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\S 1. Preliminary. Modulared linear spaces with order structure
in which there are functionals called modulars were discussed by H.
NAKANO in his book [3]. H. NAKANO studied these spaces through the
properties of these functionals. Above all he defined the uniform
properties such as ”uniformly simple”, uniformly monotone”, ”uniformly
increasing” and ”uniformly finite”, in his paper [2].

In this paper we investigate some new uniform properties of
modulars, and give some examples of the new spaces with these
properties.

In the following, we denote a modulared semi-ordered linear space
by $R$ , and an additive modular on $R$ by $m$ , and it will be $suPposed$

that $R$ is semi-regular, I. $e$ . there exist sufficiently many order-continuous
linear functionals.

The terminologies and notations will be the same as [1] and [3].

\S 2. Uniformly ascending modulars. A modular, $m$ is said to be
ascending if for any $a(\neq 0)\in R$ we have $inf\underline{m(\xi a)}>0$ . Uniformizing

$\xi>0$ $\xi$

these properties, we have the following definition.
Definition 1 We call the modular $m$ uniformly ascending if

$\inf_{R^{r_{\vee}}.a\fallingdotseq 0}\frac{m(a)}{\Vert!a\Vert|}\geqq\delta>0$ ,

where $\Vert|a\Vert|$ is the second norm of $m$ . (cf. [1] p. 180).
In the above definition we may change the second norm by the

first norm of $m$ .
The conjugate property of an ascending modular is semi-singular:

that is, for any $a>0$ there exists an element $b$ such that $m(b)=0$ and
1) These definitions are also found in the paper [1] p. 185, which concerns with the

another problem; they are sufficient conditions in order that a semi-additive modular is
essentially additive.



On some type of the modulared linear space 17

$0_{\sim}<b\leqq a$ .
Definition 2 We $caum$ uniformly semi-singular if for some number

$\epsilon>0,$ $\Vert|x\cdot\Vert^{1}\leqq\epsilon,$ $x\in R$ implies $m(x)=0$ .
Theorem 1. Let $m$ be an ascending modular. Then $m^{\prime}(a)=\inf_{\xi>0}\frac{m(-\xi a)}{\xi}$

is linear modular and $m^{\prime}$ is also considered a modular norm of $m^{\prime}$ itself. $m^{\prime}$

is equivalent to the modular norm of $m$ if and only if $m$ is uniformly
ascending.

Proof. Suppose that $m$ is uniformly ascending. Since we have
$m(a)\geqq\delta\Vert|a\Vert|$ for some $\delta>0$ , it follows that $m(\xi a)\geqq\xi\delta\Vert|a\Vert|$ for $\xi\geqq 0i.e$ .

$\inf_{\xi 0}\frac{m(\xi a)}{\xi}\geqq\delta\Vert|a\Vert|$ for every $a\in R$ . (1)

From the above inequality (1), it is easy to see that $m^{\prime}$ is a linear
modular, because $m^{\prime}(\xi a)=\xi m^{\prime}(a)$ for any $\xi\geqq 0$ and $a\in R$ . On the other
hand, for any $a\in R$ and $1\geqq\xi>0$ , we have

$m(a)\geqq\frac{m(\xi a)}{\xi}\geqq m^{\prime}(a)$ .

Since $1\geqq m(a)$ implies $m(a)\leqq\Vert|a\Vert|$ , we have $\Vert|a\Vert|\geqq m^{\prime}(a)$ . Hence $m^{\prime}$ and
$\Vert|\Vert|$ are equivalent to each others. Conversely if $m^{\prime}(a)$ is equivalent
to the modular norm of $m$ , then there exists a number $\delta>0$ such that
$ m^{\prime}(a)\geqq\delta\Vert|a|\Vert$ .

Therefore
$m(a)\geqq m^{\prime}(a)\geqq\delta\Vert^{1}a\Vert|$ ,

which implies $\inf_{\neq()}\frac{m(a)}{\Vert|a\Vert|}\geqq\delta>0$ .
Theorem 2. Let $m$ be a semi-singular modular on R. Then $\Vert a\Vert_{0}=$

$\inf_{m(\xi a)=0}\frac{1}{|\xi|}(a\in R)$ is a norm on R. $m$ is uniformly semi-sungular if and only

if this norm is equivalent to the modular norm.
The proof of this theorem is followed easily from Definition 2. We

have the dual relation between the uniformly ascending modulars and
the uniformly semi-singular ones as in [1] p. 185.

Theorem 3. Let $m$ be uniformly ascending, then $\overline{m}$ is uniformly semi-
singulCer modular on $\overline{R}^{m}$ .

Theorem 4. Let $m$ be uniformly semi-singular, then $\overline{m}$ is uniformly
ascending modular on $\overline{R}^{m}$ .
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The proofs of the above two theorems are found in [1] and so
omitted. (cf. [1] p. 185).

If $m$ is uniformly semi-singular, we will write
1

$\Vert a\Vert_{0}=$ inf – for $a\in R$ ,
m $($ \’e $a)=0|\xi|$

and if $m$ is uniformly ascending, we will make use of the notation:

$\Vert a\Vert^{\prime}=m^{\prime}(a)=\inf_{\xi>0}\frac{m(\xi a)}{\xi}$ for $a\in R$ .
Theorem 5. Let $m$ be uniformly semi-singular. Then the norm

$\Vert\overline{a}\Vert^{\prime}=\overline{m}^{\prime}(\overline{a})=\inf_{\xi>0}\frac{\overline{m}(\xi\overline{\alpha})}{\xi},\overline{a}\in\overline{R}^{m}$ is exactly the dual norm of $\Vert a\Vert_{0},$ $a\in R$ .
Conversely if $m$ is un’bformly ascending, the norm $\Vert\overline{(\iota}\Vert_{0},\overline{\alpha}\in\overline{R}^{m}$ is exactly the
duaZ norm of $\Vert a\Vert$ ‘, $a\in R$ .

Proof. We need only prove the first part of the theorem. Let $m$

be uniformly semi-singular. For any $\overline{a}\in\overline{R}^{m}$ , and $\xi>0$ we have

$\frac{\overline{m}(\xi\overline{\alpha})}{\xi}=\sup_{a\in R}\{\overline{\mathfrak{c}\iota}(a)-\frac{m(a)}{\xi}\}\geqq\sup_{a\in A}\{\overline{\alpha}(a)-\frac{m(a)}{\xi})$

where $A=\{a|m(a)=0\}$ . Hence we have

$\frac{\overline{m}(\xi_{\overline{(l}})}{\hat{\zeta}}\geqq\sup_{a\in A}|\overline{(|}(a)|=\sup_{)|a_{0}||\leqq 1}|\overline{a}(a)|$ ,

therefore, $\Vert\overline{\alpha}\Vert^{\prime}\geqq S\mathfrak{U}p|c\iota_{0}|\leqq 1|\overline{a}(a)|$ .
On the other hand, we have

$m(a)=\sup_{\overline{\alpha}\in R^{m}}\{\overline{\mathfrak{a}}(a)-\overline{m}((\overline{x})\}\leqq\sup_{\overline{a}_{\vee}^{cfi^{h}}}\{\overline{a}(a)-\overline{m}^{\prime}(\overline{\sigma})\}=\sup_{aC\sim R^{n}}\{\overline{\mathfrak{a}}(a)-\Vert\overline{a}\Vert^{\prime}\}$ .

Hence $\sup_{\overline{m}’(\overline{\alpha})\leqq 1}|\overline{\alpha}(a)|=\sup_{||\overline{a}||\leqq 1}|\overline{\alpha}(a)|\leqq 1$
implies $m(a)=0$ .

Putting $B=\{a|\sup_{||\overline{a}||^{\prime}\leqq 1}|\overline{a}(a)|\leqq 1\}$
, we have $B\subset A$ . By the reflexivity of

the norm, (cf. [4]) we have for any $\overline{a}\in\overline{R}^{m}$

$\Vert\overline{\alpha}\Vert^{\prime}=\sup_{a_{C}^{\prime}B}|\overline{(\iota}(a)|\leqq S11pa_{\sim}^{\prime}\Lambda|\overline{\alpha}(a)|$

Hence we have
$\Vert\overline{a}\Vert^{\prime}=\sup_{a\in A}$ aa $(a)|=\sup_{/a)|_{0}\leqq 1}|\overline{a}(a)|$ .

Another theorem for uniformly ascending modulars is
Theorem 6. Suppose that $m$ is uniformly ascending. Then $m$ is $dso$
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ascending and uniformly simple. Hence if $R$ has no atomic element, then $m$

is uniformly finite.
The first of this theorem is followed by the definition. If R. has

no atomic element and $m$ is uniformly simple, then $m$ is uniformly
finite by the theorem of SnIMOGAKI [5] p. 205 or Theorem 5.1 in [1].

A dual form of this theorem is
Theorem 7. Suppose that $m\prime is$ uniformly semi-singular. Then $m$ is

semi-singular and uniformly monotone. Hence, if $R$ has no atomic element,
$m$ is uniformly increas’ing.

\S 3. Uniformizations of infinitely linear modulars.
For any $a\in R$ , we consider the functional defined by

$\sup_{\xi>0}\frac{m(\xi a)}{\xi}=\Vert a||_{\infty}$ .
The set of all elements $\Vert a\Vert_{\infty}<\infty,$ $a\in R$ is a semi-normal manifold

of $R$. If this set is complete in $R$ , then we call $m$ infin’itdy linear.
Uniformizing this property, we have the following definition:
Definition 3. We $caum$ uniformly $’\dot{b}nfinitely$ linear if there exists a

positive number $\epsilon>0$ such that for some positw$e$ number $n$ ,

$\Vert|x\Vert|\geqq\epsilon$ imphes $m(x)\leqq n\Vert|x\Vert|$ .
Here the second norm may be changed by the first norm. We

call an element $a\in R$ a finite element by $m$ if
$ m(\xi a)<+(\infty$ for every $\xi\geqq 0$ .

If there is no finite element except $0$ , then we call $minfin\dagger ite$ . This
Property is dual to an infinitely linear modular. Hence we have the
dual definition:

Definition 4. A modular $m$ is said to be uniformly infinite if there
exzsts a positive number $n$ such that

$|11x\Vert^{1}\geqq n$ implies $ m(x)=+\infty$ .
By the above definitions we have the following:
Theorem 8. If $m$ is uniformly $infin^{l}itPly$ linear, then $\overline{m}$ is uniformly

infinite.
Proof. By assumption, there exist positive numbers $n,$ $\epsilon>0$ such

that $\Vert|x\Vert|\geqq\epsilon$ implies $m(x)\leqq n\Vert|x\Vert|$ .
Hence we have
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$\overline{m}(\overline{\alpha})=\sup_{\# R}\{\overline{x}(x)-m(x)\}$

$=\sup_{r\fallingdotseq x\in R}\{\Vert|x\Vert|(\overline{x}(\frac{x}{\Vert_{1}x|||})-\frac{m(x)}{\Vert|x\Vert|})\}\geqq_{x\in R ,||x|||\geqq\epsilon}sap\Vert^{1}x||\}1^{\overline{x}}(\frac{x}{\Vert^{1}x\Vert^{1}1})^{-n}\}$
.

Since $\Vert\overline{x}\Vert’=\sup_{||x|^{1}|\leqq 1}|\overline{x}(x)|=\sup_{||x||(=1}|\overline{x}(x)|=\sup_{||x||=1}\{\overline{x}(x)\}$ , we can see that

$\Vert\overline{x}\Vert\geqq n+1$ implies $\sup_{|_{1}|x|)/\leqq 1}|\overline{x}(x)|=\sup_{\epsilon 0*xR}|\overline{x}(\frac{x}{\Vert_{1}^{1}x_{1}^{1}!|})|\geqq n+1$ ;

$i$ . $e$ . $0x_{-}^{\prime}R\sup_{*-}\{\overline{x}(\frac{x}{\Vert|x\Vert^{1}})^{-n}\}>0$ .

Therefore
$\Vert\overline{x}\Vert\geqq n+1$ implies $\overline{m}(\overline{x})=+\infty$ .

This shows the assertion.
A dual form of Theorem 8 is
Theorem 9. If $m$ is uniformly $infin^{i}\dot{b}te$ , then $\overline{m}$ is uniformly infiniteiy

linear.

Proof. Since there exists a positive number $\epsilon$ such that $\Vert x\Vert\geqq\epsilon$

implies $ m(r)=+\infty$ , for any $\overline{x}\in\overline{R}^{m}$ , we have

$\overline{m}(\overline{x})=\sup_{x\in R}\{\overline{x}(x)-m(x)\}$

$=\sup_{x\in R,||x||\leqq 8}\{\overline{x}(x)-m(x)\}\leqq\sup_{<||x^{1}|_{\Leftarrow}\epsilon}\{\overline{x}(x)\}=\epsilon\Vert|\overline{x}\Vert|$ .

Theorem 10. Let $m$ be uniformly infinitely linear. Then $\lim_{\xi\rightarrow\infty}\frac{m(\xi x)}{\xi}=$

$\Vert x\Vert_{\infty}<+\infty$ for every $x\in R$ . Conversely, if $m$ is monotme $complete^{d}9$ ) and
$||x\Vert_{\infty}<+\infty$ for every $x\in R$ , then $m$ is uniformly infinitely linear.

Proof. The first part of this theorem follows from Definition 3.
If $m$ is monotone complete and $\Vert x\Vert_{\infty}$ is finite for every $x\in R$ , then $\Vert x\Vert_{\infty}$

can be considered a norm on $R$ . Furthermore we have

$\Vert|x\Vert|\leqq\Vert x\Vert_{\infty}$ for every $x\in R$ .
Since the second norm $\rfloor||\Vert|$ is complete by virtue of the monotone

completeness of $m$ , the second norm $\Vert|\Vert|$ and $\Vert\Vert_{\infty}$ are equivalent to
each others,

$i$ . $e$ . $\Vert x\Vert_{\infty}\leqq n\Vert|x$ Ul for some number $n>0$ .
2) For the definition of the monotone complete modular, see, [2] p. 129.
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This shows that $m$ is uniformly infinitely linear.
Theorem 11. Suppose that $m$ is uniformly infinitely linear. Then $m$

is uniformly finite. If furthermore $m$ is simple, then $m$ is uniformly simple.
The proof of the first part of this theorem is deduced from the

definition. If $m$ is uniformly finite and simple, then we can suppose
that $m$ is furthermore monotone complete. Hence, by the theorem of
YAMAMURO (cf. [1] p. 190) we can deduce the second assertion.

A dual form of the above theorem is
Theorem 12. Let $m$ be uniformly infinite. Then $m$ is unifarmly in-

creasing. Hence, if $mis.$ monoWne, then $m$ is uniformly monotone.
If $m$ is uniformly infinite, then a norm is defined by the set $F=$

$\{x:m(x)<+\infty\}$ , such that

$\Vert x\Vert_{f}=\inf_{\text{\’{e}} x\in P}\frac{1}{|\xi|}$ .

Theorem 13. Let $m$ be uniformly infinitely linear. Then $\Vert\overline{x}\Vert_{\infty}(\overline{x}\in\overline{R}^{m})$

is the dual norm of $\Vert x\Vert_{f},$ $(x\in R)$ .
Proof. For any $\overline{x}\in\overline{R}^{m}$ , we will show that

$\sup_{\in}|\overline{x}(x)|=\sup_{\xi>0}\frac{\overline{m}(\xi\overline{x})}{\xi}=\Vert\overline{x}\Vert_{\infty}$

Since

$\frac{\overline{m}(\xi\overline{x})}{\xi}=\sup_{x\in F}\{$ $\overline{x}(x)-\frac{m(x)}{\xi}\}\leqq\sup_{x\in F}|\overline{x}(x)|$ for any $\xi>0$ ,

we have $\Vert\overline{x}\Vert_{\infty}\leqq\sup_{x\in F}|\overline{x}(x)|$

On the other hand, for every $x\in F$, and for any $\xi>0$ , we have

$\sup_{\xi>0}\frac{\overline{m}(\xi\overline{x})}{\xi}\geqq\overline{x}(x)-\frac{m(x)}{\xi}$ ,

that is, $\sup_{\xi>0}\frac{\overline{m}(\xi\overline{x})}{\xi}\geqq\overline{x}(x)$ .

Hence, we have $\Vert\overline{x}\Vert_{\infty}=\sup_{\xi>0}\frac{\overline{m}(\xi\overline{x})}{\xi}\geqq\sup_{x\in F}|\overline{x}(x)|$ , therefore we have

the proof.
Concerning the relation between the uniformly infinitely linear

modulars and the uniformly ascending ones, we have the following:

Theorem 14. Let $R$ have no atomic element. If $m$ is uniformly



22 S. Koshi

ascending, then $m$ is uniformly infinitely linear.
Proof. We will prove that for some $n>0$ ,

$m(x)\geqq 1$ implies $n\xi m(x)\geqq m(\xi x)$ (for $\xi>1$).

Suppose that for any integer $n>0$ , there exist a real number $\xi>1$

and $x>0,$ $x\in R$ such that
$n\xi m(x)<m(\dot{\sigma}x)$ .

Decomposing $x$ orthogonally, we find the projection operators $[p_{i}]$ ,
$i=1,$ $\cdots,n_{0}$ such that

$m(\xi[p_{i}]x)\leqq 1$ , $\xi[p_{i}]x\neq 0j$ $i=1,$ $\cdots,n_{0}$ ,

since $R$ has no atomic element.

Hence we have for some $1\leqq i_{0}\leqq n_{0}$ ,

$n\xi m([p_{i_{0}}]x)\leqq m(\xi[p_{i_{0}}]x)$ .
Putting $\xi[p_{i_{0}}]x=y\neq 0$ , we have

$n\hat{\sigma}m(\frac{y}{\xi})\leqq m(y)\leqq\Vert|y\Vert|$ .

Hence we have

$\Vert y\Vert^{\prime}\leqq\frac{m(\frac{1}{\xi}y)}{}\leqq\frac{1}{n}\Vert|y\frac{1}{\dot{\zeta}}$ il, y\yen $0$ .

This shows that $\Vert\Vert^{\prime}$ is not equivalent to $\Vert|\Vert|$ . By virtue of Theorem
1, this contradicts the uniformly ascending property of $m$ .

Hence, for any $x\in R$ such that $m(x)=1$ and $\xi>1$ , we have
$n\xi m(x)\geqq m(\xi x)$ .

That is

$|1|x\Vert|\geqq 1$ implies $n\Vert|x\Vert|\geqq\frac{m(\xi x)}{\xi}$ ,

and this shows that $n\Vert|x\Vert|\geqq\Vert x\Vert_{\infty}$ ; therefore we have the proof of
Theorem 14.

A dual form of this theorem is
Theorem 15. Let $R$ hnve no atom’ic element. If $m$ is uniformJy semi-

smgular, then $m$ is unifmnly infinite.
Remark. If $R$ is discrete, there is no relation between uniformly
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ascending and uniformly infinitely linear properties as it will be seen
later. (see ProposItIon 1, 3 in \S 5.)

\S 4. Uniformizations of asymptotically linear modulars.
We say an element $x\in R$ to be asymptotically linear if

$\sup_{\xi>0}\{\xi\gamma(x)-m(\xi x)\}<+\cdot\infty$ where $\gamma(x)=\sup_{\text{\’{e}}>0}\frac{m(\xi x)}{\xi}$ .
The totality of the asymptotically linear elements constitutes a semi-
normal manifold. (cf. [3] p. 202). If this manifold is complete in $R$ ,
then we say $m$ to be asymptoticauy linear.

Definition 5. $Furtherm\alpha re$ if we suppose

$\sup_{x\in A}\sup_{\xi>0}(\xi\gamma(x)-m(\xi x)\}<+\infty$

where $\gamma(x)=\sup_{\xi>0}\frac{m(\hat{\sigma}x)}{\xi}$ and $A$ is the set of all asympfohcally hnear elements,

we $caum$ uniformly asymptOtically linear.
If $m$ is asymptotically linear, then $\overline{m}$ is totally discontinuous. (cf.

[3] p. 203: I. $e$ . discontinuous units are complete in $R$). Uniformizing
this property, we have

Definition 6. We catl $m$ uniformly $disc\sigma nt\dot{m}$uous, if for some $n>0$ ,
$ m(x)<+\infty$ implies $m(x)\leqq n$ .

Theorem 16. If $m$ is uniformly asymptotically hnear, then $\overline{m}$ is uni-
formly discontinuous.

Proof. Let $x\in\overline{R}^{m}$ be such that $\overline{m}(\overline{x})<+\infty$ . Then we have,

$\overline{m}(\overline{x})=s\alpha px\in R$ {dr $(x)-m(x)\}=\sup_{x\in A}\{\overline{\alpha}(x)-m(x)\}$

$=\sup_{\cong 0^{\prime}\xi,x\in A}\{\xi\overline{x}(x)-m(\frac{\wedge}{4}x)\}$

because $A$ is a complete semi-normal manifold of‘ $R$ .
If $\overline{x}(x)>\gamma(x)$ for some $x\in A$ , then $\overline{m}(\overline{x})=\infty$ , but this is a contradiction.

Hence we have $\overline{x}(x)\leqq\gamma(x)$ , therefore by assumption

$\overline{m}(\overline{x})\leqq\sup_{0\leq\xi,\alpha_{\sim}^{c}A}\{\xi\overline{x}(x)-m(\xi x)\}=\sup_{0\leqq\xi,x\in A}\{\xi\gamma(x)-m(\xi x)\}\leqq n$

for some number $n>0$ .
This fact shows that $\overline{m}$ is uniformly discontinuous.
Theorem 17. If $m$ is uniformly discontinuous, then $\overline{m}$ is uniformly
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asymptotically $li\prime n,ear$ .
Proof. If $m$ is uniformly discontinuous, then $m$ is totally di8-

continuous. By Theorem 46.6 in [3], $\overline{m}$ is asymptotically linear. Let
$\overline{x}\in\overline{R}$ be an asymptotically linear element by $\overline{m}$ . Then we can find some
number $n>0$ such that

$+\infty>\overline{m}(\overline{x})=\sup_{x\in R}\{\overline{x}(x)-m(x)\}=\sup_{x\in F}\{\overline{x}(x)-m(x)\}$

$\geqq\sup_{x\in F}\{\overline{x}(x)\}-n$

where $F=\{x|m(x)<+\infty\}$ . For any $\xi>0$ , we have thus

$+\infty>\overline{m}(\xi\overline{x})\geqq\sup_{x\in F}\{\xi\overline{x}(x)\}-n$ .
$e$

Since $\frac{\overline{m}(\xi\overline{x})}{\xi}=\sup_{x\in R}/(^{\overline{x}(x)-\frac{m(x)}{\xi})}J=\sup_{x\in F}\{\overline{x}(x)-\frac{m(x)}{\xi}\}\leqq\sup_{x\in F}\{\overline{x}(x)\}$ ,

we have

$\gamma(\overline{x})=\sup_{\epsilon>0}\frac{\overline{m}(\xi\overline{x})}{\xi}\leqq\sup_{x\in F}\{\overline{x}(x)\}$ , therefore

$\xi\gamma(\overline{x})-\overline{m}(\xi\overline{x})\leqq n$ for $\xi>0$ .
This shows that

$\sup_{\overline{x}\in Z}\sup_{\xi>0}\{\sigma 7(\overline{x})-\overline{m}(\xi\overline{x})\}\leqq n$

where $\overline{A}$ is the set of all asymptotically linear elements by $\overline{m}$ .
Concerning the relations to the previous sections we give the fol-

lowing theorems.
Theorem 18. If $m$ is uniformly asymptoticauy linear, then $m$ is um-

formly infinitely linear.
A dual form of the above theorem is
Theorem 19. If $m$ is uniformly discontinuous, then $m$ is $um,formly$

infinite.
Proof. We will only prove Theorem 19.
For any $x$ , and a positive integer $n$ ,

$m(x)\leqq n$ implies $m(\frac{x}{n})\leqq 1$ ,

therefore $\Vert|x\Vert|\geqq n+1$ implIes $ m(x)=+\infty$ if $m$ is uniformly discontinu-
ous. This shows the assertion of this theorem.
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\S 5. Examples.
“Discrete cases”. (modulared sequence spaces).
Let $\varphi$ a $(\lambda\in\Lambda)$ be a system of positive convex functions of positive

real variable. Then the set of sequence $\{\xi_{\lambda}\}_{\lambda\in\Lambda}$ such that $\sum_{l\in\Lambda}\varphi$ a $(|\xi\xi_{\lambda}|)$

$<+\infty$ for some $\xi>0$ , constitutes a modulared linear space with the
usual order, defining a modular by $ m(x)=\sum_{\lambda}\varphi$ a $(\xi_{R})$ where $x=\{\xi_{\lambda}\}_{R\in\Lambda}$ .
This space $l(\varphi_{l})_{l\in\Lambda}$ is monotone complete by this modular. We will
investigate the properties of these modulars on the line of the former
conditions.

For a convention, we can suppose that the convex functions $\varphi$ a
$(\lambda\in\Lambda)$ is normalized, $i.e$ . $\Vert|e_{\lambda}\Vert|=1(\lambda\in\Lambda)$ , where $e_{l}$ is an element of $l(\varphi_{l})_{l\in\Lambda}$

such that

I $\xi_{\rho}=1$ if $\rho=\lambda$

$e_{\lambda}=\{\tilde{c}_{\rho}\}_{0\in\Lambda}$ , 1 $\xi_{\rho}=0$ if $\rho\neq\lambda$ .
Proposition 1. $l(\varphi_{R})_{l\subset\Lambda}$ is $unif\sigma rmlyc\iota scending$ if and only if we can

find a number $n>0$ such that

$\inf_{\xi>0}\frac{\varphi_{l}(\sigma^{=})}{\xi}=\varphi_{l}^{\prime}(1)\geqq\frac{1}{n}$ $(\lambda\in\Lambda)$

Proof. We need only prove the sufficiency. If $x=\{\xi_{R}\}_{\lambda\in\Lambda}$ and
$ m(x)=^{r_{\lambda}}\triangle\varphi$ a $(\xi_{\lambda})\leqq 1$ , then we have

$m^{\prime}(x)\geqq\sum_{\lambda}|\xi_{\lambda}|\varphi_{\lambda}^{\prime}(1)\geqq\frac{1}{n}\Sigma\varphi_{l}(\xi_{l})$ ,

$i$ . $e$ . $m^{\prime}(x)\geqq\frac{1}{n}m(x)$ ,

this concludes the sufficiency of the proposition.
Proposition 2. $l(\varphi_{f})_{h\in\Lambda}$ is uniformly semi-smgula.$r$ if and only if we

can find a number $n>0$ such that
$\varphi_{\lambda}(\xi)\leqq 1$ implies $\varphi_{l}(\xi/n)=0$ .

Proof of this proposition is similar to that of the former proposition,
therefore it is omitted.

Proposition 3. $l(\varphi_{\lambda})_{\lambda\in\Lambda}$ is uniformly infinitely hnear if and only if, the
following conditions are satisfied:

(1) $\varphi_{l}(\xi)<+\infty$ for every $\xi\geqq 0$ and there is a definite number $n_{0}$ such
that
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$\varphi_{\lambda}(1)\geqq\frac{1}{n_{0}}\lim_{\text{\’{e}}\rightarrow\infty}\frac{\varphi_{\lambda}(\xi)}{\xi}=\frac{1}{n_{0}}\varphi_{l}^{\infty}(1)$ .

(2) $\sum_{\lambda}\varphi_{\lambda}(\xi_{\lambda})<+\infty$ implies $\sum_{\lambda}\{\xi_{l}|<+\infty$ .

Proof. (1) is deduced from Definition 3. If we have

$\sum_{l}\varphi$ a $(|\xi_{f}|)<+\infty$ , then $x=\{\xi_{f}\}\in l(\varphi_{\lambda})$ .

Hence $\Vert x\Vert_{\infty}=\sum_{h}|\xi_{\lambda}|\varphi_{\lambda}^{\infty}(1)<+\infty$ .
Because of the inequality $|\xi_{\lambda}|\leqq|\xi_{\lambda}|\varphi_{\lambda}^{\infty}(1)$ , we have

$\sum_{\lambda}|\xi_{R}|\leqq\sum_{\lambda}]\xi_{R}|\varphi_{h}^{\infty}(1)$ .
This prove the necessity of the conditions (1), (2).

Let $\sum_{l}\varphi_{\lambda}(\xi_{l})\leqq 1$ and $x=\{\xi_{l}\}$ .
Then (1) and (2) show that

$\Vert x\Vert_{\infty}\leqq n_{0}\sum_{\lambda}|\xi_{1}|<+\infty$

This shows the sufficiency by Theorem 10.
Proposition 4. $ l(\varphi_{\lambda})_{\lambda}\Lambda$ is uniformly infinite if and only if the following

conditions are satisfied:
(1) For some integer $n_{0}>0$ , we have

$\varphi_{\lambda}(n_{0})=+\infty$ , $\lambda\in\Lambda$ .
(2) $ F\varphi$ some number $\epsilon>0$ , we have

$\sum_{\lambda}\varphi$ a $(\epsilon)<+\infty$ .
Proof. Suppose that

$\sum_{\lambda}\varphi_{\lambda}(\frac{1}{2^{m}})=+\infty$ for every integer $m>0$ .

Selecting $\lambda_{j},$ $j=1,2,$ $\cdots,i_{m}$ , from $\Lambda$ , we have

$\sum_{j\Rightarrow 1}^{l_{m}}\varphi_{\lambda_{j}}(\frac{1}{2^{m}})\geqq 1$ .

Hence, putting $x_{m}=e_{l_{1}}+\cdots+e_{\lambda_{t_{m}}}$

where,
$e_{l}=$

$/1$ at \‘A

$|0$ otherwise,
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we have
$|IIx_{m}\Vert!\geqq 2^{m}$ and $ m(x_{m})<\infty$ .

This is a contradiction. Therefore (2) is a necessary condition.
It is easy to see that (1) is also a necessary condition.
Suppose that (1), (2) are satisfied.

From (1), $\sum_{l}\varphi_{\lambda}(|\xi_{\lambda}|)<+\infty$ implies $\sup_{R\in\Lambda}|\xi_{\lambda}|<+\infty$ .
Hence, if $x=\{\xi_{\lambda}\}\in l(\varphi_{\lambda})$ , $th\dot{e}n$

$\sup_{\lambda\in\Lambda}|\xi_{l}|<+\infty$ .

Let $x_{1}=\{1\}$ { $i.e$ . this element has a value 1 at any co-ordinate $\lambda\in\Lambda$ }.
By (2) we can find that

$x_{1}\in l(\varphi_{\lambda})$ .
Hence we can find a number $\epsilon_{0}$ such that

$\Vert|\epsilon_{0}x_{1}\Vert|=1$ .
If $x=\{\xi_{\lambda}\}\in l(\varphi_{l}),$ $\Vert|x\Vert|\geqq 1$ , then there exists at least one $\lambda_{0}\in\Lambda$ such

that
$|\xi_{R_{0}}|\geqq\epsilon_{o}$ .

By virtue of (1) $\Vert_{1}^{\{}x\Vert|\geqq\frac{n}{\epsilon_{0}}$ implies $ m(x)=+\infty$ .
This prove the sufficiency of the conditions (1), (2).
Proposition 5. $l(\varphi_{f})$ is uniformly $disc\sigma nt\dot{m}$um if and only if, there

exist $n>0$ and a system of $\xi_{l}>0,$ $\lambda\in\Lambda$ such that
(1) $\varphi$ a $(\xi_{l})<+\infty$ and $\varphi_{\lambda}(\xi_{\lambda}+\epsilon)=+\infty$ for every $\epsilon>0$ ,

(2) $\sum_{l_{1}}\varphi_{\lambda}(\xi_{\lambda})<+\infty$ .
Proposition 6. $l(\varphi_{\lambda})$ is uniformly asymptotically linear if and only if

$\sum_{l}\gamma_{\lambda}(1)<+\infty$

where $\gamma_{l}(1)=\sup_{\epsilon>0}\{\varphi_{R}^{\infty}(1)-\varphi$ a $(\hat{\sigma})\}$

Proofs of the above propositions are easy, therefore omitted.

“Non discrete cases“
1. The $c\alpha nverse$ of Theorem 6 is not true.
An example of a modulared linear space which is monotone complete,

uniformly finite, uniformly simple and ascending, but not uniformly
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ascending and uniformly infinitely linear is the following:
Let $M_{n}$ be a real function such that

$M_{n}(x)=\frac{1}{2}x^{2}+\frac{1}{n}x$ $(n=1,2, \cdots)$

and $L(M_{n})$ be a totality of measurable functions $f$ defined on $[0,1]$ .

such that

for some $a>0$ .$\sum_{n\Rightarrow 1}^{\infty}\int_{\underline{1}}^{\frac{1}{n}}M_{n}(a|f(t)|)dt<+\infty$

$n+1$

Then $L(M_{n})$ is such an example.

2. The converse of Theorem 13 is not true.
An example of a modulared linear space which is uniformly

infinitely linear, but not uniformly ascending is the following:
Let $\varphi_{n}$ be $a$ real function such that

$\varphi_{n}(x)=\frac{1}{2}x^{\eta}\cdot+\frac{1}{n^{4}}x$ if $x\leqq 1$

$\varphi_{n}(x)=(1+\frac{1}{n^{4}})x-\frac{1}{2}$. if $x>1$

and $L(\varphi_{n})$ be a totality of measurable functions $f$ defined on $[0,1]$ such
that

$\sum_{n\Leftrightarrow 1}^{\infty}\int_{\frac{1}{n+1}}^{\frac{1}{n}}\varphi_{n}(a|f(t)|)dt<+\infty$ for some $a>0$ .

Then $L(\varphi_{n})$ is such an example.
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