SOME STUDIES ON PROJECTIVE FROBENIUS
EXTENSIONSY

By
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Introduction. Let A be a Frobenius algebra over a field K, that is, an
algebra such that its first and second regular representations are equivalent.
Then there exist bases {/;}, {r;} of A over K such that

lia - jzzzllw (a)lj s

ar.= 3 r,(a) (hs@eK, i=1,2,-,n)
i=1

hold for every element @ in A. Let A,s and %,’s be the K-linear transforma-
tions of A into K defined by

hi(a) = 2,
ki(a)::/z; (l=1’2’ "',ﬂ),

where a= X 2,0;,= 3, r,4, 4;, )6 K. Then for every element a in A we have
F=1 F=1 :

(1) a= 3 hya)l,= Srik,(a),
(2) | hila)=kar)  (=ii=n).

These properties do not require that K is a field, and suggest a generalization
of the notion of a Frobenius algebra.

Let I' be a ring with a unit element 1 and 4 be a subring of I" contain-
ing 1. Then we consider the following condition (A) which corresponds to
(1) and (2): ' .

(A) There exist element {/,}, {r,} in I' and A-linear mappings {k;}<
Hom(,I', J") and {k,} SHom(I",, I'y) such that both (1) and (2) hold for every
element a in I'. ' _

On the other hand, in [6] Kasch defined that the ring extension I'/4 is

1) This is a doctoral dissertation at Hokkaido University.
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a projective Frobenius extension if and only if the following conditions are
fulfilled : o | - i
(B,) (r1) AL r=Hom(I'y, 4,) -
(r2) I, is finitely generated and projective.

One of the main purposes of the present paper is to prove the equivalence
of (A) and (B,) (Theorem 1). As corollaries of Theorem 1 some simple con-
ditions for a projective Frobenius extension are derived. §1 will be mainly
devoted to the proof of Theorem 1. In §2 we shall consider the endomorphism
ring Hom,(I", I") for a projective Frobenius extension and give a simplified
proof of [6, Satz 1] based on Theorem 1. In §3 we shall generalize the
Maschke-Ikeda—Kasch characterization of relatively projective and- relative
injective modules to the case of projective Frobenius extensions. In §4-§6
we shall generalize the results in [7] as a whole to the case of projective
Frobenius extensions by the way quite analogously to that of [7] except some
slight modifications and supplementary remarks. In §7, as applications, we
shall give some remarks concerning Galois extensions of simple rings including
[4, 3.c]. _

§1. Let I" be a ring with a unit element 1? and 4 be a subring of I
containing 1. By P we shall denote the centralizer of 4 in I'. Let A=,4,
be a I'-A-module and let B=,B, be a A-A-module. Then Hom(A, B,), the
module of A-homomorphisms of A into B, becomes a A-I-module by defining

(Af7)(a) = Af(Ta) feHom (A, By) (26/1 rel’, acA).

Slmllarly, if JAr is a A-I'- module and B4 is a A-A- module then Hom( 1A, B)
is a I'-A-module by

(Yf-2) (a)=f(al)A feHom(,A, .B) (2ed, rel’, acA).
Moreover if modules A, (,Ar) and +B: (,Br) are given, then Hom (A, By)
(Hom (4,4, ,B)) is a I'-I"-module by : :

(1. S72) (@) =T.f(ra)  ((Tiof~T:)(a)=f(al)T.) -

Analogous remarks are used in other cases.

Lemma 1. If I', is finitely generated and prq;ectwe, then for each
Amodule «C we have a I'-isomorphism ‘

i

( 3 ) F@C: Hom(AHom(FA, AA), AC)

2) In what follows, by a ring we shall always mean a ring with an identity element and
by a module we shall always mean a unital one.
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and similarly if 0" is finitely generated and projective, then for each A-
module ,C we have a I'-isomorphism

(4) C®I" = Hom(Hom(,[", ), Co) -

Moreover if Cr.(C,) is a A-I"-(I"-A-) module where I" is an arbitrary
ring, then we have I'-I"-(I"-I'-)isomorphisms between the corresponding
modules. ‘

The proof of Lemma 1 proceeds just as in [8, §1], but for the sake of
completeness we shall sketch here the proof.

Define
7: I'QC — Hom(,Hom(I",, 4,), ,C)
A

by setting
t(T®c) f=fNc , (rel’, ceC, feHom(I'y, A,)) .

If I'=A4, then 7(A®c)=0 implies f(2)c=0 for all feHom(A4,, 44). Setting here
f=1,, the identity mapping on 4, we see that ic=0 whence 1Qc=1Ric=0,
and this implies that z is a monomorphism. Clearly Hom(A4,, 4)=4-1,. Let
geHom (,Hom(A4,, 44), ,C). Then setting c,=g(1,) we have '

7(1®c) (A14) = 2c, = 29 (14) = g (21) ,

that is, 7(1®c,)=g¢g, whence r is an epimorphism. Since

cBA®A) f= Fidle = (Fae= s f  (wed),

7 is a A-isomorphism. Therefore, by a direct sum argument it follows that =
is a I'-isomorphism if I", is finitely generated and projective. The rest of the
assertions is easily verified.

When the following conditions (1), (»2) ((r1), (»2)') are satisfied, then the
ring extension I'/4 is called projective (free) F robemus extention.

(r1) Jr=Hom([,, 4,). ' ‘

(r2) [I', is finitely generated and projective.

(r2) I, is finitely generated and free.
From Lemma 1 it follows that (1), (»2) ((r1), (2)) are equivalent to the
following conditions (I1), (2) ((I1), (I2)):

(l 1)  I'y=Hom(,[, 4A) -

({2) I is finitely generated and prOJectlve

(2) I is finitely generated and free. ;
When I'/4 is a projective (free) Frobenius extension, denote by h the image
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of 1€I" under a A-I-isomorphism of (r1). Then h‘EHom(AI’A, 1A, and the
isomorphism is denoted by

As is easily seen, A is uniquely determined up to a right multiplication of
a regular element of P, and is called a Frobenius homomorphism. From
Lemma 1 it follows that using the same 2 we have a I'-/A-isomorphism of (/1):

(6) I'st «—7-heHom ([, JA)=1"-h.
By (5) and (6) we have
hP = P-h =Hom ([ 4, 44,) -
Thus for each veP, there exists '€ P such that ho=p’-h. Then the mapping
g: O — 0 =p°
defines a automorphism of P by the formula
ho,0,(1) = ho,(0,7) = 03 h(0,7)
= h(0,705) = hp,(703)
= 032 h(107) = h(10503)
= P03+ h(T) (0,, 0,€P, Tel)
and is called Nakayama-automorphism of P. Since % is uniquely determined
up to right multiplications of regular elements in P, the Nakayama-automor-
phism of P is uniquely determined up to inner automorphisms of P.

Now we shall give here an equivalent condition for a projective (free)
Frobenius extension.

Theorem 1. The ring extension I'|A is a projective (free) Frobenius
extension if and only if there exist elements {l;}, {r;} in I', {h;} in
Hom (I, 44) and {k;} in Hom(I',, A,) such that

r= iZill hi(r)li = g}lﬁki(r)
hi(l;7) = k;(T7,) (rel’, 1=i,j<n).

(For a free Frobenius extension moreover h;(l;) (=k;(r;)=0;;, the Kronecker’s
delta.) :
Before proving the theorem, we quote here the following lemma which is
found in [1, Chap. VII, 3].
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Lemma 2. In order that a right A-module A be projective:it is neces-
sary and sufficient that there exist a family {a.} of elements of A and
a family {¢.} of A-homomorphisms ¢,: A—>A such that for all acA

a=Y.a.p.(a),
where ¢.(a) is zero for all but a finite number of indices a.

Proof of Theorem 1. Sufficiency. By Lemma 2 I', is finitely generated
and projective. We define a scalar product of I" and I" in 4 by

(T T2) = S h (P kalls) 1o, Toel.
=1

The product is bilinear and associative, that is, it satisfies

(1) (AT, 1) =21, 12) , (T, 1) = (T, T2) &

(i1) (T +7,7.)=T,1,)+ (71, 7)

(T, To47) =T, T)+ (7, 71)

(T, 1) = (1, 77,) (2ed, T1,7,71,7,1€l’).
The third equality follows from

(1.7, 7)) = ; h(T\7) Rk, (T2) = %} h,;(é? hy (1) L;1) Ry (T2)
= ;jhj(rl) AUl AVAES %hj(Tl)kj(Tfi)k,;(Tz)
= ; h; (Tl)kj(é: Triky(T))
= 2, h; (1) R,y (IT>)
= (;’1, 7).

(i)

We consider the following mapping 2 of I into A:
h: Ia3r=11,—h)=(T,7.).

Since by (iii) 2(7)=(7, 7.)=(1,7.7.)=(1,7), h is an well defined A—A-homomor-
phism of I" into 4. Then we assert that the correspondence

¢o: I'st — hreHom(I',, A,)
is a A-I"-isomorphism of I" onto Hom(I", 4,). Let ¢(¥)=hr=0, then we have
0= AT (r) = h(Tr) = 3 hy(7) Ry (r) |
= 2N h(l) = hi(25hs(1)2))
= h(7) - (=1,2,:-,n),
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whence 7= 3] 4(r)l;=0, that is, ¢ is a monomorphism. Let feHom(I";, 4,)
and set 7= f(r;)l, Since - |
. ‘i . « .
r=Zrkln) = Sk Sk 0)

(2

= %ﬁkz(ﬁ) k;(T) = %‘ﬁhj (L) s (7)

we have
)= ;jf(rz) hi(l) Ry (T) = z? (;f(ﬁ) hy(L:) k;(T)

= ; hy (LS (r) b ks (1) = ; hy(T) Ry (1) = R(1'7)
= h1r'(1),

whence f=h1"=¢("), that is, ¢ is an epimorphism.

Necessity. Consider the following diagram of I'-I"-modules and I'-I-isomor-
phisms where the I'-I-isomorphisms in the upper row are those given in
Lemma 1 (by setting C=1I") and those in the columns are the induced ones
from (5) and (6) '

Hom (Hom (,I", 1A)5, I's) > I'®I" — Hom (Hom (I's, A1), 4T’

(r-h — Ta) - r®, (hr — 7)
(r — 7a) (r —7)
Hom (I'y, I's) < ~>Hom (I, 4I)

By connecting those isomorphisms we have a I'-I-isomorphism of Hom (4", .I")
onto Hom(I",, I'y). Let feHom(I',, I',) be the image of 1,€¢Hom(,[", ,[") under
the isomorphism. Then we have for all 7el’, 7f=f7, that is,

() =,/07) r,vel’

whence f is a Z"'—/l-endomorphism of I' Thus f is given by a right multipli-
cation of an element a in P. Let Y »,®[L,e'®I" be the image of (hr—T)€
Z 4 o

Hom (Hom (I"4, A4), /). Then by the construction of our isomorphism we have
r= X h(rr)l;
Z
Ta= 2 rh(lT).
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Set 7=1 in the first equality. Then we have 1=} A (r;){; whence 7= X h(r,)LI.
Then

Z

h(1)= 5 hrh(ld) = h(ta) = a-h () e,

that is, A=a-h and this implies that a=1. Thus we have

(7) T—ZhTT},) Zrz (lir)

Setting here A,(1)=h(rr,), k,(7)=h(l,7) we see that {I;}, {r.}, {h;} and {k;} are
the required ones in Theorem 1.

Let I'/A4 be a free Frobemus extension and let {r:} be a right ba31s of
I'" over A:

I=Yord. |

Denote by d,’s the elements of Hom(I,, 4,) defined by
d,;(r;) = 84y 1=<ij=<n).
Then we have | ; |

Hom(I'y, A,) = e Ad, .

Z

Let ¢ be a A-I-isomorphism of I' onto Hom(I",, A,) and let l;=¢ *(d,;)
1=1,2,---,n. Then we see that {/;} is a left basis of I' over A. Clearly
h=¢(l)eHom (,["4, 44,) and we have

hilary) = (1) (L) = o (L) (ry) = dulr)
=04 1=Z4,7=n).

Moreover for each element 7= 3] 4/, (A,€').in I we have
. [ .

Shril= Se) (r)li= S 4d,(rdli = 14,
and similarly | |
- Srhla)=T.

As is seen from the process of the proof of Theorem 1 together with
the above remarks we have the following corollaries.
Corollary 1. A ring extension I'|A is a projective (free) Frobenius

extension if and only if there exist element {l;}, {r;} in I' and h in
Hom (I, 44,) such that
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T= 2 h(Ir)l;, = ; roh (1) .

2

(For a free Frobenius extension, moreover h(lyr;)=20d;;).

Corollary 2. A ring extension I'|A is a projective (free) Frobenius
extension if and only if there exist elements {l;}, {r;} in I' and a A-bilinear
Sform (x,y) defined in I' which is I'-associative and such that

r=2(1r)l;= ;qu(li: 7).

(Moreover (I, 7;)=20.;) -

Theorem 2 (Pareigis). Let I', 4 and A are rings such that '242A4.
If I'l4 and A]A are both projective Frobenius extensions, then I'|A is also
a projective Frobenius extension.

Proof. Let {L}, {r;} (=I') and heHom ([, ,4,) satisfy
7= Zi: h(rl)r, = ; rh (L) ‘ (rel),
and let {/}}, {r}} (&4) and A'’eHom(,4,, 144 satisfy
o= %} h'(6r))l; = Z,: rih’ (1)) (0ed).
Set Ly =10l 1y 5=rs; and h*=~h'h, then h*eHom (I, +44) and we have
7= Zz: h(rr)l; = ;‘}h’ (R (1)) UL,
= ;}jh’ (h(rrap)) i, = (g)h* (7a. )l g
and similarly

7= (;‘_j,)r(.z,j)h* (l(,;,j)T) (TE F) .

By Corollary 1 this implies that I'/4 is a projéctive Frobenius extension.

Theorem 3. Let I'/A be a projective Frobenius extension. If A[A is
a ring extension, then I'QR4/4 (=1R4) is a projective Frobenius extension.
A A

Proof. Let {I;}, {r;} and h be as in Corollary 1. Define {/}}, {r}} and
h' by ' '
=11, ri=1r,Q1
K (IR0 =h(1N®5 L (r®el®4).

Then, as is easily seen, A’¢Hom (,['®4,, ,4,) and we have for eéach TRéecl’'®4
. 4
%I R (T®0o)ry)l; = ; h(r7)l,Q0 =T&0
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and

;‘ rh' (LT ®0) = D rh(l1)Q0=TR0 .

Our assertion then follows from Corollary 1 at once.

§2. Let I'/4 be a ring extension. The endomorphism ring Hom(I",, I",)
contains [7;, the ring of left multiplications of the ring I". I', is ring iso-
morphic to I', whence we identify it with I". In [6] Kasch has proved the
following theorem :

" Theorem 4. If I'/A is a projective Frobenius extension then Hom (I,
I')/I" is also a projective Frobenius extension.

We shall give here a simplified proof of it based on Theorem 1 (or
Corollary 1).

Let {/;}, {r;} and A be as in Corollary 1. Let {L;}, {R;} be the elements
of Hom(I",, I',) such that '

. Li=hlz‘> Rizrzh (i=1,2,"‘,7’l),
and let H be the mapping of Hom (I, I',) into I" defined by
H(f)= Zf(ril (feHom (I'y, I'y)) .

Clearly H is a left I“homomorphism. Since
| H(f1) = Sf(r)l, = SAS R,
= %:f (75) z‘; h(lir)l,) = g:f (r) ;7
=H(f)r

H is also a right I'"homomorphism. Moreover for each feHom(I",,I",) we
have

SH(fR)Ls(1) = Lfrhr)lhili) = 2 f(r) (LRl h(E)
= A ) = F(Srh () |
=17

and

SIRH(Lof) (1) = Srh b, r)) = S rohLf ) h (@)
= TR )
= £,
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whence we have

S=2LH(fR)L;= L RH(L;f) (feHom(I'y, I'y) -

This implies by Corollary 1 that Hom(I",, I'4)/I" is a projective Frobenius
extension.
As for the converse of Theorem 4 we have the following

Theorem 5. Let I'/A be a ring extension and Hom ([, I',)/I" satisfies
the condition (I1). Then there exists a I'-A-monomorphism of Hom (I, Ay)
into I'.  If, moreover, I', have a A-submodule isomorphic to A, as a A-direct
summand, then there exists a A-I'-isomorphism of Hom(I',, A,) onto I, that
is, I'|A satisfies (rl).

A concise proof of the theorem is found in [6, 2.4], but we shall repeat
it here for completeness. ’

Let HeHom (:Hom(I",, I'y), ;I') be the image of 1,¢Hom(I",,I',) under
the isomorphism

Hom([‘AI"A)Hom (g I A)F;Hom (tHom (I, I'y), 7).

The H is a I'-I'-homomorphism and the isomorphism above is given by
Hom (I", I')3f < f- HeHom (Hom (', I'), [T .

Denoting by A the restriction of H on Hom(I",, 4,) we see that h is a A-I'-
homomorphism of Hom(I',, 4,) into I If A(f)=0 for an element f in
Hom(I",, A4,) then we have

0=TIh(f)=H({If)=HMHom(I'y, I')f) =f-HHom(I'y, I'y)

and this implies that f- /=0 whence f=0. Thus % is a monomorphism.
Let '

FA=xAA®AA, xAAEAA.

Then we assert that A is also an epimorphism.

Define deHom (I, 44) by
dlx)=1, d(A)=0.
Then we have :
‘Hom(I"y, I') = 'd®Hom (A4, I',) .
Let ¢ be an element of Hom ({Hom(I",, I'y), ;I") defined by
old=1, o(Hom(A, I'y)=0,
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and let g be the element of Hom(I",, I",) such that ¢=¢-H. Then we have
T=0(d)r=(9-H)(d)r = H(dg)r = H (dg7) (rel’).

Since dgreHom(I",, A4,) this implies that 2 is an epimorphism as asserted.

§3. Let I'/4 be a projective Frobenius extension and let {Z}, {r;} and
h be as in Corollary 1. For left I"-modules A4, ;B and a A-homomorphism
J of A into B we define trace f by the mapping

Asx — Nrifllx)eB.
[
The followings are the fundamental properties of tface.

1°. If feHom(,A, ,B), then trace feHom/(.A, .B)
- 2°. If f,9eHom(,A, ,B) then

trace (f+ g) = trace f+trace g

3°. If further ,C and ;D are left Imodules and jfeHom(.A, ,B),
fieHom (B, rD), f,eHom (;C, ;A), then

trace ( f,/f:) = f. (trace ) f; .
The property 1° follow from |
| trace f (1) = ; rf(liz) = Srf (5 h(lir) L)
= Sl flx) =1 Sr.fla)
= 7 trace f(x) (rel’, xeA).

The properties 2° and 3° are easily verified.
Let I'/4 be a ring extension. A left I"module A is (I", A)-projective if
for every (I', A)-exact sequence

(2728 a;
'A¢+1 ’Ad ’Ai—l—.—-"‘

the sequence

Hom (1a ai+l) Hom(]-) ai)

-« — Hom(A, A;,,) — Hom(A, A,) — Hom(A4, A,.,) — ---

is also exact, or equivalently, "®A has a I-submodule isomorphic to A as
A4

a ['-direct summand. Similarly, a left I''module B is (I', A)-injective if for
every (I', A)-exact sequence
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;3“1 ﬁi

? Bz'+1 > Dy Bq:—1_'") i

the sequence

Hom (,Bz, 1) Hom(ﬁi+1; 1) '
... — Hom (B;.,, B) — Hom (B;, B) — Hom(B,,; B)— -

is exact, or equivalently, Hom (,I", +B) has a I'-submodule isomorphic to B as
a I'-direct summand. ‘ ‘
In the same way as in [6, Satz 4], we have the following

Theorem 6. Let I'/A be a projective Frobenius extension. If rA, M
and N are arbitrary left I'-modules, then we have for every geHom(,M, 4N)

EXt?I",A)(lA, trace g) =0 i=1,2, .

Similarly if rA, rB and rM are arbitrary left I'-modules, then we have for
every geHom(,B, ,A)

EXt?I'.A) (trace g, 1M) =0 . (Z = 1: 29 * ) .

Theorem 7. Let I'/A be a projective Frobenius extension and let rA
be a left I'module. Then the following conditions are equivalent.

(a) A is (I', A)-projective,

(b) A is (I, A)-injective,

(c) There exists a A-endomorphism f of A such that

trace f=1,4 (the identity mapping on A).
Proof. By (3) and (r1), there holds for every left A-module C
I'®C=Hom(.I', C),

whence the equivalence of (a) and (b) is clear. Next we shall show the equi-
valence of (a) and (c). Let {/;}, {r;} and A be as in Corollary 1. Consider
the A-endomorphism h@ft)l 44 of 'RA:

A1, Ir®AsT®a— h(®acI' QA (rel’, acA).

Then we have

trace. (h®1,) (TRa) = ; rh(lRa=7Ra,
that is, trace.(hQ1,)= lpg?,,. Let

F@A = I’A1<’B[’A2 > I‘Alsf
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and let p be the projection of I'®A onto A,. Denote by (A®14)4 the
A4
restriction of A®1, on A,. Then by 3° we have

trace (p(h®14)4,) = p-trace (h@14)4, = 14, -

Thus we see that (a) implies (c). The converse (and also (b) from (c)) follows
from Theorem 6, but we shall add here an elementary proof of “it.
Consider the subset A’ of I'®A such that -
: ; % ,

= {Zn®f )|z Al.
Then A’ is a I'submodule of A because we have
NLr®fllx) = 2L1n® fllx) = %Z; rih (L r) @ f(lox)
= @ f(Lhlirr)la)
= Zn®f(lirz) (rel’, zeA).

Consider the I'-homomorphism ¢ of I"®A onto A defined by
e(TRx)=7x.
Then A’ is isomorphicall& ‘mapped onto A by ¢, whence we have
FQ;)A = A'®Ker(e), rA'=/A.

This implies that A is (I", A)-projective.

§ 4. Let again I'/4 be a projective Frobenius extension and let {/;}, {r;}
and i be as in Corollary 1. Denote by ¢ the Nakayama-automorphism of P
(belonging to A). If A, is a I'-A-module then we shall denote the right
P-module Hom{(;A,, 44,) by A*. For each fe A* we have by 1°

(7) | trace feHom (A, rI))

and moreover

trace [P (x) = 2. r.f(Plix) = Z 7o (20 h(Pliry)lyx)

2

7 7

= ¢Z h(olr;) f(lx) = izj] rih (L0 f(L;x)
§ 0 f(lx) = ; rjf(ljx)P"

= trace f(x)- 0° C (eeP., xz€A).
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For each left P-module ,C we shall define a new P-module ,C° by the additive
group C and the scalar multiplication * :

Oxc=p0c  PeP, ceC.

Theorem . 8. If A, is a I'-Asmodule such that A, is a I'-A-direct
summand of the direct sum of a finite number of copies of rI';, then the
right P-module A* is finitely generated and projective, and the mapping

A*>f — trace fe Hom(, A4, r14)

is an isomorphism.

Proof. If A=I", then we have A*=Hom/(,[,, AAA)=hP and Hom (;I",,
'y=P,». Since by ‘\(“8) o

trace hf. = 0.

our assertion is obvious. In the general case, the assertion is also obtained by
a 51mp1e direct sum argument.
Given modules rA, and ;C, we define a mapping ¢ by -

p: A*QC°3f®c — (x—tracef(x)c)eHom( Ay rCy) -

Then by (8) we see that ¢ is an well defined homomorphism. When A=TI,
we define the mapping ¢ by :

¢: Hom ([ rCi)3g — h®9g(1)eA*¥RQC* = hPRC".
Thel_'l“we havé S ‘ _ o
p(g) (1) = (h®g( )) (r) = trace A (1) g (1) = Tg(1) A
=g(7) - g (9eHom(-I'y, /Cy),, 7T€l’),
whence ¢¢=1uomr,.cp and " ’
dp(hP®c) = h®tracehP( Je=h@pc=he@c  (PeP, c€C),

whence ¢go=1 4. * This 1mphes that ¢ is an isomorphism. “Then again by
P

a simple direct sum argument ¢ is also an-isomorphism when A4, is a l"—/l-
direct summand of the dlrect sum of a finite number of copies of [y .
Let B, and D be P~A and left ' I"-modules respectively and let a€

R U

3 ) The right multiplications of the ring P,
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Hom (;C, ;D), peHom(;A,, rB,). Then noting that for each fe B*=Hom/(,B,,
+4,) there holds by 3° .

(trace f )B = trace (/)

we have the following commutative diagram :
B*®C’° —— A*QD°
P P

l L

Hom([' Py pC) — Hom(pA, pD)

Thus we have the followmg

‘Theorem 9. Let I'JA be a projective Frobenius extension. For a I'-A-
module A, and a left I'-module C the functors

T,(A,C)=A*RC" ‘
| P ‘
7,(A, C)=Hom(:4, /C)

de‘ﬁne.'addz'tz've Sunctors both contravdﬂaht in the first variable and covariant
in the second variable, and the mapping ¢ is a natural transformation of
T, into T,. Moreover if we restrict ourselves to those A, which is a I'-A-
direct summand of the direct sum of finite number of copies of Iy, then go
is a natural isomorphism of T, and T, .

§5. Let. I" be a ring. By a complete projective resolution of a left
module ;A we shall mean an exact.sequence of I'-projective modules

a, a, [24) a_,

A: o — A, — A — A —A,—A,— -
such that
| Im(ao) Ker( ) —FA

For a left I-module ;C, we shall denote the 4-th factor groups of the complex
A®C and Hom (YU, C) by HP(A C) and Hp(A C) respectively.

Theorem 10. Let I //1 be a pro_;ectwe Frobenius extension. If a I'-A-
module rA; considered as a left I'-module have a: complete projective resolu-
tion N where each A, is a I'-A-module such that A, is a I'-A-direct sum-
mand of the direct sum of a finite number of copies of Iy, and each
Ker(a,) is a A-A-direct summand of A, then Sor every left I'module C
we have

CHP(A*, CY)=H:**(A,C) (=0, £1, %2, ).
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Proof. From A, we obtain the following exact sequence
B < B B~
Ak: ... — A*, — A*, — AF — AS — AS —
such that o o
Im (8°) = Ker (87") = ,A* ;

plete projective resolutlon of ,A*. Then our assertion follows from Theorem 9.
If a ring extension I'/A is central, that is, the center of I' contain 4,
then each left I"-module A is also a right A-module by defining

xd =A% o (24, xze€d),

and we have A} (= Hom(AA,l, A4)=Hom (A, ,A).

Theorem 11. Let I'/A be a central ring extension® such that I is
Sinitely generated and projective. If a left I'-module A considered as a A-
module is finitely generated and projective, then A has a (I', A)-exact com-
plete projective resolution consisting finitely generated and free I'-modules.

Proof. There exists a ‘finitely generated and free I™-module A, such that

(24

A,— A —0

is exact. Since ,A is projective, Ker(a,) is a A-direct summand of A, As
a A-homomorphic image of the finitely generated A-module A, Ker (a,) is also
finitely generated as a A-module. Then by induction we obtain a (I", 4)-
projective resolution of A :

a, a,

- —> A — A, — A —0,

where each A, is finitely generated and free. Since A} is also a finitely
generated and projective 4-module, we have similarly a (I', 4)-projective resolu-
tion of Af:
‘61 ’ ﬁo » ’
) » . —-—)B”1 — .oI"—>AF — 0
where each B, is finitely generated and free. This affords then the following
(I'; A)-exact sequence : ' c :
‘ O—->,~A** — . B¥ ———>pB*

4) The condition that I' is Noetherian in [6, Satz 3] is superfluous as Prof. Azumaya
.pointed qut to.the present author. }
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with Bjf finitely generated and free. Since ;A**=,A we have consequently
the following (I, A)-exact complete projective resolution of A consisting of
finitely generated and free I'-modules :

a, ,B(ikao /81*
Ay s Ay (B s B e

and this proves the theorem.

§6. Let I'/4 be a projective Frobenius extension and let {/;}, {r.} be
those in Corollary 1. For a left I"module ;A we shall give here a complete
(I", A)-projective resolution of ;A. Firstly construct the (I", 4)-projective resolu-
tion of ;A: :

a, a, a,
..—-—->A2~——)Al~—>Ao—-——-)A———)O
where
Ar=TQI' - I'RA (k=0,1,2,--)
‘.F.._/
(B + 1-times)
and

ak(rk+1®rk®"'®ri®x) = g(_1),c_zrlc+1®'"®T¢+1r¢®"'®r1®x .

Next we consider the (I', A)-injective (whence also (I', A)-projective) modules

A% = @m(/zf',» AHOm(A[', ...... , AHo‘nl(AF, AA))) ,

(k£ + 1-times) (£=0,1,2,--).
For each element f in A* we shall use the following Simpliﬁcation:
f(rl) (Tz) (T/c+1) =f(T19 Tz; ttty Tlc+1) (Tl, Tz, "t Tlc+1EF) .

Define the I'-homomorphism a* (=1, 2, ---) of A, into rA;.. by
@ f (10 To s Taaa) = = Voo f(T1s Ty »+05 Tiorn)
T I T T oo oo o o5 e
and a°€Hom(,;A, rA°) by

aa(l)=7a (@acA, rell).
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Since by (3) _
FAkEFAky k=0>1,2,"'a

by connecting the both resolutions and replacing ;A* by A, and a* by g* we
have the following complete (I', A)-projective resolution of ;A :

(473 (24 ﬁoao Bl ﬁz’

"""""Az _'""‘Al ’Ao > L1, ’Al i142 et

where

n

(—l)k_i7k® M '®7¢+1®7‘j®lﬂ’¢® --'7.'1®a ’
TR QT QacAy- .

§7. Let I' be a simple ring with minimum condition with the center C
and let & be a semi-regular group of automorphisms of A in the sense of
Nakayama [7]. Denote by A the fixed subring of &. Let J be the invariant
subgroup of & consisting of the inner automorphisms of &, and let 7" be the
(semi-simple) centralizer of 4 in I'. If {0,=1, o,, ---,0,} is a complete repre-
sentative system of @ module ¥ then we have as is well known,

Hom (I ') = O = Dood 1= SoT.1 = T oi(T.®cI)

B Q1. ®a) = 3.

i=0 j=1

i_,et h be the JI',— 3" -homomorphism of &I, into JI'; defined by
h(; 0iq¢) =a, | (@, eJ1) .
Then we have for each xe®I,
©= Dohlors) = Thlae)or

and this implies by Corollary 1 that &I',/JI", is a (free) Frobenius extension.
Since 7T is a semi-simple ring with minimum condition 77,/C and whence
T,.Rq,/T; is a (free) Frobenius extension. Then by Theorem 2 we see that
®I',/I"; is also a free Frobenius extension. Thus by Theorem 5 we have the
following |

Proposition 1 (Kasch). Let I" be a simple ring with minimum condi-
tion and let & be a semi-regular group of automorphisms of I' with A as
its fixed subring. Then I'|A is a free Frobenius extension.
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From Lemma 1 and the above proposition we can derive the following

Proposition 2. Let I, A and & be as in Proposition 1. Then we
have the following &I — I'-isomorphism :

[1]
[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

92

(®r-r)

'l = &rI.
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