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\S 0. Introduction

The concept of connection introduced by W. WIRTINGER $[1]^{(1)}$ was
given as a generalization of WEYL’S connection [2] under the considera-
tion of the possibility of its application to physics and astronomy. He
thought at that time that his theory was ample enough to stand for
any mathematical requirement in some branches of them.

Nowadays, the progress of physics and astronomy is so remarkable
that his idea can not be fully accepted, but from the geometrical point
of view his concept of connection itself is very interesting, various
generalizations have been performed by many students and moreover
the study of his concept is being carried on even now.

Geometrically the WIRTINGER’S connection contains two important
concepts, the one is that of double vectors, the other is that of non-
linear connections.

In the former case H. EYRAUD [3] generalized the parallel displace-
ment of WEYL but his research has no direct relation with WIRTINGER.
Later from a different point of view A. KAWAGUCHI [4] pointed out that
as a special case of his general theory, the WIRTINGER’S connection was
derived. In addition to these papers the present author [5] has de-
(1) Numbers in brackets refer to the references at the end of the paper.
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veloped the theory in higher order spaces.
V. V. VAGNER [6] in the Soviet Union has established the theory

of Strip as a method of discussing the differential geometry. His
method seems to us to be a special case of WIRTINGER’S point of view.

In the matter of non-linear connections, after WIRTINGER, G. Y.
RAINICH [7] studied it and H. FRIESECKE [8], E. $BoBTOI_{I}OTTI[9]$ , M. MIKAMI
[10] and ‘others have followed.

Recently KAWAGUCHI [11] has established the foundation of non-
linear connections.

The purpose of the present paper is to develop a general theory
of WIRTINGEB’S connections introducing some kinds of WIRTINGER’S con-
nections in higher order spaces and discussing the relations between
KAWAGUCHI’S connections and WIRTINGER’S in view of the previous Papers

of the present author.
\S 1 is devoted to the abridgment of the classical theory of WIRTINGER’S

connections. In \S 2 WIRTINGER’S connections in higher order spaces are
introduced and in addition, the modified forms will be found. \S 3
involves the discussion of $WIRTIN\dot{G}ERS$ connectiOns in KAWAGUCHI spaces.
The definition of covariant derivatives in our spaces is given in \S 4. The
covariant $derivative_{\mathfrak{l}}s$ in a special KAWAOUCHI spaces will be stated in
detail in \S 5 and in \S 6 various tensors and identities are derived in
the space.

\S 1. Theory of the WIRTINGER’s connection

With each point of an n-dimensional space $X_{n}(x^{a})$ we associate
a fibre $(\eta^{a}, v_{a})$ consisting of a pair of a contravariant vector $\eta^{a}$ and
a covariant vector $v_{a}$ provided that our fibre is characterized by the
incidence condition

$\eta^{a}\cdot v_{a}=0$ .
In other words, our manifold consists of \‘a bundle where $(\eta^{a}, u_{a})$

with incidence condition is an element of the fibre in the base manifold
$X_{n}$ . Hereafter, such manifold will be called $WIR^{r}fINGER$ manifold. The
$(\eta^{a}, u_{a})$ with the condition $\eta^{a}\cdot v_{a}=0$ is called double vector by SCHOUTEN,
and WIRTINGER named it $E_{n-1}$-element. $E_{n-1}$-elements form a $(2n-3)-$

dimensional manifold.
Let us consider the infinitesimal displacement of any point in the

base manifold $X_{n}$ then $\eta^{\alpha}$ ; $u_{a}$ which are attached to that point are
affected by infinitesimal variations, We indicate such variations by
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the symbols $\delta_{\xi}\eta^{a},$ $\delta_{\xi}u_{a}$ where $\delta_{\xi}$ means the variation of $\xi^{a}$ -direction.
On the other hand, differentials of $\eta^{a},$ $u_{a}$ which belong to double

vectors of any fixed point are indicated by the symbols $d\eta^{a},$ $d_{lJ_{a}}$ . It
is remarkable that $\delta$-differential and d-differential are commutative:

(1. 1) $\delta_{\xi}d\eta^{a}=d\delta_{\xi}\eta^{a}$ , $\delta_{\xi}d_{l)_{a}}=d\delta_{\xi}v_{a}$ .
Double vectors $(\eta^{a}, u_{a})$ associated with a point $0$ remain double

vectors after all under a contact transformation in accordance with
the infinitesimal displacement of the point $0$ . Therefore, in order to
introduce our connection we take the contact condition

(1. 2) $\delta_{\xi}(\eta^{a}\cdot’=\delta_{\xi}\eta^{a}\cdot do_{a}+\eta^{\alpha}\cdot\delta_{\xi}do_{\alpha}=\rho\eta^{a}\cdot d_{J_{a}}+\sigma o_{a}d\eta^{a}$

From the incidence condition we have
$\delta_{\xi}\eta^{a}\cdot fJ_{a}+\eta^{a}\cdot\delta_{\xi}0_{a}=0,$ $d\eta^{a}\cdot v_{a}+\eta^{a}\cdot d_{U_{a}}=0,$ $\delta_{\xi}(d\eta^{\alpha}\cdot 0_{a})=\delta_{\text{\’{e}}}(-\eta^{a}\cdot dv_{a})$ ,

and by use of (1. 2)

$\delta_{\text{\’{e}}}(o_{a}d\eta^{a})=\delta_{\epsilon}0_{a}\cdot d\eta^{\alpha}+0_{\alpha}\cdot\delta_{\text{\’{e}}}d\eta^{a}=-\rho_{\eta^{a}\cdot d_{U_{a}}-\sigma d\eta^{a}\cdot 0_{a}}$

are given.
Where $\delta_{\xi}\eta^{a},$ $\delta_{\xi}v_{a}$ , $\rho,$ $\sigma$ are linear homogeneous functions of $\xi^{a},$ $\delta_{\xi}\eta^{a}$ are
homogeneous of degree one in $\eta^{a}$ and of degree zero in $U_{a}$ . Vice versa,
$\delta_{\xi}0_{\alpha}$ are homogeneous of degree one in $v_{a}$ , homogeneous of degree zero
in $\eta^{a}$ . On the other hand $\rho,$ $\sigma$ are both homogeneous function of degree
zero in $\eta^{a},$ $v_{a}$ . Such assumptions are all valid in general.

We put
$(i.3)$ $\eta^{a}\delta_{\xi}v_{a}\equiv W(x, \eta, u, \xi)$ .

then under the above assumptions, $W(x, \eta, u, \xi)$ is linear homogeneous
of $\xi^{\alpha}$ and homogeneous of degree one in $\eta^{a},$ $v_{a}$ . Differentiate (1.3)
partially by $\eta^{6},$

$lJ_{6}$ ,

$\frac{aW(x,\eta,v,\xi)}{a\eta^{6}}=\delta_{\xi^{f/}6}+\eta^{a}\frac{a\delta_{\xi}0_{a}}{a\eta^{6}}$ ,

(1. 4)
$\frac{aW(x,\eta,U.\xi)}{a_{U_{6}}}=\eta^{a}\frac{a\delta_{\xi}0_{a}}{\partial 0_{6}}$ ,

are obtained.
From (1.1) we get

$d_{\xi}\delta\eta^{a}=\frac{a\delta_{\xi}\eta^{a}}{a\eta^{6}}d\eta^{6}+\frac{\partial\delta_{\xi}\eta^{a}}{\partial v_{6}}d\prime_{J_{6}}$ ,

$\delta_{\xi}d_{J_{a}}’=\frac{a\delta_{\xi}0_{a}}{a\eta^{6}}d\eta^{6}+\frac{8\delta_{\xi}0_{a}}{\partial v_{6}}d_{U_{\beta}}$ ,
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therefore (1. 2) is rewritten as

$\delta_{\xi}\eta^{\alpha}\cdot do_{a}+\eta^{a}\frac{\partial\delta_{\xi}0_{a}}{a\eta^{6}}d\eta^{6}+\eta^{\alpha}\frac{\partial\delta_{\epsilon^{U_{\beta}}}}{a_{U_{\beta}}}du_{6}=\rho_{\eta^{\alpha}\cdot dv_{a}+\sigma d\eta^{a}\cdot u_{a}}$ .
In the above expression, comparing the coefficients of $d\eta^{a},$ $du_{a}$ in both
sides and by use of (1.4) one obtains

$\delta_{\xi}\eta^{a}=-\frac{aW(x,\eta,v,\xi^{\backslash })}{\partial 0_{a}}+\rho_{\eta^{a}}$ ,

$\delta_{\xi}v_{a}=\frac{aW(\backslash x,\eta,u,\xi)\backslash }{a\eta^{a}}-\sigma 0_{a}$ ,

The final WIRTINGER’S formulae are given putting $\rho=\sigma$ in the above
formulae as follows:

(1. 5) $\delta_{\xi}\eta^{a}=-\frac{aW(x,\eta,u,\xi)}{ao_{a}}+\rho_{\eta^{a}}$ , $\delta_{\xi}0_{\alpha}=\frac{aW(x,\eta,u,\xi)}{a\eta^{a}}-\rho_{U_{a}}$ .

Formulae (1.5) satisfy the most general assumption for a $\delta$-transforma-
tion affecting the relation in double vectors in the infinitesimally near
points (0) and (0) subjected to the contact condition.

By the point transformation, $W$ and $\rho$ vary as

. $\overline{\overline{W}}(\overline{x},\overline{\eta},\overline{v},\overline{\xi})=W(x, \eta, u, \xi)-\frac{a^{0}\cdot\overline{x}^{a}}{ax^{6}ax^{\tau}}\overline{v}_{a}\eta^{6}\xi^{\tau}$ ,

$\overline{P}(\overline{x}, \eta A\overline{\ell y}\overline{\xi})=\rho(x, \eta, u, \xi)$ .
In use of (1.5) we can define the WiRTINGFR’S covariant differential

as follows:

$D\eta^{\alpha}=\delta_{\xi}\eta^{a}+\frac{aW(x,\eta,v,\xi)}{a_{U_{a}}}-\rho\eta^{a}$ ,

(1. 6)
$Dv_{a}=\delta_{\xi}0_{a}-\frac{aW(x,\eta,u,\xi)}{a\eta^{\alpha}}+\rho_{U_{a}}$

Clearly formulae (1.6) are a contact transformation in the double
vector $(\eta^{\alpha}, u_{a})$ and as connection they are one kind of non-linear con-
nections.

If we put the assumption that $W(x, \eta, fj\xi)$ is a linear homogeneous
function in $\eta^{\alpha},$

$u_{\alpha}$ then $(i.6)$ gives a linear connectlon and is reduced
to an incidence invariant displacement, therefore in our case the
WIRTINGER’S connections seem to be a generalization of an incidence
invariant displacement.
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\S 2. Generalized WIRTINGER’s connections

Elements of the base manifold in a WIRTINGER manifold are points
$(x^{a})$ , but here we assume the elements of our base manifold are line-
elements of order $m$ , that is, $(x^{a}, x^{(1)a}, \cdots, x^{(m)^{a}})$ and we again call them
points.

With each point of the base manifold we associate double vectors
consisting of a contravariant vector $\eta^{a}$ and a covariant $U_{a}$ , therefore
the incidence condition

$\eta^{a}\cdot u_{a}=0$

holds good always.
We call such manifold the WIRTINGER manifold in higher order and
indicate it by the symbol $W_{n}^{(m)}$ . The symbol $W_{n}^{(0)}$ means the classical
WIRTINGER manifold in our case.

We indicate the differentials of $\eta^{a},$ $v_{a}$ in double vectors associated
to a point $(x^{a}, x^{(1)a}, \cdots, x^{(\tau n)^{q}})$ by the symbols $d\eta^{a},$ $d_{J_{a}}$, and the differ-
entials of $\eta^{a},$ $u_{a}$ caused by $x^{a}$ of that point by the symbols $\delta_{\xi}(0)\eta^{a},$ $\delta_{\xi}(0)U_{a}$ ,
where $\xi^{(0)^{a}}$ means the variation of $x^{\alpha}$ , that is $dx^{\alpha}$ .

On the other hand, as the base manifold of $W_{n}^{(m)}$ is a manifold of
line-elements of m-th order, we have to consider the variations of
$x^{(1)a},$ $x^{(2)a},$

$\cdots,$
$x^{(m)!X}$ , that is $dx^{(1)a},$ $dx^{(2)a},$

$\cdots,$
$dx^{(n\iota)^{\Phi}}$ Now we take the

symbols $\xi^{(1)a},$ $\xi^{\langle 2)a},$
$\cdots,$

$\xi^{(m)a}$ instead of the above symbols, then

$\delta_{\epsilon^{(1)}}\eta^{a},$ $\delta_{\epsilon^{(2)}}\eta^{a},$
$\cdot\cdot,$

$\delta_{\epsilon^{(m)}}\eta^{a}j$ $\delta_{\xi}(1)J_{a},$ $\delta_{\epsilon^{(2}}$ ) $0_{\alpha},$ $\cdots,$
$\delta_{\text{\’{e}}^{(m)}a}$

are variations of $\eta^{a},$ $U_{\alpha}$ respectively caused by $\xi^{(1)a},$ $\xi^{(.)a},$
$\cdots,$

$\xi^{(m)a}$ . It is
needless to say that d-difierential and $\sim\delta$-differential are commutative
undoubtedly as in \S 1, that is to say

$d\delta_{\epsilon^{(i)}}\eta^{a}=\delta_{\epsilon^{(i)}}d\eta^{a}$ , $d\delta_{e^{(i)U_{a}}}=\delta_{\epsilon^{(i)}}d_{U_{a}}$ $(i=0,1,2, \cdots, m)$ .
We denote the variations of $\eta^{a},$ $u_{\alpha}$ by $\delta_{\xi}\eta^{\alpha},$ $\delta_{\xi}u_{a}$ respectively corre-
sponding to an infinitesimal displacement from an element $(x, x^{(1)}, \cdots,x^{(m}‘)$

to a neighboring element $(x+dx, x^{(1)}+dx^{(1)}, \cdots, x^{(m)}+dx^{(m)})$ , then the
relation

$\delta_{\xi}=\delta_{\epsilon^{(0)}}+\delta_{\xi}(1)+\cdots+\delta_{\xi}(m)$

holds good always.
As the condition to introducing connections in our manifold in-

volving the case of $W_{n}^{(0)}$ we take the following, that is
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$\delta_{\epsilon^{(0)}}(\eta^{a}\cdot d_{U_{a}})00’(0)(0)$ ,

$\delta_{\xi}(1)(\eta^{a}\cdot d_{U_{a}})1’(l)(1)$
(2. 1)

$\delta_{\epsilon^{(m)}}(\eta^{a}\cdot d_{U_{a}})=\delta_{\epsilon^{(m)}}d_{J_{a}+\delta_{\xi}(m)}\prime d_{J_{a}}=\rho_{\eta^{\alpha}\cdot d\prime}’(m)$ . $+\sigma v_{a}\cdot d\eta^{a}(m)$ .
Conditions in (2. 1) indicate that the incidence condition holds good

always not only in whole variations together of line-elements but also
in one by one variations. Moreover, it is assumed that $\delta_{\xi}(l)\eta^{a}(i=$

$0,1,2,$ $\cdots,$ $m$) are homogeneous functions of degree one in $\eta^{a}$ , of degree
zero in $U_{a}$ , linear homogeneous functions in $\xi^{(i)^{a}}$ ,
$\delta_{\epsilon^{(l)}}o_{a}(\dot{b}=0,1,2, \cdots, m)$ are homogeneous functions of degree one in $v_{a}$ ,

of degree zero in $\eta^{a}$ , linear homogeneous functions in $\xi^{(i)^{a}}$ ,

$\rho,\sigma$ ($i=0,1(i)(i).$ . , $m$) are homogeneous functions of degree zero in $\eta^{a},$ $u_{a}$ ,

linear homogeneous functions in $\xi^{(i)a}$

By a transformation of coordinates $\delta_{\xi}(i)\eta^{\alpha},$

$\delta_{\xi}(i)v_{a},\rho(i)$ or $(i)\sigma$ transform

in similar manner to the transformation laws. of $\frac{aT^{\alpha}}{ax^{(i)6}}dx^{(i)6},$ $\frac{aT_{\alpha}}{ax^{(i)6}}dx^{(i)6}$ ,

$\frac{aT}{ax^{(i)6}}dx^{(i)6}$ provided that $T^{a},$ $T_{a},$ $T$ are respectively contravariant,

covariant, scalar in higher order spaces.
We put

(2.2) $\eta^{\alpha}\cdot\delta_{\xi}(i)v_{a}\equiv W(x, x^{(1)}, x^{(2)}, \cdots, x^{(m)}, \eta, u, \xi^{(i)})(i)$ ($i=0,1$ , , m)

then $W^{\cdot}(x,$
$x^{(1)}(i)$

$x^{(m)},$
$\eta,$ $u,$

$\xi^{(i)}$) are homogeneous functions in $\eta^{a},$ $u_{a}$ , linear
homogeneous functions in $\xi^{(i)a}$

Differentiate (2.2) partially in $\eta^{6},$
$u_{6}$ respectively. We obtain

$\eta^{\alpha}\frac{a\delta_{\epsilon^{(i)U_{a}}}}{a\eta^{6}}=\frac{i;W(i)}{a\eta^{6}}-\delta_{\epsilon^{(i)U_{a}}}$ ,

(2. 3)

$\eta^{a}\frac{\partial\delta_{\xi^{(i)}}v_{a}}{a_{U_{6}}}=\frac{aW(i)}{\partial v^{6}}$

By use of commutative law between the d-differential and $\delta$-differential

$\delta_{\epsilon^{(i)}}d\eta^{a}=d\delta_{\xi^{(i)}}\eta^{a}=\frac{a\delta_{\epsilon^{(t)}}\eta^{\alpha}}{a\eta^{6}}d\eta^{6}+\frac{a\delta_{\epsilon^{(i)}}\eta^{a}}{a\prime 6}d_{\lrcorner_{\beta}}’$ ,

(2. 4)
$\delta_{\epsilon^{(i)}}d_{U_{a}}=d_{i)_{\xi}(i)U_{a}}\backslash =\frac{a\delta_{\epsilon^{(i)U_{a}}}}{a\eta^{6}}d\eta^{6}+\frac{a\delta_{\xi}(i)U_{a}}{a_{U_{\beta}}}d_{U_{6}}$
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are given.
Substituting (2. 4) in (2. 1) and applying (2. 3), we obtain from

$(\frac{aW(i)}{a\eta^{6}}-\delta_{\epsilon^{(i)\prime)}\epsilon}-(\sigma 0_{6})d\eta^{\mathcal{B}}+i)(\delta_{\xi^{(i)}}\eta^{\alpha}+\frac{a.W(i)}{a_{U_{a}}}-\rho_{\eta^{a})d\prime/a}^{i)}(=0$ ,

the formulae

$\delta_{\epsilon^{(i)}}\eta^{\alpha}=-\frac{aW(x,x^{(1)},\cdots,x^{(m)},\eta,u,\xi^{(i)})(i)}{\partial 0_{a}}+\rho^{i)}(x, x^{(1)}, \cdots, x^{(m)}, \eta, v, \xi^{(i)})\eta^{a}($ ,

$\delta_{\epsilon^{(i)U_{a}}}.=aW^{i)}(x, x^{(l)}, \cdots,x^{(m)}\underline{\eta,0,\xi^{(i)})},(\partial\eta^{a}-\sigma(x,$$x^{(l)}(i)\ldots,$
$x^{(m)},$

$\eta.,$ $0,$
$\xi^{(i)}$) $u_{a}$

$(i=0,1,2, \cdots, m)$ ,

Therefore the covariant differentials $\eta^{a},$ $U_{a}$ in $W_{n}^{(m)}$ are

$D\eta^{a}=\delta_{\xi}\eta^{a}+\frac{aW_{6}(0)}{\partial v_{a}}dx^{6}+\frac{aW_{6}(1)}{\partial v_{a}}dx^{(l)6}+\cdots+\frac{aW_{6}(m)}{a_{U_{a}}}d\mathfrak{r}^{(m)6}-\rho_{\eta^{a}}$ ,
(2. 5)

$Do$ . $=\delta_{\epsilon^{U_{a}}}-\frac{aW_{6}^{0}()}{a\eta^{\alpha}}dx^{6}-\frac{aW_{6}(1\backslash }{a\eta^{a}}dx^{(1)6}-\cdots-\frac{aW_{6}(m\backslash }{a\eta^{a}}dx^{(m)6}+\sigma_{\dot{U}_{a}}$ ,

where $(i)W=W_{6}dx^{(i)\mathcal{B}}(i)$ , $\rho=\sum_{i=0}^{m(}\rho^{i)},$ $\sigma=\sum_{\dot{\iota}=0}^{m}\sigma(i)$

The covariant differentials in $W_{n}^{(m)}$ corresponding to (1.6) are

$D\eta^{a}=\delta_{\xi}\eta^{a}+\sum_{i-0}^{m}\frac{aW_{6}(i)}{\partial v_{a}}dx^{(i)6}-\rho_{\eta^{a}}$ ,

(2. 6)
$Du_{a}\supset\delta_{\xi}v_{a}-\Sigma\frac{aW_{6}^{it}(}{a}dx^{t_{\backslash }}i)6+\rho_{U_{\alpha}}m$

t-0 $a\eta$

The formalae (2. 5) or (2. 6) seem to be the most natural generali-
zation of the classical WIR$\ulcorner fINGERS$ connection, but as these formulae
are not aPplicable directly to the KAWAGUCHI space when we intend
later to introduce WIRTiNGFR’S connections in the space, we have to
consider the following special case for that.

In $W_{n}^{(m)}$ we assume especially that the double vector $(\eta^{a}, u_{a})$ has
such relation as

$v_{a}\equiv u_{a}(x, x^{(l)}, \cdots, x^{(m)}, \eta)$ ,

where $v_{a}$ are homogeneous functions of degree $k$ in $\eta^{a}$ The d-differ-
ential and $\delta$-differential of $v_{a}$ are respectively



82 S. Ide

$d_{U_{a}}=\frac{av_{a}}{a\eta^{6}}d\eta^{6}$ ,

(2. 7)

$\delta_{\epsilon^{(i)}}v_{a}=\frac{a/J_{a}}{ax^{(i)\mathcal{B}}}\xi^{(i)6}+\frac{a_{U_{a}}}{a\eta^{6}}\delta_{\epsilon^{(i)}}\eta^{6}$ $(i=0,1, \cdots, m)$ ,

accordingly putting
$u_{a}\delta_{\epsilon^{(i)}}\eta^{a}\equiv-W(x, x^{(l)}\cdots, x^{(m)}, \eta, u, \xi^{(i)})(l)$

and differentiating them partially by $\eta^{a},$ $U_{a}$ we can easily obtain

$\frac{\partial 0_{\alpha}}{a\eta^{6}}\delta_{\epsilon^{(i)}}\eta^{\alpha}+o_{a}p\frac{\partial\delta_{\epsilon^{(i)}}\eta^{a}}{a\eta^{6}}=-\frac{aW(i)}{a\eta^{\mathcal{B}}}-\frac{aW(i)}{a_{U_{\gamma}}}\frac{av_{\gamma}}{a\eta^{6}}$

(2. 8)
$\delta_{\epsilon^{(f)}}\eta^{6}+0_{a}\frac{a\delta_{\epsilon^{(i)}}\eta^{\alpha}}{av_{6}}=-\frac{aW(i)}{a_{J_{\beta}}\prime}$ .

On the other hand, under the contact condition
$\delta_{\epsilon^{(i)}}(\eta^{\alpha}\cdot’=-\delta_{\xi}/d\eta^{a}-U_{a}(i)(i)$

we get

$\delta_{\xi}(i)^{\prime}v_{a}\cdot d\eta^{a}+o_{a}(\frac{a\delta_{\epsilon^{(i)}}\eta^{a}}{a\eta^{6}}d\eta^{6}+\frac{a\delta_{\epsilon^{(i)}}\eta^{a}}{a\prime J_{6}}d_{U_{6}})$

(2. 9)
$=-\rho_{\eta^{a}\cdot do_{a}-\sigma v_{a}d\eta^{\alpha}}(i)(l)$

applying (2. 8). Substitution of (2. 7) in (2.9) gives rise to

$(\frac{a_{U_{a}}}{ax^{(i)6}}\xi^{(i)6}+\frac{a_{U_{a}}}{a\eta^{6}}\delta_{\epsilon^{(i)}}\eta^{6})d\eta^{a}-(\frac{aW(i)}{a\eta^{\mathcal{B}}}+\frac{aW(i)}{a_{U_{\gamma}}}\frac{\partial v_{\gamma}}{a\eta^{6}}$

(2. 10) $+\frac{av_{a}}{a\eta^{\mathcal{B}}}\delta_{\xi^{(i)}}\eta^{a})d\eta^{6}-(\frac{aW(i)}{\partial v_{\mathcal{B}}}+\delta_{\epsilon^{(i)}}\eta^{6})du_{6}$

$=-\rho_{\eta^{6}}\frac{\partial v_{6}}{a\eta^{a}}d\eta^{a}-\sigma v_{a}d\eta^{a}(i)(i)$

By the use of the incidence condition, we get the following relation

(2. 11) $\eta^{\mathcal{B}}\frac{a_{U_{6}}}{a\eta^{\alpha}}=-u_{a}$ ,

and substitute (2.11) in (2.10) then (2.10) yields

(2. 12).
$(\frac{a\prime J_{a}}{a\eta^{6}}-2\frac{\partial v_{6}}{a\eta^{\alpha}})\delta_{\epsilon^{(i)}}\eta^{6}=-\frac{a_{lJ_{a}}}{a\eta^{6}}\xi^{(.i)6}+\frac{aW(i)}{a\eta^{\alpha}}+2\frac{aW(i)}{a_{U_{\beta}}}\frac{\partial v_{6}}{a\eta^{a}}$

$-(p-\sigma)\frac{a_{U_{6}}}{a\eta^{\alpha}}\eta^{6}(i)(l)$
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From (1.5) and (2.12) we are led at once to

(2. 13) $\delta_{\epsilon^{(i)}}\eta^{\alpha}=g^{\gamma a}(-\frac{8v_{\gamma}}{ax^{(i)6}}\xi^{(i)6}+\frac{aW(i)}{a\eta^{\tau}}+2\frac{aW(i)}{a_{U_{6}}}\frac{afJ_{\beta}}{a\eta^{\tau}})$ ,

where $g_{a’ 6}\equiv\frac{\partial\ell J_{a}}{a\eta^{6}}-2\frac{ao_{6}}{a\eta^{a}}$ , $g_{a6}g^{1^{\prime}6}=\dot{\delta}_{a}^{\gamma}$ ,

provided that the determinant $|g_{a6}|$ does not vanish identically. Sub-
stitute (2.7) in (2.13)

(2. 14) $\delta_{\epsilon^{(i)}}0_{a}=\frac{a_{U_{a}}}{ax^{(i)6}}\xi^{(i)6}+\frac{\partial 0_{a}}{a\eta^{\gamma}}g^{\delta r}(-\frac{\partial 0_{\delta}}{ax^{(i)6}}\xi^{(i)6}+\frac{aW(i)}{a\eta^{a}}+2\frac{aW(i)}{\partial v_{6}}\frac{\partial v_{6}}{a\eta^{\delta}})$

is obtained ea\S ily.

The covariant differentials in such special WIRTINGER manifold $W_{n}^{(m}$

are defined by use of (2.13) and (2. 14) as

$D\eta^{\alpha}=\delta_{\xi}\eta^{a}+g^{\gamma a}\sum_{i-0}^{m}(\frac{8v}{ax^{(i}}r\overline{)6}-\frac{aW_{6}(i)}{a\eta^{\gamma}}-2\frac{aW_{6}(i)}{ao_{\delta}}\frac{a_{U_{\delta}}}{a\eta^{\tau}})dx^{(i)6}$ ,

(2. 15)
(i)

$D_{U_{a}}=\delta_{\xi}U_{a^{-\sum_{i=0}^{m}\{\frac{av_{a}}{ax^{(i)6}}-\frac{a_{U_{a}}}{a\eta^{\delta}}g^{\tau\delta}}}(\frac{\partial U_{\gamma}}{ax^{(i)\beta}}\frac{aW_{6}}{a\eta^{\gamma}}’$

$-2\frac{aW(i)}{\partial v_{\epsilon}}\frac{av_{\epsilon}}{\partial r/^{\gamma}})\}dx^{(i)\mathcal{B}}$ .

\S 3. WIRTINGER’s connections introduced in
KAWAGUCHI spaces

An n-dimensional space with the arc length

$s=\int F(x, x^{(1\rangle}, x^{(.)}, \cdots, x^{(m)})dt$

is named a KAWAGUCHI space by J. L. SYNGE and H. V. CRAIG, hereafter
we denote it by the symbol $K_{n}^{(m)}$ .
In order that the arc length should be related intrinsically to the curve,
we have the so-called ZFRMELO’S conditions, namely

(3. 1) $\sum_{l-1}^{n}\lambda x^{(1)i}F_{(f)i}=F$ , $\sum_{\lambda-s}^{m}\left(\begin{array}{l}\lambda\\ s\end{array}\right)x^{(1-- s+1)i}F_{(R)i}=0$ $(m\geqq s\geqq 1)$

where we put $F_{(r)l}\equiv\frac{aF}{ax^{(r)i}}(r=1,2, \cdots, m)$

Putting $m=s$ in the second expression in (3.1) one obtains
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(3. 2) $x^{(1)i}F_{(m)i}=0$ .
The relation (3.2) is nothing but an incidence condition between the
contravariant vector $x^{(1)i}$ and the covariant vector $F_{(m)i}$ . This fact means
in general that, in the $KAWAGUCH\dot{I}$ space, with each point $(x^{i})$ the double
vector $(x^{(1)i}, F_{(m)i})$ is associated always.

In some special KAWAGUCHI spaces, we find that $F_{(2)i}$ involves $x^{i}$

and $x^{(J)i}$ only and the incidence condition

$x^{(1)i}F_{(2)i}=0$

exists. It is clear that our such case is almost the same as the clas-
sical WIRTINGFB’S case.

In such a point of view, the KAWAGUCtII spaces give various ex-
amples of $W_{n}^{(m)}$ , therefore various WIRTINGFR’S connections are intro-
duced according to various points of view. We shall take up some
interesting cases later on.

With the object of introducing a connection in $\mathfrak{B}^{m)}$ , KAWAGUCHI
[12] considered a manifold with line-elements of order $2n-1$ and adopted

(3. 3) $g_{ij}\equiv mF^{n_{-m-1}}F_{(m)t(m)j}+\mathfrak{E}_{\ell}\mathfrak{E}_{j}+\mathfrak{E}_{i}\mathfrak{E}_{j}n*m11$ ,

as the fundamental tensor in the space.
$\mathfrak{E}_{i}^{1},$ ($\mathfrak{E}_{i}m$ in (3.3) are intrinsic SYNGE’S vectors modified by

$E_{i}\equiv r\sum_{R=r}^{m}(-1)^{\lambda}\left(\begin{array}{l}\lambda\\ r\end{array}\right)(F_{(\lambda)i})^{(f-7)}$ $(r=0,1,2, \cdots, m)$

Here we assume that the rank of a matrix

$((mF_{(m)i(m)j}+\mathfrak{E}_{i}\mathfrak{E}_{j}))mm$

is $n-1$ , then the determinant $|g_{ij}|$ does not vanish identically, so we
can derive the contravariant tensor $g^{ij}$ from which a geometrical
qantity $\Gamma_{j}^{i}$ of class 1, and of order $2m-1$ is defined as

$\Gamma_{j}^{i}\equiv g^{ik}(F^{2m-1}F_{(m)k(m)j}+\frac{1}{m}F^{2m-2}F_{(m)k}F_{(2m-1)j})$

$+\frac{1}{m}\frac{F^{(1)}}{F’}(\delta_{j}^{i}+\frac{1}{F}x^{(1)i}\mathfrak{E}_{j}^{1})+\frac{x^{\prime}\backslash 1)i}{F}\Xi_{j}$ .

This geometrical quantity $l_{j}^{7}i$ is transformed in the same way as an
affine parameter by the extended point transformation, that is
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$I^{\tau\alpha_{6}}=\Gamma_{j_{i}}^{i}\frac{ax^{\alpha}}{\partial L}-\frac{ax^{j}}{ax^{6}}-\frac{a^{\underline{0}}x^{a}}{ax^{i}ax^{k}}\frac{ax^{i}}{ax^{6}}x^{(l)k}$ .

By means of the $\Gamma_{j}^{i}$ we can introduce connection parameters as
follows. If we put

$D\Gamma_{j}^{i}p\equiv\sum_{\lambda=p}^{2m-1}\left(\begin{array}{l}\lambda\\ p\end{array}\right)\Gamma_{j(l)k}^{i}dx^{(R-p)k}$ $(p=1,2, \cdots, 2m-1)$ ,

then except $D\Gamma_{j}^{i}1$ all of $D\Gamma_{j}^{i}p$ are quantities with tensor character,
therefore we can define the connection parameters as

$ F^{-1}(\sum_{p=1}^{m}F^{(p-1)p}D\Gamma_{j}+\sum_{p=1}^{m-1}\Psi pD\Gamma_{j}^{i})\equiv\sum_{a=0}^{m-2}r_{jk}^{a_{i}}dx^{(a)k}\sim$ ,

where $\Psi p(p=1,2, \cdots, 2m-1)$ are scalar quantities of order $2m-1$ .
Making use of thess quantities, the intrinsic covariant differential

$\delta X^{i}$ of an intrinsic vector $X^{i}$ of order $2m-1$ can be defined as

(3. 4) $\delta X^{i}=dX^{i}+\sum_{a=0}^{a}\Gamma_{jk}^{i}X^{j}dx^{(a)k}27h^{\urcorner}--$

The above stated is the connection theory in the line-elements space
of order $2m-1$ given by KAWAGUCHI.

In the first place, we shall embody the special WiRTINGER’S con-
nection in a KAWAGUCHI space making use of the general KAWAGUCHi’S
connection.
Let a pair $(\eta^{a}. u_{a})$ be the double vector in the KAWAGUCIII space $K_{n}^{(m)}$

in $W_{n}^{(m)}$ , then the KAWAGUCHI’S connections concerning the vectors $\eta^{\alpha}$ ,
$u_{a}$ are

$\delta\eta^{a}=d+\sum_{i=0}^{i}z_{m-2}$ ,
(3. 5)

$\delta 0_{\alpha}=d_{J_{a}}’-\sum_{i=0}\Gamma_{a\gamma}^{\mathcal{B}}(x, x, \cdots, x^{(2m-1)})v_{\mathcal{B}}dx^{(i)7}-m-2i$ ,

with the aid of (3.4) and we find at once
$o_{7}\delta_{\epsilon^{(i)}}\eta^{\gamma}=-\Gamma_{a6}^{\gamma}\eta^{a}o_{\tau}dx^{(i)6}=i-W(x, x^{(1\rangle}, \cdots, x^{(m-t)}\underline{9}\eta, u, \xi^{(i)})(i)$

(3. 6) $=-W_{6}dx^{(i)\beta}(i)$ $(i=0,1,2, \cdots, 2m-2)$ ,

$tJ_{7}\delta_{\epsilon^{()}}2m-1\eta^{7}=-W_{6}dx^{(2m-1)6}(\underline{o}m-1)=0$ ,

from (3. 5).
The relations in (3. 6) give rise to
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(3. 7) $\frac{aW_{6}(i)}{a\eta^{a}}=\Gamma_{\alpha\beta}^{r}v_{7}i$ , $\frac{\partial W_{6}(i)}{a_{U_{a}}}=I_{\gamma 6}^{\alpha}\eta^{\gamma}i$ $(i=0,1,2, \cdots, 2m-2)$ .

Accordingly the covariant differentials based on the special WIRTINGER’S
connection are

$D\eta^{a}=d\eta^{a}+g^{\gamma a}\sum_{i=0}^{2m-z}(\frac{av_{\gamma}}{ax^{(i)6}}-i\Gamma_{r6^{U}\delta}^{\delta}-2i\Gamma_{\epsilon 6}^{\delta}\eta^{\epsilon}\frac{av_{\delta}}{a\eta^{r}})dx^{(i)6}$ ,

(3. 8)
$D/J_{a}=d_{U_{a}}-\sum_{i-0}^{2m-2}\{\frac{8v_{a}}{ax^{(i)6}}-\frac{a_{U_{d}}}{a\eta^{a}}g^{7\delta}(\frac{8v_{r}}{ax^{(i)\beta}}-\Gamma_{r6^{U_{6}}}^{\epsilon}i$

$-2i\Gamma_{\epsilon 6}^{\sigma}\eta^{\epsilon}\frac{a_{U_{C}}}{a\eta^{r}})\}dx^{(i)\mathcal{B}}$ ,

by substituion of (3.7) in (2.15).
In use of (3.8) we can find the relations between the WIRTiNGFR’S

connection and the KAWAGucrtI $S$ connection, namely

$D\eta^{a}=d\eta^{a}+g^{7^{\alpha}}\sum_{i-0}^{2m-2}\frac{a_{U_{a}}}{ax^{(i)6}}dx^{(i)6}-g^{\gamma a}\sum_{i\Leftrightarrow 0}^{\underline{}}\Gamma_{\alpha \mathcal{B}}^{\delta}o_{\delta}dx^{(i)6}-2g^{7^{a}}\frac{av_{\delta}}{a\eta^{7}}\sum_{t=0}\Gamma_{\epsilon 6}^{\delta}\eta^{\epsilon}dx^{(l)6}m-2i2m-2i$

$=d\eta^{a}+g^{\gamma a}(d_{J_{r}}’-\frac{\partial 0_{\tau}}{a\eta^{8}}d\eta^{6})-g^{ra}(d_{U_{T}}-\delta_{U_{\gamma}})-2g^{\tau a}\frac{a_{U_{\beta}}}{a\eta^{7}}(\delta^{\backslash }\eta^{6}-d\eta^{6})$

$=g^{\gamma a}(\delta 0_{7}-2\frac{\partial 0_{6}}{a\eta^{\gamma}}\delta\eta^{6})$ ,

and

$Do_{a}=d_{U_{\alpha}}-\sum_{i-0}^{2m-2}\frac{a_{U_{a}}}{ax^{(i)6}}dx^{(i)\mathcal{B}}+\frac{a_{U^{a}}}{a\eta^{\delta}}g^{7\delta}\sum_{i=0}^{2m-2}\frac{\partial v_{\gamma}}{ax^{(i)6}}dx^{()6}$

$-\frac{av_{\alpha}}{a\eta^{\delta}}g^{r\delta}\sum_{i=0}^{i}\frac{\partial U}{a\eta}-g^{\gamma}\sum_{\ell=\underline{0}}^{\sim}\Gamma_{\epsilon\beta}^{\tau}\eta^{e}\frac{a_{U_{\sigma}}}{a\eta^{r}}dx^{(i)6}2m-2m-i$.

$=d_{U_{a}}-(d_{U_{a}}-\frac{a_{U_{\alpha}}}{a\eta^{6}}d\eta^{\mathcal{B}})+\frac{\partial U_{a}}{a\eta^{\delta}}(d_{J_{\gamma}}/-\frac{a_{U_{\gamma}}}{a\eta^{\mathcal{B}}}d\eta^{6})-\frac{a_{0_{a}}}{a\eta^{\delta}}g^{\tau\delta}(d_{U_{\gamma}}-\delta v_{\gamma})$

$-2_{\delta}^{ax\delta^{6}}\frac{\partial 0}{a\eta}-g\frac{av}{a\eta}r-(\delta\eta^{\sigma}-d\eta^{\sigma})$

$=\frac{\partial v_{a}}{a\eta^{6}}d\eta_{\delta^{-}}^{\epsilon a}-\frac{av}{a\eta}g^{r\delta}(\frac{\partial v_{\gamma}}{a\eta^{\mathcal{B}}}-2_{\gamma}^{6}\frac{\partial U}{a\eta}-)d\eta^{6}+\frac{\partial 0_{a}}{a\eta^{\delta}}g^{r\delta}(\delta_{J_{\tau}}’-2\frac{ao_{6}}{a\eta^{r}}\delta\eta^{6})$

$=\frac{av_{\alpha}}{a\eta^{6}}g^{\tau 6}\delta_{J_{\gamma}}+\frac{a_{U_{a}}}{a\eta^{6}}\delta\eta^{6}-\frac{\partial\iota J_{a}}{a\eta^{\delta}}g^{\gamma a}\frac{a_{U_{\gamma}}}{a\eta^{6}}\delta\eta^{6}$

$=\delta U_{a^{-}}(\delta_{a}^{r}-\frac{av_{a}}{a\eta^{6}}g^{76})(\delta\prime 0_{7}-\frac{av_{\gamma}}{\partial\eta^{6}}\delta\eta^{6})$ .

So that
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$D\eta^{a}=\delta\eta^{a}+g^{ra}(\delta_{J_{7}}’-\frac{a_{U_{\gamma}}}{\partial\eta^{6}}\delta\eta^{6})$ ,

(3. 9)
$Do_{a}=\delta v_{a}-(\delta_{\alpha}^{r}-\frac{a_{U_{a}}}{a\eta^{6}}g^{\gamma 6})(\delta’/\tau-\frac{80^{\gamma}}{a\eta^{6}}\delta\eta^{6})$

are relations between them.
The formulae (3.8) are the special (or modified) WIRTINGEB’S connectiom
introduced in the general KAWAGUCHI space.

In a special KAWAGUCHn space with the arc length

$s=\int\{A_{i}(x, x^{\prime})x^{\prime\prime i}+B(x, x^{\prime})\}^{1/p}dt$ ,

KAWAGUCHI [13] introduced two kinds of connections, say connection
$C$ and connection $C^{\prime}$ .

Connection $C$ :
We put

$F\equiv A_{l}(x, x^{\prime})x^{\prime\prime i}+B(x, x^{\prime})$ ,

where $F$ is a scalar and covariant vector $A_{i}$ is a homogeneous function
of degree $p-2$ in $x^{;i}$ .
With the exception of $2p=3$ , the determinant of the tensor

$G_{ij}\equiv 2A_{t(j)}-A_{j(i)}$

does not v-anish identically.
Let us introduce a covariant vector defined by

(3. 10) $T_{l}\equiv-2\frac{d}{dt}\frac{aF}{ax^{\prime i}}+\frac{aF}{ax^{i}}=(A_{k(l)}-2A_{i(k)})x^{;;k}-2A_{ik}x^{\prime k}+B_{(l)}$ ,

where $A_{k(i)}\equiv\frac{aA_{k}}{ax^{i}}$ , $A_{ik}\equiv\frac{aA_{i}}{ax^{k}}$ , $B_{(i)}\equiv\frac{aB}{ax^{i}}$ ,

and contract $T_{i}$ with $G^{ij}$ then we have at once

(3. 11) $x^{[2]j}\equiv-T_{i}G^{ij}=x^{;/j}+2\Gamma^{j}$ ,

where $2\Gamma^{j}\equiv(2A_{ik}x^{\prime k}-B_{(l)})G^{ij}$ , $G_{ij}G^{ik}=\delta_{j}^{k}$ .
The vector $T_{i}$ defined by (3.10) is nothing but the so-called CRAIG vector
and among $x^{[2]j},$ $A_{i}$ and $F$ there exists the following relation

$A_{i}x^{[2]i}=F$ .
It is remarkable that although this space is a KAWAGUCHI space of order
2, it can be treated in the same manner as $K_{n}^{(l)}$ ,
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The covariant differentials of a contravarint vector $u^{i}$ and a covariant
vector $u_{i}$ are defined as

$\delta v^{i}=d_{J^{i}}’+\Gamma_{(j)(k)}^{i}o^{j}dx^{k}$ ,
(312)

$\delta 0_{i}=do_{i}-\Gamma_{(i)(k)}^{j}o_{j}dx^{k}$ ,

with the base connection

(3. 13) $\delta x^{\prime i}=dx^{\prime i}+2\Gamma^{i}$ .
The connection given by (3.12) is the connection $C$ in our space.

Connection $C^{\prime}$ :
Theorem. Let $\Phi_{i}$ be a covariant vector suhiected to line-elements $(x, x^{(1)}, \cdot, x^{(m)})$

then

$ffl_{ij}^{m-\beta\supset}(\Phi)/J^{j}\equiv\sum_{\alpha\Rightarrow\rho}^{m}\left(\begin{array}{l}a\\\rho\end{array}\right)\frac{a\Phi_{i}}{ax^{(a)j}}\frac{d^{a-\beta}o^{j}}{dt^{a-\rho}}$

are components of a $covar^{c}iantvect\sigma r$ prwided $U^{i}$ be a contravariant vector.
From this theorem given by KAWAGUCHI we see

$-D_{ij}^{[1]}(T)v^{j}=2G_{ij}\frac{d_{U^{j}}}{dt}+G_{ik(l)}x^{\prime/k}v^{l}+2\Gamma_{i(l)}0^{l}$ ,

where $\Gamma_{i}\equiv G_{ik}\Gamma^{k}$ , and by use of the above formulae we can introduce,
excepting the case $2p=3$ , an absolute differential along $a_{a}$ curve a8
follows. Putting

$D_{t}^{[1]}o^{i}\equiv\frac{d_{J^{i}}}{dt}+G^{hi}(\frac{1}{2}G_{hk(l)}x^{\prime\prime 3}+\Gamma_{h(l))U^{l}}$ ,

and being aided by

$G^{hi}(\frac{1}{2}G_{hk(l)}x^{\prime\prime k}+\Gamma_{h(l)})=\frac{1}{2}G^{hi}G_{hk(l)}(x^{\prime\prime k}+2\Gamma^{k})+\Gamma_{(l)}^{l}$

$=\frac{1}{2}G^{hi}G_{hk(l)}\delta x^{rk}+\Gamma_{(l)}^{i}$ ,

we can define the absolute differential of a vector corresponding to a
displacement from a line element $(x, x^{r})$ to a neighboring line element
$(x+dx, x^{\prime}+dx^{\prime})$ as

(3. 14) $D^{[1]}o^{i}=d_{U^{i}}+\Gamma_{(k)(J)}^{i}o^{k}dx^{j}+\frac{1}{2}G^{hi}G_{hj(k)^{U^{k}}}\delta x^{;j}$ .

This reduces to (3.12), when $\delta x^{\prime i}=0$ .
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The absolute differential defined by (3.14) is not intrinsic, so that
we have to introduce an intrinsic absolute differential. For the Pur-
pose, we adopt the following notations

$I_{lji}\equiv A_{l(j)(i)}+A_{j(l)(i)}+(p-3)A_{i(j)(l)}$ ,

$J_{li}\equiv A_{l(i)}+(p-2)A_{i(t)}$ ,

$\overline{C}^{k}=(p-3)G^{lk}I_{lji}+(p-4)G_{(j)}^{lk}J_{li}$ ,

$C_{ij}^{k}\equiv 1/(p-3)^{2}C_{ij}^{k}\sim.p\neq 3\backslash $
’

$\equiv C_{ij}^{k}\sim.p=3$ ,

where $I_{lji}$ is homogeneous of degree $p-4$ in $x^{\prime i}$ and $J_{li}$ is homogeneous

of degree $p-3$ in $x^{\prime i}$ .
The tensor $C_{ii}^{k}$ is constructed from only $A_{l}$ . By the use of this

tensor an absolute differential is defined as
$\delta^{*}\eta^{a}=d\eta^{a}+(\Gamma_{(6)(r)}^{a}+C_{6\delta}^{a}\Gamma_{(7)}^{\delta})\eta^{6}dx^{\gamma}+C_{6\tau}^{a}\eta^{6}dx^{\prime t}$ ,

(3. 15)
$\delta^{*}o(1=d_{U_{a}}-(\Gamma_{(a)(\gamma)}^{6}+C_{a\delta}^{6}\Gamma_{(\gamma)}^{\delta})o_{6}dx^{\gamma}-C_{a_{7}}^{6}u_{6}dx^{;\gamma}$ ,

provided $\eta^{a},$ $U_{a}$ are contravariant and covariant vector in our space.
The connection given by (3.15) is the connection $C^{\prime}$ in our space.

The concrete forms of WIRTINGER’S connections corresponding to
(3. 8) are introduced in two ways, the one is obtained by use of the
connection $C$ , the other making use of the connection $C^{\prime}$ .

Now we are going to explain these cases. The ZFRMEI,$os$ conditions
applied to the special KAWAGUCHI space are

$A_{i}(x, x^{\prime})x^{\prime i}=0$ ,

$2A_{i}x^{\prime/i}+(A_{k(i)}x^{\prime\prime k}+B_{(i)})x^{;\iota}=p(A_{i}x^{\prime\prime i}+B)$ ,

in which the former is nothing but an incidence condition between $x^{\prime i}$

and $A_{i}$ associated to each point in our space, therefore all conditions are
satisfied for introduction of the WIRTiNGER’S connection provided that
we have the $(x^{\prime i}, A_{i})$ as double vectors.

For the sake of introducing a concrete WIRTINGER’S connection based
on the connection $C$ , we Put $m=1$ in (2. 15) and especially Put $u$ . $=u$ . $(x, \eta)$

then the connection is defined as

$D\eta^{a}=\delta_{\xi}\eta^{a}+g^{\gamma a}(\frac{ao_{r}}{ax^{6}}-\frac{aW_{6}(0)}{a\eta^{7}}-2\frac{aW_{6}(0)}{a_{U_{\delta}}}\frac{\partial U_{\delta}}{a\eta^{7}})dx^{6}$

$(\backslash S. 16)$

$+g^{\gamma a}(-\frac{aW(1)}{a\eta^{\gamma}}\underline{6}-2\frac{aW_{6}(1)}{\partial v_{\delta}}\frac{a_{lJ_{\delta}}}{a\eta^{\gamma}})dx^{(1)\beta}$ ,
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$Du_{a}=\delta_{\epsilon^{U_{a}}}-\{\frac{a_{U_{a}}}{ax^{6}}-\frac{a_{U_{a}}}{a\eta^{\delta}}g^{\gamma\delta}(\frac{a_{0_{\gamma}}}{ax^{\theta}}-\frac{aW_{6}(0)}{a\eta^{r}}-2\frac{aW_{6}(0)}{a_{U_{8}}}\frac{\partial 0_{\epsilon}}{a\eta_{r}})\}dx^{6}$

$+\frac{a_{U_{\alpha}}}{a\eta^{\delta}}g^{t\delta}(-\frac{aW_{6}(1)}{a\eta^{r}}-2\frac{aW_{6}(1)}{\mathfrak{N}_{8}}\frac{a_{U_{6}}}{a\eta^{r}})dx^{(1)6}$

On the other hand, since KAWAGUCHI’S connections in the case are
$\delta\eta^{a}=d\eta^{a}+\Gamma_{(6)(r)}^{a}\eta^{6}dx^{\gamma}$ , $\delta u_{\alpha}=d_{U_{a}}-\Gamma_{(\alpha)(r)}^{6}o_{6}dx^{\gamma}$ ,

the relations

$o_{a}\delta_{\xi^{()}}0\eta^{a}=-\Gamma_{(6)(\gamma)}^{a}\eta^{6}v_{a}dx^{\gamma}=-W(x, x^{\prime}, \eta, v, \xi^{(0)})(0)$

$v_{a}\delta_{\text{\’{e}}^{(1)}}\eta^{\alpha}=-W(x, x^{\prime}, \eta, v, \xi^{(1)})(1)=0$

which lead to

$\frac{aW(0)}{\partial\eta^{\gamma}}=l_{(\gamma)(6)}^{\tau\alpha}o_{a}dx^{6}$ , $\frac{aW(0)}{ao_{\delta}}=\Gamma_{(a)(6)}^{\delta}\eta^{a}dx^{6}$ ,

accordingly

$D\eta^{a}=d\eta^{a}+g^{ra}(\frac{a_{U_{\gamma}}}{ax^{6}}-v_{\delta}\Gamma_{(\mathcal{B})(\tau)}^{\delta}-20_{\delta(\gamma)}\Gamma_{(\epsilon)(\beta)}^{\delta}\eta^{\epsilon})dx^{6}$ ,

(3. 17)
$D_{U_{a}}=d_{U_{a}}-\{v_{r6}$

are obtained at once.
Substituting $\eta^{a}=x^{\prime\alpha},$ $U_{a}=A_{a}$ in (3.17) we have

$Dx^{;a}=dx^{\prime\alpha}+g^{\gamma a}A_{7\beta}-A_{\delta}\Gamma_{(6)(r)}^{\delta}-2A_{\delta(\gamma)}\Gamma_{(\beta)}^{\delta})dx$’ ,
(3. 18)

$DA_{\alpha}=dA_{a}-\{A_{a6}-A_{a(\delta)}g^{r\delta}(A_{r6}-A_{\epsilon}\Gamma_{(6)(\gamma)}^{\epsilon}-2I_{(6)}^{\epsilon}A_{6(r)})\}dx^{6}$ .
If we adopt the notation

$\Phi_{a6}\equiv A_{a6}-A_{\gamma}\Gamma_{(a)(6)}^{r}-2A_{r(a)}I_{(6)}^{\tau}r$ ,

the relation
$\Phi_{\alpha 6}=\nabla_{6}A_{a}+g_{\alpha\gamma}\Gamma_{(6)}^{\gamma}$ ,

can be easily obtained with the aid of KAWAGUCHI’S covariant derivatives
$\nabla_{6}A_{a}=A_{\alpha 6}-A_{a(\gamma)}\Gamma_{(6)}^{r}-A_{\gamma}I_{(a)(6)}^{\tau\gamma}$ . $\rightarrow$

Therefore (3.18) gives rise to
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$Dx^{;a}=dx^{\prime\alpha}+g^{\gamma a}\Phi_{\tau 6}dx^{6}=dx^{\prime a}+g^{\gamma a}(\nabla_{B}A_{r}+g_{\tau\delta}\Gamma_{(\beta)}^{\delta})dx^{6}$

$=dx^{;a}+\Gamma_{(6)}^{a}dx^{6}+g^{\tau\alpha}\nabla_{6}A_{\gamma}dx^{8}$ ,

$DA_{a}=dA_{\alpha}-(A_{a6}-A_{a(\gamma)}g^{\delta\tau}\Phi_{\delta 6})dx^{6}$

$=dA_{a}-\{A_{a6}-A_{\alpha(r)}g^{\delta\tau}(\nabla_{6}A_{\delta}+g_{\delta e}\Gamma_{(6)}^{e})\}dx^{6}$

$=dA_{a}-\Gamma_{(a)(6)}^{\gamma}A_{r}dx^{6}+A_{a(\delta)}g^{\tau\delta}V_{6}A_{r}dx^{6}-\nabla_{6}A_{a}dx^{6}$

Finally the relations between both connections are obtained as follows
$Dx^{\prime a}=\delta x^{\prime a}+g^{\gamma a}\nabla_{6}A_{\gamma}dx^{6}$ ,

(3. 19)
$DA_{a}=\delta A_{a}-(\delta_{a}^{\gamma}-A_{a(\delta)}g^{\gamma\delta})\nabla_{6}A_{r}dx^{6}$ .

The above obtained formulae (3. 19) may be found from (3.9) di-
rectly, because if we put $\eta^{a}=x^{Ja},$ $u_{\alpha}=A_{a}$ in (3.9) it follows that

$Dx^{\prime a}=\delta x^{;a}+g^{a\gamma}(\delta A_{\gamma}-A_{r(6)}\delta x^{\prime\beta})$ ,

$DA_{a}=\delta A_{a}-(\delta_{a}^{r}-A_{a(6)}g^{\gamma 6})(\delta A_{\tau}-A_{\gamma(6)}\delta x^{\prime\beta})$ .
Then paying attention to the following relation

$\delta A_{\tau}-A_{\gamma(6)}\delta x^{\prime\beta}=dA_{\tau}-\Gamma_{(\tau)(\beta)}^{a}A_{a}dx^{6}-A_{\gamma(6)}(dx^{\prime\beta}+\Gamma_{(\delta)}^{6}dx^{\delta})$

$=(A_{\gamma(\beta)}-\Gamma_{(\gamma)(6)}^{a}A_{a}-A_{\gamma(\delta)}\Gamma_{(6)}^{\delta})dx^{6}$

$=\nabla_{6}A_{\tau}dx^{6}$ ,

we can attain our object.
As the general form of the WIRTINGER’S connection is indicated in
(3. 16) and that of the KAWAGUCHI’S in (3. 15) we obtain

$v_{a}\delta_{\epsilon^{(0)}}\eta^{a}=-(\Gamma_{(r)(6)}^{a}+C_{r\text{\‘{o}}}^{a}\Gamma_{(6)}^{\delta})\eta^{r}v_{a}=-W_{6}(x, x^{\prime}, \eta, u)(0)$ ,

$u_{a}\delta_{\xi^{()}}1\eta^{a}=-C_{\gamma 6}^{a}i\eta^{r}v_{\alpha}=-W_{6}(x, x^{\prime}, \eta, v)(1)$

form which

$\frac{aW_{6}(0)}{a\eta^{\tau}}=(\Gamma_{(r)(6)}^{a}+C_{r\delta}^{a}\Gamma_{(\beta)}^{\delta})v_{a}$ , $\frac{aW_{6}(0)}{\partial v_{\delta}}=(\Gamma_{(r)(6)}^{\delta}+C_{r\epsilon}^{\delta}\Gamma_{(6?^{\backslash }}^{\epsilon})\eta^{r}$ ,

(3. 20)
$\underline{a_{8}}\frac{W_{6}(1)}{\eta^{\gamma}}=C_{r6^{U_{a}}}^{a}$ , $\frac{aW_{6}(1)}{av_{\delta}}=C_{r6}^{\delta}\eta^{\gamma}$

are derived.
By the substitution of (3. 20) in (3. 16)
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$D\eta^{a}=\delta_{\xi}\eta^{a}+g^{\gamma a}\{\frac{a\nu_{r}}{ax^{6}}-(\Gamma_{(r)(6)}^{\rho}+C_{r\delta}^{\rho}\Gamma_{(6)}^{\delta})_{U_{\rho}}-2(\Gamma_{(\rho)(\beta)}^{\delta}i$

$+C_{\rho\epsilon}^{\delta}\Gamma_{(\beta)}^{\epsilon})\eta^{\rho}\frac{a_{U_{\delta}}}{a\eta^{r}}I^{dx^{6}+g^{r^{a}}}(-C_{\gamma 6^{U}\delta}^{\delta}-2C_{\epsilon 6}^{\delta}\eta^{\epsilon}\frac{a_{U_{\delta}}}{a\eta^{\gamma}})dx^{(1)6}$ ,
$(3. 20)^{\prime}$

$Do_{\alpha}=\delta_{\xi}y_{a}-[\frac{av_{a}}{ax^{6}}-\frac{a_{U_{a}}}{a\eta_{\delta}}q^{\gamma\delta}:\{\frac{a_{U_{r}}}{ax^{6}}-(\Gamma_{(\gamma)(\beta)}^{\rho}+C_{\gamma\delta}^{0}\Gamma_{(\beta t}^{\delta})u_{\rho}$

$-2(\Gamma_{(\rho)(6)}^{h}+C_{\rho\epsilon}^{1}\Gamma_{(\beta)}^{\epsilon_{C}})\eta^{\rho}\frac{a_{U_{1}}}{a\eta^{r}}\}]h^{6}$

$+\frac{a_{U_{a}}}{a\eta^{a}}g^{r\overline{0}}(-C_{\gamma\beta}^{l}u_{\lambda}-2C_{\epsilon 6}^{R}\eta^{\epsilon}\frac{a_{U_{l}}}{a\eta^{\gamma}})dx^{(1)6}$

are given. Puting $\eta^{a}=x^{\prime a},$ $v_{a}=A_{a}$ then the Pnal formulae of the con-
nection are

$Dx^{;a}=dx^{\prime a}+g^{\theta^{a}}\{A_{6e}-(\Gamma_{(\beta)(\epsilon)}^{\gamma}+C_{\rightarrow \mathcal{B}\delta}^{\gamma}\Gamma_{(\epsilon)}^{\delta})A_{\gamma}$

$-2I_{(\rho)(e)}^{\tau\gamma}x^{\prime\beta}A_{\gamma(\beta)}\}dx^{e}-g^{6a}C^{\delta_{\beta\epsilon}}A_{\delta}dx^{(1)\epsilon}$ ,
(3.21)

$DA_{a}=dA_{a}-[A_{a\epsilon}+A_{a(6)}g^{\delta 6}\{-A_{\delta\epsilon}+(I_{(\delta)(\epsilon)}^{v\rho}+C_{\delta 0}^{\rho}\Gamma_{(8)}^{\sigma})A_{\rho}$

$i$

$+^{l}2\Gamma_{(\rho)(e)}^{\gamma}x^{\prime\rho}A_{r(\delta)}\}]dx^{\epsilon}-A_{a(\beta)}g^{\delta 6}C$
“ $eA_{6}dx^{(1)\epsilon}$ .

They clearly demonstrate that the $f^{k}ormuIae(3.21)$ are a concrete form
of the $WIRTING+RS$ connection in the special KAWAGUCHI space.
In order to obtain the relations between the WIRTINGER’S connection
and the KAWAGUCHI’S we adopt again the notation $\delta^{*}$ as the KAWAGUCHI $S$

covariant differential based on the connection $C^{f}$ , then
$\delta^{*}x^{;a}=dx^{;\alpha}+(\Gamma_{(6)(\gamma)}^{a}+C_{S\delta}^{a}\Gamma_{(r)}^{\delta})x^{\prime 6}dx^{\gamma}+C_{6r}^{a}x^{;6}dx^{;\tau}$

(3. 22)
$=dx^{\prime a}+\Gamma_{(\gamma)}^{a}dx^{r}=\delta x^{;a}$ ,

$\delta^{*}A_{a}=dA_{a}-(\Gamma_{(a)(\gamma)}^{\mathcal{B}}+C_{a\delta}^{6}\Gamma_{(\gamma)}^{\delta}\rangle$ $A_{\mathcal{B}}dx^{\gamma}$ -C6. $rA_{6}dx^{\prime\tau}$

$=dA_{a}-\Gamma_{(a)(\tau)}^{6}A_{6}dx^{\gamma}-C_{\sigma\gamma}^{6}A_{6}\delta x^{\prime\gamma}=\delta A_{a}-C_{a\gamma}^{6}A_{6}\delta x^{\prime r}$

are the covariant differentials dePned by KAWAGUCrII. Formulae (3.21)
are rewritten as \rangle

$Dx^{\prime a}=dx^{;a}+g^{6a}\Phi_{6e}dx^{\epsilon}+g^{6a}(\tilde{\Phi}_{6\epsilon}-A_{6(e)})dx^{\prime e}$

$+g^{6a}\Gamma_{(6)}^{\delta}(\tilde{\Phi}_{6\delta}-A_{\beta(\delta)})dx^{\epsilon}|$ , $J$

$DA_{a}=dA_{a}+[-A_{\alpha\epsilon}+A_{a(6)}g^{\delta 6}\Phi_{\delta\epsilon}]dx^{\epsilon}$

$-A_{a(\beta)}g^{\delta 6}C^{0_{\delta}}$ , $A_{\rho}(dx^{\prime 6}+\Gamma_{(\epsilon)}^{o}dx^{\epsilon})$ ,

by the use of
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$\phi_{6\epsilon}\equiv A_{6\epsilon}-2A_{r(6)}\Gamma_{(\epsilon)}^{r}-A_{7}\Gamma_{(6)(6)}^{r}$ ,

$\tilde{\Phi}_{6\epsilon}\equiv A_{6(e)}$ $A_{\gamma}C_{\epsilon\epsilon}^{r}$ .
On the other hand; (3. 21) leads us to

$Dx^{\prime a}=dx^{;a}+\Gamma_{(6)}^{a}dx^{6}+g^{\beta a}\nabla_{r}A_{6}dx^{\gamma}-g^{6\alpha}A_{\gamma}C^{r_{6\epsilon}}\delta x^{\prime 6}$ ,

(3. 23) $DA_{a}=dA_{a}-\Gamma_{(a)(\gamma)}^{6}A_{6}dx^{\gamma}-\nabla_{6}A_{a}dx^{6}$

$-A_{a(6)}g^{\delta 6}(\nabla_{\tau}A_{\delta}dx^{r}-C^{r_{\delta\epsilon}}A_{\gamma}\delta x^{\prime e})$ ,

by use of $\nabla_{\epsilon}A_{a}$

In consequence of (3. 22) and (3. 23) the relations between both con-
nections are expressed as

$Dx^{\prime a}=\delta^{*}x^{\prime a}+g^{6a}(\nabla_{\gamma}A_{6}dx^{\gamma}-A_{\gamma}C^{r_{6e}}\delta x^{\prime e})$ ,
(3. 24)

$DA_{a}=\delta^{*}A_{a}-(\delta_{a}^{0}-A_{a(6)}g^{06})(\nabla_{\epsilon}A_{0}dx^{e}-A_{\sigma}C^{\sigma_{07}}\delta x^{;\gamma})$ .
Of course, the formulae (3. 24) are easily derived from (3.9). Besides
this there are many special KAWAGUCHI. spaces in which such a con-
nection as in (3. 23) can be introduced, for example, in KAWAGUCHI
speces with matrics

$s=\int\{a_{i}(x, x^{\prime})a_{j}(x, x^{\prime})x^{\prime\prime i}x^{\prime\prime j}+2b(x, x^{\prime})a_{i}(x, x^{\prime})x^{\prime\prime i}+c(x, xi)\}^{1/p}dt$ ,

$s=\int\{A_{i}(x, x^{\prime})x^{\prime\prime i}+B(x, x^{\prime}, x^{\prime\prime})\}^{1/p}dt$ ,

we can introduce concrete WIRTINGER’S connections into the spaces.

\S 4. Covariant derivatives

To $\eta^{a}$ and $U_{a}$ in double vectors $(\eta^{a}, v_{a})$ , the covariant derivatives
based on the special WIRTINGER’S connection which is introduced in $K_{n}^{(m)}$

can be defined making use of KAWAGUCHI’S covariant derivatives.
The base connections in the KAWAGUCHI space are (defined by

$F^{-m-l}g^{ij}\delta \mathfrak{E}_{i}\equiv\delta x^{(2m-1)J}=\rceil(\delta_{i}^{j}+\mathfrak{E}_{i}^{1}\frac{x^{\prime j}}{F})dx^{(m-1)i}\underline{9}+\Sigma^{2m-2}\Lambda_{l}^{j}dx^{(a)i}a-02m-1a$ ,

$\left(\begin{array}{l}\Phi m- 1\\p\end{array}\right)F^{2m-p-1}g^{ij}\sum_{\mu=p}^{2m-1}A_{\mu-p+1}^{p}\sum_{R\Leftrightarrow\mu}^{2m-1}’\left(\begin{array}{l}\lambda\\\mu\end{array}\right)l\mathfrak{E}_{i(l)k}dx^{(R-\mu)k}\equiv\delta x^{(2m-p-1)j}$

$=(\delta_{i}^{j}+\mathfrak{E}_{i^{\frac{x^{\prime j}}{F})\Lambda_{\iota^{j}}dx^{(a)i}}}^{\iota a}dx^{(2m-p-1)i}+.\sum_{2m-p-1}^{\prime}-m-p-2a=0(p=1,2, \cdots, 2m-2)$ .
Making use of these connections, one may rewrite (3. 4) as

(4. 1) $\delta X^{i}=\sum_{\alpha\Leftrightarrow 0}^{m-1}\nabla_{j}^{(a)}X^{i}\cdot\delta x^{(a)j}$

)

$(\delta x^{(0)j}\equiv dx^{j})$ ,



94 S. Ide

where
$\nabla_{j}^{(2m-1)}X^{i}=X_{(2m-1)j}^{l}$ ,

(4. 2)
$\nabla_{j}^{(p)}X^{l}=X_{(p)j}^{i}-\sum_{\iota=p+l}^{2m-1}\nabla_{k}^{(l)}X^{l}\Lambda_{j}^{k}+\Gamma_{kj}^{i}X^{k}lpp$ $(p=0,1,2, \cdots, 2m-1)$ .

It should be noticed that
$x^{\prime f}\nabla_{j}^{(p)}X^{l}=0$ $(p=1,2, \cdots, 2m-1)$ .

By use of KAWAGUCHI’S covariant derivatives
$\nabla_{j}^{(p)}X^{l}$ $(p=0,1,2, \cdots, 2m-1)$ ,

the covariant derivatives in our case can be defined as follows.
From (3. 9) the relations between the KAWAGUCHI’S connection and

the WIRTINGER $S$ connection are

$D\eta^{a}=\delta\eta^{a}+g^{\gamma a}(\delta v_{r}-\frac{a_{U_{\gamma}}}{a\eta^{6}}\delta\eta^{8})$ ,

$D_{U_{a}}=\delta^{\prime}/a-(\delta_{a}^{\gamma}-\frac{a_{lJ_{a}}}{a\eta^{6}}g^{r6})(\delta_{J_{\gamma}}’-\frac{ao_{r}}{a_{\eta^{6}}}\delta\eta^{6})$ .
Therefore, corresponding to (4. 1) we have the following expressions

$\delta\eta^{a}=\sum_{l=0}\nabla_{6}\eta^{a}\cdot\delta x^{(\lambda)6}2m-1l$ , $\delta v_{a}=\sum_{1=0}\nabla_{6^{U_{a}}}\cdot\delta x^{(1)6}2m-1l$

Making use of the above expressions, one derives

$D\eta^{a}=\sum_{1=0}^{2m-11}\nabla_{6}\eta^{a}\delta x^{(1)6}+g^{7^{a}}(\sum_{l=0}^{2m-11}\nabla_{6^{U_{\gamma}}}\cdot\delta x^{(l)6}-\frac{a/J_{7}}{a_{\eta^{6}}}\sum_{l\Leftarrow}^{2m-1}\nabla_{\delta}^{l}\eta^{6}\cdot\delta x^{(l)6})$

$=\sum_{l=0}^{2m-1}(\nabla_{\delta}g^{ra}v_{r}\frac{a_{U_{\gamma}}}{a\eta^{6}}\nabla_{\delta}1l1\eta^{6})\delta x^{(l)\delta}$

$=\sum_{\iota=0}^{2m-l}D\nabla_{6}\eta^{a}\cdot\delta x^{(\lambda)6}R$ ,

where we put

(4. 3) $D\nabla_{6}\eta^{a}l=\nabla_{\epsilon\eta^{a}}+g^{\gamma a}\nabla_{6^{U_{\gamma}}}-g^{\gamma a}\frac{a_{U_{r}}}{\delta}\nabla_{\mathcal{B}\eta^{\delta}}lll$

$a\eta$

$=\nabla_{6}\eta^{a}+g^{\gamma a}R(\nabla_{6}0_{r}-\frac{a/y_{\tau}}{a\eta^{\delta}}\nabla_{6}\eta^{\delta}ll)$

$=(\delta_{\delta}^{a}-g^{ra}\frac{a_{U_{r}}}{a\eta^{\delta}})^{11}\nabla_{\epsilon\eta^{a}+g^{\gamma a}\nabla_{6}0_{\tau}}$

Similarly
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$D_{U_{a}}=\sum_{l=0}\nabla_{6}v_{a}\delta x^{(X)6}-2m-11(\delta_{a}^{\gamma}-\frac{\partial 0_{a}}{a\eta^{6}}g^{\gamma 6})\sum_{l\leftarrow 0}\nabla_{\delta^{U_{\gamma}}}\cdot\delta x^{(l)\delta}$

$+(\delta_{a}^{r}-\frac{av_{a}}{a\eta^{6}}g^{\tau^{l}6})\frac{a_{U_{\gamma}}}{a\eta^{\delta}}\sum_{l-0}^{\sim}\nabla_{e}\eta^{\delta}\cdot\delta x^{(l)\epsilon}m-1l$

$=\sum_{l=0}^{2m-1}\{\nabla_{\epsilon^{U_{a}}}-r(\delta_{a}^{\gamma}-\frac{\delta U_{\alpha}}{8\eta^{6}}g^{\gamma 6})^{l}\nabla_{\epsilon}v_{r}+(\delta_{a}^{\gamma}-\frac{8v_{a}}{a\eta^{6}}g^{\tau 6})^{l}\frac{a_{U_{t}}}{\partial\eta^{\delta}}\nabla_{\epsilon}\eta^{\delta}I^{\delta x^{(1)\epsilon}}$

$=\sum_{\lambda-0}^{2m-1}D\nabla_{6}v_{a}\cdot\delta x^{(1)6}R$ ,

where we put

$D\nabla_{\epsilon}0_{a}\equiv\nabla_{\epsilon}llv_{a}-(\delta_{a}^{\gamma}-\frac{a_{U_{a}}}{a\eta^{6}}g^{\gamma\beta})^{1}\nabla_{\epsilon}v_{\gamma}+(\delta_{a}^{r}-\frac{a_{U_{a}}}{a\eta^{e}}g^{r\beta})\frac{a_{U_{\gamma}}}{a\eta^{\delta}}\nabla_{e}\eta^{\delta}1$

(4. 4)
$=\nabla_{\epsilon^{U_{a}}}-l(\delta_{a}^{r}-\frac{a_{U_{a}}}{a\eta^{6}}g^{\gamma 6})(l\nabla_{e^{U}r}-\frac{a_{U_{\gamma}}}{a\eta^{\delta}}l\nabla_{\epsilon}\eta^{\delta})$

It is valid to adopt these expressions defined in (4. 3) and (4. 4) as the
covariant derivatives in our case; so, when they are applied to the
special KAWAGUCHI space in the case of the connection $C$

$D\nabla_{6}\eta^{a}=\nabla_{6}\eta^{\alpha}+g^{ra}0(\nabla_{6}v_{\gamma}-\frac{a\prime y_{\gamma}}{a\eta^{\delta}}\nabla_{e\eta^{\delta})}$ ,

$D\nabla_{\mathcal{B}}\eta^{a}1=\nabla_{6}^{\prime}\eta^{a}+g^{\gamma a}(\nabla_{6^{U}\tau_{\delta}}^{7}’-\frac{a_{U}}{a\eta}-\nabla_{\epsilon\eta^{\delta}}^{\prime})$

are obtained.
Putting

$\eta^{a}\equiv x^{\prime a}$ , $u_{a}\equiv A_{a}$ ,

and taking care of
$\nabla_{\epsilon^{X^{\prime a}}}=0$ , $\nabla_{6}^{\prime}x^{\prime u}=\delta_{6}^{a}$ , $\nabla_{6}^{\prime}A$ . $=A_{a(6)}$ ,

one obtains

$D\nabla_{6}x^{J^{\alpha}}0=\nabla_{6}x^{;a}+g^{\gamma a}(\nabla_{6}A_{r}-A_{r(\delta)}\nabla_{\mathcal{B}}x^{r\delta})=g^{\tau a}\nabla_{6}A_{\gamma}$ ,

$D\nabla_{6}x^{;a}1=\nabla_{6}^{\prime}x^{\prime a}+g^{\gamma a}(\nabla_{6}^{\prime}A_{r}-A_{\gamma(\delta)}\nabla_{6}^{\prime}x^{\prime\delta})$

$=\delta_{6}^{a}+g^{\gamma a}(A_{(r)6}-A_{\gamma(\delta)}\delta_{6}^{\delta})=\delta_{6}^{a}$ ,

therefore as the result we have
(4. 5) $Dx^{\prime a}=g^{\gamma a}\nabla_{6}A_{\gamma}dx^{6}+\delta_{6}^{a}\delta x^{\prime\beta}$ .
On the other hand, from
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$D\nabla_{\epsilon}A_{a}0=\nabla_{e}A_{a}..-(\delta_{a}^{\gamma}-A_{a(\beta)}g^{r6})(\nabla_{\epsilon}A_{\gamma}-A_{r(\underline{\rangle})}\nabla_{\epsilon}x^{\prime\delta})=A_{a(6)}g^{\tau 6}\nabla_{\epsilon}A_{\gamma}$ ,

$D\nabla_{\epsilon}A_{\alpha}l=\nabla_{\epsilon}^{\prime}A_{a}-(\delta_{\alpha}^{7}-A_{a(6)}g^{\gamma\beta})(\nabla_{\epsilon}^{\prime}A_{r}-A_{7(\delta)}\nabla_{\epsilon}^{\prime}x^{;\delta})\backslash =A_{a(\epsilon)}$ ,

we can derive
(4. 6) $DA_{\alpha}=A_{a(6)}g^{\gamma 6}\nabla_{\epsilon}A_{\gamma}dx^{\epsilon}+\nabla_{\epsilon}^{\prime}A_{a}\delta x^{\prime e}$

In like manner, apPlying (4. 3), (4. 4) to the special KAWAGUCHI space
with the connection $C^{\prime}$ ,

$z)\nabla_{6}x^{\prime a}0=\nabla_{6}x^{\prime a}+g^{ra}(\nabla_{6}A_{r}-\frac{aA_{7}}{ax^{\delta}}\nabla_{6}x^{;\delta})$ ,

$D\nabla_{6}x^{;a}1=\nabla_{6}^{\prime}x^{\prime\alpha}+g^{\gamma a}(\nabla_{6}^{\prime}A_{r}-\frac{aA_{1}}{ax^{\delta}}\nabla_{6}^{\prime}x^{\prime\delta})$ ,

$D\nabla_{\epsilon}A_{a}0=\nabla_{e}A_{a}-(\delta_{a}^{\gamma}-A_{a(\beta)}g^{\tau 6})(\nabla_{e}A_{7}-A_{r(\delta)}\nabla_{\epsilon}x^{;\delta})$ ,

$D\nabla_{\epsilon}l$

$A$ . $=\nabla_{\epsilon}^{\prime}A.-(\delta_{a}^{7}-A_{a(\mathcal{B})}g^{r6})(\nabla_{\epsilon}^{\prime}A_{\gamma}-A_{r(\delta)}\nabla_{\epsilon}^{\prime}x^{\prime\delta})$

are derived, so that paying attention to
$\nabla_{j}x^{\prime i}=0$ , $\nabla_{j}^{\prime}x^{;l}=\delta_{j}^{i}$ , $\nabla_{j}^{\prime}A_{l}=A_{i(j)}-C_{ij}^{k}A_{k}$ ,

we have
$D\nabla_{6}x^{\prime a}0=g^{ra}\nabla_{6}A_{\gamma}$ ,

$D\nabla_{6}x^{\prime a}1=\delta_{6}^{a}+g^{\gamma a}(A_{7(6)}-C_{a6}^{\delta}A_{\delta}-A_{\gamma(\delta)}.\delta_{6}^{\delta})$ ,

$D\nabla_{\epsilon}A_{a}0=\nabla_{e}A_{a}-(\delta_{a}^{\gamma}-A_{a(\beta)}g^{\gamma 6})(\nabla_{\epsilon}A_{7}-A_{r(\delta)}\times 0)=A_{a(6)}g^{\gamma 6}\nabla_{e}A_{\gamma}$ ,

$Dr_{e}^{1}A_{a}=A_{a(\epsilon)}-C_{a\epsilon}^{\delta}A_{\delta}-(\delta_{a}^{7}-A_{a(6)}g^{\gamma\beta})(A_{r(8)}-C_{\gamma\epsilon}^{\delta}A_{\delta}-A_{\gamma(\delta)}\delta_{\epsilon}^{\delta})$

$=A_{a(\epsilon)}-A_{a(6)}g^{\gamma 6}C_{\tau\epsilon}^{\delta}A_{\delta}$

From these results we get at once
$Dx^{\prime a}=g^{ra}\nabla_{6}A_{7}dx^{6}+(\delta_{6}^{a}-g^{\gamma a}C_{\tau 6}^{\delta}A_{\delta})\delta x^{;6}$ ,

(4. 7)
$DA_{a}=A_{a(6)}g^{\gamma\beta}\nabla_{\epsilon}A_{7}dx^{\epsilon}+(A_{a(\epsilon)}-A_{a(6)}g^{r6}C_{\tau\epsilon}^{\delta}A_{\delta})\delta x^{\prime\epsilon}$

Other covariant derivatives in our special KAWAGUHI space can be de-
fined but the details will be stated in \S 5.

\S 5. Covariant derivatives in a special KAWAGUCHI space

On the connection of a special KAWAGUCtII space with the metrics

$s=\int\{A_{i}x^{\prime\prime i}+B\}^{1/p}dt$ ,
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we have developed the outline in \S 3 and on the other hand, on the
covariant derivatives coming in contact with them we have touched
very briefly in \S 4.

In \S 5 covariant derivatives subjected to the WIBTINGaR’S connection
and relations with the KAWAGUCHI’S derivatives will be stated some-
what in detail.

The KAWAGUCHI’S differentials in the case of connection $C$ are
$\delta^{(C)}0^{i}=d_{U^{i}}+\Gamma_{(j)(k)}^{i}v^{j}dx^{k}$ , $\delta^{(C)_{U_{i}}}=d_{U_{i}}-\Gamma_{(i)(k)}^{j}v_{j}dx^{k}$ ,

(base connection) $\delta x^{Jl}=dx^{;l}+\Gamma_{(j)}^{i}dx^{j}$ ,

so that we have

$\delta^{(C)}v^{i}=(\frac{a_{U^{i}}}{ax^{k}}-\frac{a_{U^{i}}}{ax^{l}}l_{(k)}^{7}\iota+\Gamma_{(j)(k)}^{i}0^{j})dx^{k}+\frac{a_{U^{i}}}{ax^{k}}\delta x^{\prime k}$

$=\nabla_{j^{fJ^{i}}}dx^{j}+\nabla_{j}^{\prime}v^{i}\delta x^{\prime j}cc$ ,

where we Put

(5. 1) $\nabla_{j}cv^{l}\equiv\frac{a_{U^{i}}}{ax^{j}}-\frac{8v^{i}}{ax^{l}}I_{(j)}^{7}\iota+\Gamma_{(k)(j)}^{l}U^{k}$ , $\nabla_{j}^{\prime}0^{i}\equiv\frac{a_{U^{i}}}{ax^{j}}c$

Similarly

$\delta^{(C)}v_{i}=(\frac{av_{i}}{ax^{k}}-\frac{a_{U_{i}}}{ax^{l}}I_{(k)}^{7}\iota-\Gamma_{\langle i)(k)}^{j}\prime y_{j})dx^{k}+\frac{a_{J_{i}}\prime}{ax^{\prime k}}\delta x^{\prime k}$

$\equiv\nabla_{j^{U}i}dx^{j}+\nabla_{J^{U_{i}}}^{\prime}\delta x^{\prime j}cc$

where we put ‘

(5. 2) $\nabla_{j}v_{\ell}c\equiv\frac{80_{i}}{\partial X^{j}}-\frac{a_{U_{i}}}{\partial X^{l}}\Gamma_{(j)}^{\iota}-I_{(i)(j)}^{7}ko_{k}$ , $\nabla_{j}^{\prime}v_{i}\equiv\frac{av_{i}}{ax^{j}}c$

From (3. 15) KAWAGUCHI’S differentials in the case of connection $C^{\prime}$

expressed by

$\delta^{(C^{\prime})}U^{i}=dv^{i}+\Gamma_{jk}^{*l}v^{j}dx^{k}+C_{jk}^{i}v^{j}dx^{\prime k}$ ,

$\delta^{(C^{\prime})}U_{i}=dv_{i}-\Gamma_{ik}^{*j}v_{j}dx^{k}-C_{tk}^{j}o_{J}dx^{\prime k}$ ,

(base connection) $\delta\iota^{\prime i}=dx^{\prime}+\Gamma_{(j)}^{i}dx^{j}$ ,

where we put

$\Gamma^{*}?_{jk}\equiv\Gamma_{(J\supset(k)}^{i}+C_{jl}^{i}\Gamma_{(k)}^{l}$ .
Rewriting the above expressions we have
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$\delta^{(C^{\prime})}0^{i}=dv^{i}+\Gamma_{(j)(k)}^{i}v^{j}dx^{k}+C_{jk}^{i}v^{j}\delta x^{\prime k}$ ,

$\delta^{(C^{\prime})_{U_{\ell}}}=d_{U_{i}}-\Gamma_{(i)(k)}^{j}v_{j}dx^{k}-C_{ik^{U}j}^{J}\delta x^{\prime k}$ ,

so that

$\delta^{(C^{\prime})_{U}l}=(\frac{a_{U^{i}}}{ax^{k}}-\frac{av^{l}}{\partial X^{l}}\Gamma_{(k)}^{l}+\Gamma_{(j)(k)^{\prime))dx^{k}+}}^{ij}(\frac{a_{U^{l}}}{ax^{k}}+C’ jk^{U^{j}})\delta x^{\prime k}$

$=\nabla_{J^{U^{i}}}dx^{j}+\nabla_{j}^{\prime}0^{i}\delta x^{\prime j}C^{\prime}C^{\prime}$ ,
$($5. $2)^{\prime}$

.
$\delta^{(C^{\prime})}v_{i}=(\frac{av_{i}}{ax^{k}}-\frac{av_{i}}{ax^{l}}\Gamma_{(k)}^{l}+\Gamma_{(i)(k)}^{j}v_{j})dx^{k}+(\frac{av_{i}}{ax^{k}}-C_{ik^{U}j}^{f})\delta x^{\prime k}$

$=\nabla_{j}v_{i}dx^{j}+\nabla_{j}^{\prime}0_{l}\delta x^{;j}C^{\prime}C^{\prime}$

are given, where we put

$c’\nabla_{j^{U^{l}}}\equiv\frac{a_{U^{i}}}{ax^{j}}-\frac{a_{U^{l}}}{ax^{l}}\Gamma_{(j)}^{l}+\Gamma_{(k)(j)}^{i}v^{k}$ , $\nabla_{j}^{\prime}0^{i}\equiv\frac{a_{U^{i}}}{ax^{j}}+C_{kj^{\prime\prime}}^{ik}C^{\prime}’$.
(5. 3)

$\nabla_{j}v_{i}\equiv\frac{a_{U_{i}}}{ax^{j}}-\frac{a_{U_{i}}}{ax^{l}}\Gamma_{(j)}^{l}-l_{(\ell)(j)^{\{J}k}^{k}C^{\prime}$ , $\nabla_{j}^{\prime}0_{i}\equiv\frac{a_{J_{l}}}{ax^{\prime j}}-C_{ij}^{k}o_{k}C^{\prime}$.

Quantities given by (5.1), (5.2) and (5.3) are KAWAGUCtII’S derivatives
from which the next relations can be obtained easily

$\nabla_{j}0^{i}=\nabla_{J^{U^{i}}}CC^{\prime}$ $\nabla_{J^{U^{i}}}^{\prime}=\nabla_{J^{U^{l}}}^{\prime}+C^{\iota_{kj}}v^{k}c^{\prime}r_{\text{ノ}}^{J}.$ ,
(5.4)

$\nabla_{j^{U}i}\Gamma_{\text{ノ}}=\nabla_{j^{U}i}C^{\prime}$ , $C^{J}C^{\text{ノ}}\nabla_{J^{U_{i}}}^{\prime}=\nabla_{j}0_{i}-C_{ij}^{k}v_{k}$ .
If we put

$v_{i}\equiv A_{l}$ , $v^{i}\equiv x^{\prime\ell}$ ,

the expre8sions

$\nabla_{j}x^{\prime i}=\lceil_{f}^{7}x^{\prime l}=0CC^{\prime}$ , $\nabla_{j}A_{i}=\nabla_{j}A_{i}=A_{ij}-A_{i(l)}\Gamma_{(j)}^{l}-A_{l}\Gamma_{(i)(j)\prime}^{l}CC^{t}$

(5. 5)
$\nabla_{j}^{\prime}x^{;t}=\nabla_{j}^{\prime}x^{\prime i}=\delta_{j}^{i}c^{\prime}c$ $\nabla_{j}^{\prime}A_{i}=\nabla_{j}^{\prime}A_{i}-C_{ij}^{k}A_{k}=A_{i(j)}-A_{k}C_{ij}^{k}c^{\prime}c.$.

are given by (5. 4).
Since

$D^{(C)}\eta^{i}=d+(\frac{av_{k}}{ax^{j}}-v_{l}\Gamma_{(j)(k)}^{l}-2\frac{a_{U_{l}}}{a\eta^{k}}I_{(h)(j)}^{\tau_{l}}\eta^{h})dx^{j}$ ,

$D^{(C)}v_{t}=d_{U_{i}}-\{\frac{a_{U_{l}}}{ax^{j}}-\frac{a_{U_{i}}}{a\eta^{l}}g^{kl}(\frac{a_{U_{k}}}{ax^{j}}-U_{m(j)(k)}I^{m}-2\frac{a_{fj_{h}}}{a\eta^{k}}\Gamma_{(m)(j)}^{h}\eta^{m})\}dx^{j}$

are derived by use of (3. 9) or (3. 17) in our special $KAWAGn$ } $fI$ space
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applying the WIBTINGFR’S connection based on the connection $C$ to a
double vector $(\eta^{i}(x^{\prime}), u_{i}(x, \eta))$ , one obtains

$D^{(Cy}\eta^{i}=\frac{a_{\eta^{i}}}{ax^{;j}}dx^{\prime j}+g^{ki}(\frac{8v_{k}}{ax^{j}}-U_{l}\Gamma_{(j)(k)}^{l}-2\frac{a_{J_{l}}}{a\eta^{k}}\Gamma_{(h)(j)}^{l}\eta^{h})dx^{j}$

$=\{-\frac{ar/^{i}}{ax^{\prime l}}\Gamma_{(J)}^{l}+g^{ki}(\frac{a_{U_{k}}}{ax^{j}}-0_{l}\Gamma_{(j)(k)}^{\iota}-2\frac{a_{U_{l}}}{a\eta^{k}}\Gamma_{(h)(j)}^{l}\eta^{h}1^{dx^{j}+\frac{a\eta^{i}}{ax^{j}}\delta x^{;j}}$

$=\nabla_{j}\eta^{l}dx^{j}+\nabla_{j}^{\prime}\eta^{i}\delta x^{;j}W17$

where we put

$\nabla_{j}\eta^{i}\equiv W-\frac{a\eta^{l}}{ax^{;\iota}}\Gamma_{(j)}^{l}+g^{ki}(\frac{a_{U_{k}}}{ax^{j}}-v_{l}\Gamma_{(j)(k)}^{l}-2\frac{av_{l}}{a\eta^{k}}\Gamma_{(h)(j)}^{l}\eta^{h})$ ,

(5. 6)
$W\nabla_{j}^{\prime}\eta^{l}\equiv\frac{a}{ax}\eta_{--,j}^{i}$ .

Similarly

$D^{(\sigma)}U_{i}=\frac{a_{U_{i}}}{ax^{j}}dx^{j}-\frac{a\prime\prime_{i}}{a\eta^{l}}\frac{a\eta^{l}}{ax^{j}}dx^{\prime j}-\{\frac{a_{U_{l}}}{ax^{j}}-\frac{a_{U_{l}}}{a\eta^{l}}g^{kl}(\frac{a_{J_{k}}\prime}{ax^{j}}-v_{m}\Gamma_{(j)(k)}^{m}$

$-2_{k}^{h}\frac{av}{a\eta}-\Gamma_{(m)(j)}^{h}\eta^{m})\}dx^{j}$

$=\{-\frac{a_{J_{l}}\prime}{a\eta^{l}}\frac{a\eta^{l}}{ax^{m}}\Gamma_{(j)}^{m}+\frac{a_{U_{i}}}{a\eta^{l}}g^{kl}(\frac{a_{U_{k}}}{ax^{j}}-\iota J_{m}\Gamma_{(j)(k)}^{m}$

$-2\frac{a_{U_{h}}}{a\eta^{k}}\Gamma_{(m)(j)}^{h}\eta^{m})\}dx^{j}+\frac{a_{U_{i}}}{a\eta^{l}}\frac{a\eta^{l}}{ax^{j}}\delta x^{\prime j}$

$\equiv\nabla_{j}o_{i}dx^{j}+\nabla_{J^{U_{i}}}^{\prime}\delta x^{rj}WW$ ,

where we put

$\nabla_{j}^{I}v_{i}\equiv W-\frac{a_{J_{i}}\prime}{a\eta^{l}}\frac{ar/^{l}}{ax^{m}}l_{(j)}^{T}m+\frac{a_{U_{i}}}{a\eta^{l}}g^{kl}(\frac{\partial v_{k}}{ax^{f}}-U_{m}\Gamma_{(j)(k)}^{m}-2\frac{\partial v_{h}}{a\eta^{k}}\Gamma_{(m)(j)}^{h}\eta^{m})$ ,

(5. 7)
$\nabla_{J^{U}l}W\equiv\frac{a_{U_{i}}}{a\eta^{l}}\frac{a_{7/^{l}}}{ax^{j}}$

Put $\eta^{i}\equiv x^{\prime l},$ $v_{l}\equiv A_{i}$ and substitute them in (5.6) then we have

$\nabla_{j}x^{\prime i}=W-\Gamma_{(j)}^{i}+g^{ki}(A_{kj}-A_{l}\Gamma_{(j)(3)}^{l}-2A_{l(k)}\Gamma_{(j)}^{l})$ .
By the use of

$c\nabla_{j}A_{k}=A_{kj}-A_{k(l)}\Gamma_{(j)}^{l}-\Gamma_{(k)(J3}^{l}A_{l}$ ,

we have such other forms of the above expressions as
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$\nabla_{j}x^{;i}=W-\Gamma_{(j)}^{i}+g^{ki}(\nabla_{j}A_{k}+\Gamma_{(j)}^{l}g_{kl})=g^{ki}\nabla_{j}A_{k}cc$ ,
(5. 8)

$\nabla_{j}^{\prime}x^{Jl}W=\delta_{j}^{i}=\nabla_{j}^{\prime}x^{\prime i}c$ .
On the other hand, from (5. 7) we are led to

$\nabla_{j}A_{\ell}W=-A_{\ell(l)}\Gamma_{(j)}^{l}+A_{i(l)}g^{kl}(A_{kj}-A_{m}\Gamma_{(j)(k)}^{m}-2A_{h(k)}\Gamma_{(j)}^{h})$

$=-A_{i(l)}\Gamma_{(j)}^{l}+A_{i(l)}g^{kl}(\nabla_{j}A_{k}+\Gamma_{(j)}^{h}g_{kh})c$

(5. 9)
$=A_{i(l)}g^{kl}\nabla_{j}A_{k}c$ ,

$\nabla_{j}^{\prime}A_{i}=A_{\ell(j)}=\nabla_{j}A_{i}c_{r}$

The expressions (5. 8) and (5. 9) give rise to relations between KAWA-
GUCHI $S$ derivatives and WIRTiNGFR’S derivatives in the special KAWAGUCHI
space, and it goes without saying that these relations coincide with
those shown already in (4. 5) and (4. 6).

With the aid of
$\delta^{(c\cdot\eta}x^{\prime i}=D^{(C)}x^{\prime i}-g^{ki}\nabla_{j}A_{k}c$

$D^{(C)}\eta^{i},$ $D^{(C)}v_{i}$ are expressed respectIvely by

(5. 10) $D^{(}c^{WWC}$) $\eta^{i}\eta^{i}x^{j}+\eta^{i}(Dx^{\prime}-g^{kj}\nabla_{l}A_{k}dx^{l})$

$=(\nabla_{j}\eta^{i}-\nabla_{l}^{\prime}\eta^{i}g^{kl}\nabla_{j}A_{k})dx^{j}+\nabla_{j}^{\prime}\eta^{i}D^{(C)}x^{;j}WWCW$

(5. 11) $D^{(C)}o_{i}=\nabla_{j^{f)}i}dx^{j}+\nabla_{j}^{\prime}u_{l}(D^{(C)}x^{\prime j}-g^{kj}\nabla_{l}A_{k}dx^{l})WWC$

$=(\nabla_{j^{U}i}-\nabla_{l}v_{i}g^{kl}\nabla_{j}A_{k})dx^{j}+\nabla_{j}^{\prime}o_{i}D^{(C)}x^{\prime j}WWCW$

-The geometrical meaning of (5.10) and (5.11) is that if the WIR-
TINGER $S$ differential $D^{(C)}x^{\prime i}$ is adopted as the base connection., the
covariant derivatives are given by (5. 10) and (5. 11). Denoting covariant
derivatives by symbols

$\frac{W}{\nabla}j\eta^{i}$ , $\frac{W}{\nabla}\prime j\eta^{i}$ , $\frac{W}{\nabla}jvi$ , $\frac{W}{\nabla’}J^{U_{i}}$

’

we have

$\frac{W}{\nabla}j\eta^{i}=\nabla_{j}\eta^{i}-\nabla_{l}^{\prime}\eta^{i}g^{kl}\nabla_{j}A_{k}WWC$ , $WW\tilde{\nabla}_{j}^{\prime}\eta^{i}=\nabla_{j}\eta^{i}$

$(5.12)$

$\tilde{\nabla}_{j}0_{i}=\nabla_{J^{U_{i}}}-\nabla_{l}^{\prime}v_{i}g^{kl}\nabla_{j}A_{k}WWWC$ , $\check{\nabla}_{j}^{\prime}v_{i}W=\nabla_{J^{U_{i}}}^{\prime}W$

From (5. 8), $(\backslash 5.9),$ $(5.10)$ and (5. 11) the relations among each kind of
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covariant derivatives can be derived.
Now we put $\eta^{i}\equiv x^{\prime i},$ $u_{i}\equiv A_{i}$ in (5. 12) and we have

.
$\frac{W}{\nabla}jx^{\prime i}=\nabla_{j}x^{;\iota}-\nabla_{\iota^{X^{\prime i}}}^{\prime}g^{kl}\nabla_{j}A_{k}WWC=0$ , $\tilde{\nabla}_{j}x^{\prime i}W=\delta_{j}^{i}$ ,

(5. 13)
$\frac{W}{\nabla}jAi=\Gamma_{j}A_{i}-\nabla_{l}^{\prime}A_{i}g^{kl}\nabla_{j}A_{k}WWC\subset 0$ , $\frac{W}{\nabla}\prime JA_{i}=A_{i(j)}$ .

In the KAWAGUCHI’S covariant differentials $\delta^{(C)}\eta^{i},$ $\delta^{(C)}0_{i}$ with the con-
nection $C$ we take the WIRTINGER’S covariant differential $D^{(C)}x^{\prime i}$ in place
of the base $\dot{c}onnection\delta^{(C)}x^{\prime i}$ . Then we have

$\delta^{(C)}\eta^{i}=\nabla_{g}\eta^{i}dx^{j}+\nabla_{j}^{\prime}\eta^{i}\delta^{(C)}x^{\prime j}cc$

$=\nabla_{j}\eta^{i}dx^{j}+\nabla_{j}\eta^{i}(D^{(C)}x^{\prime j}-g^{kj}\nabla,A_{k}dx^{l})\Gamma,CC$

$=\nabla_{j}cccc\eta^{i}-\nabla_{l}^{\prime}\eta^{i}g^{kl}\nabla_{j}A_{k})dx^{j}+\nabla_{j}^{\prime}\eta^{i}D^{(C)}x^{\prime j}$ ,

$\delta^{(C)}v_{i}=\nabla_{j^{U}i}dx^{j}+\nabla_{J^{U_{i}}}\delta^{(C)}x^{\prime j}cc$
,

$=\nabla_{j}^{CCC}v_{i}dx^{j}+\nabla_{j}v_{i}(Dx^{\prime}-g^{kg}\nabla_{l}A_{k}dx^{l})$

$=\nabla_{j}0_{i}-\nabla_{l}^{\prime}o_{i}g^{kl}\nabla_{j,(}A^{k})dx^{j}+\nabla_{J^{U_{i}}}^{\prime}D^{(C)}x^{\prime j}cccc$ .
Putting

$\delta^{\prime c)}\eta^{i}\equiv\tilde{\nabla}_{j}\eta^{i}dx^{j^{\prime}}+j\eta^{i}D^{(C)}x^{;j}c_{\frac{c}{\nabla}}$

(5. 14)
$\delta^{(C)};J_{i}\equiv\tilde{\nabla}_{j^{U}i}dx^{j^{\frac{c}{\nabla}}}+^{r}vD^{(C)}x^{\prime j}c$ ,

one obtains
$\frac{c}{\nabla}j\eta^{i}=\nabla_{j}cc_{l}c\eta^{i}-\nabla_{\eta^{i}g^{kl}\nabla_{j}A_{p}}^{\prime}$ , $\tilde{\nabla}_{j}^{\prime}\eta^{i}=c\nabla_{j}^{\prime}\eta^{i^{-}}c$

(5. 15)
$\frac{c}{\nabla}j^{U}i=\nabla_{j^{U}i}-\nabla_{l}^{\prime}ccc\nu_{i}g^{kl}\nabla_{j}A_{k}$ , $\tilde{\nabla}_{J^{\prime J_{i}}}^{\prime}c=\nabla_{J^{U_{i}}}^{\prime}c$

Therefore, in the case of $\eta^{i}\equiv x^{\prime i}$ and $\prime j_{i}\equiv A_{i}(5.15)$ becomes

$\frac{c}{\nabla}jx^{\prime i}=\nabla_{j}x^{;t}-\nabla_{l}^{\prime}x^{;i}g^{kl}\nabla_{j}A_{k}=-g^{ki}\nabla_{j}A_{k}cccc$ ,

$\frac{c}{\nabla}\prime jx^{\prime i}=\nabla_{J^{X^{\prime i}}}^{\prime}c=\delta_{j}^{i}$ ,
(5. 16)

$\tilde{\nabla}_{j}A_{i}c=\nabla_{j}A_{i}-A_{i(l)}g^{kl}\nabla_{j}A_{k}=(\delta_{i}^{k}-A_{i(l)}g^{kl})\nabla_{j}A_{k}ccc$ ,

$\tilde{\nabla}_{j}^{\prime}A_{i}c=\nabla_{j}^{\prime}A_{i}=A_{i(j)}c$

The above stated are relations between two kinds of covariant deriva-
tives in the KAWAGUCHI space with the connection $C$.



102 S. Ide

When we take the connection $C^{\prime}$ in place of connection $C,$ $(3.9)$

or $(3. 20)^{\prime}$ gives rise to

$D^{(C^{r})}\eta^{l}=d+\{\frac{av_{k}}{ax^{j}}-(\Gamma_{(k)(j)}^{h}+C^{h}I^{7}l)U_{h^{-2(\Gamma_{(h)(j)}^{\iota}+C_{h\epsilon}^{l}\Gamma_{(f)}^{S})\eta^{h}}}$.

$\times\frac{a\prime_{J_{l}}}{a\eta^{k}})dx^{j}+g^{ki}(-C^{\iota_{kj}}o_{l}-2C_{sj}^{l}\eta^{s}\frac{80_{l}}{a\eta^{k}})dx^{;j}$

$(5. 16)^{\prime}$

$=\nabla_{j}dx^{j}+\nabla_{j}^{\prime}W^{\prime}W^{\prime}$ ,

$D^{(C^{\prime})}o_{i}=d_{U_{i}}-[\frac{a_{U}}{\partial X}ij--\frac{av_{i}}{ar/^{l}}g^{kl}\{\frac{av_{k}}{ax^{j}}-(\Gamma_{(k)(j)}^{h}+C_{kl}^{h}\Gamma_{(j)}^{l})v_{h}$

$-2\Gamma_{(h)(j)}^{m}+C_{hs}^{m}\Gamma_{(j)}^{s})\eta^{h}\frac{a_{U_{m}}}{a\eta^{k}}\}]_{s}dx^{j}$

$+\frac{a_{U_{i}}}{a\eta^{l}}g^{kl}(-C_{kj}^{nb}o_{m}-2C_{sj}^{m}\eta_{k}^{\epsilon m}\frac{a_{U}}{a\eta}-)dx^{\prime j}$

$=\nabla_{J^{U_{l}}}dx^{j}+\nabla_{j}^{\prime}v_{i}\delta x^{\prime j}W^{\prime}W^{\prime}$ ,

where we put

$\nabla_{j}\eta^{i}\equiv\frac{a\eta^{i}}{ax^{j}}+g^{ki}W^{\prime}\{\frac{\partial v_{k}}{ax^{j}}-(\Gamma_{(k)(j)}^{h}+C_{kl}^{h}I_{(j)}^{\tau}\iota)v_{h}-2(C_{(h)(j)}^{l}+C^{\iota_{hs}}\Gamma_{(j)}^{s})\eta^{h}\frac{a_{U_{l}}}{a\eta^{k}}\}$

$-\{\frac{a\eta^{i}}{ax^{h}}+g^{ki}(-C_{kh}^{l}o_{l}-2C_{sh}^{l}\eta^{s}\frac{av_{l}}{\partial\eta^{k}})\}I_{(j)}^{\tau_{h}}$ ,

$\nabla_{j}^{\prime}\eta^{i}\equiv\frac{a\eta^{i}}{ax^{j}}+g^{ki}W^{\prime}(-C_{kj^{U}l}^{l}-2C_{sj}^{l}\eta^{s}\frac{a_{U_{l}}}{a\eta^{k}})$ ,

$\nabla_{J^{U_{i}}}\equiv\frac{8^{\prime}y_{i}}{a\eta^{l}}g^{kl}W^{\prime}\{\frac{a_{U_{k}}}{ax^{j}}-(\Gamma_{(k)(j)}^{h}+C_{kl}^{h}\Gamma_{(j)}^{l})0_{h}-2(\Gamma_{(h)(j)}^{m}+C_{hs}^{m}\Gamma_{(j)}^{s})\eta^{h}\frac{a_{U_{m}}}{a\eta^{k}}\}$

$-\{\frac{a_{U_{i}}}{ax^{h}}+\frac{a_{U_{i}}}{\mathfrak{U}^{l}}g^{kl}(-C_{kh^{U}m}^{m}-2C_{sh}^{m}\eta^{s}\frac{a_{U_{m}}}{a\eta^{k}})\}\Gamma_{(j)}^{h}$ ,

$\nabla_{J^{U_{i}}}^{\prime}W^{\prime}\equiv\frac{\partial 0_{i}}{ax^{j}}+\frac{a_{tJ_{i}}}{a\eta^{l}}g^{kl}(-C_{kj^{U}m}^{m}-2C_{sj}^{m}\eta^{s}\frac{a_{U_{m}}}{a\eta^{k}})$ .

Taking $\eta^{i}\equiv x^{\prime i},$ $u_{i}\equiv A_{i}$ in the above expressions we have

$\nabla_{j}x^{\prime i}W^{\prime}=g^{ki}\{A_{kj}-(\Gamma_{(k)(j)}^{h}+C_{kl}^{h}\Gamma_{(j)}^{l})A_{h}-2(\Gamma_{(h)(j)}^{l}+C^{\iota_{hs}}\Gamma_{(j)}^{s})x^{\prime h}A_{l(k)}\}$

$-\{\delta_{h}^{i}+g^{ki}(-C_{kh}^{l}A_{l}-2C_{sh}^{l}x^{\prime s}A_{l(k)})\}\Gamma_{(j)}^{h}$

$=g^{ki}\{A_{kj}-(\vee.kl\cap h$

$=g^{ki}(A_{kj}-A_{h(k)(J)}l^{\tau}h-2\Gamma_{(f)}^{\iota}A_{l(k)}-A_{h}C_{kl}^{h}\Gamma_{(j)}^{l})-\Gamma_{(j)}^{\ell}+g^{k}C^{\iota_{kh}}A_{l}\Gamma_{(j)}^{h}$
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$=g^{ki}\nabla_{j}A_{k}+\Gamma_{(j)}^{i}-g^{kl}A_{h}C_{kl}^{h}\Gamma_{(j)}^{l}-\Gamma_{(\oint)}^{i}+g^{k\iota}C_{kh}^{l}A_{l}\Gamma_{(J)}^{h}C^{\prime}.$.
$=g^{kl}\nabla_{j}A_{k}C^{\prime}$ ,

$\nabla_{J^{X^{\prime i}}}^{\prime}W^{r}=\delta_{j}^{l}+g^{ki}(-C^{\iota_{kj}}A_{\iota}-2C_{sj}xA_{l(k)})=\delta_{j}^{i}-g^{ki}C_{kj}^{l}A_{l}$ ,

$\nabla_{j}A_{l}W^{\prime}=A_{(l)}g^{kl}\{A_{kj}-(\Gamma_{(k)(j)}^{h}+C_{kl}^{h}\Gamma_{(J)}^{l})A_{h}-2(\Gamma_{(h)(j)}^{m}$ \dagger

$-\{A_{i(h)}+A_{i(l)}g^{kl}(-C^{m_{kh}}A_{m}-2C_{sh}^{m}x^{\prime s}A_{m(k)})\}\Gamma_{(\oint)}^{h}$

$=A_{l(l),-}g^{kl}(A_{kj}-A_{h}\Gamma_{(k)(j)}^{h}-2A_{m(k)}\Gamma_{(j)}^{m})-A_{(h)}\Gamma_{(J)}^{h}$

$=A_{l(l)}g^{kl}(\nabla_{j}A_{k}+A_{k(h)}\Gamma_{(J)}^{h}-2A_{h(k)}\Gamma_{(J)}^{h})-A_{l(h)}\Gamma_{(j)}^{h}=A_{i(l)}g^{kl}\nabla_{j}A_{k}C^{\prime C^{\prime}}$ ,

$\nabla_{j}^{\prime}A_{l}=WA_{i(j)}-A_{l(l)}g^{kl}C_{kj}^{m}A_{m}=A_{i(l)}(\delta_{j}^{l}-g^{kl}C_{kj}^{m}A_{m}^{\backslash })$

$=A_{i(l)}\{\delta;-g^{kl}(A_{k(j)}-\nabla_{j}^{\prime}A_{k})\}=A_{i(l)}(\delta_{j}^{l}-g^{kl}A_{k(J)})+A_{i(l)}g^{kl}\nabla_{j}^{\prime}A_{k}C^{\prime C^{\prime}}$

Summarizing these results we get

$\nabla_{j}x^{\prime l}W^{\prime}=g^{ki}\nabla_{j}A_{k}C^{\prime}$ , $\nabla_{j}^{\prime}x^{\prime i}W^{\prime}=\delta_{j}^{i}-g^{kl}C^{\iota_{kj}}A_{l}$ ,
(5. 17)

$\nabla_{j}A_{l}=W^{\prime}A_{i(l)}g^{kl}\nabla_{j}A_{k}C^{r}$ , $\nabla_{j}^{\prime}A_{i}=W^{\prime}A_{i(l)}(+g^{k\iota^{C^{\prime}}}$ .
$(5.17)$ yields at once

$W^{\prime}\nabla_{j}A_{i}=A_{l(l)}g^{kl}\nabla_{j}A_{k}C^{\prime}=A_{i(l)}\nabla_{j}x^{\prime l}W^{\prime}$ ,

and similarly we have

$W^{\prime}\nabla_{j}^{\prime}x^{;t}=\nabla_{j}^{\prime}x^{\prime i}-g^{kl}A_{k(j)}+g^{ki}\nabla_{j}^{\prime}A_{k}C^{\prime}C^{\prime}$

Accordingly one obtains

$\nabla_{j}^{\prime}A_{i}W^{\prime}=A_{k(j)}(\delta_{i}^{k}-A_{i(l)}g^{kl})+A_{i(l)}g^{kl}\nabla_{j}^{\prime}A_{k}C^{\prime}$

$=A_{k(J\supset}(\delta_{i}^{k}-A_{i(l)}g^{kl})+A_{i(l)}(\nabla_{j}^{\prime}x^{;\iota}-\nabla_{j}^{C^{\prime},}x^{\prime l}+g^{kl}A_{k(j)})W^{\prime}$

$=A_{l(l)}\nabla_{j}^{\prime}x^{\prime l}+A_{l(l)}(\delta_{j}^{l}-\nabla_{j}^{\prime}x^{\prime l})=W^{\prime}C^{\prime}A_{l(l)}\nabla_{j}x^{\prime l}W^{\prime}$ ,

namely there exists

(5. 18) $W^{\prime}\nabla_{j}A_{i}=A_{l(k)}\nabla_{j}x^{\prime k}W^{\prime}$ , $\nabla_{j}^{\prime}AW^{\prime}=A_{l(k)}\nabla_{j}^{\prime}x^{\prime k}W^{\prime}$

Similar relations appear in the case of the connection $C$ making

use of (5.8) and (5.9), that is

(5. 19) $\nabla_{j}A_{i}=WA_{l(k)}\nabla_{j}x^{\prime k}W$ , $\nabla_{j}^{\prime}A_{\iota}=WA_{i(k)}\nabla_{j}^{\prime}x^{rk}W$

Moreover the following relations
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(5. 20)
$\tilde{\nabla}_{j}A_{l}W=A_{(i(k)}\tilde{\nabla}_{j}l^{\prime k}W$

, $\frac{W}{\nabla}\prime JA_{i}=A_{i(k)j}^{\frac{W}{\nabla}}\prime x^{rk}$

come into existence, but in fact $\frac{W}{\nabla}jAi$ and $\frac{W}{\nabla}jx^{;i}$ are both zero. Apparently
(5. 17) corresponds to the WIRTINGER’S covariant derivatives given by
(5. 8) and (5. 9).

Now we are going to define covariant derivatives when we take the
$WIR^{r}fINGERS$ differential in place of the base connection $\delta^{(C^{\prime})}x^{;i}$ . From
(3. 24) we have

$D^{(C^{\prime})}x^{\prime i}=\delta x^{\prime i}+g^{ji}(r_{k}A_{j}dx^{k}-A_{k}C_{jl}^{k}\delta x^{\prime l})$

$=(\delta_{l}^{i}-g^{ji}A_{k}C_{jl}^{k})\delta x^{\prime l}+g^{ji}\nabla_{k}A_{j}dx^{k}=\Lambda_{l}^{i}\delta x^{;\iota}+g^{ji}\nabla_{l}A_{j}dx^{l}$ ,

where we put

$\Lambda_{l}^{i}\equiv\delta_{l}^{i}-g^{ji}A_{k}C_{jl}^{k}$ ,

$\delta^{(C)}x^{\prime i}=\delta^{(C^{\prime})}x^{\prime i}\equiv\delta x^{\prime i}$ ,

$\nabla_{k}A_{j}c=\nabla_{k}A_{j}\equiv\nabla_{k}A_{j}C^{\prime}$

Since the determinant 1 $\Lambda_{l}^{i}|$ does not vanish in general, there exists
the conjugate tensor $\Delta_{i}^{j}$ , and $\Lambda_{l}^{i}\Delta_{i}^{j}=\delta_{l}^{j}$ holds good.
Thus we have

$(5. 20)^{\prime}$ $\delta x^{\prime l}=\Delta_{k}^{t}Dx^{\prime}-\Delta_{k}^{l}g^{jk}\nabla_{l}A_{j}dx^{l}$ ,

and $(5. 16)^{\prime}$ brings into existence
$D^{(C^{\prime})}=\nabla_{j}d\nabla_{j}\eta^{i}/W^{\prime}W^{\prime}W^{\prime}W^{\prime}$

$=(\nabla_{j}\eta^{i}-\nabla_{h}\eta^{i}\Delta_{k}^{h}g^{lk}\nabla_{j}A_{l})dx^{j}+\nabla_{k}^{\prime}\eta^{i}\Delta_{j}^{k}D^{(C^{\prime})}x^{\prime j}W^{\prime}W^{\prime}W^{\prime}$

$=\frac{W^{\prime}}{\nabla}j\eta^{i}dxJ^{\frac{W}{\nabla}}+^{r}\eta^{i}D^{(C^{\prime})}x^{;j}r_{J}$ ,

$D^{(C^{\prime})}v_{\ell}=\nabla_{j}v_{i}d_{X^{j}+\nabla_{ji}^{\prime}}x^{\prime j}=\nabla_{j}W^{\prime}W^{\prime}W^{\prime}W^{\prime}x^{j}+v_{i}$

$=(\nabla_{i^{U^{i}}}-\nabla_{h^{U}i}^{\prime}\Delta_{k}^{h}g^{lk}\nabla_{j}A_{l})dx^{j}+\nabla_{k^{!\lrcorner}i}\Delta_{j}^{k}D^{(C^{\prime})}x^{\prime j}W^{\prime}W^{\prime}W^{\prime}$

$=\tilde{\nabla}_{j}v_{i}dxj^{\frac{W}{\nabla}}+\prime jo_{i}D^{(C^{\prime})}x^{\prime j}W^{\prime\prime}$ ,

where we put

$\tilde{\nabla}_{j}\eta^{i}\equiv\nabla_{j}\eta^{i}-\nabla_{f}^{\prime}W^{\prime}W^{\prime}W\eta^{i}\Delta_{k}^{h}g^{lk}\nabla_{j}A_{l}$ , $\frac{W}{\nabla}\prime j’\eta^{i}\equiv\nabla_{k}^{\prime}\eta^{l}\Delta_{J}^{k}W^{\prime}$

,(5. 21)
$\tilde{\nabla}_{j}v_{i}W^{r}\underline{=}\nabla_{j^{\prime J}l}-\nabla_{hikj}^{\prime}W^{\prime}Wv\Delta^{h}\ulcorner A_{l}$ , $\overline{\nabla}_{j}^{\prime}0_{i}\equiv W\nabla_{k^{U}i}^{\prime}\Delta_{j}^{k}W^{\prime}$ .

Making use of
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$\Delta_{k}^{h}g^{lk}\nabla_{j}A_{l}\equiv W_{j}^{h}$

in (5.21), then we are led to

$\tilde{\nabla}_{j}x^{\prime i}W^{\prime}=\nabla_{j}x^{\prime l}-W_{j}^{h}\nabla_{h}^{\prime}x^{\prime j,}W^{\prime}.W^{\prime}$ , $W^{\prime}\overline{\nabla}_{j}^{\prime}x^{;i}=\Delta_{j}^{k}\nabla_{k}^{\prime}x^{\prime i}W^{\prime}$

$\nabla_{j}A_{i}W^{\prime}=\nabla_{j}A_{i}-W_{j}^{h}\nabla_{h}^{\prime}A_{i}W.W^{\prime}$ , $\tilde{\nabla}_{j}^{\prime}A_{l}=\Delta_{f}^{k}\nabla_{k}^{\prime}A_{i}W^{\prime}W^{\prime}$ ,

therefore in consideration of (5. 17) the relations between them and
KAWAGUCHI’S covariant derivatives are expressed by

$\tilde{\nabla}^{j}x^{;i}=W^{\prime}g^{ki}\nabla_{j}A_{k}-W_{j}^{h}(\delta_{h}^{i,}-g^{ki}C_{kh}^{l}A_{l})$ ,

$\frac{W}{\nabla’}\prime J^{X^{\prime i}}=\Delta_{j}^{k}(\delta_{k}^{i}-g^{hi}C^{\iota_{hk}}A_{l})$ ,
(5. 22)

$\frac{W}{\nabla}\prime C^{\prime}jA_{i}=A_{i(l)}g^{kl}\nabla_{j}A_{k}-W_{J}^{h}A_{i(l)}(\delta_{h}^{l}-g^{kl}A_{k(h)}+g^{kl}\nabla_{h}^{\prime}A_{k})$ ,

$w\prime c’\tilde{\nabla}_{j}^{\prime}A_{i}=\Delta_{j}^{h}A_{i(l)}(\delta_{h}^{l}-g^{kl}A_{k(h)}+g^{kl}\nabla_{h}^{\prime}A_{k})$ .
The covariant derivatives which correspond to (5. 16) are obtained

with the aid of (5.2) and $(5. 20)^{\prime}$ , for which we put

$\delta^{(C^{\prime})}\eta\nabla_{j}^{\prime}C^{\prime}C^{\prime}C^{\prime}C^{\prime}$

$\delta^{(C^{\prime})}o_{i}C^{J}C^{\prime}C^{\prime}C^{\prime}$ ,

where
$C^{\prime}C^{\prime}C^{J}\tilde{\nabla}_{j}\eta^{i}\equiv\nabla_{j}\eta^{i}-\nabla_{l}^{\prime}\eta^{l}\Delta_{k}^{l}g^{hk}\nabla_{j}A_{h}$ ,

$C^{\prime}C^{\prime}\overline{\nabla}_{j}^{\prime}\nabla_{k}^{\prime}$ ,

$C^{\prime}C^{\prime}C^{r}\tilde{\nabla}_{j}\eta^{i}\equiv\nabla_{j}0_{l}-\nabla_{l}^{\prime}0_{i}\Delta_{k}^{l}g^{hk}\nabla_{j}A_{h}$ , $\frac{c}{\nabla}\prime C^{J}j^{U_{i}\equiv\nabla_{k}^{\prime}0_{i}\Delta_{j}^{k}}’$ .
Accordingly we have at $\cdot$ once

$C^{\prime}\tilde{\nabla}_{f}x^{\prime i}=\nabla_{j}x^{;i}-\nabla_{l}^{\prime}x^{\prime i}W^{\iota_{J}}=C^{J}C^{J}.-W_{j}^{i}$ , $\tilde{\nabla}_{j}^{\prime}x^{\prime i}=\nabla_{k}^{\prime}x^{\prime i}\Delta_{j}^{k}C^{\prime}C^{\prime}=\Delta_{j}^{i}$ ,
(5. 23)

$C^{\prime}\tilde{\nabla}_{i}A_{i}=\nabla_{j}A_{i}-\nabla_{l}^{\prime}A_{i}W_{j}^{l}C^{\prime}C^{\prime}.$ ,
$\tilde{\nabla}_{j}^{\prime}A_{i}=C^{l}\nabla_{k}^{\prime}A_{l}\Delta_{j}^{k}C^{r}$

The following relations can be easily derived from (5.23)

(5. 24)
$\frac{C^{\prime}}{\nabla}jA_{i}=\nabla_{j}A_{i}+\nabla_{l}^{\prime}A_{l}\tilde{\nabla}_{i}x^{\prime l}C^{\prime}C^{\prime}C^{\prime}$ ,

$C^{\prime}\tilde{\nabla}_{j}^{\prime}A_{i}=C^{\prime}C^{\prime}\nabla_{k}^{\prime}A_{i}\tilde{\nabla}_{j}^{\prime}x^{\prime k}$ ,

where (5. 24) corresponds to (5. 18) or (5. 19).
Various kinds of covariant derivatives are defined in the special

KAWAGUCHI space, but it is possible to define other covariant derivatives
which are not involved in stated cases. For examle, we can dePne a
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covariant differential taking the WIRTINGER’S differential as the base
connection

$D^{(W)}v^{i}=dv^{i}+\Gamma_{(j)(k)}^{i}v^{j}dx^{k}+C_{jk^{U^{j}}}^{i}D^{(C^{r})}x^{\prime k}$ ,
(5. 25)

$D^{(W)}o_{i}=dv_{i}-\Gamma_{(t)(k)}^{j}v_{j}dx^{k}-C_{ik}^{j}v_{j}D^{(C^{l})}x^{;k}$ ,

so we have

$(5. 25)^{\prime}$ $D^{(W)}v^{\ell}=\frac{av^{i}}{ax^{k}}dx^{k}+\frac{av^{i}}{\partial X^{k}}dx^{\prime k}+\Gamma_{(j)(k)}^{l}v^{j}dx^{k}+C_{fk}^{i}o^{j}D^{(C^{\prime})}x^{\prime k}$

On the other hand, multiplyng
$D^{(C^{\prime})}x^{\prime i}=\Lambda_{j}^{i}\delta x^{\prime j}+g^{ki}\nabla_{l}A_{k}dx^{l}$ , by $\Delta_{l}^{h}$

we have
$dx^{\prime h}=\Delta_{j}^{h}D^{(C^{\prime})}x^{\prime j}-(\Gamma_{(k)}^{h}+g^{lj}\Delta_{j}^{h}\nabla_{k}A_{l})dx^{k}$ ,

by the use of
$\Delta_{i}^{h}D^{(C^{\prime})}x^{;i}=\delta x^{\prime h}+g^{ki}\Delta_{i}^{h}\nabla_{l}A_{k}dx^{l}=dx^{\prime h}+1_{(l)}^{\tau}hdx^{l}+g^{ki}\Delta_{l}^{h}\nabla_{l}A_{k}dx^{\iota}$

Substituting the above result in $(5. 25)^{\prime}$ and putting in order, then

$D^{(W)}v^{i}=\{\frac{8v^{i}}{ax^{k}}+\Gamma_{(j)(k)}^{i}0^{j}-\frac{a_{U^{i}}}{ax^{h}}(\Gamma_{(k)}^{h}+g^{lj}\Delta_{j}^{h}\nabla_{k}A_{l})\}dx^{k}$

$+(\frac{a_{U^{i}}}{ax^{f}}\Delta_{k}^{j}+C_{jk^{U^{j}}}^{i})D^{(C^{\prime})}x^{\prime k}$

is obtained.
Then, after some calculations we have

$D^{(W)}o_{i}=\frac{a_{U_{i}}}{ax^{k}}dx^{k}+\frac{av_{l}}{ax^{h}}dx^{\prime h}-\Gamma_{(i)(k)}^{j}o_{j}dx^{k}-C_{ik^{U}j}^{j}D^{(C^{\prime})}x^{\prime k}$

$=\{\frac{\partial v_{i}}{ax^{k}}-\Gamma_{(i)(k)}^{j}v_{j}-\frac{a_{U_{i}}}{ax^{h}}(\Gamma_{(k)}^{h}+g^{lj}\Delta_{j}^{h}V_{k}A_{l})\}dx^{k}$

$+(\frac{av_{i}}{ax^{f}}\Delta_{k}^{j}-C_{ik^{U}j}^{j})D^{(C^{\prime})}x^{\prime k}$ .
After substitution of

$D^{(C^{\prime})}x^{n}=\Lambda_{l}^{i}\delta x^{;\iota}+g^{ji}\nabla_{l}A_{j}dx^{l}$ , $dx^{\prime i}=\delta x^{\prime i}-\Gamma_{(\oint)}^{i}dx^{j}$ ,

in (5. 25) we get

$D^{(W)}o^{i}=\frac{\partial v^{i}}{ax^{j}}dx^{j}+\frac{a_{U^{i}}}{ax^{j}}dx^{Jd}+\Gamma_{(j)(k)}^{i}o^{j}dx^{k}+C_{jk}^{i}o^{f}D^{(C^{\prime})}x^{Jk}$

$=\frac{av^{i}}{ax^{j}}dx^{j}+\frac{8v^{i}}{ax^{j}}(\delta x^{\prime j}-\Gamma_{(l)}^{j}dx^{l})+\Gamma_{(j)(k)}^{i}v^{j}dx^{k}$
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$+C_{jk}^{i}o^{j}(\Lambda_{l}^{k}\delta x^{;\iota}+g^{jk}\nabla_{l}A_{j}dx^{l})$

$=(\frac{\partial U^{i}}{ax^{j}}-\frac{\partial 0^{i}}{ax^{l}}\Gamma_{(j)}^{l}+\Gamma_{(k)(j)^{U^{k}}}^{i}+C_{lk}^{i}o^{l}g^{hk}\nabla_{j}A_{\hslash})dx^{j}$

$+(\frac{av^{i}}{ax^{j}}+\Lambda_{j}^{k}C_{lk^{U^{l}}}^{i})\delta x^{\prime j}$

$=(\nabla_{j}v^{i}+C_{lk}^{i}v^{l}g^{hk}\nabla_{j}A_{h})dx^{f}+(\frac{\partial 0^{i}}{ax^{j}}+\Lambda_{j}^{3}C_{ik}^{l}v_{l})\delta x^{\prime j}$ ,

similarly

$D^{(W)}U_{i}=(\nabla_{j}v_{i}-C^{\iota_{ik}}o_{l}g^{hk}\nabla_{j}A_{h})dx^{j}+(\frac{a_{U_{i}}}{ax^{j}}-\Lambda_{j}^{k}C_{u}^{l}v_{l})13x^{\prime j}$

is obtained.
The covariant derivatives in this case can be dePned as usual,

namely

$D^{(W)}o^{i}=\nabla_{j^{U^{i}}}dx^{j}+\nabla_{j}^{\prime}0^{i}\delta x^{\prime j}=\nabla_{j^{U^{l}}}dx^{j}+\overline{\nabla}_{j}^{\prime}o^{i}D^{(C^{\prime})}x^{\prime j}****’$ ,

$D^{(W)}o_{i}=\nabla_{j^{U}i}dx^{j}+\nabla_{j}^{\prime}0_{l}\delta x^{rf}=_{j}^{\frac{*}{\nabla}}o_{i}dxj^{\frac{*}{\nabla}}+\prime j^{U}iD^{(C^{\prime})}x^{\prime j}**$ ,

where we Put

$\nabla_{j}v^{i}\equiv*\nabla_{j}v^{i}+C_{lk}^{i}v^{l}g^{hk}\nabla_{j}A_{h}$ , $\nabla_{j}^{\prime}0^{i}\equiv\frac{a_{U^{i}}}{ax^{j}}+\Lambda_{j}^{k}C_{lk}^{i}v^{\iota}*,.$ ,

$\nabla_{j}^{\prime}0_{i}\equiv\nabla_{j^{U}i}-C^{\iota_{ik}}v_{l}g^{hk}\nabla_{j}A_{h}*.$ , $\nabla_{j}^{\prime}v_{i}\equiv\frac{\partial 0_{i}}{ax^{j}}-\Lambda_{j}^{k}C_{ik}^{l}v_{l}*.$ ,

$\frac{*}{\nabla}J^{v^{i}\equiv\nabla_{j}v^{i}-\frac{\partial 0^{i}}{ax^{h}}g^{lm}\Delta_{m}^{h}\nabla_{j}A_{l}}$

’
$\tilde{\nabla}_{j^{U^{i}}}^{\prime}\equiv\frac{a_{U^{i}}}{ax^{k}}\Delta_{j}^{k}+C_{kj}^{i}o^{k}*.$ ,

$\frac{*}{\nabla}U_{i}\equiv\nabla_{J^{U_{l}}}-\frac{a_{U_{i}}}{ax^{h}}g^{lm}\Delta_{m}^{h}\nabla_{j}A_{l}$ , $\nabla_{j}v_{i}\equiv\frac{a_{U_{i}}}{ax^{k}}\Delta_{j}^{k}-C_{ij}^{k}o_{k}*.$ .

Taking $v^{i}\equiv x^{\prime i},$ $0_{i}\equiv A_{i}$ in the above expressions we have

$\nabla_{j}x^{\prime i}*=\nabla_{j}x^{;i}=0$ , $\nabla_{j}^{\prime}x^{\prime i}*=\delta_{j}^{i}$ ,

$\nabla_{j}A_{i}*=\nabla_{j}A_{i}-C_{ik}^{l}A_{l}g^{hk}\nabla_{j}A_{h},$ $\nabla_{j}^{\prime}A_{i}*=A_{i(j)}-\Lambda_{j}^{k}C_{ik}^{l}A_{l}$ ,

$\frac{*}{\nabla}jx^{\prime i}=-g^{lm}\Delta_{m}^{i}\nabla_{j}A_{l}=-wej$ $\tilde{\nabla}_{j}^{\prime}x^{;l}=\Delta_{j}^{i}*,$ ,

$\frac{*}{\nabla}jAi=\nabla_{j}A_{i}-A_{i(h)}g^{lm}\Delta_{m}^{h}\nabla_{j}A_{l}$ $*\tilde{\nabla}_{j}^{\prime}A_{i}=A_{i(k)}\Delta_{j}^{k}-C_{ij}^{k}A_{k}$ .
$=\nabla_{j}A_{i}-A_{i(h)}W_{j}^{h}$ ,
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Various covariant derivatives related to the special WIRTINGER’S
connections in the KAWAGUCHI space have been defined and it goes
without saying that various tensors or identities should be derived
corresponding to these covariant derivatives.

\S 6. Curvature tensors and identities in a special
KAWAGUCHI space

Of the special KAWAGUCHI space we have discussed in \S 5 concer-
ning its Proper covariant derivatives given by KAWAGUCHI and other
covariant derivatives based on the WIRTINGER’S connection. Also we
have treated the relation between them.

The covariant derivatives in the special KNWAGUCHi space introduced
with the connection $C$ are exPressed by

$\nabla_{j}^{C}v^{i}=\frac{\partial 0^{i}}{ax^{j}}-\frac{a_{U^{\ell}}}{ax^{l}}\Gamma_{(j)}^{l}+\Gamma_{(k)(j)^{\{J^{k}}}^{i}$ , $\nabla_{j}^{C}\prime 0^{i}=\frac{av^{i}}{ax^{j}}$ ,

$\nabla_{j}v_{i}c=\frac{a_{U_{i}}}{ax^{j}}-\frac{av_{i}}{ax^{l}}\Gamma_{(j)}^{l}-\Gamma_{(i)(\oint)}^{k}0_{k}$ , $\nabla_{j^{f}i}^{\prime}c=\frac{a_{U_{i}}}{ax^{j}}$ ,

which are shown already in (5. 1) and (5. 2).

From the parenthesis of POISSON for the covariant derivatives, we
find

$(\nabla_{j}\nabla_{k}-\nabla_{k}^{c}\nabla^{c_{J}})o^{i}CC=-Rj_{kl}^{i}o^{l}+K_{jk}^{l}\nabla_{l}^{\prime}v^{i}c..c..c$ ,(6. 1)
$(\nabla_{j}\nabla_{k}^{\prime}-\nabla_{k}^{\prime}\nabla_{j})v^{i}=cccc-B_{jkl}{}^{t}o^{l}c\ldots$

where

$B_{jkl}^{i}\equiv c\ldots\Gamma_{(j)(k)(l)}^{i}$ ,

$R_{jkl}^{C}i\equiv\frac{a\Gamma_{(l)(j)}^{i}}{ax^{k}}-\frac{a\Gamma_{(l)(k)}^{i}}{ax^{j}}+\Gamma_{(l)(j)}^{\hslash}I_{(k)(h),}^{v}i-\Gamma_{(l)(k)}^{h}\Gamma_{(j)(h)}^{i}$

$+\Gamma_{(\oint)}^{h}\Gamma_{(l)(k)(h)}^{i}-\Gamma_{(k)}^{h}\Gamma_{(l)(j)(h\dot{)}}^{t}$ ,

$K_{j_{k}^{i}}^{c}\equiv\frac{a\Gamma_{(j)}^{i}}{ax^{k}}-\frac{a\Gamma_{(k)}^{i}}{ax^{j}}+\Gamma_{(f)}^{h}\Gamma_{(k)(h)}^{i}-I_{(k)}^{7}h\Gamma_{(j)(h)}^{i}$ .

are all curvature tensors in our space.
The identities among these curvature tensors can be found easily as
follows:
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$R_{jkl}^{l}+R_{j_{l}^{i}}c\ldots c_{k}=0$ ,

$Rj_{k}i^{i}+R_{k}ij^{i}+R_{ljk}^{l}c.c.c\ldots=0$ ,

$R_{[jkl]}^{i}c\ldots=0$ ,

(6. 2) $Kj_{k}^{i}=R_{jk\dot{l}}^{i}x^{\prime l}c.c..$ ,

$B^{c}j_{k}i^{i}x^{\prime l}=0$ ,

$R_{jk}i^{i}c..=Kj_{k\cdot(l)}^{i}=c.\nabla_{l}^{\prime}K_{j_{k}^{i}}^{c}C.$ ,

$Kj_{k}^{i}c+K_{kj}^{i}c=0$ etc. .
These curvature tensors

$Rj_{k}i^{i}c$. $ B_{jkl}^{i}c\ldots$ , $K_{jk}^{i}c.$.

are all found in the equations of structure of the connection $C$

if $\equiv[dx^{j}\omega_{j}^{i}]=0$ ,

$\hat{\Omega}^{i}\equiv((lj^{l}\gamma+[fJ_{j}^{i}(v^{j}]=-\frac{1}{2}K_{jk}^{i}[dx^{j}dx^{k}]c..$ ,

$JI_{j}^{i}\equiv(\omega_{j}^{i})^{\prime}+[(o_{k}^{i}co_{j}^{k}]=-\frac{1}{2}R_{k}^{c}i_{f}^{i}[dx^{k}dx^{l}]-B_{jkl}^{c_{i}}[dx_{tl)}^{kl}]$ ,

when we consider the following differential forms
$dx^{i}$ , $co^{i}=dx^{\prime i}+\Gamma_{(j)}^{i}dx^{j}$ , $\omega_{i}^{j}=\Gamma_{(i)(k)}^{j}dx^{k}$ .

About the connection $C^{\prime}$ it is the same as in the case of connection
$C$ and from (5. 4), the covariant derivatives

$C^{\prime}\nabla_{j}0^{i}=\nabla_{j}o^{i}c$ ,

$C^{r}\nabla_{J^{U^{i}}}^{\prime}=\nabla_{j^{U^{i}}}^{\prime}+C_{kj}^{i}o^{k}c.$ ,

$C^{\prime}\nabla_{j}v_{i}=\nabla_{j}v_{i}c$ ,

$C^{\prime}\nabla_{j}^{\prime}v_{i}=\nabla_{J^{U_{i}}}^{\prime}-C_{ij^{U}3}^{k}c$.

are derived.
The parentheses of POISSON are

$(\nabla_{j}\nabla_{k}-\nabla_{k}\nabla_{j})v^{i}C^{\prime}C^{r}C^{r}C^{\prime}=-R_{jk}i^{i}\circ^{l}+K_{jk}^{l}\nabla_{\iota^{U^{i}}}^{\prime}C^{r}..C^{\prime}..C^{\prime}$ ,

$(\nabla_{j}\nabla_{k}^{\prime}-\nabla_{k}^{\prime}\nabla_{j})o^{i}C^{\prime}C^{\prime}C^{\prime}C^{\prime}=-B_{jk}^{c\prime}i^{i}v^{l}+C_{jk}^{l}\nabla_{l}v^{i}$ ,
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$(\nabla_{jk}^{\prime}\nabla^{\prime}-\nabla_{t}^{\prime}\nabla_{j}^{\prime})o^{i}C^{J}C^{\prime}C^{\prime}C^{\prime}=-P_{jk}i^{i}v^{l}-2C_{[kj]}^{h}\nabla_{h}^{\prime}v^{i}C^{\prime}...C^{r}$ ,

where

$R_{jkl}^{i}C^{\prime}\ldots=Rj_{k}i^{i}+Kj_{k}^{h}C_{lh}^{i}c.c..$ ,

$!C^{\prime}B_{j_{kl}^{i}.=}\Gamma_{(l)(j)(k)}^{i}+C_{hk}^{i}\Gamma_{(l)(j)}^{h}-\frac{aC_{lk}^{i}}{ax^{j}}+C_{lk(h)}^{l}I_{(f)}^{\gamma}h-\Gamma_{(h)(}^{i}{}_{f2}C_{lk}^{h}+\Gamma_{(j)(k)}^{h}C$?

$=\Gamma_{(l)(j)(k)}^{i}-\nabla_{j}C_{lk}^{i}C^{J}.$ ,

$P_{jk\iota^{i}}=C^{\prime}\ldots C_{lj(3)}^{i}-C_{lk(j)}^{i}+C_{hk}^{l}C_{lj}^{h}-C^{\iota_{hj}}C_{lk}^{h}$

are curvature tensors and identities and

$R_{jkl}^{i}+R_{kjl}^{i}C^{\prime}\ldots C^{\prime}\ldots=0$ ,

$R_{j_{kl}^{i}}+R_{k}i_{J^{i}}+R_{l}j_{k}^{i}=C^{\prime}..C^{\prime}..C^{r}.K_{j_{k}^{h}}C^{\iota_{lh}}+K_{k}i^{h}C_{jh}^{i}+K_{ij^{h}}C_{kh}^{i}c..c..c.$ ,

(6. 3) $R_{(j_{k};)^{i}}C^{J}.=0$ ,

$P_{jk}i^{i}+P_{kj}i^{i}C^{\prime}..C^{\prime}..=0$ ,

$P_{(jkl)^{i}}C^{\prime}\ldots=0$ etc.
can be easily verified.

The equations of structure in our case are
$\Omega^{i}\equiv[dx^{j}o_{j}^{i}]=C_{jk}^{i}[d_{X^{j}\omega^{k}}]$ ,

$\overline{\Omega}^{i}\equiv((o^{i})^{\prime}+[o_{j}^{i}co^{j}]=-\frac{1}{2}K_{jk}^{i}[dx^{j}dx^{k}]-C_{[fk]}^{i}[\omega^{j}c\iota J^{k}]c...$ ,

$J2_{j}^{i}\equiv((tJ_{j}^{i})^{\prime}+[pv_{k}^{i}(o_{j}^{k}]=-\frac{1}{2}R_{k}^{C^{\prime}}ij^{i}[x^{l}]ij^{i}[dx^{k}\omega^{l}]$ ,

1 $C^{\prime}$

$-P_{k};j^{i}[\omega^{k}co^{l}]\overline{2}$

under the differential forms
$dx^{i}$ , $co^{i}=dx^{\prime i}+\Gamma_{(\oint)}^{i}dx^{j}$ , $\prime J_{j}^{i}=I_{(j)(k)}^{\tau_{i}}dx^{k}+C_{jk}^{i}\omega^{k}$

Based upon these preliminary considerations we are going to discuss
the cases WIRTINGER’S connections.

Since
$\delta^{(C)}0^{i}=\overline{\nabla}_{j}v^{i}dx^{j}+\overline{\nabla}_{f}^{\prime}i_{J^{i}}D^{(C)}x^{Jj}cc$ ,

and the relation between $\frac{c}{\nabla}jv^{i}$ and $\nabla_{j}v^{i}c$ is
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$c\overline{\nabla}_{j}v^{i}=\nabla_{j}v^{l}-\nabla_{l^{U^{i}}}^{\prime}g^{kl}\nabla_{j}A_{k}=\nabla_{j^{U^{i}}}+S_{j}^{l}\nabla_{l^{U^{i}}}^{\prime}cccc.c$ ,

where we put

$S_{j}^{l}\equiv-g^{kl}\nabla_{j}A_{k}(,$ ,

so that we have

$ccc.ccc.c\overline{\nabla}_{jk}^{\frac{c}{\nabla}}0^{i}=\nabla_{j}\nabla_{k}v^{i}+S_{j}^{l}\nabla_{l}^{\prime}(v^{i}..$ ,

the parenthesis of $PolSSON$ is expressed as
$(-)v^{i}\frac{c}{\nabla}\frac{c}{\nabla}\frac{c}{\nabla}\frac{c}{\nabla}=(\nabla_{j}\nabla_{k}-\nabla_{k}\nabla_{j})v^{i}cccc.cc.cc$

$+\nabla_{j}U_{3}^{i}-\nabla_{k}U_{j}^{i}+S_{j}^{l}\nabla_{l}^{\prime}U_{k}^{i}-S_{k}^{l}\nabla_{l}^{\prime}U_{j}^{i}c.c..c..c$.
where we Put

$U_{k}^{i}\equiv,S^{\iota_{k}}\nabla_{\iota^{U^{i}}}^{\prime}c$

From (6. 1) and the following expressions

$\nabla_{l}^{\prime}\nabla_{k}o^{i}cc=\frac{a^{2}v^{i}}{ax^{k}ax^{;l}}-\frac{a^{\underline{9}}v^{i}}{ax^{n}ax^{\prime l}}\Gamma_{(k)}^{n}-\frac{\partial 0^{i}}{ax^{n}}I_{(k)(l)}^{v_{n}}+\Gamma_{(n)(k)(l)}^{i}v^{n}+\Gamma_{(n)(k)}^{i}\frac{\partial v^{n}}{ax^{\prime l}}$ ,

$\nabla_{j}U_{k}^{i}c.=_{j}^{k}\frac{aU^{i}}{\partial X}--\frac{aU_{k}^{i}}{ax^{\prime l}}\Gamma_{(J}^{l}+I_{(J\supset}^{v_{i}}U,-\Gamma_{(k)(j)}^{l}U_{\dot{l}}^{i}$ ,

$\nabla_{l}^{\prime}U_{k}^{i}c.=\frac{aS^{n_{k}}}{ax^{;\iota}}\frac{8U^{i}}{ax^{n}}+S_{k}^{n}\frac{a_{U^{i}}^{2}}{ax^{n}ax^{r\iota}}$ ,

the parenthesis of POISSON is led to

(6.4) $(-)v^{i}\frac{c}{\nabla}\frac{c}{\nabla}\frac{c}{\nabla}\frac{c}{\nabla}=(-R_{j3\iota^{i}}+I_{(l)(k)(n)}^{vl}S_{j}^{n}-\Gamma_{(l)(j)(n)}^{i}S_{k}^{n})U^{l}c\ldots.$.

$+(K_{jk}^{\iota}+\Gamma_{(j)(n)}^{l}S_{k}^{n}-\Gamma_{(k)(nT}^{l}S_{j}^{n}+c....\frac{aS_{k}^{l}}{ax^{j}}-\frac{aS_{j}^{l}}{ax^{k}}$

$+\frac{aS_{j}^{l}}{ax^{m}}\Gamma_{(k)}^{n}-\frac{aS_{k}^{l}}{ax^{;m}}\Gamma_{(j)}^{m}+S_{j}^{n}aS_{k}^{l}ax^{n}-S_{k}^{n}\frac{aS_{j}^{l}}{ax^{n}})\nabla_{\iota^{U^{i}}}^{c}$
’

$\equiv-jk\iota^{i}0^{l}+^{\frac{c}{K}}j_{kl^{U^{i}}}^{l^{\frac{c}{\nabla}}}\frac{c}{R}$
,

where we put

$-\frac{c}{R}\cdots fjkl\equiv Rj_{kl}^{i}+2\Gamma_{(l)r(k)|(n)|}^{\ell}S_{j3}^{n}c...$ ,

$\frac{c}{K}j_{k}^{l}\backslash \equiv K_{jk}^{l}+2\Gamma_{r(j)|(n)|}^{1}S_{kl}^{n}+2\frac{aS_{rk}^{l}}{\partial X^{jJ}}\dashv c...\cdot 2\frac{aS_{rj}^{l}}{ax^{m}}\Gamma_{(k)3}^{m}+2S_{\zeta j}^{n}\frac{aS_{kJ}^{l}}{ax^{\prime n}}$ .
Since
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$\frac{c}{\nabla}’\frac{c}{\nabla}kjo^{i}=\frac{a^{2}v^{i}}{ax^{j}ax^{k}}-\frac{a_{0^{i}}^{2}}{ax^{n}ax^{\prime k}}\Gamma_{(J)}^{n}-\frac{8v^{i}}{ax^{n}}\Gamma_{(J)(k)}^{n}+\cdot\Gamma_{(n)(J)(k)}^{i}0^{n}+\Gamma_{(n)(j)}^{i}\frac{\partial v^{n}}{ax^{k}}$

$+\frac{aS_{j}^{l}}{ax^{k}}\frac{av^{i}}{ax^{l}}+S_{j}^{l}\frac{a^{z_{U^{i}}}}{ax^{l}ax^{k}}$ ,

$\frac{c}{\nabla}jk\tilde{\nabla}^{\prime}0^{i}=\frac{8^{2}v^{i}}{ax^{k}ax^{j}}-\frac{\partial^{2}v^{i}}{ax^{k}ax^{\prime l}}\Gamma_{(j)}^{l}+\Gamma_{(l)(j)}^{i}\frac{av^{l}}{ax^{k}}-I_{(k)(j)}^{l}\frac{av^{l}}{ax^{l}}+S_{j}^{l}\frac{a’}{ax}\frac{\underline’ v^{l}}{kax^{\prime\iota}}c$.

another parenthesis of POISSON is computed as

$($6. $4)^{\prime}$

$(’-’)v^{i}\frac{c}{\nabla}\frac{c}{\nabla}\frac{c}{\nabla}\frac{c}{\nabla}=-\frac{c}{B}\iota j_{k}^{i}v^{l}-\tilde{H}_{jkl}^{\iota^{\frac{c}{\nabla}}\prime}v^{i}c.$ ,

where we put

$\frac{c}{B}i_{k}j^{i}\equiv Bi_{kj}^{i}c.$. $\frac{c}{H}\iota jk\equiv\frac{aS_{j}^{l}}{ax^{;k}}$

The identities which correspond to (6. 2) or (6. 3) are
$\frac{c}{R}j_{\kappa l^{+^{\frac{c}{R}}}k}^{i}ji^{i}=0$ ,

$\frac{c}{R}j_{k}i^{i^{\frac{c}{R}}}+k\iota j^{i}+^{\frac{c}{R}}\iota j_{k}^{i}=0$ ,

$\frac{c}{R}jki^{i}x^{\prime l}=Kj_{k^{i}}c$.

$\tilde{B}_{lkj}{}^{t}x^{\prime l}c\ldots=0$ , $\frac{c}{K}j_{k}^{\ell}+\frac{c}{K}kj^{i}=0$ , etc..

Similar treatment is allowed in the case of the connection $C^{\prime}$ .
As we have

$\frac{c}{\nabla}\prime jv^{i}=C^{\prime}.C^{\prime}\nabla_{j}v^{i}-\Delta_{l}^{k}S_{j}^{l}\nabla_{k}^{\prime}v^{i}$ ,

$\frac{c}{\nabla’}j^{U^{i}}=\Delta_{j}^{k}\nabla_{k}^{\prime}o^{i}c’$ ,

$\frac{c}{\nabla}\frac{c}{\nabla}jk^{U^{i}}=C^{r}C^{\prime}C^{\prime}.C^{\prime}.C^{t}C^{\prime}C^{\prime}C^{\prime}\nabla_{j}\nabla_{k}v^{i}-\nabla_{j}\tilde{S}^{\iota_{k}}\nabla_{l}^{\prime}v^{i}-\tilde{S}^{\iota_{k}}\nabla_{j}\nabla_{l^{U^{i}}}^{\prime}-\tilde{S}_{j}^{l}\nabla_{l}^{\prime}\nabla_{k}0^{i}$

$+\overline{S}_{j}^{l}\nabla_{l}^{\prime}\overline{S}^{m_{k}}\nabla_{m}v^{i}+\overline{S}_{j}^{l}\tilde{S}^{m_{k}}\nabla_{l}^{\prime}\nabla_{m^{U^{i}}}^{\prime}C^{\prime}.C^{\gamma}..C^{\prime}C^{\prime}$ ,

where we put
$\overline{S}_{f}^{k}\equiv\Delta_{l}^{k}S_{j}^{l}$ ,

the parenthesis of POISSON is computed as follows:

$(-)v^{i}\frac{C^{\prime}}{\nabla}\frac{C^{\prime}}{\nabla}\frac{C^{r}}{\nabla}\frac{C^{\prime}}{\nabla}=(\nabla_{j}\nabla_{k}-\nabla_{k}\nabla_{j})0^{i}+(.).(\nabla_{kl}C^{\prime}C^{\prime}C^{\prime}C^{\prime}C^{\prime}C^{\prime},.C^{\prime}C^{\prime}C^{r}C^{\prime}C^{\prime}$

$-\tilde{S}^{\iota_{k}}(\nabla_{j}\nabla_{l}^{\prime}-\nabla_{l}^{\prime}\nabla_{j})v^{i}+(\overline{S}^{\iota_{J}}\nabla_{l}\tilde{S}^{m_{k}}-\tilde{S}^{\iota_{k}}.\nabla_{l}^{\prime}\tilde{S}_{j}^{m})\nabla_{m}^{\prime}o^{i}C^{r}C^{r}C^{\prime}C^{\prime}.C^{\prime}.C^{\prime}.C^{\prime}$

$+\tilde{S}_{j}^{l}\tilde{S}^{m_{k}}(\nabla_{l}^{\prime}\nabla_{m}^{\prime}-\nabla_{m}^{\prime}\nabla_{l}^{\prime})_{U^{i}}C^{\prime}C^{\prime}C^{\prime}C^{\prime}$
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$=-R_{jk}i^{l}o^{l}+K_{j_{k}^{l}}\nabla_{\iota^{U^{i}}}+(\nabla_{k}\overline{S}_{j}^{l}-\nabla_{j}\overline{S}^{\iota_{k}})\nabla_{l}^{\prime}v^{l}+\overline{S}_{j}^{l}(-B_{k}i_{m}^{i}v^{m}+C_{kl^{U^{i}}}^{m})C^{l}..C.C^{l}C^{\prime}C^{\prime}.C^{\prime}.C^{r}.$.

$-\tilde{S}^{\iota_{k}}(-Bj^{t}v^{l}+C^{m}\ulcorner^{\prime})+(\tilde{S}_{j}^{m}\nabla_{m}^{\prime}\overline{S}_{k}^{l}-\tilde{S}^{m_{k}}\nabla_{m}^{\prime}\tilde{S}^{\iota_{J}})\nabla_{\iota}^{\prime}v^{i}C^{\prime}..C^{\prime}.C^{\prime}..C^{\prime}.C^{J}$

$+\overline{S}^{\iota_{J}}\overline{S}^{\dot{m}_{k}}(-P_{lmh}^{l}v^{h}-2C_{[lm]}^{h}\nabla_{h}^{\prime}v^{i})C^{\prime}\ldots.C^{r}$

$=-(R_{jk}i^{i}+\overline{S}_{j}^{m}B_{kml}^{l}-\tilde{S}^{m_{k}}B_{j\dot{m}}i^{i}+\tilde{S}_{f}^{h}\tilde{S}^{m_{k}}P_{hm}j^{i})v^{l}C^{\prime}...C^{\prime}....C^{\prime}....C^{\prime}.$.

$+$ ($\tilde{S}_{j}^{m}C_{km}^{l}-\tilde{S}^{m_{k}}$ C’$jm$) $\nabla_{\iota}\prime 0^{i}C^{r}$

$+(Kj_{k}^{l}+\nabla_{k}\tilde{S}_{j}^{l}-\nabla_{j}\tilde{S}^{\iota_{k}}+\tilde{S}_{j}^{m}\nabla_{m}^{\prime}\overline{S}^{\iota_{k}}-\overline{S}^{m_{k}}\nabla_{m}^{\prime}\tilde{S}_{j}^{l}-2\tilde{S}_{j}^{h}\overline{S}^{m_{k}}C_{[hm]}^{l})\nabla_{\iota^{U^{i}}}^{\prime}C.C^{\prime}.C^{\prime}..C^{\prime}..C^{\prime}.\ldots C^{l}$ ,

therefore the above expressions give rise to

(.6. 5)
$(\frac{C^{\prime}}{\nabla}J\frac{c}{\nabla}k-\overline{\nabla}_{k^{\frac{c}{\nabla}}j})v^{i}=-Jki^{i}j_{k}^{l}\frac{C^{\prime}}{R}...C^{\prime}..C^{t}$ ,

where we put

$\frac{C^{\prime}}{R}jki^{i}\equiv R_{jk}i^{i}+2\overline{S}_{rj}^{m}B_{k\supset m}i^{l}+\overline{S}_{j}^{h}\tilde{S}^{m_{k}}P_{hm}i^{i}C^{r}...C^{\prime}....C^{\prime}..$ ,

$\overline{K}_{jk}^{l}\equiv K_{jk}^{\iota}+2\nabla_{rk}\overline{S}_{J3}^{l}+2\tilde{S}_{rj}^{m}\nabla_{|m|}^{\prime}\overline{S}^{\iota_{k3}}-2\overline{S}_{j}^{h}\overline{S}^{m_{k}}C_{[hm]}^{l}C..C^{\prime}.C^{\prime}.\ldots$ ,

$J_{jk}^{l}\equiv 2\overline{S}^{m}{}_{\subset J}C^{\iota_{klm}}$ .
Making use of

$\frac{C^{\prime}}{\nabla}’\iota^{U^{i}}=\Delta_{l}^{h}\nabla_{h^{U^{i}}}^{\prime}c’$ ,

$\frac{C^{l}}{\nabla}Jv^{i}=\nabla_{j}0^{i}-A_{\iota^{k}}S_{j}^{l}\nabla_{k}^{\prime}v^{i}=\nabla_{j}v^{i}-S_{jm^{U^{i}}}^{m^{\prime}}C^{\prime}.C^{\prime}C_{\frac{C^{\prime}}{\nabla}}^{\prime}$ ,

we substitute $\nabla_{l}v^{i}C^{\prime}\ulcorner_{l^{U^{i}}}^{\prime}C^{\prime}$ in (6.5). Then we have

(6. 6)
$(\overline{\nabla}^{\frac{c}{\nabla}\frac{c}{\nabla}}-)v^{i}\frac{C^{\prime}}{\nabla}c\prime\prime\prime=-\frac{c}{R}Jo^{l}+J^{\iota^{\frac{C^{\prime}}{\nabla}}}\tilde{K}_{jkl}^{\iota^{\frac{C^{\prime}}{\nabla}}\prime}v^{i}$ ,

where we put

$\frac{C^{\prime}}{K}j_{k}^{l}\equiv\Lambda_{m}^{l}\overline{K}_{jk}^{m}+S_{m}^{l}J_{jk}^{m}$

The parenthesis of POISSON (6.6) corresponds to (6.4) and what corre-
sponds to (6.4) is obtained as follows.

Since
$\frac{C^{\prime}}{\nabla}kC^{\prime}\overline{\nabla}_{\iota^{U^{i}}}^{\prime}=\nabla_{kl}^{\prime}v^{i}-\tilde{S}_{k}^{j}\nabla_{j}^{\prime}\overline{\nabla}_{l}^{\prime}0^{i}=C_{\frac{C^{\prime}}{\nabla}}^{r}.C^{\prime}C^{\prime}\nabla_{k}(\Delta_{l}^{j}\nabla_{j}^{\prime}0^{i})-\tilde{S}_{k}^{j}\nabla_{j}^{\prime}(\Delta_{l}^{s}\nabla_{s^{U^{i}}}^{\prime})C^{\prime}C^{\prime}C^{\prime}C^{\prime}$

$=\nabla_{k}\Delta_{\iota^{j}}\nabla_{j}^{\prime}v^{i}+\Delta_{l}^{j}\nabla_{k}\nabla_{J^{U^{l}}}^{\prime}-\overline{S}_{3}^{j}\nabla_{j}^{\prime}\Delta_{l}^{s}\nabla_{s^{U^{i}}}^{\prime}-\overline{S}_{k}^{j}\Delta_{l}^{s}\nabla_{j}^{\prime}\nabla_{s}^{\prime}o^{i}C^{r}C^{J}C^{\prime}C^{2}C^{l}C^{\prime}.C^{\prime}C^{r}$ ,

accordingly
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$(kl^{-}lk)_{U^{i}}\frac{c}{\nabla}\frac{c}{\nabla}’’\frac{C^{r}}{\nabla}’\frac{c}{\nabla}=\Delta_{l}^{j}(\backslash \nabla_{k})(-\nabla_{s}\nabla_{j})v^{i}C^{\prime}C^{\prime}C^{\prime}C^{\prime}.C^{\prime}C^{r}C^{\prime}C^{r}$

$+(.\nabla_{j}\Delta_{\iota^{s}}-\Delta_{\iota^{j}}\nabla_{j}^{\prime}\overline{S}_{k}^{s})\tilde{\nabla}_{s^{U^{i}}}^{\prime}C^{\prime}C^{\prime}C^{\prime}.C^{r}$

$=-\Delta_{l}^{j}(B_{k}jj_{p}^{i}+\overline{S}^{s_{k}}P_{jsh}^{i})0^{i}+(.)U^{i}+(-2\Delta_{l}^{j}\overline{S}_{k}^{s}C_{[sj]}^{h}C^{\prime}..\cdot C^{\prime}\ldots C^{\prime}.\cdot$.

$+\nabla_{k}\overline{S}_{l}^{h}-\overline{S}_{k}^{j}\nabla_{j}^{\prime}\Delta_{j}^{h}-\Delta_{\iota^{j}}\nabla_{j}^{\prime}\overline{S}_{k}^{h})\nabla_{h}^{\prime}v^{i}C^{\prime}..C^{\prime}C^{\prime}.C^{\prime}$

$=-\frac{C^{r}}{B}klhiv^{h}+C_{kl}^{h}\nabla_{h}v^{i}+E_{kl}^{h}\nabla_{h}^{\prime}v^{i}\sim^{C^{\prime}C^{\prime}}$ ,

where we put

$\frac{C^{\prime}}{B}klhi\equiv\Delta_{\iota^{j}}(B_{k}j_{h}^{i}+\overline{S}^{s_{k}}Pj_{sh}^{i})C^{r}..C^{J}.$.

$\overline{C}_{kl}^{h}\equiv\Delta_{l}^{j}C_{kj}^{h}$ ,

$E_{kl}^{h}\equiv^{-}-2\Delta_{\iota^{j}}\overline{S}_{k}^{s}C_{[*j]}^{h}+V_{k}\tilde{S}_{l}^{h}-\overline{S}_{k}^{j}\nabla_{j}^{\prime}\Delta_{j}^{h}-\Delta_{\iota^{j}}\nabla_{f}^{\prime}S_{k}^{h}C^{\prime}.C^{\prime}C^{r}$

$So$ that, from

$(k\prime l^{-}\prime lk)_{U^{i}}=\frac{C^{\prime}}{\nabla}\frac{c}{\nabla}\frac{C^{\prime}}{\nabla}\frac{c}{\nabla}-\frac{C^{\prime}}{B}ki_{h}^{i}^{h}+\overline{C}_{kt}^{h}(\frac{C^{r}}{\nabla}hv^{i}+\tilde{S}^{\frac{c}{\nabla}}\dot{m}_{hm^{U^{f}}}^{\prime})+E_{kl}h^{\frac{c^{\prime}\prime}{\nabla}}\Lambda_{hm}^{m^{\prime}}v^{l}’.$

,

we get at once
$(-C^{\prime\prime}=-\frac{C^{\prime}}{B}ki_{h}^{i}v^{h}+\overline{C}_{klh}^{h^{\frac{C^{\prime}}{\nabla}}}0^{i}+^{\frac{C^{\prime}}{E}\prime}kl^{\frac{C^{J}}{\nabla}}hv$

,

where we put

$\frac{c^{\gamma}}{E}m_{kl}\equiv C_{kl}^{h}S^{m_{h}}+E_{kl}^{h}\Lambda_{h}^{m}\sim..$.
In the same manner one obtains

$(\tilde{\nabla}^{\prime\prime}k-’\overline{\nabla}_{k}^{\prime})0^{i}=c_{\frac{c}{\nabla}\frac{C^{\prime}}{\nabla}}\prime\prime c’-P_{k}i_{h}^{i}v^{h}-m_{klm}^{\prime}v^{i}\sim C^{\prime\prime}\frac{c}{C}.\frac{C^{\prime}}{\nabla}$

where we put

$\frac{C^{J}}{P}klhi\equiv\Delta_{k}^{j}\Delta_{\iota^{s}}P_{jsh}^{i}C^{\prime}\ldots$

,

$\frac{C^{\prime}}{C}m_{kl}\equiv(-\Delta_{k}^{j}\nabla_{j}^{\prime}\Delta_{l}^{h}+\Delta_{\iota^{j}}\nabla_{j}^{\prime}\Delta_{k}^{h}+2\Delta_{3}^{j}\Delta_{l}^{s}C_{[sj]}^{h})\Lambda_{h}^{m}c\prime c_{1}’$.
From the KAWAGUCHI’S differentials $\delta^{(C)}0^{i},$ $\delta^{(C^{J})}v^{i}$ based on the con-

nection $C$ and the connection $C^{\prime}$ respectively, two kinds of covariant
derivatives are introduced according to the selection of base connec-
tions, $i$ . $e$ . the one represents KAWAGUCm’S $pr.oper$ base connections and
the other WIRTINGER’S base connections.

In these cases the relations between KAWAGUCHI’S curvature tensors



On the Wirtm$ger’ s$ Connections in Higher Order Spaces $u5$

and WmTINGER’S have been already developed, moreover the same con-
sideration is applicable to the WIRTINGER’S covariant derivatives derived
from $D_{U^{i}}^{(W)}$

But we should devote our attention to the cases of $D^{(C)}v^{i}$ and $D^{(C^{\prime})}v$‘,
in which the vector $u^{i}$ is not a general vector but a vector included
in the double vector $(u^{i}, u_{i})$ , therefore it is impossible to continue our
discussion as was done above.

In the case of $D^{(W)}U^{i}$ we have

$D^{(W)}o^{i}=\frac{*}{\nabla}jo^{i}dx^{j^{\prime}}+^{\frac{*}{\nabla}}jo^{i}D^{(C^{\prime})}x^{\prime j}$

where we put

$\frac{*}{\nabla}j^{U^{i}}=\frac{8v^{i}}{ax^{j}}--\frac{a_{U^{i}}}{ax^{l}}(\Gamma_{(j)}^{l}-\overline{S}^{\iota_{J}})+\Gamma_{(l)(\oint)}^{\ell}v^{l}$ ,

$\frac{*}{\nabla}\prime J^{U^{i}}=\frac{a_{U^{i}}}{ax^{l}}\Delta_{j}^{l}+C^{\iota_{lj}}v^{l}$ ,

accordingly taking
$\overline{\Gamma}_{j}^{i}\equiv\Gamma_{(j)}^{i}-\overline{S}_{j}^{i}$

we are led to

$\frac{*}{\nabla}jk*\tilde{\nabla}0^{i}=\frac{a_{k^{U^{i}}}^{\frac{*}{\nabla}}}{ax^{j}}-\frac{a_{k^{U^{i}}}^{\frac{*}{\nabla}}}{ax^{l}}\vec{\Gamma}_{j}^{l}+\Gamma_{(l)(j)k}^{i^{\frac{*}{\nabla}}}0^{l}-\Gamma_{(k)(j)}^{l}\tilde{\nabla^{*}}_{\iota^{U^{i}}}$

and the parenthesis of $PoIS8ON$ is expressed by

$\frac{*}{\nabla}\frac{*}{\nabla}rjkJv^{i}=\frac{a_{\mathfrak{c}k^{U^{i}}}^{\frac{*}{\nabla}}}{ax^{JJ}}-\frac{a_{rk^{U^{i}}}^{\frac{*}{\nabla}}}{ax^{;\iota}}\Gamma_{jl}^{l}+\Gamma_{(l)[(j)k]}^{i^{\frac{*}{\nabla}}}0^{l}$

$=-(\frac{al_{(l)\zeta(j)}^{7}i}{ax^{kJ}}+I_{(l)\zeta(k)|(h)|}^{\tau_{i}}\Gamma_{jJ}^{h}+l_{(hX(k)}^{7}i\Gamma_{|(l)|(j)3)0^{\iota}}^{h}\sim$

$+(\frac{a\overline{\Gamma}_{rj}^{l}\prime}{ax^{kl}}+^{\frac{-\backslash }{T’}}\iota\overline{\overline{\Gamma}}^{h}$ ,

Substituting

$\frac{a_{U^{i}}}{ax^{l}}=\Lambda_{lj^{U^{i}}}^{f^{\frac{*}{\nabla}}’}-\Lambda_{\iota^{j}}C_{kj^{U^{k}}}^{i}$

in the above expression, then we have

2 $\frac{*}{\nabla}\frac{*}{\nabla}\zeta jk\supset 0^{i}=-jki^{i}\circ^{l}+^{\frac{*}{K}}jklU^{i}\frac{*}{R}\cdot\cdot\cdot\cdot\iota^{\frac{*}{\nabla}}’$ ,

where we put
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$\frac{*}{R}jk\iota^{i}\equiv 2\frac{a\Gamma_{(l)\subset(j)}^{i}}{9X^{kJ}}+2\Gamma_{(l)\subset(k)|(h)|}^{i}\overline{\Gamma}_{j\supset}^{h}+2\Gamma_{(h)\mathfrak{c}(k)}^{i}\Gamma_{|(l)|(j)\supset}^{h}$

+2 $(\frac{\partial\overline{\Gamma}_{rj}^{s}}{ax^{k\supset}}+\overline{\tau}_{rk|(p)|}^{s}\overline{\tau}_{JJ}^{p})\Lambda_{s}^{m}C_{lm}^{i}$ ,

$\frac{*}{K}j_{k}^{l}\equiv 2_{kJ}^{\zeta\underline{j}}\frac{a\overline{\Gamma}}{ax}+2\overline{\Gamma}_{\mathfrak{c}k|(h)|}^{1}\overline{\Gamma}_{jJ}^{h}l$

Similarly since
$(\frac{*}{\nabla}\frac{*}{\nabla}\frac{*}{\nabla’}$

$+(\Delta^{h}-\Gamma_{(l)(j)}^{h}\Delta_{k}^{l}+\overline{\Gamma}_{j(l)}^{h}\Delta_{k}^{l}-C_{jk}^{l}\overline{\Gamma}_{l}^{h})\frac{av^{i}}{ax^{h}}\frac{*}{\nabla}.$,

$=-(\Delta_{k}^{l}\Gamma_{(h)(j)(l)}^{i}-\Gamma_{(h)(l)}^{i}C_{jk}^{l^{*}}-\tilde{\nabla}_{j}C_{hk}^{i}).U^{h}+C_{jk}^{l}(\tilde{\nabla}_{l}v^{i}+*\frac{a_{U^{i}}}{ax^{m}}\tilde{\Gamma}_{l}^{m}-\Gamma_{(m)(l)}^{l}v^{m})$

$+(\Delta^{h}-\Gamma_{(l)(j)}^{h}\Delta_{k}^{l}+\overline{\Gamma}_{j(l)}^{h}\Delta_{k}^{l}-C_{jk}^{l}\overline{\Gamma}_{l}^{h})(\Lambda_{hs^{U^{i}}}^{s^{\frac{*}{\nabla}}\prime}-\Lambda_{h}^{s}C_{ts^{U^{t}}}^{i})\frac{*}{\nabla}.$.

$=-\{\Delta_{k}^{l}I_{(h)(J)(l)}^{vi}-\Gamma_{(h)(l)}^{i}C_{jk}\iota^{\frac{*}{\nabla}}-{}_{j}C_{hh}^{i}+C_{jk}^{l}\Gamma_{(h)(\iota)}^{i}+(\tilde{\nabla}_{j}\Delta_{k}^{t}-\Gamma_{(l)(j)}^{t}\Delta_{k}^{l}*$

$+\tilde{\Gamma}_{J(l)}^{t}\Delta_{k}^{t})\Lambda_{t}^{s}C_{hs}^{i}\}v^{h}+C^{h}jk^{*}\tilde{\nabla}_{h^{U^{i}}}+(j\Delta_{k}^{s}-\Gamma_{(l)(j)}^{s}\Delta_{k}^{l}+\overline{\Gamma}_{j(l)}^{s}\Delta_{k}^{l})\Lambda_{sh}^{h^{\frac{*}{\nabla’}}}0^{i}\frac{*}{\nabla}$ ,

we get

$(\tilde{\nabla}_{j}\tilde{\nabla}_{k}^{\prime}-\tilde{\nabla}_{k}\tilde{\nabla}_{j})_{U^{i}}****=-\frac{*}{B}jki^{i}o^{l}+C^{1}jk^{*}\tilde{\nabla}_{l}0^{i}+A_{j_{kh}^{h^{\frac{*}{\nabla}}}v^{i}}$’

where we put

$\frac{*}{B}jkl\iota\equiv\Delta_{k}^{l}\Gamma_{(h)(j)(l)}^{i}-\Gamma_{(h)(l)}^{i}C_{jk}^{l}-\tilde{\nabla^{*}}_{j}C_{hk}^{i}+C_{fk}^{l}\Gamma_{(h)(l)}^{i}$

$+(\Delta^{t}-\Gamma_{(l)(j)}^{t}\Delta_{k}^{l}+\overline{\Gamma}_{f(l)}^{t}\Delta_{k}^{t})\Lambda_{t}^{s}C_{hs}^{i}\frac{*}{\nabla}.$ ,

$A_{jk}^{h}\equiv(j\Delta_{k}^{s}-\Gamma_{(l)(j)}^{s}\Delta_{k}^{l}+\overline{\Gamma}_{j(l)}^{s}\Delta_{k}^{l})\Lambda_{S}^{h}\frac{*}{\nabla}$

Another parenthesis of POISSON can be computed as follows: since

$(\tilde{\nabla}_{j}^{\prime}\tilde{\nabla}_{k}^{\prime}-\tilde{\nabla}_{k}^{\prime}\tilde{\nabla}_{j})_{U^{i}}****=(\frac{aC_{hk}^{i}}{ax^{\prime l}}\Delta_{j}^{l}-\frac{\partial C_{hj}^{i}}{ax^{\prime l}}\Delta_{k}^{l}+C_{lj}^{i}C_{hk}^{l}-C_{lk}^{i}C^{\iota_{hj}}$

$+C_{jk}^{l}C_{hl}^{i}-C^{\iota_{kj}}C_{hl}^{i})v^{h}+(C_{jk}^{l}\Delta_{l}^{h}-C^{\iota_{kj}}\Delta_{l}^{h})\frac{a_{U^{i}}}{ax^{h}}$

$=\{\frac{aC^{i}}{ax}\cdot\prime hl\underline{3}\Delta_{j}^{\iota}-\frac{aC_{hj}^{i}}{ax^{;\iota}}\Delta_{k}^{l}+C_{lj}^{i}C_{hk}^{l}-C_{l3}^{i}C^{\iota_{hj}}+C_{jk}^{\iota}C_{hl}^{i}-C_{kj}^{l}C_{hl}^{i}$

$-(C_{jk}^{l}\Delta_{\iota^{p}}-C_{kj}^{l}\Delta_{\iota^{p}})\Lambda_{p}^{s}C_{hs}^{i}\}S^{*}$ ,
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one obtains

$(\tilde{\nabla}_{j}^{\prime}\tilde{\nabla}_{k}^{\prime}-\tilde{\nabla}_{k^{\frac{*}{\nabla}}j}^{\prime\prime})U^{i}***=-\frac{*}{P}Jkhi$ $o^{h}+2C_{[jk]}^{s}\tilde{\nabla}_{S}^{\prime}0^{i}*$ ,

where we put

$\frac{*}{P}jkhi\equiv\frac{aC_{hk}^{i}}{ar^{\prime l}}\Delta_{j}^{l}-\frac{aC^{\iota_{hj}}}{a\tau^{\prime l}}\Delta_{k}^{l}+C_{lj}^{i}C_{hk}^{l}-C_{lk}^{l}C_{hj}^{l}$ .

Identities which correspond to BIANCHI’S identies can be obtained from
coefficients of the bracket expressions

$[dx^{i}dx^{j}dx^{k}]$ . $[dx^{i}dx^{j}\omega^{k}]$ , $[dX^{i}\omega^{j}(0^{k}],$ $[\omega^{i}\omega^{j}co^{k}]$

involved in the PFAFFIAN form
$(J2_{j}^{i})^{\prime}-[\omega_{j}^{k}\Omega_{k}^{i}]+[\Omega_{J^{(tJ_{k}}}^{ki}]=0$

or can be derived from covariant derivatives.
For example, the BiANCHI’S identities in the case of the WIRTINGER’S

connection based on the connection $C$ can be computed as follows.
Since

$(\tilde{\nabla}_{h}\tilde{\nabla}_{j}-\tilde{\nabla}_{j^{\frac{c}{R}}h})_{k^{U^{i}}}^{\frac{c}{\nabla}}=ccc-hJi^{i}\frac{c}{R}\tilde{\nabla}+^{\frac{c}{R}}\cdots\iota^{\frac{c}{\nabla}}0^{i}+^{\frac{c}{K}}\cdot\cdot z\tilde{\nabla}_{lk}^{\prime}v^{i}c_{k^{U^{l}}hjklhj}c_{\frac{c}{\nabla}}$

2 $\tilde{\nabla}_{hcf}^{\frac{c}{\nabla}}\tilde{\nabla}_{k\supset}v^{i}cc=-hjki^{i}v_{jklh}^{l^{\frac{c}{R}}}j_{k}^{\iota}\frac{c}{\nabla}\frac{c}{R}\cdot\cdot\cdots i^{\frac{c}{\nabla}}c.c_{ljk}ccl$ ,

one obtains

$-\tilde{\nabla}\subset v-\cdot\cdot\cdot\tilde{\nabla}\tilde{\nabla}_{[k^{\frac{c}{K}}jk]}^{l}\tilde{\nabla}_{l^{U^{i^{\frac{c}{K}}}}rj_{k}^{l}}^{\prime}\tilde{\nabla}_{h\supset}\tilde{\nabla}_{l}^{\prime}o^{i}c...cc..c.cc$

$=-\frac{c}{R}\mathfrak{c}hj|j_{|k)}^{i^{\frac{c}{\nabla}}}v^{l}+^{\frac{c}{R}}\cdots l\tilde{\nabla}v^{i}+^{\frac{c}{K}}\cdot\cdot\iota^{\frac{c}{\nabla}\frac{c}{\nabla}}U^{i}c$ ,

namely

$-(\frac{c}{\nabla}\frac{c}{R}\frac{c}{K}$

Then we have at once

(6. 7) $\tilde{\nabla}_{\subset h}^{\frac{c}{R}}j_{k\supset rh}^{i}l+^{\frac{c}{K}}j_{k3}^{r^{\frac{c}{B}}};_{l}^{i}c.....$

. $=0$ , $\tilde{\nabla}_{[hjk]\subset hj}^{l}-\gamma S_{k\supset(r)}^{l}c_{\frac{c}{K}\frac{c}{K}}...=0$ .
The former of these identities corresponds formally to the KAWA-

GUCIII $S$ , while the latter adds the term involving

$aS_{k}^{l}$

$S_{k(\prime\cdot)}^{l}\equiv\overline{ax^{\prime r}}$

in the KAWAGUCHi’S form.
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Similarly, from

$\tilde{\nabla}_{h}(\tilde{\nabla}_{j}\tilde{\nabla}_{k}-\check{\nabla}_{k}^{\prime}\tilde{\nabla}_{j})o^{i}ccccc=-\tilde{\nabla}_{i^{i}}^{\frac{c}{B}}0^{l}-\tilde{B}_{jk}i_{h}^{i^{\frac{c}{\nabla}}}v^{l}-\tilde{\nabla}_{h}S_{j(k)}^{l}\tilde{\nabla}_{l}^{\prime}0^{i}-S_{j(k)}^{l}\tilde{\nabla}_{h}\tilde{\nabla}_{l^{U^{i}}}^{\prime}c_{hjk}c..c.c.cc$

$\frac{c}{\nabla}\prime k(\tilde{\nabla}_{h}\tilde{\nabla}_{j}-\tilde{\nabla}_{j}\tilde{\nabla}_{h})o^{i}cccc=-\tilde{\nabla}^{i}U^{l^{\frac{c}{R}}}-c_{k^{\frac{c}{R}}hjlhjl}.i$ fi $\prime k^{U^{l}+v^{i}+}c_{l}..c\frac{c}{K}$ .$cc\tilde{\nabla}_{k^{\frac{c}{K}}hj}^{l}\tilde{\nabla}_{l}^{\prime}$
$\tilde{\nabla}_{3}^{\prime}\tilde{\nabla}_{\iota^{U^{i}}}^{\prime}$

h ,

$-\tilde{\nabla}_{j}(\tilde{\nabla}_{hk^{-}kh}^{\prime}’)0^{i}=\tilde{\nabla}_{jhk}^{\frac{c}{B}\frac{c}{B}\frac{c}{\nabla}}i^{i}v^{l}+\cdots i\tilde{\nabla}+S_{h(k)}^{l}\tilde{\nabla}_{\iota^{U^{i}}}^{\prime}+\tilde{S}_{h(k)j}^{l}\tilde{\nabla}_{l}^{\prime}v^{i}cc_{\frac{c}{\nabla}\frac{c}{\nabla}\frac{c}{\nabla}}c..c.cc$ ,

$(\tilde{\nabla}_{h}\tilde{\nabla}_{j}-\tilde{\nabla}_{j}\tilde{\nabla}_{h})\tilde{\nabla}_{k}^{\prime}0^{i}=ccccc-hj^{\iota^{\frac{c}{\nabla}}\prime}+^{\frac{c}{R}}j_{l}^{l}\frac{c}{R}\tilde{\nabla}_{l}^{\prime}v^{i}+^{\frac{c}{K}}hjl\tilde{\nabla}_{l}^{\prime}\tilde{\nabla}_{k}0^{i}$ ,

$-(\nabla_{h}\sim\tilde{\nabla}_{k}^{\prime}-\tilde{\nabla}_{k}^{\prime}\tilde{\nabla}_{h})\tilde{\nabla}_{j^{U^{i^{\frac{c}{B}}}}hkl}=^{i}\tilde{\nabla}_{j}v_{hk}^{l^{\frac{c}{B}}}-j_{l}^{l^{\frac{c}{\nabla}}}v^{i}+S_{h(k)}^{l}\tilde{\nabla}_{l}^{\prime}\tilde{\nabla}_{J^{U^{i}}}ccccc\ldots c...cc$ ,

$(\tilde{\nabla}_{j}\tilde{\nabla}_{k}^{\prime}-\tilde{\nabla}_{k}^{\prime}\tilde{\nabla}_{j})_{h}^{\frac{c}{\nabla}}U^{l^{\frac{c}{B}}}cccc\ldots c_{hjkh}c_{\frac{c}{\nabla}\frac{c}{\nabla}}l.$ ,

one obtains

$-(2\tilde{\nabla}_{\subset h}\tilde{B}_{j\supset kl^{+\hat{\nabla},}}^{i}j_{l}^{i}-S_{j(k)}^{r}\tilde{B}_{hrl}+S_{h(k)}^{r^{\frac{c}{B}}}j_{r}i^{i})_{U^{l}}cc...c_{k^{\frac{c}{R}}h}...c.\cdot$

$-(+^{\frac{c}{R}}\cdots l-\tilde{\nabla}_{k^{\frac{c}{K}}hJ^{l}}^{\prime}c.c......c0$ ,

so that the identities

2 $\tilde{\nabla}kli^{\prime}+\cdots+2S_{rh(k)}^{r}B_{jJrl}^{i}c_{\overline{L}hj\supset Jchj\iota^{i}}.c\sim...=0$ ,
(6. 8)

2 $\tilde{\nabla}\subset Sl^{\frac{c}{R}\frac{c}{K}}+\cdots l-\tilde{\nabla}_{j^{\iota}+2S_{\subset h|(k)|}^{r}S_{jJ(r)}^{\iota}}^{\prime}cc_{kh}..=0$

are the required result.
Identities (6. 7) and (6. 8) are the BIANCHI’S identities in our case,

in which the tensor $S_{j}^{l}$ characterizes the $WIR^{\prime}fINGF_{\lrcorner}RS$ connection based
on the connection $C$ and our identities correspond completely to KAWA-
GUCfII $S$ identities except the tensor $S_{j}^{l}$ .

The present author is grateful to Prof. A. KAWAGUCHI for his
constantly kind advice.
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