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1. Introduction. Let m be an integer not less than two. An infinite
sequence A=(a,) of integers is said to be uniformly distributed modulo
m, if the limit '

lim A N, 7, m)= —
N (N, 3, m)=

N —=oo

exists for all 7=0,1,--.,m—1, where A(N, ‘7,.m) is the number of terms
a, (1<n<N) which are =j (mod m). If the sequence A is uniformly
distributed modulo m for every integer m=2, then we say that A is
untformly distributed.

The notion of uniform dlstrlbutlon of sequences of 1ntegers which
is in a sense dual to that. of uniform distribution (mod 1) of sequences
of real numbers, is due to I. Niven [4], who obtained a number of inter-
esting results on uniformly distributed sequences of integers. And a
criterion for a sequence A=(a,) of integers should be uniformly distri-
buted has been given by one of the present authors-(see [5]): thus, a
necessary and sufficient condition that the sequence A be uniformly dis-
tributed modulo m, where m=2, is that '

h \_
| lim S exp (e, ) =0 N
for all ~=1,---, m—1. Hence, the sequence A is uniformly distributed
if and only if - :
lim _ﬁ Z exp (2ria,t)=0"

N—oo

for all rational numbers t with t=0 (mod 1).

The main purpose of this note is to present another characterlzatlon
of uniformly distributed sequences of integers, making use of a kind of
integrals defined over the space of integers. This, as well as the criterion
- quoted above, will have some analogy with the well-known characteriza-

tion of uniform distribution (mod 1) of sequences of real numbers (cf.
[3; Chap. IV]).
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We first define a (finitely additive) measure on the set of integers
and then construct an integration theory of functions defined on the set
of integers. The notion of uniform distribution of sequences of integers
will be re-defined in terms of measures of certain sets of integers, and
we shall formulate and prove our fundamental result on the characteriza-
tion of uniformly distributed sequences. '

The results of the present note can, of course, be easily generalized
to the .case of any finite dimensional product of the space of integers.

2. The measure of Banach-Buck. There is no essential loss of
generality in restricting ourselves only to consider the set of non-nega-
tive integers. Let I denote throughout in the following the set of all
non-negative integers. According to the result of S. Banach [1; p. 231]
and R.C. Buck [2] a totally finite measure p is defined on a class of
subsets of the space I; g is necessarily finitely additive since points are
to have zero measure and the space on which the measure is defined is
only countable. '

Notation. If A and B are subsets of I, ACCB means that there is
a finite subset C of I for which A—CC B—C; A=B means that ACB
and BC A, thus A= means that A itself is finite. (We shall use the
symbol § to denote the empty set.)

If A is a subset of I, A’ denotes its complement, thus A~ A'=1I.

DEFINITION 1. R is the Boolean ring generated by all finite subsets
of I and all subsets of I which are infinite arithmetic progressmns

In particular, if AcR and A=B then B<¢R. Clearly R-contains the
whole space I and hence is in fact a Boolean algebra.

DEFINITION 2. If E is a finite set-in R, we define #(#)=0, in parti-
cular u(@)=0; if E=(am-+b) is an infinite arithmetic progression in R,
we define #(E)=1/a, in particular p(I)=1. If A and B are disjoint sets
in R and if ¢(A) and p(B) are defined, then. y(AVB) is defined and is
equal to p(A)+p(B).

It 'is easy to see that every finite union of arithmetic progressions
is a finite union of disjoint arithmetic progressions. Thus g is well de-
fined for all sets in R. '

The set function g defined on R is real valued, non-negative, mono-
tone and finitely additive. If A and B belong to R then we have

(A~ B)+ (A~ B)=p(A)+ (B).
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DEFINITION 8. Let S be the class of all subsets of I. If E is a set
in S, we deﬁne |

;z*(E):inf{y(A): EC A, AcR}.
- The set function p* defined on S is real valued, non-negative, mono-
tone and finitely subadditive. Hence p* is an outer measure on S.
DEFINITION 4. S is the class of all sets F in S such that for all X
in S,
p(X)=p(X~E)+p*(X~E").
A set E belonging to S is called measurable. Clearly the class S is

a Boolean algebra containing the class R. It is shown in [2] that S
strictly contains R.

‘It is easily seen that every set of outer measure zero belongs to S
and that the set function z, defined for E in S by m(E)=g*(E), is a
complete, finitely additive measure on S. Since z(A)=p(A) for A in R,
there is no possibility of confusion in writing u#(E) instead of u(E) for
sets E which are in S but not necessarily in R.

The following statements are mutually equivalent:

(i) E belongs to S;

(if) p*(B)+p*(E)=1; |
(iii) for any &>0 there exist A and B in R with ACECB and
#(B—A)<e;

(vi) p*(E)=pE), where /1,(E)=sup{«(B): BC-E, BeR}.

Buck [2] has shown among others that the class S contains infinite
sets of measure zero and that the set of values of u(E) for E in S is

exactly the closed unit interval.
3. Integration. By a partition 4=(E},---, E,) of the set I is meant

a finite, disjoint class K,,---, E, of sets in S whose union is I.
- Let f(w) be a bounded, real valued function defined on the set I. If
4=(®,,---,E)) is a partltlon of I, we write :

, Sy=inf{f(x): xcE)},  f,=sup{f(x): xcE}
for j=1,---,r. We set

M(fi )=53F,mE),  M(F; H=317,u(E)
Then -
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—K=<M(f; H=M(f; )=K,
if |f(@|=K. -
If 4,=(F,,---, F,) is another partition of I, then it is clear that.
| M(f; H=M(f; 4y),
| M(f; 4)=M(f; 4).
Consequently, if we but o '
M(f)=sup M(f; 4),  M(f)=inf M(f; 4),

then we have
| M(f) = M(f).
DEFINITION 5. A bounded, real valued function f(x) defined on I is
said to be integrable, if M( f)=M(f), in which case this common value
determined by f is the integral of f over 'I and is denoted by f S(x)dp(x)

or simply by ffd/x.

A bounded, complex valued yfunctiOn Sf(x) defined on I is integrable,
if the real valued functions Re f(x) and Im f(x) are integrable, and then
the integral of f over I is :

[£@dp@)= [Re f@)du@)+i [Tm £(@)dpz).

Remark. For an unbounded real or complex valiued function JS(x)
defined on I we may define the integrability of f by the existence and
finiteness of the limit

lim [ fu(@)dp(a),

where fr(z)=f(x) if |f(2)| <K and =K otherwise. But in what follows
we shall concern, for our purpose, only with bounded functions f(x) de-
fined on I. - ‘ -

Our integrals thus defined possess many elementary properties in
common with ordinary Riemann integrals. However, it should be noted
that there is an integrable function on I whose lower and upper Darboux
sums do not converge, so that the Darboux theorem for integrals does
not hold in the present situation.

4. Measurable functions.” A real valued function f(x) defined on [
is said to be measurable, if for all real ¢ we have '

{x: f(x)<c}eS.
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Slnce S is a Boolean algebra, the measurability of f(x) 1mphes that
{z: f(x)=c}eS, {w: e, < f(x)<c}eS
for all real ¢, ¢; and c,.
A complex valued function f(x) defined on I is _measurable,' if the
functions Re f(x) and Im f(x) are both measurable.
It is easy to prove the following propositions:
PROPOSITION 1. If a real or complex wvalued function [f(x) deﬁned

oh I is bounded and measurable, then Sf(x) is integrable.
PropoSITION 2. If f(x) is a real valued, bounded and measurable

Sfunction defined on I, then we have

K:
[r@an@=lim 3 s, .,
, r—o0 k=—Kp 1 v
where |f(x)|< K, K being an integer, and
E,,,c_{ o _«f(x)< ’““} (— Kr<k=Kr—1).

Examples. The characteristic function yz(x) of a measurable set E
is measurable and hence is integrable: we have in fact

[ 1a@) detar) = ED).

A less trivial example is the following. It can be shown that the
function T

e.(x)=exp (2riax)
defined on I, « being a real valued parameter, is measurable if and only

13

if « is a rational number (see Proposition 4 below).

5. Uniform distribution. Let' H be a fixed subset of the set I
An infinite sequence A=(a,) of non-negative integers is said to be wuni-
formly distributed im the set H, if for every set  in R we have

N
N—oo N n=1 : ' '

where ¢(A, H) is a constant depending only on A and H. In the special
case of H=1I we say simply that A is uniformly distributed.
It follows from the definition that we have

0=c(A, H)=1

for every set H in which there is a uniformly distributed sequence A
and, in particular, ¢(4,I)=1 for every sequence A which is uniformly
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distributed. In the following we shall restrict our considerations, when
we speak of uniform distribution of sequences of integers in certain sets,
to the sets H and sequences A for which c¢(4, H)>0. \

It is clear that this new definition of uniform distribution of sequences’
of integers (in the whole space I) coincides with the previous one (with-
out the reference to modulus m) given in the Introduction, though R
contains sets other than mere arithmetic progressions.

PROPOSITION 3. If A=(a,) 18 a sequence of inmtegers unzformly dis-
tributed in a set H, then

"N : ,
lim L S yup(@)=c(A, H)(E)
N—o0 N n=1

for all sets in S. _ . '
Proof. Put c=c¢(A, H). Let E be any set in S. We have, by de-

finition,

p*(E)<p(B) for every B with EC B, BeR;

t(EY=p(C) for every C with CC E, CeR.

Hence .
1 & 1 &
111}71 011 W nz—;l.xlif\E(a’n)< _‘N_ Z XHAB(an):cﬂ(B)7
so that _
N
lim sup — > y-p(@,)=¢ inf p(B)=cp*(E).’
N oo N »=1
Similarly
N
lim inf *11\7 33 tnma(@n) Ze sup #(C)=ctul E).

If E belongs to S, then, by (iv) in §2, we have p¥(E)= y*(E) )u(E')_
The result follows at once.

We can now state our main theorem.
THEOREM. Let H be a subset of I and let A=(a,) be a sequence of

non-negative integers. A mecessary and suffictent condition that the se-
quence A be uniformly distributed in the set H 1s that

tim L%y (@) s @) =etd, H) [ 5@ duta)

for all real or complex valued integrable functions f(x) deﬁned on I,
where ¢(A, H)>0 is a constant depending only on A and H.
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\

Proof. The sufficiency of the condition is obvious. To prove the
necessity, suppose that A is uniformly distributed in H and let f(x) be
an integrable function defined on I. There is no loss- of generality in
assuming that f(x) is real valued and non-negative.

Given a positive number ¢, there exist partitions

4=(E,,---,E,) and 4,=(F,,---,F,)
of I such that
f J‘dﬂ—ségfm(l’?j)égﬁy(ﬂ)é Sfdp+e,
where | '
f,=inf{f(#): B}  (1=j=r),
Fi=sup{f(2): weF}  (1=k=s).
Here, we may suppose without loss of generality that
HWE)=>0 for all j=1,---,7, and
w(F,)>0 for all k=1,.--.,s
Now, since A=(a,) is un‘iformly distributed in H, there is an N, de-
pending only on A, H, ¢, 4, 4, such that for all N> N, we have

L S tunsha) —ou(E) <eau(E)

for j=1,.--,r, and

N
= 3 tamr @) —eu(F) | <sop(F)

for k=1,---,s, where we have put c=c(A, H)>0. Hehce, for N> N, we
have ‘ : '

.[Mz

% 2n(@)f(a)=3] zXHAExa,,)f(an)

ll\/

J

E:i* j“N‘ ?____‘_: Xa~z,as)

b I

AV

cu(E;)(1—¢)

f€>(ff du—c), |

II\/

and similarly

S

=

L

L Sneara)=3 L ﬁ Yunr @) (@)
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=3 e 3 ()

ékglfk Cﬂ(Fk)(l +5)
Ze(1+e)( [ Fduts).

It now follows from the arbitrariness of ¢ that
lim L Sty (@) fa)=c [ fap, .

which is the desired result.
COROLLARY 1. Let A=(a,) be a sequence of integers uniformly dis-
t'ributed If the set A is measurable, then p(A)=1. Conversely, if a set
=(a,) of integers is measurable and pz(A) 1 then the sequence A 18
umformly distributed.

Proof. Put H=1 and take S(@)=y%4(x) in the theorem Then, since
c(A,I)=1, we have

1= lim
N —o0

% St (@)= [radp=p(A).

‘ To. prove the converse, suppose that A is measurable and p#(A4)=1.
Then the complement A’ of A is also measurable and ¢#(A’)=0. Since
the sequence I =(n) is uniformly distributed, we find that

lim L& 1 <L
m v a5 (e ={im o 2 aea(m)

=p(E~A)
— W(E~A)+p(E~A)
=p(E)
for every E in S, and a fortwm for every E in R.
- This completes the proof of Corollary 1.

COROLLARY 2. If a uniformly distributed sequence A=(a,) of integers
18 uniformly distributed in a. measurable set H, then c(A,H)=1, pu(H)
=1. Conversely, if a sequence A=(a,) of integers is uniformly distri-
buted im a measurable set H with pu(H)=1, then c(A,H)=1 and the se-
quence A is uniformly distributed. :

Proof. Put H=1I and take f(x)—- xz(x) in the theorem. Then
hm—— Z‘. xu(@,)=p(H).

' N-ooo
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On the one hand if we apply the theorem to H=H and f(x)=y,(x)=1,
then

.1 &, .
lim L 31y (@,)= (4, H).

On the other hand, if We apply the theorem to ‘H:H and f(x)=7yx(x),
then ‘

lim — Z 1n(@)=c(4, H)#(H)

N—ooo

Thus .
p(H)=c(A, H)=c(A, H)p(H), .
whence follows that c¢(4, H)=u(H)=1, since c¢(A4, H)>0.
Conversely, if A is uniformly distributed in H, then for every set
E in S '
. 1 &
lim — S (@) =c(A, H) 1(E). |
Since H is measurable and p¢(H)=1, we have p(H')=0 and, for any set E,
0=im sup - 32 e (@)Z1m o 3 ()= p(H) =0,
i.e.

lim — Z Xar~z(@,)= 0.

N—-oo

It now follows that, for.every E in S,

lim 71\7_ S te(a)=lim =+ S (ot (@) + arna(3,))

= lim — Z Xr~e(@r)

N—oo
=4, H)p(E) |
Since this holds for every measurable H with x(H)=1, we must have_
c(A, H)y=c(A, I)=1, and the sequence A is uniformly distributed.
As an application of Corollary 2 to the theorem we shall prove the
following
PROPOSITION 4. The function
e.(r)=exp (2riax) ‘
defined on I is measurable if and only if a is a rational number. If
a 18 rational then ea'(oc)"is integrable and we have
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(1 for a=0 (mod 1),
f e“(x)d“(”)“{o for a0 (mod 1).

Proof. It is easy to see that e.(x) is measurable for rational a. The
result for the integral of e.(x) over I is obvious from the relation

f e.(x)dp() =lim "11\7 ”21:]1 e.(n).

Suppose now that a is irrational. Since e.(x) is a periodic function
of a with period 1, we may assume without loss of generality that 0
<a<1. Put f=1/a. To show that e.x) is not measurable, it suffices to
prove that the set H of integers [An] with '

¢, ={Bfn} < ec
is not measurable for all real numbers ¢,, ¢, satisfying 0=c;<c,<1, where
-{t} denotes the fractional part of ¢.
Consider the sequence A=(a,), where a,=[fn]. Since 8 is irrational,
A is uniformly distributed (see [4]). Moreover, A is uniformly distributed
in the set H. For it is easily verified that '

) 1 &,
1{332 N %ixHAE(an)z(cz—cl)#(E)

for every E in R; thus ¢(4, H)=c;—¢,>0. (To see thi’s, note that if m,
J are integers with m=2, 0<j<m—1 then [Bn]=J (mod m) if and only
if | N v

(En) itiem )

m m

Now, if the set H were measurable, then we would have
oA, H)=1, pH)=1,"

by Corollary 2. Suppose that c(4, H ):0_2—01:1. Then ¢, =0, ¢c;=1, and
hence the sets A and H are identical. However, every measurable set
has (natural) density equal to its measure. Thus

%=/«¢(A)=#(H)=1,

which is a contradiction since 1/8=a<1. This completes the proof of
Proposition 4.

Remark. If « is irrational then the function e.(z), defined in Pro-
position 4, is not integrable. To show this it will be sufficient to prove
that - \
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lnf{cos 2rax: xe K} = {_'%
for every measurable set K of positive measure. But this is in substance
contained in the proof of Proposition 4. (Of course, a similar result
holds for sin 2rax.) o
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