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The lifespan of solutions to wave equations

with weighted nonlinear terms in one space dimension

Kyouhei WAKASA
(Received October 20, 2014; Revised May 8, 2015)

Abstract. In this paper, we consider the initial value problem for nonlinear wave
equation with weighted nonlinear terms in one space dimension. Kubo & Osaka &
Yazici [4] studied global solvability of the problem under different conditions on the
nonlinearity and initial data, together with an upper bound of the lifespan for the
problem. The aim of this paper is to improve the upper bound of the lifespan and to
derive its lower bound which shows the optimality of our new upper bound.
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1. Introduction

In this paper we consider the initial value problem for nonlinear wave
equations:

Ut — Uz = H(z,u(z, 1)) (x,t) € R x [0,00),

u(x,0) =ef(x), u(z,0) =eg(x), x€R, (L)

where u = wu(xz,t) is a scalar unknown function of space-time variables,
(f,9) € C*(R) x C}(R) and € > 0 is a “small” parameter. The nonlinear
term, H is given by

Fu(z,t))

H(x7u) = (1+w2)(1+a)/27

(1.2)

where a > —1 and F(u) = |ulP or |u[P~lu with p > 1. Let us define the
lifespan T, of C2-solution of (1.1) by

T. =T.(f,g) :=sup{T € (0,00) : There exists a unique solution
u € C?*(R x [0,T)) of (1.1)}
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with arbitrarily fixed (f, g).

First of all, we recall known results for the case a = —1 in general spatial
dimensions:
up — Au = |ulP in R"™ x [0,00),
u(x,0) =ef(x), u(z,0) =eg(x), forxe R™,

where n > 1. When n > 2, there exists a critical exponent po(n) such that
T. = oo for “small” € if p > po(n), and T. < oo for “positive” (f,g) if
1 < p < po(n). Actually, pp(n) is a positive root of the quadratic equation
(n—1)p?> — (n+1)p—2=0. See e.g. Introduction in Takamura & Wakasa
[6] for the details.

On the other hand, when n = 1, and (f, g) has a compact support and
satisfies some positivity assumption, Kato [3] showed that 7. < oo for any
p > 1. The difference between the cases n > 2 and n = 1 comes from
the fact that the solutions to the homogeneous wave equations has a decay
estimate, |u(z,t)| < (t +1)~(=1/2 Egspecially, the solution does not have
decay property when n = 1.

The result due to [3] motivates one to introduce a weight function (1 +
x2)~(1+4)/2 in the nonlinearity for getting a global solution. Actually, Suzuki
[5] showed that T, = oo with F(u) = |u[P~'u for p > (1++/5)/2 and pa > 1
if f and g are odd functions and ¢ is small enough, and Kubo & Osaka &
Yazici [4] have obtained the same conclusion for any p > 1 satisfying pa > 1.
On the other hand, they showed that 7. < oo for F(u) = |u|P with p > 1
and a > —1if (f, g) satisfies f =0, g(z) > 0 for x € R, and f56/2 g(y)dy >0
with some 0 < § < 1. Also, they obtained an upper bound of the lifespan,
T. < C’E*pz, where C' is a positive constant independent of €. However, this
estimate is not sharp at least in the case of a = —1. In fact, Zhou [7] has
obtained the following estimate of the lifespan 7. for any p > 1,

ce D2 < T < Cem D2 gt / g(x)dz # 0, (1.3)
R

where ¢ and C' are positive constants independent of ¢.

Our purpose in this paper is to extend Zhou’s result to the case where
a > —1. To obtain a blow-up result, we require the following assumptions
on the data:
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Let f =0 and g € C'(R) does not vanish identically.

1 1.4
Assume g(z) > 0 for all z € R and / g(y)dy > 0. (14)

-1
Then, we have the following blow-up theorem.

Theorem 1.1 Leta > —1 and F(u) = |u|P~ u or |u|? withp > 1. Assume
(1.4). Then, there exist positive constants ey = €o(g,a,p) and C = C(g,a,p)
such that

Ce=W=1/0=a) 4f _1<a<0,
T. <S¢ (Ce=P=DY) ifa=0, (1.5)
Ce= (=1 if a >0,

holds for any e with 0 < e < gg, where ¢ = ¢(s) is a function defined by
&(s) = slog(2+ s) for s > 0.

The proof of this theorem is done by an iteration argument concerning
point-wise estimates. Such kind of framework was introduced by John [2]
in three space dimensions. The first step of the iteration argument comes
from the linear estimate of the solution to the homogeneous wave equation
from below. Kubo & Osaka & Yazici [4] obtained such an estimate only in
a strip domain, {0 < x —t < §/2}, where 0 < ¢ < 1 is a constant. On the
other hand, we are able to show a similar estimate in unbounded domain,
{t —x > 1}. This improvement enable us to establish sharp upper bound of
T.. See Lemma 3.2 and Remark 3.2 for details.

To show the optimality of the upper bounds in Theorem 1.1, we require
the following assumptions on (f, g)

f € C?*(R) and g € C*(R) satisfy || f||=m®) < o0 1.6)
1.6
and [|g[[z1(r) < oc.

Then, we have the following theorem.

Theorem 1.2 Leta > —1 and F(u) = |ulP~ u or |u|P withp > 1. Assume
(1.6). Then, there exists a positive constant ¢ = ¢(f,g,a,p) such that
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ce~p=D)/(=a) 4f _1<a<0,
T.2 {6 Heem V) ifa=0, (1.7)
ce— (=1 if a > 0,
holds for € > 0, where ¢ is the function in Theorem 1.1.

Remark 1.1 One can easily generalize the assumption on F' in Theorem
1.2 as follows:

F € CY(R) satisfies F'(0) = F’(0) = 0 and

(1.8)
|F'(s)| < pA|s|P~! for s € R, where p > 1 and A > 0.

This paper is organized as follows. In the next section, we prepare some
notations. The upper bounds of the lifespan and lower bounds of the lifespan
are obtained in Section 3 and Section 4, respectively.

2. Notations

In this section, we give some notations and definitions.
We define

T+t

W) = e+ fa-0h+5 [ gwdy (2

r—1

and
L(V)(2,8) = % / /D Vs (2.2)

for V € C(R x [0,00)), where
D(z,t) = {(y,s) ERx [0,00) : 0< s<tx—t+s<y<a+t—s}
For (f,9) € C2(R) x CY(R), if u € C(R x [0, 00)) is a solution of
u(z,t) = eu’(z,t) + L(H(-,u))(z,t), (z,t) € R x [0,00), (2.3)

then u € C?(R x [0,00)) is the solution to the initial value problem (1.1).
For T > 0, we define the following domains:
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Iy ={(z,t) € [0,00) x [0,T]: t —x > 1},
Iy ={(x,t) €[0,00) x [0,T] : x>t —x > 1}, (2.4)
Y ={(z,t) € [0,00) x [0,T] : t —x > 1;},
where
lh=3

j—1
=h+Y 27% Y=g +2<1 -
k=1

(2.5)

2j_1> for j > 2.

3. Upper bound of the lifespan

In this section, we prove Theorem 1.1. It is sufficient to show that the
solution to the integral equation,

lu(y, s)[Pdyds
1) =¢€ , ,t) € R x[0,00), (3.1
wr.t) =0+ [[ S @) €Rx 0,09, (31

blows up in finite time. Because, if u € C(R X [0,00)) is a solution of (3.1),
then u satisfies u(x,t) > 0 for (x,t) € R x [0,00) by the assumptions in
(1.4). Therefore, this u must solve the equation (2.3) with F(u) = |u[P~ u
by the uniqueness of solutions to (1.1).

Before proving Theorem 1.1, we prepare the following lemmas:

Lemma 3.1 Letp>1, a>—1 and let us define a sequence

Caj = exp{p’ "' (log(Ca F, 21 EYP=V)) —log BN PV} (j > 2),
Ca,l = Cgka€ y

where

(p—1)2/(2¢%%p?), if —1<a<0,
Epa =4 (p—1)?/(2p%), if a =0, (3.3)
(p—1)/(2°2p).  ifa>0,
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p27 lf -1 S a S 0)
E,.= (3.4)
2p  ifa >0,
-t if —1<a<0,
ko =<271, if a =0, (3.5)

2-(@+2) " ifa >0,

and
Jj—1 i
S;i=> —. (3.6)
i1 P
Then, we have the following relation:
ng iEpa

Caji1 = (j €N). (3.7)

J
Fpa

Proof.  First, we shall show (3.7) for j = 1. One can easily get

C? . E,,
log <a;p> = plog(C’a71Fp_7;/p) +logEpq
= plog(Ca Fy 0P By {7~ ) —log /{7~ = log Cl .

p?a

Hence (3.7) holds for j = 1. Next, we shall show (3.7) for j > 2. Note that
(3.7) is equivalent to

logCy j4+1 =plogCy; — jlog Fp 4 +1og Ep 4.

By (3.2) and the expression of S; in (3.6), the right-hand side of this identity
is equal to

1 {108(Cor Fy S Y1)}~ plog B2 — j10g By -+ 108 By
= p'{log(Cu F, ;7 B/ P~ 1)}
+ pj log ng/apj —jlog F, 4 —log E;/a(p_l)

= p'{1og(Cap F, 7 Byl P~ V) } —log B/ (P70,
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Hence, we obtain (3.7) by (3.2) with j replaced by j + 1. This completes
the proof. O

Remark 3.1 For the proof of Lemma 3.1 itself, the definitions of E, ,
(3.3), Fpo (3.4) and k, (3.5) are not necessary, but only the positivity of
them is enough.

Next, we derive a lower bound of the solution to (3.1) which is a starting
point of our iteration argument.

Lemma 3.2 Suppose that the assumptions in Theorem 1.1 are fulfilled.
Let w € C(R x [0,T]) be the solution of (3.1). Then, u satisfies

u(x,t) >ecog for (x,t) €Ty, (3.8)
where ¢y = (1/2) f_ll g(y)dy > 0 and T'y (= {(z,t) € [0,00) X [0,T] : t —x >
1}) is the one in (2.4).

Proof. By (1.4) and (2.1), we get

T+t
eul(z,t) = ;/ g(y)dy > ecy for (z,t) €Ty.
r—t

Making use of the positivity of the second term of right-hand side in (3.1),
we have (3.8). This completes the proof. O

Remark 3.2 In three space dimensions, the following estimate which is
necessary to get the first step of the iteration argument was obtained by
John [2] in a strip domain: For (z,t) € S, we have

ul(z,t) > Cr 1,

where r = |z|, C is a positive constant and S = {(r,t) € (0,00) x [0,00) :
0 <t—r <¢'}, with some 6,9 (6’ > 3§ > 0).

On the contrary, our estimate holds in some domain without any re-
striction of upper bound for t — . This is the key point to obtain sharp
upper bound of T.

Our iteration argument will be done by using the following estimates.
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Proposition 3.1 Suppose that the assumptions in Theorem 1.1 are ful-
filled. Let j € N and let w € C(R x [0,T]) be the solution of (3.1). Then, u
satisfies

u(x,t) > Co it —z) (¢ —2 —1)2}% if —1<a<0, (3.9)

for (x,t) € 'y, and
u(z,t) > Coi{(t—x—1)log(l +z)}* ifa=0, (3.10)

for (z,t) € T'y, and
w(x,t) > Co it —x—1;)% ifa>0, (3.11)

for (z,t) € ¥;, where I'y, T'y and £; are defined in (2.4). Here C, ; is the
one in (3.2) and a; is defined by
P —1

G ="—7 (EN). (3.12)

Proof. We shall show (3.9), (3.10) and (3.11) by induction. Noticing that
u®(z,t) > 0 for (z,t) € R x [0,00) and (14 4%)1/2 < 1+ |y|, we get

u(y, s .
dyds in R x [0, 00). 3.13
//D(z n (L+1yl) 1+a 0.0) (3.13)

(i) Estimate in the case of —1 < a < 0.
Let (x,t) € T'a. Define

Ty (z,t) :={(y,s) € D(z,t) : 1 <s—y<t—zx<ys+y<t+z}
Changing the variables in the integral of (3.13) by
a=s+y, f=s—y (3.14)

and replacing the domain of integration by T (x,t), we get

L uly. )P .
wenzif B[ Tl pEe BT @19
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Making use of (3.8) and T4 (z,t) C I'y for (z,t) € I'y, we have

t—x t+x dov

d
v W s (UF (@ B2y

cher

u(xz,t) > in I's.

Note that x >t — z is equivalent to ¢t +x > 3(t — x), we get

Cg€p t—x 3(t—x) da

d
1 p 2(t—z)+p3 {1+ (a—p)/2}1+e

u(z,t) > in I'y.

It follows from

fora <3(t—z), f>1and t —x > 1 that

B t— (t—x—1)2
U(Z‘,t) 2 WA (t — X — ﬂ)dﬂ == Ca71m m PQ.

Therefore, (3.9) holds for j = 1.
Assume that (3.9) holds. Noticing that T3 (x,t) C I's for (z,t) € I'y and
putting (3.9) into (3.15), we have

Cc? . t—x (6 _ 1)2paj t+x dov
u(w,t) > —2 / dﬂ/ in Ts.
4 /i prlati)a; a(t—z)+4 11+ (= B)/2} Fe ?

Analogously to the case of j =1, we get

p 3(t—=x)

t—x
> a,j _ 1)2pa;
u(z,t) > 2043 (¢ — g)(a+1)(pa;+1) /1 (B—1)P%dp S do

Cp ) t—x )
— a,] a]’ _ _
T 2a43(¢ — g)(atD(pa; 1) /1 (6 1) (t -z —p)df

in I'y. Making use of integration by parts to the integral above, we have

Cp . t_ xr — 1 2(paj+1)
u(z,t) > i )

~ 20%5(pa; + 1)2(t — z) (@t pa;+1) in Iz.
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Recalling the definition of a;, we have

aj+1 = pa; + 1< (316)

Making use of (3.7), we get

s iy —1? (t—a— 120 (t—x—1)*+
u(z,t) > 205020+ (¢ — g)(atDagn W (et ey

in I'y. Therefore, (3.9) holds for all j € N.

(ii) Estimate in the case of a = 0.
Let (x,t) € T'y. Define

Tr(x,t) :={(y,s) € D(x,t) : 1 <s—y<t—z,s+y<t+xz,y>0}

Changing the variables by (3.14) in the integral of (3.13) and replacing the
domain of integration by T5(z,t), we get

uly, )| :
u(z,t) > / dﬂ/ T+ (0= 5)2 —————————da inT}j. (3.17)

By making use of (3.8) and T5(z,t) C I’y for (z,t) € T'y, we get

Cng t—x t+x dov '
u(:L',t) Z 4/1 dﬁ/ﬁ m m Fl.

Noticing that
e do t+x—0
:2log(1+> > 2log(1 + z),
/ﬁ 1+ (a—0)/2 2 ( )
for 8 <t — x, we obtain

y2 t—x
u(z,t) > 0825 log(1 + 1‘)/ dB =Coa1(t —xz—1)log(l1+z) inTy.
1

Therefore, (3.10) holds for j = 1.
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Assume that (3.10) holds. Noticing that Ts(z,t) C I'y for (z,t) € I'y
and putting (3.10) into (3.17), we have

Cog [ s gy [ Log(+ (a = B)/2)yrorder
u( ) > 4/1 6-1) dﬁ/ﬁ it ..

Analogously to the case of j =1, we get

Cg ) t—x o t+ o — ,8 pa;+1
wet) 2 g0y [ 6y {10g(1+ 2 >} v

B, {log(1 + )+
2(pa; + 1)

t—x
/1 (6 — 1P dp

in I'y. It follows from (3.16) and (3.7) that

Cp,(p—1)? |
o) 2 S (= = 1log(1 )}

= Coj+1{(t =2 = 1)log(1 + )}
in I'y. Therefore, (3.10) holds for all j € N.

(iii) Estimate in the case of a > 0.
In this case, we use the “slicing” method which is introduced by Agemi
& Kurokawa & Takamura [1]. Let (x,t) € ¥1. Define

Li(z,t) :={(y,s) € D(z,t): 1 <s—y<t—ax—20<y<1}.

Changing the variables by (3.14) in the integral of (3.13) and replacing the
domain of integration by Li(z,t), we get

2 July, s)|Pda .
u(zx,t) > / dﬁ/ 1+ (a— B)/2)+ in ;.

By making use of (3.8) and L;(z,t) C I'y for (z,t) € ¥, we have

Cg&'p t—x—2 240 do )
otz S5 0 [ e e




268 K. Wakasa

It follows from 1+ (a — §)/2 < 2 for v < 2 4 3 that

Cpgp t—x—2
u(z,t) > 22+2/ dB =Cy1(t—x—3) in 3.
1

Therefore, (3.11) holds for j = 1.
Assume that (3.11) holds. Let (x,t) € ¥;4;. Define

Li(x,t) :={(y,8) € D(a,t) : [ < s—y<t—az—2"0"D0<y<27}

for j > 1, where [; is defined in (2.5). Making use of (3.14) and replacing
the domain of integration in (3.13) by L;(z,t), we have

1 t_z_zf(jfl) 2*(]'*1)4_/5 ‘u(y S)|pda
t) > = d ’ in 1.
we, ’—4/1 v /g 0F (a—pyjapra ™5

J

Noticing that L;(z,t) C X; for (z,t) € ¥;41 and putting (3.11) into the
integral above, we have

Cg ' t—gp—2—G-1) 2-G-Dyp do
u(w,t) = “o [ (- tyds
z g

{1+ (a—p)/2} "

J

in ;4. Note that

1+

a— 0 1
<14+ —
2 = + 27
for « <2-U-D 4 3, we get
P

. t—z—270"D
U(.’L’,t) > 2a+a27{i-j/l (,8 — lj)pajdﬁ in Zj-f-l'
J

It follows from [; +27U~1 =[;,,, (3.16) and (3.7) that

(p— 1)05,]‘

u(z,t) > Qa+2Hjpi+l (t =2 —1lj41)Y" = Cojpr(t — 2 — L)W

in 3¥;41. Therefore, (3.11) holds for all j € N. The proof of Proposition 3.1
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is now completed. O

End of the proof of Theorem 1.1. Let u € C(R x [0,T]) be the solution of
the integral equation, (3.1). Setting S = lim;_. S;j, we see from (3.6) that
S; < S for all j € N. Therefore, (3.2) yields

Cu,j = exp {p’{log(Co F, S EYP~1)} —log EM/ P71}
= E, /" Vexp {p/ " {log(Ca 1 F, 5 EY/ P}, (3.18)

(i) The lifespan in the case of —1 < a < 0.
We take g = €¢(g, a,p) > 0 so small that

3160*(17*1)/(1*!1) >4,
where we set
B = (082—(a+4)+p(a—3)/(p—l)p—2SE;7/a(p—1))—(p—l)/p(l—a) > 0.
Next, for a fixed € € (0,e¢], we suppose that T" satisfies
T > By~ P=D/(=a) (> 4), (3.19)
Combining (3.18) with (3.9), we have
u(x,t) > Epfé/(pfl) exp {pjfl{log(CaylF;fE;{a(p*l))}}

12y @ -1/ (1)
><{(t x 1)}

(t _ x)(1+a)

in I's. Note that t—x—1 > (t—x)/2 is equivalent to t —x > 2. Furthermore,
we have (t/2,t) € T's for ¢t € [4,T]. Hence we get
u(t/2,t) > (2973 E, )Y/ P71
X exp {pj_l{10g(2p(a_3)/(p_1)Ca,le_,fE;,/a(p_l))}}
« $(1=a) (@’ =1)/(p=1)

— (2a73Ep,a)71/(p71) exp{pj*1K1 (t)}tf(lfa)/(pfl)
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for t € [4,T], where we set

Ki(t) = log (517082*(a+4)+p(a*3)/(p*1)p*25E;7/a(p*1)tp(1*a)/(p*1))

(recall (3.4) and (3.5)).

By (3.19) and the definition of By, we have K7 (T) > 0. Therefore we get
u(T/2,T) — oo as j — oo. Hence, (3.19) implies that T, < Bye~P~1/(0-a)
for 0 < e < egy.

(ii) The lifespan in the case of a = 0.
We take €1 = €1(g,p) > 0 so small that

07! (Bazy "7Y) 2 4,
where ¢ is the one in Theorem 1.1 and
By = (682—1—3p/(p—1)p—25E11)7/0(p—1))7(1771)/17 > 0.
Next, for a fixed € € (0,e1], we suppose that T" satisfies
T > ¢~ (Boe= P71 (> 4). (3.20)
Combining the estimates (3.18) and (3.10), we have
u(t/2,t) > (272E, )/

X exp {pj—l{log(&.pcgz—l—2p/(p—l)p—25E;’/O(p—1))}}

x {tlog(1 + t/2)}’ ~D/(p=1)
for 4 <t < T. Noticing that

log(2 +t)
2

t
log <1+2) =log(2+t) —log2 > for t > 2,

we get

u(t/2,t) > (273 Ep0) YV exp{p/ T Ko (t) bo(t) TV P~V
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for 4 <t < T, where we set
Ks(t) = log (ePch2 =1 =30/ 0= p=25 /(=1 {4 () }/ (P=1))
Analogously to the case of —1 < a < 0, we have K5(T') > 0 by (3.20)
and the definition of By. Therefore we get u(7/2,T) — oo as j — oc.

Hence, (3.20) implies that T, < ¢~ 1 (Boe~ 1) for 0 < e < ¢5.

(iii) The lifespan in the case of a > 0.
We take 9 = €5(g, a,p) > 0 so small that

Bse, PV > 20,
where we set
Bs = (0672—((14-2)—2])/(]3—1)(2p)—SE;’/a(p—1))_(P—l)/P > 0.
Next, for a fixed € € (0, €3], we suppose that T satisfies
T > Bse~P~Y (> 20). (3.21)
Combining the estimates (3.18) with (3.11), we have
u(t/2,t) > (272 E,q) PV exp{p! T Ky ()} 0
for 20 <t < T, where we set
Ks(t) = log (P27 (a2 =20/(0=1) (2p) =S gL/ = 1)3p/ (= 1))
Since K3(T') > 0, by (3.21) and the definition of Bs, we get w(7/2,T) —
o0 as j — oo. Hence, (3.21) implies that 7. < Bze~®~Y) for 0 < ¢ < &5,

Therefore, the proof of Theorem 1.1 is now completed. [l

4. Lower bound of the lifespan

In this section, we prove Theorem 1.2. First of all, we introduce a
Banach space

X = {'LL S C(R X [O,T]) : Hu||Loo(RX[0’T]) < OO}, (41)
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which is equipped with a norm

||| oo (Rx[0,17) = sup lu(z,t)|. (4.2)
(z,t)ERX[0,T]

We also define a closed subspace Y in X by
Y ={u€ X :|ulp~mxjom) <2Me},
where we set
M = |fllzem) + ll9llzr®w)-

We shall construct a solution of the integral equation (2.3) in Y under suit-
able assumption on 7" such as (4.7) below. Define a sequence of functions

{un}nGN by

Up = up + L(H (- un—1)), up = eu’, (4.3)

where L, H and u° are given by (2.2), (1.2) and (2.1), respectively. Since
|uol| oo (rx[0,77) < Me by (2.1), we have up € Y.

The following a priori estimate plays a key role in the proof of Theorem
1.2.

Lemma 4.1 LetV € X, a> —1, and let D = D(7) is a function defined
by
1+7)7 if —1<a<0,
D(r) = q ¢(7) ifa=0, (4.4)
1+7 if a > 0,

for T >0, where ¢ is the one in Theorem 1.1. Then, there exists a positive
constant C, such that

y
HL<<1 oy \2><1+a>/2>

Proof. Noticing that (1 4+ y?) > (1 + |y|)?/2, the left-hand side in (4.5) is
dominated by

< CoDD)||VILe@mxjor).  (4.5)
Lo (Rx[0,T])
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dyds
CallV [ = (R0t //
(Rx[0,17) (xt)< >1+a

where we set (y) =1+ |y|. Thus, it is enough to show the inequality,

I(z,t) < C,D(T) for (z,t) € R x [0,T], (4.6)

I(z,1) // dyds
Dty W)

We may assume z > 0. Because I(z,t) is an even function with respect
to x. When ¢t > x > 0, we divide the integral domain D(x,t) into two parts
Dj(z,t) (j =1,2), where

where we set

Dy(z,t) ={(y,8) e Rx[0,00): 0<s<t—mx—t+s<y<t—uz—s},

Dy(z,t) ={(y,s) €[0,00)* :0< s <t |x—t+s|<y<az+t—s}

Namely, we set

1 .
Ij(@,t) = //D_(x ) Wdyds (U =1,2),

so that I(x,t) = I1(z,t) + I2(z,t). We shall estimate I;. Since (y) is an
even function, we obtain

t—x
xt—2/ ds/ 1+y1+a fort>x > 0.

Then, the y-integral is dominated by

—a 1(1+t—2)"* ifa<0,
log(1 4+t —x) if a =0,

a=?! ifa > 0.

Hence, we get
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L(z,t) <CoD(t—2z)<C,D(T) for0<z<t<T.

Next, we shall estimate I5. It follows that

t t—x—s dy t t+xr—s dy
I(x,t):/ds/ g/ds/ -
? 0 lo—t4s| (L+y)tTe 0 0 (1+y)tte

for t > x > 0, and that the y-integral is dominated by

—a Y1 +t+z)"* ifa<0,
log(1+t+x) ifa=0,

a~ ! if a > 0.
Noticing that

log(1+ 2t) <log2+log(2+1t) <2log(2+t) fort>0,

we get

Iy(z,t) < CoD(t+2) <Co,D(T) for0<z<t<T.

When x > t, we have

t dS :C-‘rt—sd t dS C
Iz t)< [ —2 <o | —2 < 0,D(T).
(@ )—/o T+ )i /+ v / T sire =GP

Therefore, the proof of Lemma 4.1 is ended.

Now, we move on to the proof of Theorem 1.2. First of all, we take

T > 0 such that

2P pC, D(T)MP~ 1P~ < 1,
where C, is the one in Lemma 4.1. We shall show

lUn |l Lo mx[0,1)) < 2Me  (n € N),

by induction. Assume that ||u,—1]/z=®mx[o,7)) < 2Me (n > 2). It follows

from (4.3) and Lemma 4.1 that
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tn o (Rx[0,77) < l[wollzo xjo,r7) + IL(H (- tn—1)) | Lo (Rx[0,1])
< Me+ CaD(T)Hun_lHZOO(RX[QT]).
The assumption of the induction yields that

|tnl Lo ®xj0.7]) < Me + Ca(2Me)PD(T).

This inequality shows (4.8), provided (4.7) holds.
Next we shall estimate the differences of {u,}nen. Since

p

5 gyt (1)l fun(y, $)70)

[H (y, un) = H(y, un—1)| <
X Jun(y, 8) = un—1(y, s)|
for (y,s) € R x [0,00), we see from Lemma 4.1 that
Unt1 — tnl Lo (Rx[0,7))
< pCaD(T) (lunlf = mxo,77) + lon—1 17 (Rx 07
X un = tn—1ll Lo mx[0,7))-
Making use of (4.8), we have
[unt+1 = unll Lo Rx[0,77) < %Hun —Up—1llL=@®mxjor)) forneN
provided (4.7) holds. Hence, we obtain

1
[unt1 = unll Lo Rx[0,7]) < 27”“1 —ug|lL=®rxo,r)) forn e N.

Therefore, {uy tnen is a Cauchy sequence in Y provided (4.7) holds. Since
Y is complete, there exists u € Y such that w, converges uniformly to u
in Y. Therefore, by taking limits under the integral sign, u satisfies the
integral equation (2.3), so that u is the C?-solution of (1.1). Hence, the
proof of Theorem 1.2 is completed. ([
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