ON THE GIBBS PHENOMENON
By

Kazuo ISHIGURO

1. Introduction.

sin nx

The Gibbs phenomenon of the Fourier series i - was early

n=1

found by W. Gibbs [1], see A. Zygmund [22]. And further H. Cramér
[2], T.H. Grownall [3], B. Kuttner [4][5][6], O. Szasz [9][10] [11],
M. Cheng [12], L. Lorch [13] L. Ching-Hsi [18], A.E. Livingston [19]
and the author [20] investigated the Gibbs phenomenon of the same
Fourier series for various kinds of means: Cesaro, Riesz, Euler, ete..

The Gibbs phenomenon of the Fourier series of a function which has
a discontinuity point of the second kind was recently investigated by S.
Izumi and M. Sat6 [14] [15] and B. Kuttner [7] [8]. The author [16] [17]
proved some theorems concerning the Gibbs phenomenon of the Fourier
series of this kind for Cesaro means. The object of the present paper
is to study the Gibbs phenomenon of such Fourier series for Riesz, Borel,
Euler and Hausdorff means.

2. B. Kuttner [6] proved the following

Theorem 1. If 0<i<2, there is a function r(1) such that the Gibbs
phenomenon vanishes for the means (R, n’ k) of the Fourier series of a
Sunction having a simple discontinuity if x=r(1), but mnot if rx<r(d).
The function r(2) is continuous and (strictly) increasing, and is, for all
2<2, less than the function k(1) defined in [5]. It tends to 0 as 1—0,
equals Cramér’s constant r, when r=1, see [2], and tends to infinity as
A—>2. If 2=2, the Gibbs phenomenon persists for the means (R, n’, k)
however large k may be.

We shall extend this theorem to the discontinuity point of the second
kind satisfying the following conditions, see [14] [15]. That is

Theorem 2. Let f(x) be an odd function about & and suppose that
f@)y=lr(x—8&)+9(x),
where Y(x) is a periodic function with period 2r such that
Y(x)=(r—x)/2 (0<x<2n),
and where - '
limﬁup J(@)=ln/2, 1im$i€nf Jfx)=—I=/2,
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hm 1nf fl@)=—1x/2, lim+sup Jf@)=I=/2.
xhE
Let the Fourier series of f(x) be
f(oc) ~ § ' a, sin n(x—¢&)
n=1

where
an=_-,)%—|—a(n), SV| da, | < o0
N2
a(t)== f g(u) sin ut du
(1) —l-ftt,a(t)dtzo(l)
(2') mmaxZ[a(t—l—ng) a(t+(2_7 1)m)| >0 as m-—>oo,

ost=m j=1
Then the same results as Theorem 1 holds for the means (R,n’ k) of.
> a, sin n(x—E&). '
Theorem 2 is a extension of our previous result ([16] Theorem 4).
In order to prove Theorem 2 we use the methods of H. Cramér and B.
Kuttner ([2], [6]) ‘

L. Lorch [13] proved the following
Theorem 3. Let B,(t) denote the x-th Borel exponentwl or integral
means of the Fourier series

sin nt
n=1 n

Then, for given t, 0=7=c0,
lim B,(t,)= f "sinv g,

X oo v

0
where ’
t,—>+0 and «t,—>rt.

Thus, the Borel means display the same Gibbs phenomenon and have
the same Gibbs ratio as classic convergence.
On the other hand, S. Izumi and M. Sato [14] have the followings

" Theorem 4. There exists a function f(t) which satifies

(3) [ du=o(ir)), and

(1) JK Flt+u)— f(t—w)} du=o(Al), uniformly in ¢,

0
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and further presents the Gibbs phenomenon at t=0 for classic conver-
gence. :
Here we shall prove

Theorem 5. Under the same condition as. Theorem 4 Borel means
B.(t) of Fourier series of f(t) do mot present the Gibbs phenomenon at
t=0.
Further concerning the Gibbs phenomenon for Euler means of the
Fourier series O. Szasz [9] proved the following.
sin nt
n

we have

Theorem 6. For the Euler means of the series >
1

lim o,(t,) = f T8 g,
v
9

as ntn—;z-, nt:—0. .
The general Euler means of a sequence {s,} depend on a parameter 7,
and are defined as follows, see G.H. Hardy [21],

gn 'r=q "‘Z (n),r (1 /r)”_ S (n O 1 2 )

We assume 0<7r=<1, in Whlch case the summation method is regular.
For r=1 the definition reduces to that of ordinary convergence.
We shall prove here the following

Theorem 7. If
(3) [ @ du=o(nl), and

(4) [ U0 re—ut du=o(n)), wniformiy in t,

then Euler means o¢,(t) of the Fourier series of f(t) do mot present the
Gibbs phenomenon at t=0 for any order r, 0<r<l.

. 0. Szasz [10] later proved the theorem for Hausdorff means which
is a generalization of Theorem 6. That is

Theorem 8. For the Hausdorff means of the series i sin nt -
n=1 n

we

have

Al

lim hn(tn)= / 1 [ SINTY Gy dgr(r)
‘ 0 (4] y ‘
as nt,>rt=c. And

lim sup b, (t)=max f = () Sir;“‘ dr.

7 -»co
>0

Here we define the Hausdorff means of the sequence {s,} by
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h, Z(”)s f (1 — )" dr(r) (0=0,1,2, - -)

where \lﬂ(r) is of bounded variation in 0<r=<1, see G.H. Hardy [21]
This transformation is regular 1f and only if

[ arn =) —v0)=1,

and if Y(r) is continuous at r=0. We may assume that «P(O)zO;’then
the above conditions become

Y(1)=1 and Y(+0)=v(0)=0.
We shall prove here the following.
Theorem 9. If f(t) is bounded and

(8) [ du=ain),

(4) fh{f(t—}—u)—f(t—u)} du=o(|h]) uniformly‘in t, aﬁd Surther

if P(r) is continuous at r=1, then Hausdorff means h,(t) of the Fourier
series of f(t) do mot present the Gibbs phenomenon at t=0.

3. Proof of Theorem 2.

For the proof, we need a lemma Whlch is an extention of the
Kuttner’s. :

Lemma. Let

U(u, x) :é (1-4 (%>R>Ka(n) sin nx

O(u, m) f( ( ) a(t) sin tx dt

Then ¥(u,x)—0(u,x) >0, as x—>0, u—>oc zndependently_. _'
‘Proof. Let us now use Euler’s summation formula which reads as
follows. ‘

« g “ 1 1 1
= d — ——\h’ —_ il
(5)  h(m tha) t+0f (t= =5 W@ dt = h(©) +3-h(aw),
where h(t) is continuously differentiable. In (5) we put
. t A\K .
h(t)-(l—(;) ) a(t) sin tx
then A(t) .is continuously differentiable and h(0)=h(u)=0. Furthermore
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tx— t A\ k-1 t A\ K , .
k' (t)=—«a (1—(——> > a(t) sin tm—l—( (—) ) a/(t) sin tx
u u U
t A\ & .
+ (1 — (——) > a(t)x cos tx
u .

Thu.s we get
¥ (u, %) — Ou, €)= f “PR(t) dt

K—1

:—xl————f Pt 1< ( )) a(t) sin tx dt

+f P(t)< <u>) ’(t) sin txdt-;-fo(t)( (?tll>’l>‘a(t)cost:‘vdt

=T, +1,+1,,
say, where |
P(t):t—[t]——;—.
We have first '
=—/c2—— f P(t) ( <%>l>x_la(t) sin to dt

and hence

|hl=—%s f 2t — £y | a(t) | di

— e[ =g [ [}

We take v such that

ja®)]<e for t>w,
which is possible by. a(t)=0(1) (as t-—>oo) Thus we get

A v tl_l tx -1 )
L=
] ll——— u”‘! (uz_tx)l_x f (u tl)l p
éA{u‘"—(u‘—vi)“}/u“ﬂs(u — vy
= Ae,

for sufﬁciently large u. Secondly, we have

I,= fP(t)( < >)a(t) smtxdt

By the second mean value theorem
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/

I,= f ouP(t‘)a’(t) sin tx dt (0<b,<u)

0

and then by integration 'by parts,

4 4 0y ¢
L=|a® [(Pw)sinvedo| — [ "a"@) dt f P(v) sin vz dv=1I,,—1I,,,
ifo0 [P~ o]
say. o o | |
Since P(v)= ﬁ (sin 27vv)/7v
. y=1
we have '

»=1 Ty

ftP(v)’sin v dv:ftsin wc< i‘ m) dv
0 0 :

oo 1 17 .
=>]— f sin vx sin 27wy do ,
v=1 Ty

0

where  the change of order of summation and integratiqn is legitimate,
since the series > sinvv/v is boundedly convergent. The last sum is

= 1
=

2wy

f t{cos (x— 2rv)v —cos (¥ -+ 2xv)v} dv
0

=§ 1 (sin (x—27xv)t  sin (aé+2nv')t> ‘
»=1 27y r—27y T+ 2rny

i -1 (x+427v) sin (x—2mv)t— (x—27v) sin (x4 270)t

I

i3 27y (x—27v)(x+27v)
< ( x  sin (x—2rv)t—sin (x4 2mv)t
=i\ 27y (x—2mv)(x+ 27v)

n sin (x— 27v)t+sin (x4 27v)t )
» (x—2rv)(x+27v) )
Accordingly we get

I,= f @) d f "P () sin vz dov
. ] 0

oo 0. : .
— “o/ () Sin (x—27v)t —sin (x+27v)t dt
v E ) ®) 2nv(x — 2rv)(x+ 27v)

+3 ("o Sin@—2m)ttsin @+2m)t g g o
=1 o .

(z —2mv)(x+27v)
say.



On the Gibbs Phenomenon 151

Since

0

. e,

f la"(t)|dt < oo , f a/(t) sin ut dt
]

is bounded, and hence |

FAEY: U A

which is less than ¢ for small z. Concerning J, we write

o N o .
J: ZE:E—F Z :J21+J22 ’

= v=N+1

where N is taken such that i v 2<e.  Then

 y=N+41
[ oo | < Ae.

Since a’/(t) is absolutely integrable,

Bu,
| l f a’'(t) {sin (2zv+ x)t —sin (Zry— )t} dt\
’ M O
< Z\f a’’'(t) sin xt cos 2mvt dt]—{—zf [a”(t)|dt .
0 M
If M is taken such that [ oo[a”(t)ldt<s, then, for such fixed M
M “ M
lf a’’(t) sin xt cos 2mvt dtl < fo [a”’(t)]| dt < Az,
(1] 0

which is less than e for sufficiently small .
Thus we have proved that

|1221:| J “acty dt [  P(v) sin vz do

< Ae

Similary we get
’ [ L. | < Ae,

for sufficiently small «. Thus we get
| L | < Ae

for sufficiently small z. Finally
U t \ « ‘
1= Pt(l—— #-)) ) cos tw dt
s =2 [ (t) | <u a(t) cos tx

= fuP (&) (w* —t")*a(t) cos tx dt
0

u
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and then by the second mean value theorem

Li=x f euP(t) a(t) cos tx dt (O<$uv< u)

.0
.—:x[a(t) f tP('v) CoSs VX dvTu—m f eua’(t) dt f tP(v) cos vz dv.
0 :
We have now

f P (v) cos v dv= ftcos v (ﬁ] _§1_n_27f_”'”> dv
0 0

v=1 Ty

=i 1 f "cos v sin 2mvv dv
=1y \
. .
=31 f {sin (24 27v)v--sin (2rv—x)v} dv
yv=]1 Ty .
]
zi- 1 < 1—cos (x42zv)t 1—cos (27ru—90_)t>
. »=1 2ry - x42ry 2y —2

Therefofe

4 .
]I3[§Ax+Axf la/(t)|dt < Aw,
" 0
which is less than ¢ for sufficiently small x. Summing up above estima-
tions, we get

]llf(u, x)—O(u, x) [ <Ae.

Thus the lemma is proved.
We shall now prove Theorem 2. Since

F@=v@+e@ (=1, £=0)
we have ,
U, (u, )= ,(u, O)+¥ (u, 0) .

From Theorem 1 and lemma it is sufficient to prove that D,(u,8)—>0
for all 2 and « as u—>o and x—0 independently. Here

Q,(u, x)= f ( ( ) a(t) sin xt dt .

It is sufficient to prove for the case xr=0. We write
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fuq(t) sin «t dt :fz + Wm_}. +f"
0

0 /x : Ql+1)n/z

- f " a(t) sin at dt+é f " (a(t-+2dr/x)—alt+ (25 —Dx/m) sin at dt.

—I—fu a(t) sinat dt=IL+L,+1I,, say,
QE+1)r/% .
where Ck+Dr/r<u = (2k+3)r/x .

We have
ILi=o0(1), IL=o0(1)

from the assumptlon 1) by 1ntegrat10n by parts, and I,=o0(1) from the
assumption (2).

This completes the proof of Theorem 2.

4. Proof of Theorem 5.
It is sufficient to prove that
B, (t)=e">) 5,(t) 2
n=0 ’n,'

tends to 0 as x—>oo, where s,(¢) is the nth partial sum of the Fourier

series of f(t), i.e. ‘
1 e sin (n—l—%)u )
s.(H)=— ["Ft+w du .
T Ve é

2 sin %
2

. 1 >
sin ('n-I—E U
2 sin %

v 2 |
On the other hand we use the forrnula, see G.H. Hardy [21],
i [sin (n—i— ) J%—- exp (x cos u)[sm (m sin % +-— uﬂ

n=0 L

Hence

du .

T n=

B,(t)=2"3 % f Ft+u)

Consequently

B, (%) -—-—f ft+u)———[exp (xk' cos u)[sir{ <x sin u —]—%.uﬂdu

2 s1n—?'—L-
2

_xff —I—f} I+J, s?,y._
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We shall prove I=o0(1), sincé J=o0(1) may be ‘éstimé,}ted quite similarly.

f f(H—u) [exp (x' M)][sin (x sin % —l——%—uﬂ du

Zsml '
2

:_E_{f —f—f +f }_—{Il—i—Iz—l—Ia}, say.

z/%

where 0 is a arbitrary positive number sufficiently small
2
I1=f f(t—l—u)——exp( ;’L )sm( —l—E)u du—+o(1)
(1}
1 .

sin (w—,— E—)’M/

— fff(Hu) duto(l), 0=¢<T,
- x

from the second mean value theorem. From the condition (8)
I,=0(1) as x—>oo,

for sufficiently small ¢.

Next

f Jit+u)———— [exp xm][sm (x sin u 4+ ; u)]d ,

251n—g- |
| I gAfu,—f(t,:——u)l[exp<—2 x sinz-%)] du
s S

A e | Zam
< A
~—5~[ [f(t—{—u)lexp[ Jdu o(1l) as x—>oo,

where A is a constant Which may be diﬁ'erent at each occurrence. Finally

I2=f S(t+u)———[expx cos u— 1] [sm(x sin u +—1~u>]du
#/m 2 s1nﬂ ‘ » 2
2 o
sin <x sin % +—;~u> ]
—-f S(@E+w) exp(— xu) du--o(1)
n/% . u '
2z/:n _ ,;/x .
—f 4 +f where y= [x& ]
n/x 2 /% yn/z T
Since o | S
sin (u—l— 2z +E—> =sin (u—i- 21;” )cos T +cos <u+ 2k”> in ~
L@ x

€z X

:sin(u-}— 2k”>

)+ E 5 sin2_+‘o(l>,
x x x 2 . x?
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where 0<1<1.
We have

sin {:1: sin (u+ 2k;_1 ,)-[- 5 (u+_2k_;'l >}
i) Lo B2) ez 0 (1)
>+1( +2k”) Am sin® — +O<—910—>}

= —sin {x sin<u—|— 2’;”)4—?( u—+ 2k”>}+aln sin ~—+ O(i)

=sin {x sin (u—i— 2

= —sin {ac sin (u+

for sufficiently Iarge x, where ¢=0(1),

[ aese |
L= 5—'"[/ [ (erur B Jexn (= G (w25 )

_f<t+u+@:—1)£> exp(—?(u—l— (2k—;1)n>2>u+(2k];l—1)7r/x:].
sin {x sin (u—l— 21;” )—I——i—(u—l— 2’;” )} du
+[2] [ f(t+u+ (2k1—1)n>exp< v (u+(2k—;1)n>
0(;7+wmnﬂn41du+oa)

' ' o u+(2k4-1)x/x
=I,,+1I,;+0(1), say. Here, ,

[+] ' 22 0(i)
L= 33 (e (- 5( 525 [0

(g B0 e

from the condition (3).

[=]

I,= Z {f(t u+2kn‘

) expl( — %(u—j— 2]072:/&7)2> —ft+u+2k+1)z/x)-

in |2 si 2k 1 (4 2kx
exp (— (u(@e+-Dfa) )| = feen (s +uf 2k>n;?<u+ =)}

du
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x/%

{ 1 _ 1 } du
; u+2kr/c  u+Qk+1)x/x
=K+4L, say.

When « varies from -~ to 2—”, sin {x sin (u—l— 2kn )‘—I—i(u—l—zk’r )} varies
x x 2 x
from sin{x sin(‘?‘—k—ﬂz)—i—}— 2k +1 } to s1n{ws1n(2k+2 ) ~1-2k+27c}.
‘ ‘ x 2 x - 2 x
On the other hand, since
sin"?‘k—l_2 r—sin 2k+1 7= —sin 2k+1 7+ 2 sin®*- %+ cos 2k+1 rsin =,
x x ‘ x 2% X x
we have o
{msin(2k+1 ﬁ)_'_ 1 2k+41 } {xs1n<2k+2 n) 1 2k+2 n_}
x 2 x x - 2 x

T | T .20 1. T
—o( T 22 % gin? 0<_))—_—
o( 2 " e T O\%)) "o
=r—22x sin? i-}— 0] (l> , where 0=<21<1.
_ 2 x 4 . ‘
This may be =—e for sufficiently small ¢ and for sufficiently large z.

Hence when « varies from = to 2%, Sin{x sin <u+_2_k“ )—}—l(u—l— 2kr )}
X v 2 x

has at most one extremum for sufficiently large x. Hence we put

(27 e ‘
k=3 [T L __ | Ftut2hn) -~ flt+u+ @+ D/o)} -

B0 u—+2kn/x |
~ exp (— x(u—l—ikn/x)z )sin {x sin <u+ 2k >+E<u—l— 2;“[ )}du
+[§] ﬂ/f:n/x ’ﬁzlk—n/; f< +u _{_M){exp (_ x(u+zk7r/w)2 >_v
exp (__ x(u+(.2/l;+_1)‘n/x)2> sin {x ain (u + 2(;7;) N “é“ <u+ 21:r )} e
=K, +K,, say. |

From the second mean value theorem
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[ (@t 1)nfz)?
v7exp(—
I{l_:'[zj ( 2 )
£=0 - 2k+1 -
Zetl

(o0 [ tut2heje)— ¢+ u+ @+ D)) du

+é [ " f -+ ut 2h/m)— F ¢+t @+ Do)} du |

1%

where L=y <£,<2%, F<py<gl<?T and —1=e, ef=1.
x & x . x .

From (4) :

' [ exp (__ x((2k+1)x/x)* )

_ 2 . 2 .

AK1—0<’§) | 21 )——0(1).

Similarly
[&] 1 x((2k+1)x/x)? x2((2k+2)n/x)? |
Kzzo( = 2k+1 _ {exp(— 2 )—eXp(— 2 )})
, " ;
=o(1),

from the second mean value theorem and condition (3).
We get L=o0(1) similarly.
Thus the theorem is proved for the exponential means.
For the wxth integral means B}(f) we know - :

B.()=e" X, L +BX),
n.

where

1 [ _
i _f £(6) cos n(6—t) do.

From the Riemann-Lebesgue theorem a,—>0, as 7 —>co uniformly in ¢.
Hence ‘ ~
lim B,(t)=1lim BX(t) .

‘x-»o0 Z-yoo

Consequently Theorem 5 holds also for the Borel integral means.



158 K. Ishiguro

5. Proof of Theorem 7.

Let s,(¢) be the mth partial sum of the Fourier series of Vi (t).

the Euler means of order » of the sequence {s,(t)} is
O () =3 O (1= 1) 5,(1)
(1
smiy+—)u
( 2> du}
2 sin %
2

lf f(t—l-u)z(ﬂ)z,- *(1— 'r)”_ SIn(v—l— )udu,

—u 2 sm———
2

=2 Ora=—rri= [t

Where
ﬂ'\ L v _ N—y o1 _l_
3O @—r)r sin(s+1u |
=3 ﬁo (5')7””(1—"')”“”e"(”%)“:{?‘e*;‘“(l—-r+re“‘)" .

Here we use the Szasz lemma [9]. Let
| (1—r+re™)=pe* (p=0), then

' pcosa=1—r4rcosu
(6) o=
psina=7rsinu.
Further
(7) P =1—7r)*4+r*4+2r(1—r) cos u=1—2r(1—r)(1—cos )

=1—4r(1—7) sin2% <1, whence

1—p2=4r(1—r)sin2%>0 for O0<d<u<rz, or

0=<p<1.
Now we get

" sin (fna—l—lzb—)

onr)=— [ Flt+u)

2sin %
2
It is sufficient to prove
2 " sin (na—i—%) '
f Ft+u) du=0(1)
0

2 sin —
.2

Then
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from (3) and (4). f ’ =o0(1) may be estimated quite similarly.

n gin | % | |
I= ["ft+w i <M: 2> du= [+ [+ [(=L+L+1, sa,

2 sin — 0 x/nr 3
2

where J is a positive constant ar'bitr'ary small. On the other hand
. n—1 oo
1—p"=(1—p) 2 p*<n(l—p), and
1—p*=4r(1—r) sin® -g—< r(l—r)u?,

so that

2

1—p<rQ—ruw< QZ

It follows that
1—p"<mnu?/4, or
1—p"=2nu?, 0<2<—41~.
Now -

- p"sin (n'a —I—-El’—)

z/nr
L= f FE+u) 27 du
0 2 sin &~
2
z/nr = /nr
:_;_ J SE+u)p” cot%’—sin na du—{——;—[ F(t+u)p™ cos na du

. 1 =/
2

0

"fE+u)on cot%sin na du+o(1)

' z/mr : z/nr )
=—;— S(t+u) cot%sin na du-—%f F(E+u)Anu? cot%—sin na du—+o(1)
0 0
2%111_'%“112‘!‘0(1) » Say.
Next, from (7) _
p*=A—r+r:=r?, so p=r
and now from (6) »
rsinu=p sin a=7r sin a,
hence
u=>a for small u.
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It is known that.

‘ ' O<u—sinu<u?

And from
pa—ru=p(a—sin a)—r(u—sinu), we get
|pa—ru|<aP+ud<2u?, '
fa—ru|<|pa—ru|+(1—p)a<2u+u*=3u*, or

 a=ru+tpud, |]<8.
We now have

Insz/mf(t—l—u) cot-g—sin n(ru+pu®) du
0

z/nr .
= f Jt+wu) {—2— +continuous function} sin n(ru+pu®) du
U
0 .

w/mr ' 4 3
=2f F(t4-u) S ”(T;WL’“‘ ) du+o(1)
0

. u
o [ sin nru w/mr o
__2[ f(t—l—u)-————%;———du—l—o{[ | fE+w)|u-n du}{—{—o(l)

w/nr : )
=2f f(t+u)L;’“”bc du+o(1)
0 ‘ .-

=o0(1).
from (3) for sufficiently small <.

= /nr
I12=f JS(t+u)inu? cot%—sin (nru+npeu?) du

0

=2 f ”/Mf (t+ u)lhu sin (nru+npu®) du+o(1)

\ =o0(1).
Consequently ‘ .Il = o(1).
Next ‘ o
. u
: o" sin | na +—-
I:,,:f"f(t+u) ( 2)
é

du ,
2 gin & ‘
| 2



On the Gibbs Phenomenon 161

and then |
]Ialg—;—[ If(t-l—u)[—:‘?p"du.

Since 0=p<o<1l for o<u<=z, IL,=o0(1).
Finally

n g K2
Izzféf(t_'_u) p‘s1ni<na+ 2) i

.U
x/nr 2 sin —
2

é 8
:%f S(t+u)p™ sin nacot;—bdu—i—é—f F(E+u)o™ cos na du

r,nr n/nr

s .
:f F(t+u)pr SR L
n/nr U
for sufficiently small , where |¢| is arbitrary small. It is sufficient to
prove

L= [ f(t+u)on SR du=o(1),
x/nr U

where

a=ru+pu®, |p|<3.

o 2r/nr 3x/mr 3 : :
Iz*:f + +---+f., where ‘y:[mﬂaj.

- T

r/nr 2z /nr yr/mr

[1_1] z/nr y » :
I*= 22 f 2 {f(t +u+2kz/nr) o (u+2kz/nr) sin (nru+ np(u-+2kn/nr)?)
k=0 u~+2kn/nr N .

n/Nnr

_ fl+u+Q@k+Dx/nr) .. )
wr @kt Dmimy (@ (@A L/

sin (nru-+ ng(u—l—(Zlc—l—l)n/nr)a)} du+o(1).

zzfmr/n’" f(t"'—u"_zk?f/’n’r) p"(u—!—an/’n’r) {Sin (nru+n#(u+2kn/n,’,)3)
u—+2krx/nr :

z/nr

—sin (nru+np(u+2k+1)x/nr)*} du

s f(t+u+2kn,/n'r)' n _ f@+u+@k4+Dx/nr)
+Zf { u—+2kr/nr (2o [n7) u+2k+1)x/nr

z/nr

o™ (u—+(2k+ l)n/'rw')} sin (nru-+np(u—+ 2k+1)x/nr)?) dﬂ—ko(l)
=I,+1I;+0(1), say. |
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| [.z 11 pammr S{E+u+2kn/nr) '
\ n P . o 3
IL,= k§=0} ;f w Sy o™ (u—+2kx/nr) {sin (nru4+ np(u-+2kz/nr)?)

—sin (nru+np(u-+ 2k +1)z/nr)?)} du .
Here
sin (nru-- n;z(u +2kr/nr)®)—sin (nru + n/x(n—{— 2k+ 1)n/n’r)‘°’)
=2sin— {n;z(u—i— 2kn‘/ nr):—np(n+(2k+ l)n/nr)“‘}
| cos > {anu +np(u—+2kn/nr) +np(u+ 2k +Dr/nr)?},
further
L {nput-2hen/ ) — mps(ut- @+ L/

=1 {u(u+2ka) — p(u+(2k+1)x)%}, where x=-",
X nr

=%{ﬂ(u+2k%)3—#u3} +—916—{ﬂu3—ﬂ<u+<z.k+ 1)a)*}=P+Q, say.

If n tends to oo, or x tends to 0, we get

| .
lim P=1lim ”(u"'%;c) pu’ = 2k(2' (w)ud 4 3u(u)u?),

>0 >0
similarly
lim Q= —(2k+1)(¢/'(w)u®+3p(u)u?),
x>0 ) v
whence
lim (P+Q)= — (s (uyu® + 3p(u)u).
On the other hand from (6)

1—2rsin? %
1 2 r

S -1 '
p._———ua cot e and so .
- 1—2r sng 1 oy . o -
, - r24+1r cos u—r?cosu r
p=eot- r sin u +u3 e +u3
. i N
1
=0\ — as u—0.
u
Consequently

sin (nru+ np(u+2krx/nr)®)—sin (nru-+np(u+ 2k + 1);{/7&7')3)-
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tends to 0 as m— oo, where —<u<2—7r

nr nr
We now have from the second mean value theorem

[%——1] 2z /nr
L= > f " St tut 2kn/nr) o™ (u~+2kr/nr) {sin (nru-+ n,u(u—l—an/nr)a)
k=0 u—+2krn/nr

x/nr

—sin (nru—+np(u+ 2k+1)r/nr)?)} du

v of 2k+1 ,
== [T-1] o ( nr 71') fekf(t—l—u—i—Zk /nr) {sin (nru—+ np(u-+ 2kz/nr)?)
T i 2k+1 r . d # '
| nr —sin (nru+np(u+ (2k+1)z/nr)?)} du
=o(1), where T <¢g, ~—2—71—.
nr nr

Here in 1,,

FE+ut2ka/nr) .. o  Flt+ut @t Da/nr) |

u+2kn/nr o"(utZlen ) u+2k+1)z/nr o"(u+(2k+1)z/nr)

_f@+u+2kn/nr)o"(u+2ka/nr)— f(¢t+u+ 2k +Dx/nr)o™(u+ (2k+1)x/nr)
u—+2krx/nr

g F+u+2k+1)z/nr)o™(u-+ 2k + Dx/nr)
nr(u-+2kz/nr)(u+ 2k+1)x/nr)
f(t+u+2k7r/m~) f(t+u+(2k+1)n/nr) o™ (uA2kx/nr)
u-+2kn/nr
4 S Ut Qe+D)n/n7) ¢ uyy 4 okr/mr) — p™(u+ @k +1)m/nr)}
u—+2kr/nr

L JSE+u+Q@k+Dr/nr)o™(u+ 2k +1)z/nr) _ —J +K, +L
nr(u—+2kx/nr)(u+ (2k+1)x/nr)

say.

We put
[%—_—1] 2x /T .
L,= >} f J,, sin {nr u+np(u-+(2k+1)x/nr)*} du

k=0
T/ nr

l: 3 1] 2w /T
+ Z ! K, sin {nru+np(u+2k+1)x/nr)®} du

0
& /nr

k=
[3’ ~1] 2 /o '
+ I;} L, sin {nru-+np(u+ 2k +1)a/nr)?} du
n/nr

= Iy, + Lz + I223 . Here

I — Eggljfz’;"”r f(t+u—|—2k:r/n7')——f(t—l—u+(2k+ Dr/nr)
. | u—+2kx/nr
o™ (u~+2kx/nr) sin (nru-+np(u—+2k+1)z/nr)?) du

k=0
x/mr

=o(1)
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from the second mean value theorem and (4).
| [ 1] 2n/mr f(t
+u+ 2+ l)n/nr)
I
= 2 f u~+2kr/nr te
— o (u+2k+1)z/nr)} sin (nru—+np(u+ (2k + 1)7:/%7')3) du

5 (2 ) (D ey

"(u+2kzn/nr)

k=0
z/nr

sin (nru+ n,u(u—{— (2k+1)zx/nr)®) du
=o0(l), where n/’nr§$k<m___27r/nr, 0<eg, <1,

from the second mean value theorem. Similarly

7 :[%Z_l:lfzz/m nf(t—}—u—l—(2k+1)7f/n7')pn(u+(2k+1)7[/%7').
223 : nr(u+2kz/nr)(u-+(2k+1)x/nr)

sin (nru—+ np(u -+ (210 +1)/nr)?) du

nro™((2k—+2)x/nr) -
= f(t+u+(2k+1) nr).

k=0
z/nr

sin (nru+ np(u-+ 2k +1)z/nr)?) du
=o(l).

This completes the proof of Theorem 7.

6. Proof of Theorem 9.
Let s,(t) be the nth partial sum of the Fourier series of f(¢), then
sin (n—l—%)u
s (t)="1 f Fit+u) du

2 sin &
2

Hence the Hausdorff mean of sequence {s,(t)} is

h(t)= [ 3 O8O A —r)dd(r)

- L fl fMg @yr =y~ sin (v +1) w dip(r)

Sf f(t‘|‘u) (1— /r-+,r.ebu)n /2 day, dpr(rr)

Ys  sin %
2

where & means the imaginary part. Here we put
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(1—r—+re*)=pe"*
then we get from the Szasz lemma [9]
=1—4r(1—7)sin? %,
_ 2
1——-,0"——-,2nu2 <O<2<i—)

and a=ru+pu®, where {¢]<3. (See the proof of Théor,em 7.) Hence
hn<t>~ f f ! (t+“) o &%) du, dp(r)

== sin —
2

S({t+u)p" sin (ﬁa —l——;i>

ZEI;f_f u du dr(r)

sin —

2
~ L[S fowaves

_—_-—(I—l—J) , say.
2x

It is sufficient to prove

n &1 ﬂ
. flf, fEt+u)o .smu(na—l— 2) e P =600}
0 o sin —
2

as n—>oo, since J= 0(1) may ke estimated quite similarly. Here

. flf" Sf(t+u)p" sin (’naf + ) . d{P(,r)

.U
o o ‘ sin —

= N ;+. e du dy(ry=I,+L+1,, say,
2 - A »

where d is a positive constant arbitrary small.

F(t+u)p" sin (na +3°—>

11=.0/10f"/" —— 2. du dyr(r)

sin —
2
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f f ”/”f (t+u)p" sin na cot—;idu dr(r)
0 0 .

f fn/'n‘f(t—l—u)pn cos na du d"’("")=I1_1+I12 . say.
We get furt}ierO ; |
‘rl rx/n o w
I11—[ of f(f-l—'u)p sin na cot—z—du, dyr(r) |
= f 1 f T f (t+u) sin na cot—;’—du d\r(r)
0 0 .

z/n . R
—flf JS({+u)inu? sin na cot —;idu dy(ry=1,,,—I,,,, say,
0 0 '

where O<2<7::—' In I,;, we get

TN - T/n .
f S(t+wu) sin na cot —;iduz f S({t+u) sin na(—z——f— continous function)du
‘ U
. 0 . ’ .

0

z/n : - .
:2f Si+u) s1nuna du-+o(1), uniformly in » (0=r=1),
., |

as n—>oc, While

fmf(t-}—u) sin na du:f"’” S +u) sin n(ru+pw’) o
u u

0 ' 0

S f”/” JS(&+u) sin n(ru+o(u?)) du

U

_’f"/" S({t+u) sin nru du+0{f”/n|f(t+u)|un du}:o(l)

u

uniformly in 7 (O<'r =1) from the condition (8) and the 1ntegrat10n by
parts. From the above estimations we get

111—f f” ”f(t—{—u) sin na cot——du ady(r)= 0(1)

Next in I,;, we get s1m11ar1y as in I,

x/n )
f S (t—l—u)lnu sin na cot —Z—du

0

;Zfz/nf'(t+u)2nu sin na du—+o(1)=o0(1)
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uniformly in » (0=<r=<1). Hence
quZf fmf(lt—I—u)xnu2 sin na cot —;idu dy(r)=o0(1),
0 0 . ‘
so that

I;,= 111""‘ 12=0(1) .
Next we estimate

:flf”/”f(t+u)p" cos na du dy(r) .

Since in I,,

f'mf(t—l—u);o" coS na du}é'f”/m’f(t;l—u)ldu:o(l) |

uniformly in r (0=r=<1), so we get
I,=001).
Next :

[3201'1[ f(t+u)p s1n<na+ ) 9

sin

(2 - .
i)
- { Ofmogn f + f 1-1/10gm [ 1 f f"}du (P =Iy+I,+1,, say.

1/logm 1—1/logmn &
Here
1/logn  rox f(t+u)pn sin <na+%>
lIgllglf f du d«,u(fr)|
.U
0 L sin —

g{total variation of «P('r) in 0<fr<_._1__}.
log n

max \f f(t—l—u)pn'sinu(na—l-%) du|

B T sin —
2

1

<o(1)-

— [ 74| du=o(1),

sin— %
2

since Y(r) continuous at r=0. Similarly we get I;;=0(1) from the con-
tinuity of Y(r)‘at r=1.
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Next we estimate

fE+u) o
,Ia-z=f 1 Wf o Sm(nH )du dy(r)

1/logn [} Sin _?/_l/_
-2

Since

n

pr= {1 —4r(1—7) sinz—zzi}T

we get

7

o —_ l;l/l(hgn
”32'I§{1——410;% 1_10; n> sm2_2_}2f 'd"’@l'

1/logm

f(t+u) sin (na—l— )

 max | [ 2oy

=r :
logn =~ — logm O sin —

gAf1—4 1 (1— 1 \smz—(-s—}T,
L log n log n/ 2

where A is a constant. Since

1im{1-—4 1 (1— 1 )sinQ-(S—}TZO,
n>co log n

we get I;,=o(1).

Next we use the Szasz lemma [10]; that is g£=0(r) for sufﬁmently
small u.

Finally

S({t+u)p™ sin (na —l——%);

zzzf‘f — 27 du dv(r)

T/ s1n——
z/mé n/nr
:{f f+f S+ f }au dd () =Lt To+ T, say.
/M z/né wm/mn /M w/nr
Here
" s u
e [ f(e+-u)p" sin (na+2 ) .
21-] ' .y » u ()
0 w/m s1n? ;

‘ x/ms  a ‘ 7o} a
:zf f f(t—i—@; sin na g A (r)+o(1)

0 /N
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Hence
Lal=2 [ av)| max [*LFCED0ut 00w gy, o)

0Sr<n/né u

= 2fz/m|d1,lr('r) l -‘constantzo(l) ,

from the continuity of Y(r) at r=0. Next
S({+u)p” sin (naf +—;i>

L=/ [ " — du d«/»(‘r)'

n/Nnd w/M . sSin —

_f f f(t—i—u)p sin na cot—du d‘P(T)

®/M8 m/MN

1 n/nr
+ f f F(@E+u)o" cos na du dyr(r) =1Ly, + 15, say..

z/Mné m/M
Here |[I,;|<e, where ¢ is a positive constant which is arbitrary small
according as ¢ is small. ’

221_2f f"/’” f(t—l—u)fb" sin na () +-&

T/né m/m
where |&'| is arbitrary small. Here we put

f f”/’" f(t—!—u)p sin na du d\lr('r)

n/Mmé m/n

— { f f”/m 4 f f/" }du A (r) =Ly, + L, 52y,

z/Nné =/m ¢ m/n

where o is a p051t1ve constant arbitrary small. Since a:O(ru) as r—0

and ©—0,
|12211|<f f”’/m [f(t—l—u)o sin na| du | dr(r)|

z/nr m/n

<f f K. anu[d«,U(r)[<K7rf ]d”#(r).f<€

=/Mm8 w/m

for sufficiently small 6 and ¢, where K is an appropriate constant. Next

L= [ [ LEXDO SN gy gy

o wm/n

_ff,,/m f(t—l—u) sin na du dr(r)+e

o w/n
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since p"=1—2Anu®. On the other hand

fﬁ/m f({t+u) sin na du=o0(1)
(24

m
uniformly in 7 (6=7r=<1) from the condition (3) and the integration by
parts. Therefore |I,;.| becomes arbitrary small acording as J is small
and n—>o. Therefore from the above estimations |I,;| may be arbitrary
small according as ¢ is small and n—>oo. Next

vsin(nat )
. f fﬁ fE+u)po sln<n + 2> v

, .U
w/ms zmr sin —

_ 1 "f(t+u)p"sinnad d .
2;,//-;5 ,,//,‘,r . u «{r(r)—i—s_

for sufficiently sufficiently small §, where |¢| is arbitrary small. Here

P f(E+w)oe" sin na 4 v (r)
"

n/M6  m/Nr

:{f“'f"Jrflf’}du dapr(r) = 1231—1—1282, say.

/M6 m/Mr g T/nr

Here

I é 7 o1 i
| Ly | <l I f (t+u)f’ S0y dr(r) |=o(1)
r/né r/nr
from the condition (4) 51m11arly as the proof of Theorem 7. Finally in
-I282

* f(t+wu)o”sin na du=o(1)
U

n/nr
uniformly in » (6=r=<1—0¢’ ) from the condition (4) similarly as the proof
of Theorem 7, and so I,;,;=o0(1) from the condition of Y (7). From the
above estimations we get I,;=o0(1).

This completes the proof of Theorem 9. :
Finally I wish to express my hearty gratitude to Professor S. Izumi
for his kind encouragement and advices.

Department of Mathematics,A‘
Hokkaido University,
Sapporo, Japan.
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