in the space. We obtain
torsion tensors in the non-holonomic space

(1. 33) $\left\{\begin{array}{l}\prime\tau_{bc}^{a}=(0_{bc}^{a}+2f2_{\mathfrak{c}bf|}^{a}B_{J}^{f}+2\Gamma_{[bt]}^{*a}=co_{bc}^{a}+2\Omega_{\mathfrak{c}b(f|}^{a}B_{cl}^{J}+2B_{[c:b]}^{a}\\\prime\prime\tau_{b_{(}}^{a}=0\end{array}\right.$

from (4. 8) in N.H.F., and three curvature tensors different from zero:

(1. 34) $\left\{\begin{array}{ll}K_{dbr}^{a}=\Gamma_{d[b:c]}^{*a}+\Gamma_{drc}^{*\epsilon}\Gamma_{|e|bJ}^{*a}-\Omega_{df}^{a\prime}K & ,\\\prime Kt_{c}=-B_{b,c}^{f}+B_{\mathfrak{c}b|g|}^{f}B_{cJ}^{g}+B_{c;b}^{\iota}B_{e}^{J} & (where:Bf_{c}=\frac{9^{*}BJ}{0s^{c}}),\end{array}\right.$

where

$\Gamma_{db.c}^{*a}=\Gamma_{db.c}^{*a}-\Gamma_{db;f}^{*a}B_{c}^{f}+\Gamma_{f}^{*a},$ . $\Gamma_{db}^{*f}-\Gamma_{bc}^{*r}\Gamma_{de}^{*a}-l_{dc}^{\urcorner}*\epsilon\Gamma_{p}^{*a_{b}}$ ,

given by (4. 15) in N.H.F. and

(1. 35) $L_{dbc}^{a}=(2_{db.c}^{a}-\Gamma_{dc;b}^{*a}+\Omega_{bc}^{\ell}\Gamma_{de}^{*a}$ ,

where
$\Omega_{db.c}^{a}=f2_{db,c}^{a}-\rfloor:)_{db;f}^{a}B_{c}^{f}+\Gamma_{fc}^{*a}\Omega_{db}^{J}-\Gamma_{bc}^{*c_{(}}.2_{de}^{a}-\Gamma_{dc}^{*r}\Omega^{a_{b}}$ ,

reduced from (4. 17) in N.H.F. . At last it follows that the curvature
tensors $S_{cbc}^{a}$ , $P_{cbc}^{a}$ and $R_{\iota bc}^{a}$ in N.H.F. become in this case
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$S_{bc}^{a}=0$ , $F^{a_{bc}}=L^{a_{bc}}$ , $R^{a_{bc}}=K_{pbc}^{a}$

Hence the space has a torsion tensor $’\tau_{bc}^{a}$ and three curvature tensors
$K_{dbc}^{a},$ $\prime K_{bc}^{f}$ , $L_{\ell bc}^{a}$ different from zero.

\S 2. A non-holonomic space of line’elements belonging to a
non-holonomic transformation group having invariant

non-holonomic subspaces $X_{n}^{m}$ and $X_{n}^{n.-m}$ .
5. Definition of a non-hogonomic subspace of line’elements. We

shall henceforth confine ourselves to that the indices $a,$ $b,$ $\ldots..$ , etc. and
$a^{\prime},$ $b,$ $ c^{\prime}\cdots\cdot\cdot$ , etc. run from 1 to $m$ and from $m+1$ to $n$ respectively
and to use capital letters $A,$ $B,$ $ C\cdots\cdot$ . etc. for indices which run from
1 to $n$ . Let us define a non-holonomic subspace $X_{n}^{m}$ in the non-holonomic
space of line-elements given by (1. 4) by the following equations

(2. 1) $ds^{a^{\prime}}=\lambda_{\alpha}^{a^{\prime}}dx^{\alpha}=0$ , $\frac{ds^{a^{\prime}}}{dt}=\lambda_{\alpha}^{a^{\prime}}\frac{dx^{\alpha}}{dt}=0$

$(a^{\prime}, b^{\prime}\cdots=m+1, \ldots\prime n)$

Then it follows from the second equation of (2. 1) that a direction of
$ds^{a}$

line-elements in our subspace depends on only $\overline{dt}(a=1,2, \cdots, m)$ .
For the non-holonomic transformation of coordinates under which

the subspace $X_{n}^{m}$ is invariant, we must have

(2. 2) $\overline{C}_{a}^{c^{\prime}}=0$

by reason that if $ds^{a^{\prime}}=0$ and $\frac{ds^{a^{\prime}}}{dt}=0$ , then $d@’’=0$ and $\frac{d@^{i^{\prime}}}{dt}=0$ .
$ds^{A}$

Therefore the function $ C^{l^{\prime}}\leftarrow$ of the $x$ and
$\overline{dt}$

can not depend on the
$ds^{a}$

$\overline{dt}(a=1, \ldots., m)$ . Similarly, the necessary and sufficient conditions

for invariance of a non-holonomic subspace $X_{n}^{n-m}$ given by

(2. 3) $ds^{a}=\lambda_{\alpha}^{a}dx^{\alpha}=0$ , $\frac{ds^{a}}{dt}=\lambda_{\alpha}^{a}\frac{dx^{\alpha}}{dt}=0$ $(a=1, \ldots, m)$

are that

(2. 4) $C_{a^{\prime}}^{\neg_{f}}=0$

i.e. the functions $\overline{C}^{l}$ of the $x$ and $\frac{ds^{A}}{dt}$ can not depend on the $\frac{ds^{a^{\prime}}}{dt}$
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$(a^{\prime}=m+1, \ldots., n)$ . It can be then concluded $C_{\iota}^{a},$ $=C_{\iota}^{a^{\prime}}=0$ . From
the above results the group of our non-holonomic transformations is
given by

(2. 5) $\left\{\begin{array}{ll}d\overline{s}^{i}=\overline{C}_{a}^{i}ds^{a}, & d\overline{s}^{t}=C_{a^{\prime}}^{f^{\prime}}ds^{a}\approx,\\\frac{d\overline{s}^{i}}{dt’}=\overline{C}_{a}^{i}\frac{\&^{a}}{dt} , & \frac{d\overline{s}^{l};\prime}{dt}=C_{a^{J}}^{;\prime}\leftarrow\vee\frac{ds^{a^{\prime}}}{dt}\end{array}\right.$

This group is evidently the subgroup of (1. 18) or (1. 19).

6. Invariants of the space belonging to the subgroup of non $\cdot$

holonomic transformations. Under a transformation (2. 5), we get
the results:

(2. 6) $\left\{\begin{array}{ll}\overline{\Gamma}_{jk}^{*i}=\{\overline{\Gamma}^{*a}{}_{bc}\overline{C}_{a}^{;}-\frac{9^{*}\overline{C}_{b}^{f,}}{96^{c}}+ & G_{c}^{d}\}C_{j}^{b}C_{k}^{c} ,\\\zeta_{i_{j}^{\vee}}^{t}=\overline{C}_{a_{9^{\frac{C_{b}^{a}}{\overline{s}^{j}}\overline{S}^{\prime l}}}^{-}}^{0}/,+\overline{C}_{a}C_{j}^{b}G_{b}^{a}, & \overline{C}_{J\vee}^{*j}=(C_{a}^{:}C_{bc}^{*a}\simeq-\frac{vC}{9s},ctb-)C_{f}^{b}C_{k}^{c},\end{array}\right.$

(2. 7) $\left\{\begin{array}{ll}\overline{I}_{jL^{\prime}}^{\overline{7}*i}.=\{*a----9\overline{C}_{b}^{i}9^{*}s^{\prime}+- 9\overline{C}_{b}^{;}9S^{\prime d} & G_{\iota}^{d},\}C_{j}^{b}C_{k}^{c^{\prime}}, ,\\\overline{G}_{k^{\prime}}^{\prime}.=C_{a}^{\iota}\frac{0C_{l}^{a}}{0\overline{s}^{k^{\prime}}}\vec{s}^{l}\Leftrightarrow.+\overline{C}_{a}^{\prime}C_{k}^{b^{\prime}}G_{b}^{a}, , & \overline{C}_{\uparrow L^{\prime}}^{*}/.=\overline{C}_{a}^{l}C_{j}^{b}C_{k}^{p^{\prime}}, C_{bc^{\prime}}^{*a}\end{array}\right.$

(2. 8) $\overline{\Gamma}_{jk}^{*i}=I_{bc}^{*a}1\overline{C}_{a}^{i}C_{j}^{b^{\prime}},C_{k}^{c}$ , $\overline{C}_{jk}^{*i}=\overline{C}_{a}^{t}C_{j}^{b^{\prime}},C_{k}^{c}C_{b’ c}^{*a}$ ,

(2. 9) $\overline{\Gamma}_{jk}^{*f}’,,$ $=\Gamma_{b}a{}_{c}\overline{C}_{a}^{j}C_{j}^{b^{\prime}},C_{k^{\prime}}^{C^{\prime}}$ , $\overline{C}_{k^{\prime} ,-}^{*t}’=\overline{C}_{a}^{i}C_{j}^{b^{\prime}},C_{k}^{c^{\prime}},$ $C_{bc}^{*a}$ ,

and same ones exchanged the indices $a,$ $b,$ $c,$ $\cdots$ ; $i,$ $j,$ $k,$ $\cdots\cdot$ . etc. and
$a^{\prime},$ $b^{\prime},$ $ c^{r}\cdots$ ; $i^{\prime},$ $j^{\prime},$

$ k^{\prime}\cdots$ etc. with one another in the equations (2. 6), (2. 7),
(2. 8) and (2. 9). The above results show us that the parts of the
connection parameters and the base connection parameters in the
non-holonomic space:

$(\Gamma_{bc}^{*a} , G_{b}^{a})$ , $C_{bc}^{*a},$ $(\Gamma_{bc}^{*a}, , G_{c}^{a},)$ , $C_{bc}^{*a}$ , , $I_{b’ c}^{7*a}$ , $C_{b^{\prime}c}^{*a}$ , $\Gamma_{b’ c}^{*a}$ , , $C_{b^{\prime}c^{\prime}}^{*a}$ etc.

are all the geometrical objects, i.e. the quantities $I_{bc}^{\tau*a}$ , $G_{b}^{a}$ and $C_{b}^{*a_{l}}$

are the connection parameters that give a absolute differential in the
non-holonomic subspace $X_{n}^{m}$ The quantities $T^{7*a}$

) $c$
, $G_{c}^{a}$, and $C_{bc^{\prime}}^{*a}$ are

the connection parameters that give components on $X_{n}^{m}$ of a absolute
differential of a vector in $X_{n}^{m}$ along the non-holonomic subspace $X_{n}^{n-m}$
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etc. We can apply the same treatment to the other quantities.
Further, under the transformation, we have

(2. 10) $\left\{\begin{array}{ll}\overline{\Omega}_{jk}^{i}=(\overline{C}_{a}^{i}\Omega_{bc}^{a}-\frac{0C_{b}^{i}}{9s^{fc}})C_{j_{-}}^{b}.C_{k}^{c} , & \overline{f}_{jk^{\prime}}^{i}=\overline{\overline{C}}_{a}^{t}C_{j}^{b}C_{k^{\prime}}^{c^{\prime}}\Omega_{bc^{\prime}}^{a} ,\\\overline{\Omega}_{jk}^{t}=\overline{C}_{a}^{i}C_{j}^{l_{J^{\prime}}},C_{k}^{c}\Omega_{bc}^{a} , \overline{\zeta_{d_{jk}}}^{i},=\overline{C} & C_{J}^{b^{\prime}},C_{k}^{c^{\prime}},\Omega_{b^{\prime}c^{\prime}}^{a} ,\end{array}\right.$

(2. 11) $|\rightarrow../’\partial^{j}\underline{b}c(o^{\prime}o_{bc}^{a^{\prime}}+\overline{C}_{a}^{i}((’ J_{bc}^{a}+2I2_{\mathfrak{c}b|E|}^{a}B_{cJ}^{E})\}$

and same ones exchanged the indices $a,$ $b,$ $c,$ $\cdots i,$ $j,$ $ k\cdots$ etc. and
$a^{\prime},$ $b^{\prime},$ $c^{\prime},$ $\ldots i,$ $j^{\prime},$

$ k^{\prime}\cdots$ etc. with one another in the equations (2. 10) and
(2. 11).

In \S 1 it has been shown that the space has the following

connection parameters

(2. 12) $I_{RC}^{*A}=B_{C;B}^{A}-9_{J3C}^{\nabla}B_{s}^{A}$ , $G_{B}^{A}=B_{B}^{A}$ , $C_{BO}^{*A}=(2_{BO}^{A}$

but since the quantities $-((tI_{bc}^{a}+2_{-}^{(}2_{rb)F,|}^{a}F_{cJ}^{E})$ and $-((0_{bc}^{a^{\prime}}+2\Omega_{Ib|E|}^{a^{\prime}}B_{cJ}^{E})$

change as likely as the $l_{bc^{\prime}}^{7*a}$ and $\Gamma_{lc}^{*a^{\prime}}$ respectively under the trans-
formations, we may take for connection parameters those which are
replaced the parts in the quantities $\Gamma_{BC}^{*A}$ of (2. 12): $\Gamma_{bc^{\prime}}^{*a}$ , $\Gamma_{bc}^{*a^{\prime}}$ , $\Gamma_{bc}^{*a^{\prime}}$

and $\Gamma_{b^{\prime}c^{\prime}}^{*a}$ by the quantities

$-((o_{bc^{\prime}}^{a}+2\Omega_{tb|E)}^{a}B_{cJ}^{E})’$ $-(\omega_{b^{\prime}c}^{a^{\prime}}+2\Omega_{Ib|E|}^{a^{\prime}}B_{cJ}^{E})$ ,

- $(\omega_{bc}^{a^{\prime}}+2J_{d_{\mathfrak{c}b|E|}^{a^{\prime}}}B_{cJ}^{E})$ , and - $(\omega_{c}^{a}, +2\Omega_{\mathfrak{c}E/}^{a_{b^{\prime\prime}}}B_{c1}^{E})$ ,

i.e.

(2. 13)

$|1_{bc}^{\urcorner}*a=B_{c;7y}^{a},-\Omega_{cb}^{F,}B_{E}^{a}\Gamma_{bc}^{*a}\Gamma_{bc^{\prime}}^{*a^{\prime}}=B_{c;b^{\prime}}^{a^{\prime}}-l2_{c^{\prime}b}^{E},$

$B_{E}^{a^{\prime}}$ ,

$\Gamma_{bc^{\prime}}^{*a}=-(\omega_{bc^{\prime}}^{a}+2\Omega_{\zeta b|E\prime}^{a}B_{cJ}^{E})$ ,

$=B_{c;b^{\prime}}^{a}-f2_{eb^{\prime}}^{E}B_{E}^{a}$ , $\Gamma_{bc^{\prime}}^{*a}=-(\omega_{bc^{\prime}}^{a}+2_{-\cdot \mathfrak{c}b^{\prime}\prime E|}^{O^{a}}B_{c’ J}^{E})$ ,

$\Gamma_{bc}^{*a^{\prime}}=-((pJ_{b^{\prime}c}^{a^{\prime}}+2\Omega_{\zeta b)E|}^{a^{\prime}}B_{cJ}^{E}),$

$|1_{bc^{\prime}}^{\urcorner}=B_{c^{\prime};b}^{a^{\prime}}G_{B}^{A^{*a^{\prime}}}=B_{B}^{A},-(2_{cb}^{E}B_{L}^{a^{\prime}},$
, $\Gamma_{bc}^{*a^{\prime}}=-(\omega_{bc}^{a^{\prime}}+2\Omega_{Ib(E)}^{a^{\prime}}B_{cJ}^{E})$ ,

$C_{BC}^{*A}=J2_{BC}^{A}$ .
Here we must remark that the base connection parameters reduced
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from the connection parameters (2. 13) do not coincide with $B_{B}^{A}$ . By
this reason, we shall determine the base connection parameters so as
(2. 14) $\Gamma_{BC}^{*A}s^{JB}=B_{c}^{A}$

For this purpose, calculating the quantities $\Gamma_{Bc}^{*A}s^{B}$ , we have

(2. 15) $\left\{\begin{array}{ll}\Gamma_{Ae}^{*a}s^{;A}=(B_{c;b}^{a}--Q_{cb}^{E}B_{E}^{a})s^{b}+(P & b-\Omega_{cb}^{\Gamma_{\wedge}}, B_{E}^{a})s^{\prime b^{\prime}}\\=B_{C:}^{a}bs^{\prime b}+E_{c:b^{\prime}}^{a}s^{b^{\prime}}-(\Omega_{c} & s^{\prime^{})}+\Omega_{\iota b^{\prime i3}}^{E\prime b^{\prime}})B_{E}^{a}\\=B_{c}^{a} & (because (2_{\iota b}^{E}s^{\prime b}+\Omega_{cb}^{E}, s^{Jb^{\prime}}=0)\end{array}\right.$

and likely

(2. 16) $\Gamma_{Ac^{\prime}}^{*a^{\prime}}s^{;A}=B_{c}^{a^{\prime}},$ ,

accordingly we can adopt $\prime B_{c}^{a}=B_{c}^{a}$ and $\prime B_{c}^{a^{\prime}},=B_{c}^{a^{\prime}}$, as the parts of the
base connection parameters which satisfy the equation (2. 14). Further,
it follows that

(2. 17) $\{$

$\Gamma_{A\iota^{\prime}}^{*a}s^{\prime A}=\Gamma_{l)c^{\prime}}^{*a}s^{;b}+\Gamma_{b’ c^{\prime}}^{*a}s^{\prime b^{\prime}}$

$=-o^{a}s^{\prime E}+O^{a}(B_{l}^{b}s^{\prime_{t}l}+B_{d^{\prime}}^{b}s^{\prime d^{\prime}})+c_{\grave{d}_{cb^{\prime}}^{a}(B_{d}^{b^{\prime}}s^{;d}+B_{d^{\prime}}^{b^{\prime}}s^{\prime d^{\prime}})}$

so that it is enough to modify other parts of BAB such that holds (2. 14),
because, for instance the parts of the base connection parameters: $B_{\iota}^{a},$ ,
are changed into the corresponding part as (.2. 7) shows.

Let such quantities be $\prime B_{c}^{a}$, and $/a^{\prime}\dot{L}_{c}^{\wedge}$ , then the equation $\Gamma_{Ac^{\prime}}^{*a}s^{;A}=$

$\prime B_{c}^{a}$, are written in the form

(2. 18) $o_{E_{t^{\prime}}}^{a}S^{E}-\Omega_{c0}^{a}B_{d}^{b}s^{ra}-(2_{cb^{\prime}}^{a^{\prime}}B_{d^{\prime}}^{b^{\prime}}s^{\prime d^{\prime}}=(_{-}(1_{cb}s-\{)_{b}\delta_{c}^{d^{\prime}},)^{\prime}L_{d}^{b},$ $+(2_{\iota b^{\prime}}^{a}s^{;a\prime}B_{d}^{b^{\prime}}$,

similarly it follows from the equations $l_{Ac}^{\tau*a^{\prime}}s^{\prime A}=B_{c}^{a^{\prime}}$ that

(2. 19) $\omega_{Ec}^{a^{l}}s^{\prime E}-J2_{cb}^{a^{\prime}},$ $B_{d^{\prime}}^{b^{\prime}}s^{\prime d^{\prime}}-J2_{cb}^{a^{\prime}}B_{d}^{b}s^{\prime\prime l}=(\Omega_{cb^{\prime}}\backslash -\delta_{b}^{a^{\prime}},\delta_{c}^{d})B_{d}^{b^{\prime}}+lP_{cb}^{\prime}s^{\prime l/}B_{d^{\prime}}^{b}$ .
Putting now

$\left\{\begin{array}{ll}\omega_{Ec^{\prime}}^{a}s^{\prime E}-\Omega_{cb}^{a}B_{d}^{b}s^{Jd}-(2_{cb^{\prime}}^{a}B_{d}^{b} & s^{fd^{\prime}}=D_{c}^{a}, ,\\\omega_{Ec}^{a^{\prime}}s^{JE}-\Omega_{cl)^{\prime}}^{a^{\prime}}B_{d^{\prime}}s^{\prime}-(\Delta_{\iota b}^{a^{\prime}}B_{d}^{b} & s^{;d}=D_{e}^{a^{\prime}} ,\\\Omega_{e^{\prime}b}^{a}s^{rd^{\prime}}-\delta_{b}^{a}\delta_{0}^{d^{\prime}},=X_{bc}^{ad^{\prime}}, , & \Omega_{cb}^{a^{\prime}}s^{\prime d^{\prime}}=Y_{cb}^{a^{\prime}d^{\prime}}\end{array}\right.$

and using the functions $\prime x_{bc}^{acl^{\prime}}$, which, since $|X|$ \yen $0$ , are determined
uniquely by
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$X_{bc}^{ad^{\prime}},X_{cd}^{b\prime},$ $=\delta_{c}^{a}\delta\ddagger^{\prime},$ ,

the equations (2. 18) and (2. 19) may be solved for $\prime B_{d}^{b\prime}$ and $B_{d}^{b}$ , , and
the solutions are then of the form

(2. 20) $\prime Ij_{d}^{b^{\prime}}=(D_{c}^{a^{\prime}}-Y_{cb}^{a^{\prime}d^{\prime}r}X_{ad}^{bc^{\prime}}, D_{c^{\prime}}^{a})^{\prime}W_{a’ d}^{b^{\prime}cJ}B_{d}^{b},$ $=(D_{\iota}^{a}, -Y_{cb^{\prime}}^{ad\prime}X_{a’ d}^{b^{\prime}c}D_{c}^{a^{\prime}})^{\prime}W_{ad}^{bc^{\prime}}$,

where the functions $\prime W_{a’ a}^{b^{\prime}c}$ are determined uniquely by $W_{b’ c}^{a^{\prime}df}W_{ae}^{c^{\prime}c}=\delta_{b}^{c^{\prime}},\delta_{e}^{d}$

when $|W|\neq 0$ , putting

$X_{b^{\prime}\iota}^{a^{\prime}d}-Y_{ce}^{a^{\prime}f^{\prime}\prime}X_{a_{f}}^{ec^{\prime}},\Omega_{cb^{\prime}}^{a}s^{\prime d}=W_{bc}^{a^{\prime}d}$

Thus if in the beginning we adopt the quantities in the right hand
members of (2. 15), (2. 16) and (2. 20) as the base connection parameters
in the space: $B_{B}^{A}$ , these coincide with the base connection parameters
which are reduced from the connection parameters (2. 13) made of $\prime B_{B}^{A}$ .

In order that an absolute differential of a contravariant vector $v^{h}$

in the $X_{n}^{m}$ lies in the $X_{n}^{m}$ , it must be
$\Gamma_{kj}^{*\prime_{l^{\prime}}}=\Gamma_{kj^{\prime}}^{*J_{1^{\prime}}}=C_{cj}^{*h^{\prime}}=C_{kj}^{*J_{l}^{\prime}},$ $=0$ ,

as $v^{h^{\prime}}=0$ and $\delta v^{h^{\prime}}=0$

Similarly in the $X_{n}^{n-m}$ , we get also

$\Gamma_{h’ j^{\prime}}^{*h}=\Gamma_{kj}^{*h}=C_{kj^{\prime}}^{*l\prime}=C_{kj}^{*/1}=0$ .
The connection parameters (2. 13) become then as follows

(2. 21) $\left\{\begin{array}{ll}\Gamma_{bc}^{*a}=B_{c;b}^{a}-\Omega_{cb}^{E}B_{E}^{a}, \Gamma_{r\iota^{\prime}}^{*a}=-((p)^{a}/,c^{\prime}+J2_{bE}^{a}B_{c^{\prime}}^{F_{J}}-\Omega_{cE}^{a}B_{b}^{F_{0}}), & \Gamma_{b\iota}^{*a}=\Gamma_{b’ c^{l}}^{*a}=0,\\\Gamma_{b^{\prime}c^{\prime}}^{*a^{\prime}}=B_{c;b^{\prime}}^{a^{\prime}}-J1_{cb^{\prime}}^{E}B_{E}^{a^{\prime}}, \Gamma_{b^{\prime}c}^{*a^{\prime}}=-((’)_{bc}^{a^{\prime}}+\Omega^{a_{J^{\prime}}^{\prime}},,F_{c}^{E}-\Omega_{cE}^{a^{\prime}}B_{b^{\prime}}^{E}), & \Gamma_{b\iota}^{*a^{\prime}}, =\Gamma_{bc}^{*a^{\prime}}=0,\\C_{bc}^{*a}=\Omega_{bc}^{a}, C_{l)}^{*a_{C^{\prime}}}=J\Delta_{bc^{\prime}}^{a}, C_{b^{\prime}c}^{*a}=C_{bc^{\prime}}^{*a}=0, & \\C_{be^{\prime}}^{*a^{\prime}}=\Omega_{b^{\prime}c^{\prime}}^{a^{\prime}}, C_{b’ c}^{*a^{\prime}}=\Omega_{bc}^{a^{\prime}}, C_{lc^{\prime}}^{*a^{\prime}}=C_{bc}^{*a^{\prime}}=0, & \end{array}\right.$

where it should be remarked that the base connection parameters
reduced from the connection parameters (2. 21) do not coincide with $B_{R}^{A}$ .

7. Torsion tensors and curvature tensors. We shall consider
torsion tensors for the displacement in $X_{n}^{m}$ : $d_{1}s^{a}(d_{1}s^{a^{\prime}}=0)$ and for that
in $X_{n}^{n-m}$ : $d_{)}.s^{b^{\prime}}(d_{2}s^{b}=0)$ , in the considered space with the connection
parameters (2. 21), where the line-elements may be chosen arbitrarily
and not necessarily in the subspaces.

Denoting vectors of the natural reference of the line-elements
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with $e_{\alpha}(x, x^{r})a=1,2,$ $\cdots\cdots$ , $n$ , then the displacement of a point $M$

$(x)$ is given by $dM=dx^{\alpha}e_{\alpha}$ , consequently

(2. 22) $dM=ds^{A}\lambda_{A}^{\alpha}e_{\alpha}$

In account of $\lambda_{A}^{a}e_{\alpha}=e_{A}$ , (2. 22) is written in

(2. 23) $dM=ds^{A}e_{A}$

Hence $n$ vectors $e_{A}$ ($A=1,$ $\ldots$ . , n) are vectors of the natural reference
in the non-holonomic space. (4. 6), (4. 7) and (4. 8) of N.H.F. show
us
(2. 24) $d_{\supseteq}d_{1}M-d_{1}d_{-},M=\Omega^{A}e_{A}$ , $-(2^{A}=\prime T^{A}d_{r1_{-J}}s^{JJ}ds^{c}+2^{\prime\prime}T_{BC}^{A}d_{\mathfrak{c}1}s^{R}\delta\underline,Js^{\prime C}$

where

(2. 25) $T_{BO}^{A}=0_{/;c}^{A}+2q_{rB|r_{1}}AB_{c_{J}}^{F}+2\Gamma_{[J\supset C]}^{*\Lambda}$ , $’\tau_{BO}^{A}=C_{BC}^{*A}-\Omega_{BC}^{A}$ .
In our case, we have

$-(2^{a}=’\tau^{a}C^{\prime}dl_{\rightarrow’ Jd^{\prime}\downarrow_{\rightarrow}}s^{b}d.6^{c^{\prime}\prime\prime}-T^{a}\delta s^{;J}d,$
$s^{d^{\prime}}$

and $\Omega^{a^{\prime}}=rT_{bc}^{a^{\prime}},$ $d_{1}s^{b}d_{\underline{\supset}}s^{c^{\prime}}+r’\tau_{Jc}^{a^{\prime}}\delta_{-},$ $s^{\prime J}d_{1}s^{c}$

where $T_{bc}^{a},$ $=’\tau_{c}^{a^{\prime}},$ $=0$ , $/\tau_{Jd}^{a},$ $=--$ $-(l_{Jd^{\prime}}^{a},$ $/’\tau_{Jc}^{a^{\prime}}=--$ $\zeta 2_{Jc}^{a^{\prime}}$

from (2. 21) and (2. 25).
Consider three infinitesimally near line-elements $f_{P},$ $l_{Q}$ and $l_{R}$ with

the origins $P(x^{a})$ , $Q(x^{\alpha}+d_{1}x^{\alpha})$ and $R(x^{\alpha}+d_{-}7x^{\alpha})$ in the original

holonomic space, where we assume that the direction $\overline{PQ}(d_{1}s^{A}$ in the
non-holonomic system) lies in $X_{n}^{m}$ and $\overline{PR}(d_{-}\}s^{A})$ in $X_{n}^{n-m}$ , then the vector
$\Omega^{A}$ in (2. 24) represents the displacement $TS$ , when $R6and\rightarrow\rightarrow^{Q2^{\prime}}$ are the
parallel displacements of $d_{1}s^{A}$ and $d,$ $s^{A}$ from $l_{P}$ to $l_{R}$ and from $l_{p}$ to $l_{Q}$

in the non-holonomic space of line-elements respectively.

Similarly, if the line-element lies in $X_{n}^{m}$ i.e. $\frac{ds^{a^{\prime}}}{dt}=0$ , for the torsion

tensors with respect to two displacements $d_{1}s^{a}(d_{1}s^{a^{\prime}}=0)$ and $d_{-}.s^{a}(d\underline{)}s^{a^{\prime}}=0)$

in $X_{n}^{m}$ we have

$\left\{\begin{array}{l}\Omega^{a}=((IJ_{b_{C}}^{a}+2l1_{\mathfrak{c}b|1f)}^{a}B_{cJ}^{1\Gamma}\wedge+2l_{[bc]}\urcorner*a)d_{\mathfrak{c}I}s^{b}d_{-j}s^{c}\\\Omega^{a^{\prime}}=(cv_{bc}^{a^{\prime}}+2\Omega_{\mathfrak{c}b|JJ)}^{a^{\prime}}B_{cJ}^{1f})d_{\mathfrak{c}1_{-,l}}s^{b}ds^{c}-\Omega_{bE}^{a^{\prime}}\delta_{\mathfrak{c}\underline{)}}s^{\prime E}d_{1J}s^{b}\end{array}\right.$

we obtain thus three torsion tensors as follows
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$co_{bc}^{a}+2\Psi_{fb\prime M|}B_{\iota J}^{1\Gamma}\perp+2\Gamma_{[/)c]}^{*a}$ , $\omega_{bc}^{a^{\prime}}+2J2_{rb(\mathbb{J}1\prime}^{a^{\prime}}B_{cJ}^{M}$ , $\Omega_{bE}^{a^{\prime}}$ ,

where we must remark $\delta_{I}s^{\prime b^{\prime}},$
$\delta_{A},$ $s^{\prime b}\neq 0$ by reason that the base

connection parameters reduced from the connection parameter (2. 21)
do not coincide with $B_{B}^{A}$ . Further we can have many curvature
tensors as same as ones in N.H.F. .

\S 3. A non-holonomic Euclidean space of line-elements.

8. A non’holonomic Euclidean space of line’eIements. In the
present and following Chapters, we confine ourselves to consider only
a FINSLER space. A FINSLER space means such a space that the length
of a curve given by analytic functions $x^{i}=x^{i}(t)$ of the parameter $t$

is defined by $s=rL(x, x^{\prime})dt$ where $L(x, x^{\prime})$ has continuous partial
derivatives of at least the forth order in the $x$ and $x^{\prime}$ and homogeneous
of degree one in the $x^{\prime}$ .

In such a space of line-elements, a metric tensor has been given
by

(3. 1) $\frac{0^{?}(\frac{1}{2}L^{o}\rightarrow)}{9x^{a}\partial_{p}^{\prime\mu}}=g_{\alpha\beta}(x, x^{\prime})$

and its contravariant components $g^{\alpha\beta}$ are defined by the equations

(3. 2) $g^{\alpha\beta}g_{\alpha T}=\delta_{r}^{\beta}$

Let us assume that there are functions $A^{B}(x, dx^{\alpha})$ which satisfy
the conditions

(3. 3) $g^{\alpha\beta}\lambda_{a}^{A}\lambda_{\beta}^{R}=\delta^{AB}$ , $\lambda_{\alpha}^{A}=\frac{9A^{A}}{v(dx^{a})}$

and call a non-bolonomic space of line-elements given by (1. 4) corres-
ponding to these functions $A^{B}$ eeon-holonomic Euchdean space with respect
to $s^{\prime}$ . Then we get the following results

(3. 4) $g_{\alpha\beta}=\sum_{A}\lambda_{\alpha}^{A}\lambda_{\beta}^{A}$ , $g^{\alpha\beta}=\sum_{A}\lambda_{A}^{\alpha}\lambda_{A}^{\beta}$

from the first equations of (3. 3) and (1. 9), (3. 2) and (1. 8) respectively.
In this case, the connection parameters in the non-holonomic space

induced from those in the original FINSLER space (in means of Cartan)
become as follows
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(S. 5) $\Gamma_{B0}^{*A}=(\lambda_{a}^{A}\Gamma_{\beta T}^{*\alpha}-\frac{\partial\lambda_{\beta}^{A}}{0x^{\tau}}+\partial X^{\delta}--9\lambda_{\beta}^{A}-\partial 9\frac{G^{\delta}}{x^{\gamma}})\text{{\it \‘{A}}}_{B}^{\beta}\lambda_{C}^{\tau}$ , $=-\lambda_{\beta\cdot \mathcal{T}}^{A}\lambda_{B}^{\beta}\lambda_{C}^{\tau}$

(N.H.F.)

where

$\lambda_{\beta\cdot\Upsilon}^{A}=\frac{\partial\lambda_{\beta}^{A}}{9x^{r}}-\frac{9\grave{\Lambda}_{\beta}^{A}}{9\lambda^{\prime\grave{0}}}-\frac{9_{\backslash }\tau^{\delta}}{x^{rr}}\partial-1_{\beta \mathcal{T}}^{\prime*\alpha}\lambda_{\alpha}^{A}$

Then the index $A$ of $\lambda_{\alpha}^{A}$ denotes individual vectors in the holonomic
space and the index $\alpha$ components of the vectors, accordingly the right
hand member of the above equation gives the covariant derivatives
of the covariant vectors: $\grave{\Lambda}_{\beta}^{A}$ in the holonomic space with respect to $x^{\tau}$ .
Then the quantities $\Gamma_{/;c}^{*A}$ may be considered as the coefficients of
rotation of the orthogonal ennuple $\grave{\Lambda}_{\beta}^{A}$ .

Considering the covariant derivatives of the following equation

(3. 6) $g^{a\beta}\lambda_{\alpha}^{1}’\lambda_{\beta}^{B}=\delta^{1\Gamma}$

with respect to $x^{\gamma}$ and using the second equations of (3. 4), we have
the equations

$\lambda_{B}^{\alpha}\lambda_{\alpha\cdot \mathcal{T}}^{A}+\lambda_{A}^{\beta}\lambda_{6^{f}}^{J\supset}.=0$ ,

contracting the both sides of the last equation with $\lambda_{C}^{\tau}$, we get

$\lambda_{C}^{\tau}(\grave{\Lambda}_{B}^{\alpha}\lambda_{a\cdot\downarrow-}^{1}\wedge\wedge+\lambda_{A}^{\beta}\lambda_{\beta\cdot 1^{-}}^{B})=0$ ,

then it follows that

(3. 7) $\Gamma_{BC}^{\nu_{A}}\prime 1^{\backslash }=-\Gamma_{AC}^{*\Gamma\supset}$

On the $0\acute{\iota}$ her hand, deforming the right hand member of the first
equations of (3. 5), we get the following results

(3. 8) $\left\{\begin{array}{l}\Gamma_{;c}^{*A}=\{\lambda_{a}^{A}\Gamma_{\beta\tau_{0^{T}}^{--\frac{*\lambda}{x}\beta}}^{*^{0^{A}}}\alpha\}\lambda_{B}^{8}\lambda_{c}^{\tau}-\Omega_{BJ)}^{A}G_{c}^{D}\\I_{[BC]}^{7*A}=2\lambda_{\alpha}^{\Lambda}\Gamma_{[\beta\tau]}^{*\alpha}\lambda_{rB}^{8}\lambda_{CJ}^{\tau}-((o_{BC}^{A}+2\Omega_{\mathfrak{c}B|D|}^{A}G_{Cl}^{D})\end{array}\right.$

consequently

(3. 9) $1_{RC}^{\urcorner}*A-I_{CB}^{*A}=-(0_{BC}^{4}+2\Omega_{[B(])}^{A}|G_{(J}^{D})$

in virtue of $\Gamma_{[\beta T]}^{*\alpha}=0$ . Putting

(3. 10) $\omega_{Bc}^{A}+2q_{\mathfrak{c}B|JJ|}^{A}G_{cJ}^{D}=\theta_{10}^{A}$
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and using (3. 7) and (3. 9), we shall obtain the results

(3. 11) $\Gamma_{BC}^{*A}=-\frac{1}{2}(\theta_{RO}^{A}+\theta_{CA}^{B}+\theta_{BA}^{c})$

In this case, the quantities $C_{ABC}$ given by (2. 7) in N.H.F. become

(3. 12) $C_{ABC}=\frac{1}{2}(\frac{\partial 0_{AB}^{q}}{\partial 6^{\prime C}}-\Omega_{AC}^{D}\delta_{DB}-\Omega_{BC}^{D}\delta_{DA})=\frac{-1}{2}(\Omega_{A0}^{R}+\Omega_{B0}^{A})$

and $C_{A[BC]}=0$ from the second equations of (2. 9) in N.H.F. . It follows
then that $\Omega_{CA}^{B}=\Omega_{RA}^{c},$ $(3.12)$ are denoted with $C_{AB0}’=-\Omega_{AC}^{B}$ . Consequently
we have that

(S. 13) $C_{BC}^{*A}=\delta^{AE}C_{EBC}+\Omega_{BC}^{A}=--$ $Q_{AC}^{B}+\Omega_{BC}^{A}=0$

This fact indicates that such a special non-holonomic space of line-
$ds^{A}$

elements $(ds^{A}, s^{A})$ is Euclidean with respect to
$\overline{dt}$

, i.e. the absolute

differential is always independent of $\delta s^{\prime A}$ , but not with respect to $ds^{A}$ .
Moreover we shall try to represent the base connection parameters

$G_{B}^{A}$ in terms of the quantities $\omega_{BC}^{A}$ and $J\Delta_{BC}^{A}$ . From (3. 10) and (3. 11),

we have

(3. 14) $I_{BC}^{7*A}=-\frac{1}{2}\{(0_{R(}^{A}+0_{CA}^{B}+\omega_{BA}^{O}+(-\Omega_{CD}^{A}G_{B}^{D}+\Omega_{BD}^{c}G_{A}^{D}-\Omega_{AD}^{c}G_{B}^{D}+\Omega_{OD}^{B}G_{A}^{D})\}$ ,

further

(3. 15) $G_{c}^{A}=\Gamma_{RC}^{*A}s^{rR}=\frac{-1}{2}\{(\prime J_{CA}^{B}’\}$ ,

consequently

(3. 16) $G_{B}^{D}\{\delta_{/)}^{A}\delta_{O}^{B}-f2_{CD}^{A}s^{;B}+12_{FD}^{c}s^{;E}\delta_{A}^{B}\}=\frac{-1}{2}((0_{BO}^{A}+\omega_{CA}^{B}+\omega_{RA}^{O})s^{\prime B}$ ,

putting

$\delta_{D}^{A}\delta_{C}^{B}-\Omega_{C1)}^{A}s^{rB}+\Omega_{EJJ}^{c}s^{f_{\wedge}}’\delta_{A}^{B}=Z_{CJJ}^{AB}$

and using the quantities $\angle_{CD}^{\overline{r}AR}$ given by the equations

(3. 17) $Z_{CJJ}^{AB}\tilde{Z}_{AF}^{FO}=\delta_{J}^{E}\delta_{F}^{B}$

when $|Z_{c^{1}J)}^{AB}|\neq 0$ , we have

(3. 18) $G_{l}^{D}=-\frac{1}{2}(t\iota J_{J^{B},C}^{A}+\omega_{(A}^{E}+co_{E\Lambda}^{C})s^{;E}\overline{Z}_{A1;}^{D(:}$
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\S 4. The second fundamental tensor of the non’holonomic
Euclidean subspace $\lambda_{n^{m}}^{\prime}$ and the geodesic non’holonomic

Euclidean subspace.

9. The fundamental quantities. In this Chapter, we shall
consider a subgroup of the non-holonomic Euclidean transformations
under which non-holonomic subspaces $X_{n}^{?\prime\prime}$ and $X_{:\iota}^{ll-m}$ given by (2. 1) and
(2. 3) respectively are invariant, so that we must have the conditions
(2. 2) and (2. 4), and also the relations as follows

(4. 1) $\sum_{\prime}\overline{C}_{b}^{\prime 1}\overline{C}_{c}^{\prime}=\delta_{bc}$ , $\sum_{J^{J}}\overline{C}_{b};\overline{C}_{c}!=\grave{0}_{b^{\prime}c^{\prime}}$ ,

in order that an orthogonal ennuple goes into same one too. Thus we
shall study a non-holonomic space which belongs to subgroups of non-
holonomic transformations (2. 5) holding the relation (4. 1).

Under such a transf’ormation, the quantities $\theta_{bc}^{a},$ $(=t\iota J_{bc^{\prime}}^{a}+2_{-}^{(}2_{\mathfrak{c}}^{a_{b^{1}D|}}G_{c^{\prime}l}^{D})$

are changed as

(4. 2) $\overline{\theta}_{jk^{\prime}}^{i}=C_{j}^{b}C_{h^{\prime}}^{c^{\prime}}\{\partial\overline{\overline{C}^{\prime}}_{b}9^{*i}s^{c^{\prime}}-\frac{\partial\overline{C}_{/)}^{i}}{\partial_{\ddot{\delta}}^{\prime\ell}}G_{(}^{\prime\prime},$
$+\overline{\overline{\check{C}}}_{a}^{vi}\theta_{b_{()}^{\prime}}^{a}$ ,

the above equation may be written in

(4. 3) $\frac{\partial^{*}\overline{C}_{/)}^{t}}{\partial S^{c^{\prime}}}-\frac{9^{\triangleleft}<\overline{C}}{0i}l\underline{b|}G_{c}^{\prime\prime}=\overline{\theta}_{jh^{\prime}}^{\prime,}C_{b}C_{c}^{L^{\prime}},-\overline{C}_{a}’\theta_{bc^{\prime}}^{a}$ ,

then using the first relation of (4. 1), we obtain the results

(4. 4) $(\overline{\theta}_{k}^{\prime}’+\overline{\theta}_{/k^{\prime}}^{j}.)\overline{C}_{c}^{l}\overline{C}_{b}^{j}\overline{C}_{c^{\prime}}^{l_{\vee}^{\prime}}=\theta_{1)c^{\prime}}^{c}+\theta_{cc}^{b}$

Consequently the quantities $\theta_{bc}^{c}$ . $+\theta_{tC^{\prime}}^{b}$ are tensors in the non-holonomic
space. In such a space we can also get the connection parameters for
which absolute differential of a contravariant vector $v^{h}$ in the $X_{n}^{m}$ lies
in the $X_{n}^{m}$ , as follows

(4. 5) $\left\{\begin{array}{ll}T_{bc}^{1*a}=-\frac{1}{2}(\theta_{bc}^{a}+\theta_{ca}^{b}+\theta_{ba}^{c}), & I_{bc^{\prime}}^{1*a}=-\theta_{bc^{\prime}}^{a}, \Gamma_{bc}^{*a}=I_{b’ c^{\prime}}^{*a}=0,\\\Gamma_{bc^{\prime}}^{*a^{\prime}}=-\frac{1}{2}(\theta_{b’ c^{\prime}}^{a^{\prime}}+\theta_{ca^{\prime}}^{b^{\prime}}+\theta_{b^{r}a^{\prime}}^{c^{\prime}}), & \Gamma_{b^{\prime}c}^{ka^{\prime}}=-\theta_{b’ c\prime}^{a^{\prime}} \Gamma_{b_{C}}^{*a^{\prime}}=\Gamma_{bc}^{*a^{\prime}}=0,\\C_{BC}^{*A}=0 & \end{array}\right.$

or
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(4. 6) $\left\{\begin{array}{ll}\overline{\Gamma}_{bc}^{*a}=-\frac{1}{2}(\theta_{bc}^{a}+\theta_{ca}^{b}+6_{ba}^{c}), & \overline{\Gamma}_{lc^{\prime}}^{*a}=-\frac{1}{2}(\theta_{bc^{\prime}}^{a}+6_{ba}^{c^{\prime}}+\theta_{ca}^{b}), \overline{\Gamma}a=^{\frac{-}{T^{\iota}}}=0,\\I_{l)^{\prime}c^{\prime}}^{\overline{\iota}*a^{\prime}}=-\frac{1}{2}(\theta_{J^{\prime}C}^{a^{\prime}}+\theta_{ca}^{b^{\prime}}+\theta_{b^{\prime}}(.\prime & ), T_{b’ c}^{\mathfrak{s}*a^{\prime}}=-\frac{1}{2}(\theta_{b^{l}c}^{a^{\prime}}+\theta_{b’ a\backslash }^{c}+\theta_{ca}^{b^{l}})\rightarrow,\frac{-}{\mathcal{I}^{\iota}}*a^{\prime}bc=\Gamma_{b_{C}}^{*a^{\prime}}=0\sim,\\C_{Bc}^{*A}=0 & \end{array}\right.$

Here the base connection parameters in the function $\theta_{BC}^{A}$ of (4. 5) and
(4. 6) coincide with neither the quantities $\Gamma_{BC}^{*A}s^{\prime B}$ induced from (4. 5)

nor the $\overline{\Gamma}_{BC}^{A}s^{\prime B}$ induced from (4. 6). Then the difference between (4. 5)

and (4. 6) is nothing but the tensor

$\left\{\begin{array}{ll}\Gamma_{bc^{\prime}}^{\beta a}\prime-T_{bc^{\prime}}^{\overline{|}*a}=-\theta_{bc^{\prime}}^{a}+\frac{1}{2}(\theta_{bc}^{a} & +\theta_{ba}^{(}\prime+\theta_{ca}^{b})\\=-\frac{1}{2}(\theta_{bc^{\prime}}^{a}+\theta_{ac^{\prime}}^{b} & \theta_{ba}^{c^{\prime}})\end{array}\right.$

Thus we have tensors of four kinds in this space as follows

$\theta_{bc}^{a^{\prime}}$ , $6_{b’ c^{\prime}}^{a}$ , $\theta_{bc^{\prime}}^{a}+\theta_{ac^{\prime}}^{0}$ , $\theta_{b^{\prime}c}^{a^{\prime}}+\theta_{a^{\prime}c}^{b}$

10. The second fundamental tensor. Next, we shall find the
geometrical meaning of the tensor $\theta^{c_{b^{\prime}}}+\theta_{cb^{\prime}}^{b}$ in the non-holonomic
subspace $X_{n}^{m}$ with the metric

(4. 7) $ds^{\underline{o}}=\sum_{u-1}^{m}(ct_{1}\backslash ^{a})^{-}\neg 7=\sum_{u}\lambda_{a}^{a}\lambda_{\beta}^{a}dx^{\alpha}dx^{\beta}$

At first, we consider the variation of such a metric (4. 7) in the
direction which is normal to $X_{n}^{m}$ .

Putting for the variational displacement of the line-elements

(4. 8) $d_{2}x^{\alpha}=\lambda_{c}^{\alpha},$
$\epsilon^{c^{\prime}}$ , $d_{2}^{\mathfrak{c}_{J}}rx=-G_{c}^{a}\epsilon^{C^{\prime}}$

where the quantities $i_{c}^{a}$, are the functions of the $x^{\alpha}$ and $s^{\prime c}$ and the
quantities $\epsilon^{c^{\prime}}$ represent the certain infinitesimal constants. The
displacement $d\sigma^{a}$ in the subspace $\Sigma_{n}^{n}$ corresponding to the $ds^{a}$ in the
$X_{n}^{m}$ can be represented as follows

(4. 9) $d\sigma^{a}=*\lambda_{\alpha}^{a}(x^{\alpha}+d_{\underline{\supset}}x^{\alpha}, \cup c^{\prime a}+d_{-}, s^{a})d(x^{a}+d_{\sim}, x^{a})$ ,

using the next calculation
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$\begin{array}{ll}*\lambda_{\alpha}^{a}(x^{a}+d_{\sim},x^{\alpha},s^{a}+d_{3}s^{ra})=*\lambda_{\alpha}^{a}(x,s)+\frac{9^{*_{\grave{\Lambda}_{a}^{a}}}}{9x^{\beta}}\lambda_{c}@_{\epsilon_{0S^{\prime b}}^{c^{\prime}}}^{9^{*}\dot{\Lambda}_{a}^{a}}--G_{c^{\prime}}^{b}\epsilon^{c^{\prime}}+[ & ],\\d(d_{-}x^{\alpha})=dx^{\alpha}+(\frac{\partial^{*_{\grave{\Lambda}_{c}}\alpha}}{\partial X^{\beta}’}dx^{\beta}--\overline,-G_{b}^{d}ds^{b}+\partial^{*}\grave{\Lambda}_{c^{\prime}}^{\alpha}\partial s^{d}0_{9^{\frac{*\lambda}{s}\prime}d^{-\delta s^{\prime d)\epsilon^{c^{\prime}}+}}}^{\alpha},[ & ]\end{array}$

where the symbol $[$ $]$ denotes the higher order term than degree
two in the $\epsilon^{c^{\prime}},$ $!t$ follows that

$d_{0^{a}}=ds^{a}+\{((0_{bc^{\prime}}^{a}+2_{-}^{(}1_{rb\prime E)}^{a}G_{cJ}^{E})ds^{b}+\Omega_{cd}^{a}\delta s^{d}\}\epsilon^{c^{\prime}}+[$ $]$ ,

consequently we have

$\sum_{u}(d\sigma^{a})^{\sim}0-\sum_{a}(ds^{a})^{2}=\{(\theta_{\delta\iota^{\prime}}^{a}+\theta_{ac^{\prime}}^{\prime})ds^{a}ds^{b}+2J2_{cd}^{a}\delta s^{ra}\& a\}\epsilon^{C^{\prime}}+[$ $]$ .
Thus if we consider the variation of the metric (4. 7) for the variational
displacement (4. 8), we have

(4. 10) $(\theta_{bc^{\prime}}^{a}+\theta_{ac^{\prime}}^{b})ds^{a}ds^{b}+2J_{\grave{d}_{c^{\prime}d}^{a}}\delta_{c}^{r_{J}^{\prime d}}ds^{a}$

as the first variation. Let us suppose that the element $s^{r_{l}\iota}$ be displaced
parallelly in the subspace $X_{n}^{m}$ i.e. $\delta_{\cup}^{c^{\prime d}}=0$ , then the quantities (4. 10)
are written in

(4. 11) $(\theta_{bc^{\prime}}^{a}+\theta_{ac^{\prime}}^{b})ds^{a}ds^{b}$

Since the above quantities in an Euclidean or Riemannian space give
the second fundamental form of $X_{n}^{m}$ , we shall call the quantities

(4. 12) $\theta_{ac}^{b}\cdot+\theta_{bc^{\prime}}^{a}$

the second fundamental tensor of $X_{n}^{m}$ .
11. The geodesic non-holonomic sudspace. In such a Euclidean

non-holonomic space in which either the subspace $X_{n}^{m}$ or $X_{n}^{n-n}$ is
invariant, if we adopt the connection parameters of the space as
follows

1
(4. 13) $\Gamma_{Rc}^{*A}=-(\theta_{BC}^{A}+\overline{2}\theta_{CA}^{B}+\theta_{BA}^{\prime})$

and in the non-holonomic subspace $X_{n}^{m}$ as

$\Gamma_{bc}^{*a}=-\frac{1}{2}(\theta_{bc}^{a}+\theta_{ca}^{b}+\theta_{ba}^{c})$ ,
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a geodesic curve in the $X_{n}^{m}$ is then given by the equation

(4. 14) $\frac{d^{2}s^{a}}{ds^{o}\lrcorner}=\Gamma_{bc}^{*a}\frac{ds^{b}}{ds}\frac{ds^{c}}{ds}$

In order that the curve is geodesic also in the space, it must be

(4. 15) $\frac{d}{ds}(\frac{ds^{a^{\prime}}}{ds})-\Gamma_{bc}^{*a^{\prime}}\frac{ds^{b}}{ds}\frac{ds^{c}}{ds}=0$

Here, by reason of $\frac{ds^{a^{\prime}}}{ds}=0$ , (4. 15) must be $\Gamma_{bc}^{*a^{\prime}}\frac{ds^{b}}{ds}\frac{d_{5}^{c}}{ds}=0$ .
Consequently, from (4. 13) and $\theta_{(BC)}^{A}=0$ , we have $\theta_{ba}^{c},$ $+\theta_{ca}^{b},$ $=0$ .
Thus we have the theorem:

A neseccary and sufficient condition that such the subspace $X_{n}^{m}$ be
gecdoJsic in the space with the connection parameters (4.13), is that

(4. 16) $\theta_{ac^{\prime}}^{b}+\theta_{bc^{\prime}}^{a}=0$

(August, 1949).


