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Removable sets for subcaloric functions and solutions

of semilinear heat equations with absorption
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Abstract. We investigate removable sets for subcaloric functions satisfying either a

growth condition or an integrability condition by defining suitably upper Minkowski

content with respect to the parabolic distance. Results are also applied to obtain

removability theorems for nonnegative solutions of a semilinear heat equation with an

absorption term.
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1. Introduction

It is well known that any closed set in Rn of capacity zero is removable
for subharmonic functions which are bounded above. Moreover, the Haus-
dorff dimension of such a set is at most n−2. When the size of an exceptional
set is small in some sense, the boundedness condition for functions can be
weaken. In [3], Gardiner gave removability theorems by noting a relation
between the Hausdorff measure of an exceptional set E and a growth rate of
subharmonic functions near E when E lies in an (n−1)-dimensional smooth
manifold in Rn. Later, Riihentaus [9] removed smoothness conditions on E

by considering upper Minkowski content and developing arguments in Har-
vey and Polking [4].

For the heat equation, it is also known that any closed set in Rn+1

of thermal capacity zero is removable for subcaloric functions which are
bounded above and that the Hausdorff dimension of it is at most n. See
Watson [13] and Taylor and Watson [11]. Here we should note that the
definition of Hausdorff dimension in this case is different from the usual one
and is given in terms of the parabolic distance. Recently, Hsu [7] and Hui
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[8] proved that the set {0} × (0, T ) in Rn × R, where n ≥ 3, is removable
for caloric functions satisfying the growth condition: for any closed interval
I ⊂ (0, T ),

max
t∈I

|u(x, t)| = o(‖x‖2−n) as x → 0.

Motivated by the removability of moving singularities, Takahashi and
Yanagida [10] extended this result to the case that exceptional sets lie in
curves or, more generally, low-dimensional surfaces moving smoothly in the
spatial directions and 1/2-Hölder continuously in the temporal direction
with respect to the usual Euclidean distance.

The purpose of this note is to present parabolic analogs of Riihentaus’ re-
sults by introducing upper Minkowski content with respect to the parabolic
distance, that is, to examine removable sets for subcaloric functions satis-
fying either a growth condition or an integrability condition. Our result
extends Takahashi and Yanagida’s in some directions: to subcaloric func-
tions and to more general removable sets. As applications, we also obtain
removability theorems for positive solutions of a semilinear heat equation
with an absorption term.

2. Notations and results

To state our results, we introduce upper Minkowski content with respect
to the parabolic distance. Let us denote a typical point in Rn+1 by a bold
letter like x = (x, t), where x ∈ Rn, a spatial variable, and t ∈ R, a temporal
variable. The parabolic distance between two points x = (x, t) and y =
(y, s) is defined by

dp(x,y) := ‖x− y‖+ |t− s|1/2,

where ‖ · ‖ is the Euclidean norm on Rn. In all notations, the subscript “p”
means that they are relative to a “parabolic” content. Let E be a set in
Rn+1 and let r > 0. Denoting the parabolic distance from a point x to E

by dp(x, E), we define an r-neighborhood of E by

E(r) := {x ∈ Rn+1 : dp(x, E) < r}.

Let 0 ≤ α ≤ n + 2. We define the α-dimensional upper Minkowski content
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of E with respect to the parabolic distance dp by

Mα
p (E) := lim sup

r→0

m(E(r))
rn+2−α

,

where m denotes Lebesgue measure on Rn+1. Note that the power of the
denominator of the right hand side is not n + 1 − α, because the temporal
direction is actually two dimensional. Let Ω be an open set in Rn+1. A
function u : Ω → [−∞,+∞) is called subcaloric on Ω if u is upper semicon-
tinuous on Ω, u is finite on a dense subset of Ω, and u satisfies the submean
value inequality: for any x = (x, t) ∈ Ω and small 0 < r < rx,

u(x) ≤ 1
2n+2(πr)n/2

∫

Bp(x,r)

‖x− y‖2
(t− s)2

u(y, s) dm(y, s),

where the heat ball of center x and radius r is defined by

Bp(x, r) :=
{

(y, s) : s < t,
1

(t− s)n/2
exp

(
−‖x− y‖2

4(t− s)

)
>

1
rn/2

}
.

Throughout this note (except in Appendix), we suppose that Ω is an open
subset of Rn+1.

Theorem 2.1 Let 0 ≤ α < n, let E be a relatively closed subset of Ω, and
let u be a subcaloric function on Ω \ E. Assume one of the following :

( i ) Mα
p (E) = 0 and

lim sup
Ω\E3x→y

dp(x, E)n−αu(x) < ∞ for each y ∈ E;

(ii) Mα
p (E) < ∞ and

lim sup
Ω\E3x→y

dp(x, E)n−αu(x) ≤ 0 for each y ∈ E. (2.1)

Then u has a subcaloric extension to Ω.

By a C2,1-function, we mean a function which is twice differentiable
with respect to the spatial variables and differentiable with respect to the
temporal variable and whose all partial derivatives are continuous. We say
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that a real-valued function u is caloric on Ω if u is a C2,1-function on Ω
satisfying the heat equation ∆u−∂u/∂t = 0 in Ω, where ∆ is the Laplacian
on Rn. This is equivalent to that both of u and −u are subcaloric on Ω. As
a consequence of Theorem 2.1, we obtain the following.

Corollary 2.2 Let 0 ≤ α < n, let E be a relatively closed subset of Ω,
and let u be a caloric function on Ω \ E. Assume one of the following :

( i ) Mα
p (E) = 0 and

lim sup
Ω\E3x→y

dp(x, E)n−α|u(x)| < ∞ for each y ∈ E;

(ii) Mα
p (E) < ∞ and

lim
Ω\E3x→y

dp(x, E)n−α|u(x)| = 0 for each y ∈ E.

Then u has a caloric extension to Ω.

Remark 2.3 In Appendix, we will show that an exceptional set E con-
sidered in [10] satisfies Mα

p (E) < ∞ for some positive integer α < n. Thus
Corollary 2.2 (ii) extends a result in [10].

The Minkowski content condition on removable sets can be weaken when
we target higher order integrable subcaloric functions instead of those sat-
isfying the above growth condition. To this end, we recall Hausdorff (outer)
measure on (Rn+1, dp). By a parabolic cube of center x = (x1, . . . , xn, t) and
side length r, we mean a closed cube in Rn+1 of the form

n∏

i=1

[
xi − 1

2
r, xi +

1
2
r

]
×

[
t− 1

2
r2, t +

1
2
r2

]
(2.2)

and denote it by Q(x, r). For E ⊂ Rn+1, α ≥ 0 and δ > 0, we let

Hα
p,δ(E) = inf

{ ∑

i

rα
i

}
,

where the infimum is taken over all possible coverings of E by a countable
collection of parabolic cubes {Q(xi, ri)} such that ri ≤ δ for each i. Since
Hα

p,δ(E) is a nonincreasing function for δ, the limit



Removable singularities 199

Hα
p (E) := lim

δ→0
Hα

p,δ(E)

exists. This is called α-dimensional parabolic Hausdorff (outer) measure. It
is easy to show that if E is a compact subset of Rn+1 with Mα

p (E) < ∞,
then Hα

p (E) < ∞. See Lemma 3.2 below. But the opposite does not hold
in general. Moreover, we have m(E) = 0 when Hα

p (E) < ∞ or Mα
p (E) < ∞

for some 0 ≤ α < n + 1. See Lemma 3.1 below.
We introduce an important index. For 0 ≤ α < n, we let

qα :=
n− α + 2

n− α
.

Write u+ := max{u, 0} for short. Also, we denote by Lq
loc(Ω) the set of all

Lebesgue measurable functions u defined on Ω except for some measurable
set A with m(A) = 0 such that

∫
K\A |u(x)|q dm(x) < ∞ for any compact

subset K of Ω. The case q = ∞ is defined in a similar way.

Theorem 2.4 Let 0 ≤ α < n, let E be a relatively closed subset of Ω
such that Hα

p (E) < ∞, and let u be a subcaloric function on Ω \E. If u+ ∈
Lqα

loc(Ω), then u has a subcaloric extension to Ω.

The next corollary follows immediately from Theorem 2.4.

Corollary 2.5 Let 0 ≤ α < n, let E be a relatively closed subset of Ω such
that Hα

p (E) < ∞, and let u be a caloric function on Ω \ E. If u ∈ Lqα

loc(Ω),
then u has a caloric extension to Ω.

Recently, the author extended a removability theorem for caloric func-
tions proved by Hsu [7] and Hui [8] to solutions of semilinear heat equations
with nonlinear terms (see [6]). But there only the exceptional set {0}×(0, T )
was considered. Our above results are also applicable to removability theo-
rems for the following heat equation with an absorption term:

∆u− ∂u

∂t
= uq, (2.3)

where q ≥ 1.

Corollary 2.6 Let 0 ≤ α < n, let E be a relatively closed subset of Ω,
and let u be a nonnegative C2,1-solution of (2.3) in Ω \ E. Assume one of
the following :
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( i ) Mα
p (E) = 0 and

lim sup
Ω\E3x→y

dp(x, E)n−αu(x) < ∞ for each y ∈ E;

(ii) Mα
p (E) < ∞ and

lim
Ω\E3x→y

dp(x, E)n−αu(x) = 0 for each y ∈ E.

Then u can be extended to the whole of Ω as a C2,1-solution of (2.3) in Ω.

Corollary 2.7 Let 0 ≤ α < n, let E be a relatively closed subset of Ω such
that Hα

p (E) < ∞, and let u be a nonnegative C2,1-solution of (2.3) in Ω\E.
If u ∈ Lqα

loc(Ω), then u can be extended to the whole of Ω as a C2,1-solution
of (2.3) in Ω.

If q ≥ qα, then no additional assumptions on u are needed. The following
is a parabolic analog of Véron’s result for semilinear elliptic equations [12].

Corollary 2.8 Let E be a relatively closed subset of Ω, let 0 ≤ α < n, let

q ≥ qα,

and let u be a nonnegative C2,1-solution of (2.3) in Ω \E. If Mα
p (E) < ∞,

then u can be extended to the whole of Ω as a C2,1-solution of (2.3) in Ω.

The plan of this note is as follows. In Section 3, we collect elementary
lemmas which will be used in the proofs of the theorems. Theorems 2.1 and
2.4 are proved in Sections 4 and 5, respectively. The proofs of Corollaries
2.6–2.8 are given in Section 6.

3. Preliminaries

This section collects elementary lemmas which are used in the subse-
quent sections. The symbol C stands for an absolute positive constant whose
value is unimportant and may vary at each occurrence.

3.1. Some properties concerning Mα
p and Hα

p

As proved by Taylor and Watson [11] and Watson [13], it is known that
a Borel set in Rn+1 with zero n-dimensional parabolic Hausdorff measure
is a polar set and that every polar set has (n + 1)-dimensional Lebesgue
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measure zero.

Lemma 3.1 Let E be a Borel set in Rn+1 satisfying either Mα
p (E) < ∞

or Hα
p (E) < ∞ for some 0 ≤ α < n + 1. Then m(E) = 0.

Proof. By definition, it is trivial that Mα
p (E) < ∞ implies m(E) = 0. We

consider the case Hα
p (E) < ∞. For a parabolic cube Q(x, r) defined by

(2.2), we write

Q̃(x, r) :=
n∏

i=1

[
xi − 1

2
r, xi +

1
2
r

]
×

[
t− 1

2
r, t +

1
2
r

]
.

This is the usual cube of center x = (x1, . . . , xn, t) and side length r. Let
0 < δ < 1 and let {Q(xi, ri)} be a covering of E such that ri ≤ δ for each i.
Then {Q̃(xi, ri)} is also a covering of E. It follows that

m(E) ≤
∑

i

rn+1
i ≤ δn+1−α

∑

i

rα
i ,

and so m(E) ≤ δn+1−αHα
p (E). Letting δ → 0, we obtain m(E) = 0. ¤

Lemma 3.2 Let 0 ≤ α ≤ n + 2. Then there exists a positive constant C

depending only on α and n such that for any compact subset E of Rn+1,

Hα
p (E) ≤ CMα

p (E). (3.1)

Proof. We may assume thatMα
p (E) < ∞. Let κ > Mα

p (E). By definition,
we have m(E(r)) ≤ κrn+2−α for small r > 0. Let δ > 0 be sufficiently small.
By the compactness of E and the basic covering lemma, we find finitely
many points {xi}N

i=1 in E such that {Q(xi, δ)}N
i=1 are mutually disjoint and

E ⊂ ⋃N
i=1 Q(xi, C1δ) for some constant C1 > 1 depending only on n. Since

Q(xi, δ) ⊂ E((
√

n + 1)δ), it follows that

Nδn+2 =
N∑

i=1

m(Q(xi, δ)) = m

( N⋃

i=1

Q(xi, δ)
)

≤ m
(
E((

√
n + 1)δ)

) ≤ κ
(
(
√

n + 1)δ
)n+2−α

,

and so N ≤ Cκδ−α. Therefore
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Hα
p,C1δ(E) ≤

N∑

i=1

(C1δ)α ≤ Cκ,

where a constant C depends only on α and n. Thus Hα
p (E) ≤ Cκ. Letting

κ →Mα
p (E), we obtain the required inequality. ¤

Lemma 3.3 Let 0 ≤ α < n, let α− n− 2 < λ < 0, and let E be a closed
subset of Rn+1. Then the following hold :

( i ) If Mα
p (E) = 0, then

lim
r→0

rα−n−2−λ

∫

E(r)

dp(x, E)λ dm(x) = 0. (3.2)

(ii) If Mα
p (E) < ∞, then

lim sup
r→0

rα−n−2−λ

∫

E(r)

dp(x, E)λ dm(x) < ∞.

Proof. We show (i) only. Let ε > 0. By Mα
p (E) = 0, there exists rε > 0

such that

m(E(r)) ≤ εrn+2−α for all 0 < r < rε.

Therefore, for such an r,

∫

E(r)

dp(x, E)λ dm(x) = rλm(E(r))− λ

∫ r

0

ρλ−1m(E(ρ)) dρ

≤ εrλ+n+2−α − λε

∫ r

0

ρλ+n+1−α dρ

≤ Cεrλ+n+2−α,

which yields (3.2). ¤

Lemma 3.4 The assumptions are the same as in Theorem 2.1. Let K be
a compact subset of E. Then

lim sup
r→0

r−2

∫

K(r)\E
u dm ≤ 0. (3.3)
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Proof. Define

v(x) :=





dp(x, E)n−αu(x) (x ∈ Ω \ E),

lim sup
Ω\E3y→x

dp(y, E)n−αu(y) (x ∈ E).

Then v is upper semicontinuous on Ω. Let K be a compact subset of E.
First, we consider the case where (i) in Theorem 2.1 holds. For each

i ∈ N, we let

Oi := {x ∈ Ω : v(x) < i}.

Then {Oi} is an open covering of K. Therefore we find N ∈ N such that
K ⊂ ⋃N

i=1 Oi, which implies that there exists r1 > 0 such that

u(x) ≤ Ndp(x, E)α−n for all x ∈ K(r1) \ E.

Let ε > 0. It then follows from Lemma 3.3 (i) that for sufficiently small
r > 0,

∫

K(r)\E
u(x) dm(x) ≤ N

∫

E(r)

dp(x, E)α−n dm(x) ≤ Nεr2.

Thus we obtain (3.3) in this case.
Next, we consider the case where (ii) in Theorem 2.1 holds. For ε > 0,

we let Oε := {x ∈ Ω : v(x) < ε}. Then Oε is an open set such that K ⊂ Oε.
Therefore there exists rε > 0 such that

u(x) ≤ εdp(x, E)α−n for all x ∈ K(rε) \ E.

By Lemma 3.3 (ii), we have for 0 < r < rε,

∫

K(r)\E
u(x) dm(x) ≤ ε

∫

E(r)

dp(x, E)α−n dm(x) ≤ Cεr2,

which concludes (3.3). Thus the lemma is proved. ¤

3.2. Parabolic dyadic cubes and a partition of unity
We need to consider dyadic cubes with respect to the parabolic distance.

Let k ∈ Z, the set of integers. In view of the definition of the parabolic
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distance, those are naturally given by

n∏

i=1

[2−kpi, 2−k(pi + 1)]× [2−2kpn+1, 2−2k(pn+1 + 1)],

where pi ∈ Z for i = 1, . . . , n+1. These sets are called parabolic dyadic cubes
of side length 2−k. Two cubes are said to be disjoint if their intersection has
no interior. For a parabolic cube Q = Q(x, r) of center x = (x1, . . . , xn, t)
and side length r, we denote

3
2
Q :=

n∏

i=1

[
xi − 3

4
r, xi +

3
4
r

]
×

[
t− 3

4
r2, t +

3
4
r2

]
. (3.4)

Note that this is not the parabolic cube in the sense of (2.2) because the
temporal direction has length (3/2)r2, not ((3/2)r)2. As a parabolic analog
of [4, Lemma 3.1], we can obtain the following partition of unity subordinate
to parabolic dyadic cubes. Write sptφ for the support of a function φ.

Lemma 3.5 Let {Qi}N
i=1 be a finite disjoint collection of parabolic dyadic

cubes and let `i denote the side length of Qi. Then there exist nonnegative
functions {φi}N

i=1 with the following properties:

• φi ∈ C∞0 (Rn+1) and spt φi ⊂ (3/2)Qi for i = 1, . . . , N ;
• ∑N

i=1 φi ≤ 1 on Rn+1 and
∑N

i=1 φi = 1 on
⋃N

i=1 Qi;
• there exists a positive constant C depending only on n such that for

each i = 1, . . . , N ,
∣∣∣∣
∂φi

∂x1

∣∣∣∣, . . . ,

∣∣∣∣
∂φi

∂xn

∣∣∣∣ ≤ C`−1
i on Rn+1

and
∣∣∣∣
∂2φi

∂x2
1

∣∣∣∣, . . . ,

∣∣∣∣
∂2φi

∂x2
n

∣∣∣∣,
∣∣∣∣
∂φi

∂t

∣∣∣∣ ≤ C`−2
i on Rn+1.

Moreover, for each k = 1, . . . , n and m = 1, . . . , N ,

∣∣∣∣
∂

∂xk

m∑

i=1

φi

∣∣∣∣ ≤ C max{`−1
1 , . . . , `−1

m } on Rn+1
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and
∣∣∣∣

∂2

∂x2
k

m∑

i=1

φi

∣∣∣∣,
∣∣∣∣
∂

∂t

m∑

i=1

φi

∣∣∣∣ ≤ C max{`−2
1 , . . . , `−2

m } on Rn+1.

Proof. By relabeling, we may assume that `1 ≥ `2 ≥ · · · ≥ `N . Let
Q := [−1/2, 1/2]×· · ·× [−1/2, 1/2], the cube in Rn+1 centered at the origin
of side length 1. Take ψ ∈ C∞0 (Rn+1) satisfying 0 ≤ ψ ≤ 1 on Rn+1,
ψ = 1 on Q, and ψ = 0 outside (3/2)Q. Denoting the center of Qi by
(x(i)

1 , . . . , x
(i)
n , t(i)), we let

ψi(x) := ψ

(
x1 − x

(i)
1

`i
, . . . ,

xn − x
(i)
n

`i
,
t− t(i)

`2i

)

for x = (x1, . . . , xn, t) ∈ Rn+1 and i = 1, . . . , N . Define φ1 := ψ1 and

φj := ψj

j−1∏

i=1

(1− ψi) for j = 2, . . . , N.

Then φj ∈ C∞(Rn+1) is nonnegative and sptφj ⊂ sptψj ⊂ (3/2)Qj . Also,
by an induction argument, we see that for m = 1, . . . , N ,

m∑

j=1

φj = 1−
m∏

i=1

(1− ψi).

In particular,
∑N

j=1 φj ≤ 1 on Rn+1. Since ψi = 1 on Qi for i = 1, . . . , N ,
we have

N∑

j=1

φj = 1−
N∏

i=1

(1− ψi) = 1 on
N⋃

i=1

Qi.

In order to estimate the partial derivatives of φi (i = 1, . . . , N) and their
sum, we let

θm :=
m∑

i=1

φi = 1−
m∏

i=1

(1− ψi).
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Then φ1 = θ1 and φm = θm − θm−1 for m = 2, . . . , N . Since `m ≤ `m−1, it
suffices to show

∣∣∣∣
∂θm

∂xk

∣∣∣∣ ≤ C`−1
m ,

∣∣∣∣
∂2θm

∂x2
k

∣∣∣∣ ≤ C`−2
m ,

∣∣∣∣
∂θm

∂t

∣∣∣∣ ≤ C`−2
m . (3.5)

It is trivial that these are true outside
⋃m

i=1(3/2)Qi. Fix x ∈ ⋃m
i=1(3/2)Qi.

Then we easily check that
∣∣∣∣
∂θm

∂xk
(x)

∣∣∣∣ ≤ C
∑

1≤i≤m: (3/2)Qi3x

`−1
i ,

∣∣∣∣
∂θm

∂t
(x)

∣∣∣∣ ≤ C
∑

1≤i≤m: (3/2)Qi3x

`−2
i ,

∣∣∣∣
∂2θm

∂x2
k

(x)
∣∣∣∣ ≤ C

{ ∑

1≤i≤m: (3/2)Qi3x

`−2
i +

( ∑

1≤i≤m: (3/2)Qi3x

`−1
i

)2}
,

where a constant C depends only on n. Since we can write `i = 2ν`m for
some nonnegative integer ν if i ≤ m and the number of parabolic dyadic
cubes Q̃ of side length `i such that (3/2)Q̃ 3 x is at most 3n+1, it follows
that

∑

1≤i≤m: (3/2)Qi3x

`−1
i ≤ 3n+1

∞∑
ν=0

(2ν`m)−1 ≤ C`−1
m .

Similarly, we have

∑

1≤i≤m: (3/2)Qi3x

`−2
i ≤ C`−2

m .

Therefore we can obtain (3.5). Thus the lemma follows. ¤

Lemma 3.6 Let K be a compact set in Rn+1 and let r > 0. Then there
exists a nonnegative function ψ ∈ C∞(Rn+1) such that ψ = 0 on K(r),
ψ = 1 on Rn+1 \K(3

√
nr),

∣∣∣∣
∂ψ

∂x1

∣∣∣∣, . . . ,

∣∣∣∣
∂ψ

∂xn

∣∣∣∣ ≤ Cr−1 on Rn+1 (3.6)
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and
∣∣∣∣
∂2ψ

∂x2
1

∣∣∣∣, . . . ,

∣∣∣∣
∂2ψ

∂x2
n

∣∣∣∣,
∣∣∣∣
∂ψ

∂t

∣∣∣∣ ≤ Cr−2 on Rn+1 (3.7)

for some positive constant C depending only on n.

Proof. Let {Qi}N
i=1 be a finite disjoint collection of parabolic dyadic cubes

of side length r such that K(r) ⊂ ⋃N
i=1 Qi and Qi ∩K(r) 6= ∅ for each i. By

Lemma 3.5, we find φ ∈ C∞0 (Rn+1) such that 0 ≤ φ ≤ 1 on Rn+1, φ = 1 on
K(r), spt φ ⊂ ⋃N

i=1(3/2)Qi ⊂ K(3
√

nr), and that (3.6) and (3.7) hold for φ

instead of ψ. Then ψ := 1− φ is the required one. ¤

For completeness of proofs of our theorems, we record the following two
basic lemmas.

Lemma 3.7 Let ` = 2−k for some k ∈ Z. Any parabolic cube of side
length ` can be covered by at most 2n+1 mutually disjoint parabolic dyadic
cubes of side length `.

Proof. Let (x1, . . . , xn, t) ∈ Rn+1. Then we find (p1, . . . , pn+1) ∈ Zn+1

such that
[
xi − 1

2
`, xi +

1
2
`

]
⊂ [`(pi − 1), `pi] ∪ [`pi, `(pi + 1)] (i = 1, . . . , n)

and
[
t− 1

2
`2, t +

1
2
`2

]
⊂ [`2(pn+1 − 1), `2pn+1] ∪ [`2pn+1, `

2(pn+1 + 1)].

By the definition of parabolic (dyadic) cubes, these yield the lemma. ¤

Lemma 3.8 Let k ≥ j and let Q1 and Q2 be parabolic dyadic cubes of
side length 2−k and 2−j, respectively. If Q1 and Q2 are not disjoint, then
Q1 ⊂ Q2.

Proof. The case k = j is trivial from definition. We consider the case
k > j. Let

Q1 =
n∏

i=1

[2−kpi, 2−k(pi + 1)]× [2−2kpn+1, 2−2k(pn+1 + 1)],
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Q2 =
n∏

i=1

[2−jqi, 2−j(qi + 1)]× [2−2jqn+1, 2−2j(qn+1 + 1)],

where pi, qi ∈ Z for i = 1, . . . , n + 1. Note that 2−k < 2−j in arguments
below. Let i = 1, . . . , n. If Q1 and Q2 are not disjoint (i.e., Q1 ∩Q2 has an
interior), then at least one of the following holds:

2−jqi < 2−kpi < 2−j(qi + 1) or 2−jqi < 2−k(pi + 1) < 2−j(qi + 1).

If the first case holds, then pi < 2k−j(qi + 1) and the both sides are integer.
Therefore pi + 1 ≤ 2k−j(qi + 1), and so 2−k(pi + 1) ≤ 2−j(qi + 1). Hence

[2−kpi, 2−k(pi + 1)] ⊂ [2−jqi, 2−j(qi + 1)]. (3.8)

If the second case holds, then 2k−jqi < pi +1 and the both sides are integer.
Therefore 2−jqi ≤ 2−kpi, and so (3.8) holds. By the same reasoning as
above, we have

[2−2kpn+1, 2−2k(pn+1 + 1)] ⊂ [2−2jqn+1, 2−2j(qn+1 + 1)].

These imply that Q1 ⊂ Q2. ¤

3.3. Polar sets and removability theorems
A set E in Rn+1 is said to be polar if there exists a subcaloric function

defined on a neighborhood of E which takes −∞ on E. Since Hn
p(K) ≤

CMn
p(K) for a compact set K, we can obtain the following lemma from [11,

Theorem 1] and the fact that a countable union of polar sets is polar [13,
Theorem 26].

Lemma 3.9 Let E be a closed subset of Rn+1 satisfying either Hn
p(E) = 0

or Mn
p(E) = 0. Then E is polar.

For a function v defined on Ω \ E, we say that an inequality v ≤ C

holds near E if for each y ∈ E there is ry > 0 such that v(x) ≤ C for all
x ∈ Q(y, ry) \ E. Lemma 3.9, together with [13, Theorem 29], yields the
following.

Lemma 3.10 Let E be a relatively closed subset of Ω satisfying either
Hn

p(E) = 0 or Mn
p(E) = 0 and let u be a subcaloric function on Ω \E. If u

is bounded above near E, then u has a subcaloric extension to Ω.
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We denote by GΩ the Green function for the heat operator on Ω. The
following lemma may be known, but for the sake of the reader we provide a
proof.

Lemma 3.11 Let E be a relatively closed polar subset of Ω. Then

GΩ\E = GΩ on (Ω \ E)× (Ω \ E). (3.9)

In particular, if E is a relatively closed subset of Ω satisfying either Hn
p(E) =

0 or Mn
p(E) = 0, then (3.9) holds.

Proof. Note that the Green function for Ω \ E is given by

GΩ\E(x,y) = W (x,y)− hy(x),

where W is the fundamental solution of the heat equation and hy is the
greatest caloric minorant of W (·,y) on Ω \ E for each y ∈ Ω \ E. Thus
0 ≤ hy ≤ W (·,y) on Ω \E, and so hy is bounded near E. By [13, Theorem
29], hy has a caloric extension hy to Ω and this is the greatest caloric
minorant of W (·,y) on Ω. Indeed, if h is a caloric minorant of W (·,y) on
Ω, then h ≤ hy = hy on Ω \ E, and so h ≤ hy on Ω by the continuity and
m(E) = 0. Thus the lemma follows. ¤

3.4. The distributional heat operator and the Riesz measure
Following [14, Section 6.4], we recall the distributional heat operator

and the Riesz measure. For simplicity, we use the symbols

Θ := ∆− ∂

∂t
and Θ∗ := ∆ +

∂

∂t

to denote the heat operator and its adjoint operator, respectively. Let u be
a locally integrable function on Ω. Define

Tu(φ) :=
∫

Ω

uφ dm for φ ∈ C∞0 (Ω).

Then Tu is a distribution in Ω. The distributional heat operator of u is
defined by

TΘu(φ) :=
∫

Ω

u Θ∗φ dm for φ ∈ C∞0 (Ω).
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If TΘu is a positive linear functional on C∞0 (Ω), then we see from the stan-
dard argument by approximation (cf. [14, the proof of Theorem 6.28]) that
TΘu can be extended to C0(Ω) as a positive linear functional. By the Riesz
representation theorem, there exists a unique Radon measure µu on B(Ω),
the collection of Borel subsets of Ω, such that

TΘu(φ) =
∫

Ω

φ dµu for all φ ∈ C∞0 (Ω).

We call µu the Riesz measure associated with u. Note from the uniqueness
that if D is an open subset of Ω, then the restriction to D of µu is the Riesz
measure associated with u on D.

Lemma 3.12 Let u be a locally integrable function on Ω. Then the fol-
lowing are equivalent :

(a) TΘu is a positive linear functional on C∞0 (Ω);
(b) there exists a subcaloric function u on Ω such that u = u m-a.e. on Ω.

Proof. The implication (b) to (a) follows from [14, Theorem 6.27]. We
show the converse. Assume that (a) holds. Let µu be the Riesz measure
associated with u on Ω and let D be an open set such that D is compact in
Ω. Define

v(x) := −
∫

D

W (x,y) dµu(y) for x ∈ Rn+1,

where W is the Gauss-Weierstrass kernel on Rn+1. Since µu(D) < ∞, it
follows from [13, Theorem 16] that v is subcaloric on Rn+1. In particular, v is
locally integrable on Rn+1. By the Fubini theorem, TΘ(u−v)(φ) = TΘu(φ)−
TΘv(φ) = 0 for all φ ∈ C∞0 (D). By [5], there exists h ∈ C∞(D) such that
Θh = 0 in D in the classical sense and Tu−v = Th as a distribution in D.
Therefore u equals the subcaloric function h + v m-a.e. on D. Since D is
arbitrary, we obtain (b). ¤

4. Proof of Theorem 2.1

This section presents the proof of Theorem 2.1.

Proof of Theorem 2.1. We first consider the case where u is nonnegative.
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We see from upper semicontinuity and Lemma 3.4 that u ∈ L1
loc(Ω). Taking

Lemmas 3.1 and 3.12 into account, it is enough to show that
∫

Ω\E
u Θ∗φ dm ≥ 0 (4.1)

for all nonnegative functions φ ∈ C∞0 (Ω), because any measurable extension
to Ω of u is locally integrable on Ω and its distributional heat operator is a
positive linear functional on C∞0 (Ω). Let φ be such a test function and let
k ∈ N be large enough. We take a finite disjoint collection of parabolic dyadic
cubes {Qi}N

i=1 of side length ` = 2−k which covers spt φ and (3/2)Qi ⊂ Ω
for i = 1, . . . , N . Let {φi}N

i=1 be the partition of unity subordinate to those
cubes with the properties in Lemma 3.5. We may suppose that

3
2
Qi ∩ E 6= ∅ for i = 1, . . . , M

and

3
2
Qi ∩ E = ∅ for i = M + 1, . . . , N.

Then φφi (i = M +1, . . . , N) are nonnegative functions in C∞0 (Ω\E). Since
u is subcaloric on Ω \ E, we have

∫

Ω\E
u Θ∗(φφi) dm ≥ 0 for i = M + 1, . . . , N.

Noting φ =
∑N

i=1 φφi, we obtain

∫

Ω\E
u Θ∗φ dm =

N∑

i=1

∫

Ω\E
u Θ∗(φφi) dm

≥
M∑

i=1

∫

(3/2)Qi\E
u Θ∗(φφi) dm. (4.2)

Since ∆(φφi) = (∆φ)φi + 2〈∇φ,∇φi〉+ φ∆φi, we have

|Θ∗(φφi)| ≤ C`−2, (4.3)
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where a constant C depends only on n and the maximum of φ and its
derivatives. Let

K :=
M⋃

i=1

3
2
Qi ∩ E.

We observe that for each i = 1, . . . , M ,

3
2
Qi ⊂ K(3

√
n`)

and the cube (3/2)Qi intersects at most 3n+1 other cubes (3/2)Qj , which
implies

M∑

i=1

χ(3/2)Qi
≤ 3n+1.

Since u is nonnegative, we have by (4.2) and (4.3)

∫

Ω\E
u Θ∗φdm ≥ −C`−2

M∑

i=1

∫

(3/2)Qi\E
u dm

≥ −C`−2

∫

K(3
√

n`)\E
u

M∑

i=1

χ(3/2)Qi
dm

≥ −C`−2

∫

K(3
√

n`)\E
u dm.

Letting ` = 2−k → 0, we obtain (4.1) from Lemma 3.4. Thus u has a
subcaloric extension to Ω.

At last, we remark on the case where u is not necessarily nonnegative.
Since u+ is subcaloric on Ω \ E, the above argument shows that u+ has a
subcaloric extension u+ to Ω. Then u is bounded above near E by virtue
of the inequality u ≤ u+ and the upper semicontinuity of u+ on Ω. It is
easy to see that Mα

p (E) < ∞ and α < n imply Mn
p(E) = 0. Therefore

we conclude from Lemma 3.10 that u has a subcaloric extension to Ω. This
completes the proof. ¤



Removable singularities 213

5. Proof of Theorem 2.4

In this section, we prove Theorem 2.4.

Proof of Theorem 2.4. As in the proof of Theorem 2.1, it is enough to
prove (4.1) when u is nonnegative. Let φ ∈ C∞0 (Ω) be nonnegative, let
K := spt φ, and let ε > 0 be sufficiently small so that K(10

√
nε) ⊂ Ω.

Write A := K(ε)∩E. Since Hα
p,ε/(8

√
n)

(A) ≤ Hα
p (E) < ∞ and A is compact,

there are finitely many parabolic cubes {Q′i}M
i=1 covering A such that the

side length of Q′i is `′i ≤ ε/(8
√

n) for each i and

M∑

i=1

(`′i)
α < Hα

p (E) + 1.

Take ki ∈ Z so that 2−ki−1 < `′i ≤ 2−ki and denote by Q′′i the parabolic
cube with the same center as Q′i and side length 2−ki . Then Q′i ⊂ Q′′i . By
Lemma 3.7, each Q′′i is covered by at most 2n+1 mutually disjoint parabolic
dyadic cubes of side length 2−ki . Note from Lemma 3.8 that two parabolic
dyadic cubes are either disjoint or one is contained in the other. Removing
extra cubes contained in the other if necessary, we can find a finite disjoint
collection of parabolic dyadic cubes {Qi}N

i=1, where N ≤ 2n+1M , such that
this covers A, Qi ∩ A 6= ∅ (i = 1, . . . , N) and the side length of Qi is
`i ≤ 2max{`′1, . . . , `′M} ≤ ε/(4

√
n) (i = 1, . . . , N). Then

N∑

i=1

`α
i ≤ 2n+1

M∑

i=1

(2`′i)
α < 2n+1+α(Hα

p (E) + 1) < ∞. (5.1)

For each i = 1, . . . , N , there are 3n+1−1 many parabolic dyadic cubes {Qji

i }
which are adjacent to Qi and have the same side length `i as Qi. As above,
we can take away extra cubes contained in other one so that {Qi, Q

ji

i }i,ji

is a maximal disjoint collection. Let ` := min{`1, . . . , `N} and let {Q̃′k} be
a finitely many disjoint collection of parabolic dyadic cubes of side length `

such that K ⊂ ⋃
k Q̃′k and Q̃′k ∩K 6= ∅ for each k. By Lemma 3.8, one of

the following holds:

Q̃′k ⊂
⋃

i

Qi ∪
( ⋃

i

⋃

ji

Qji

i

)
or Q̃′k ∩

( ⋃

i

Qi ∪
( ⋃

i

⋃

ji

Qji

i

))
= ∅.
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Let {Q̃k} be the collection of all Q̃′k satisfying the second one. Then {Q̃k}
is a finite disjoint collection of parabolic dyadic cubes of side length ` such
that {Qi, Q

ji

i , Q̃k} are mutually disjoint, Q̃k ∩K 6= ∅ for each k and

K \
[⋃

i

Qi ∪
( ⋃

i

⋃

ji

Qji

i

)]
⊂

⋃

k

Q̃k.

We see that

3
2
Q̃k ⊂ Rn+1 \

( N⋃

i=1

Qi

)
⊂ Rn+1 \A.

Indeed, denoting by 3Qi the parabolic cube with the same center as Qi and
side lengths 3`i in the spatial direction and 3`2i in the temporal direction as
defined in (3.4), we have 3Qi ⊂

⋃
i Qi∪(

⋃
i

⋃
ji

Qji

i ) since 3Qi coincides with
the union of Qi and all parabolic dyadic cubes of side length `i which are
adjacent to Qi. Therefore 3Qi and Q̃k are disjoint. Since ` ≤ `i, it follows
that Qi and 3Q̃k are disjoint, and so (3/2)Q̃k ⊂ Rn+1 \ Qi. Moreover, if
x ∈ (3/2)Q̃k, y ∈ E \K(ε) and z ∈ Q̃k ∩K, then

dp(x,y) ≥ dp(y,z)− dp(x,z) ≥ ε− 3
√

n` > 0.

Hence (3/2)Q̃k ∩ E = ∅ for all k. Let {φi, φ
ji

i , φ̃k} be the partition of unity
subordinate to {Qi, Q

ji

i , Q̃k} with the properties in Lemma 3.5. Since u is
subcaloric on Ω \ E, we have

∫

Ω\E
u Θ∗(φφ̃k) dm ≥ 0 for each k.

For simplicity, we write ψ :=
∑

i φi +
∑

i

∑
ji

φji

i . Then

∫

Ω\E
u Θ∗φ dm =

∫

Ω\E
u Θ∗

[
φ

(
ψ +

∑

k

φ̃k

)]
dm

≥
∫

D\E
u Θ∗(φψ) dm, (5.2)

where D :=
⋃

i(3/2)Qi ∪ (
⋃

i

⋃
ji

(3/2)Qji

i ), the union for parabolic dyadic



Removable singularities 215

cubes in {Qi, Q
ji

i }i,ji
. Note that D ⊂ A(8

√
nε) since Qi ∩ A 6= ∅. In order

to estimate the last integral in (5.2), let us split D into mutually disjoint
sets. By relabeling, we may assume that `1 ≥ `2 ≥ · · · ≥ `N . For each
i = 1, . . . , N , let Ri := (3/2)Qi ∪ (

⋃
ji

(3/2)Qji

i ), where the union is for
parabolic dyadic cubes in {Qji

i }ji
, and let

R̃i := Ri \
( N⋃

k=i+1

Rk

)
.

Then {R̃i}N
i=1 are mutually disjoint, R̃i ⊂ Ri for each i and

⋃N
i=1 R̃i = D.

Moreover, if x ∈ R̃m, then φi(x), φji

i (x) = 0 for all i > m and ji, and so

ψ(x) =
∑

i≤m

φi(x) +
∑

i≤m

∑

ji

φji

i (x).

Therefore |Θ∗(φψ)| ≤ C`−2
m on R̃m. Let q′α be the Hölder conjugate expo-

nent of qα. Since −2q′α + n + 2 = α, we have by (5.1)

∫

D

|Θ∗(φψ)|q′α dm =
∑

i

∫
eRi

|Θ∗(φψ)|q′α dm ≤ C
∑

i

`
−2q′α+n+2
i ≤ C.

Hence, by the Hölder inequality,
∫

Ω\E
u Θ∗φdm ≥

∫

D\E
u Θ∗(φψ) dm

≥ −
(∫

D\E
uqα dm

)1/qα
(∫

D

|Θ∗(φψ)|q′α dm

)1/q′α

≥ −C

(∫

A(8
√

nε)\E
uqα dm

)1/qα

.

Since u ∈ Lqα

loc(Ω) and m(A(8
√

nε) \ E) → 0, the last integral tends to 0 as
ε → 0. Hence we obtain (4.1). The rest of the proof is the same as that of
Theorem 2.1. ¤
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6. Proofs of Corollaries 2.6–2.8

Proof of Corollary 2.6. Since u is a nonnegative subcaloric function on
Ω \ E, it has a subcaloric extension to Ω by Theorem 2.1. In particular,
u ∈ L∞loc(Ω). Let D be a bounded open set whose closure is compact in Ω.
By the Riesz decomposition theorem [13, Theorem 22] with dµ = Θu dm =
uq dm (since u is C2,1) and Lemma 3.11, we have for all x ∈ D \ E,

u(x) = h(x)−
∫

D\E
GD(x,y)u(y)q dm(y),

where GD is the Green function for Θ on D and h is the smallest caloric
majorant of u on D \E. Since u is bounded on D \E, so is h. Therefore h

has a caloric extension h to D. For x ∈ D, we define

u(x) := h(x)−
∫

D\E
GD(x,y)u(y)q dm(y).

Then u = u on D \ E. By the regularity theorem for Green potentials (cf.
[2, p. 303]) and q ≥ 1, we see that u is a C2,1-function on D. By the Fubini-
Tonelli theorem, we also have Θu = uq in D in the sense of distributions.
These imply that u is a classical solution of Θu = uq in D. Since D is
arbitrary, we obtain Corollary 2.6. ¤

Proof of Corollary 2.7. By Theorem 2.4, u has a subcaloric extension to
Ω. The rest of the proof is the same as the proof of Corollary 2.6. ¤

For the proof of Corollary 2.8, we need the following a priori estimate.

Lemma 6.1 The assumptions are the same as in Corollary 2.8. Then
there exists a positive constant C depending only on q and n such that

u(x) ≤ Cdp(x, E)−2/(q−1) near E.

Proof. The proof is based on Véron’s comparison argument [12, Lemma 1].
Let y ∈ E and take ry > 0 so that dp(x, E) ≤ dp(x, ∂Ω) for all x ∈ Q(y, ry).
Fix x0 = (x0, t0) ∈ Q(y, ry) \E and let R := dp(x0, E)/4 and t1 := t0−R2.
We consider a function on D := {(x, t) : ‖x− x0‖ < R, t1 < t < t0} ⊂ Ω \E

defined by
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v(x, t) := λ{(R2 − ‖x− x0‖2)−2/(q−1) + (t− t1)−2/(q−1)},

where λ is a positive constant chosen later. Letting r := ‖x− x0‖, it is easy
to check that

∆v =
4λ

(q − 1)2
(R2 − r2)−2q/(q−1){n(q − 1)R2 + (n + 2− q(n− 2))r2},

∂v

∂t
= − 2λ

q − 1
(t− t1)−(q+1)/(q−1).

Since vq ≥ λq{(R2 − r2)−2q/(q−1) + (t− t1)−2q/(q−1)}, we have

∂v

∂t
−∆v + vq ≥ λ(R2 − r2)−2q/(q−1)

×
[
λq−1 − 4

(q − 1)2
{n(q − 1)R2 + (n + 2− q(n− 2))r2}

]

+ λ(t− t1)−2q/(q−1)

{
λq−1 − 2

q − 1
(t− t1)

}
.

If we choose

λ :=
(

max
{

8(q + 1)
(q − 1)2

,
4n

q − 1

}
R2

)1/(q−1)

,

then ∂v/∂t−∆v + vq ≥ 0 in D, and therefore we have by [1, Lemma 1]

∆(u− v)+ − ∂(u− v)+

∂t
≥ sign+(u− v) ·

(
∆(u− v)− ∂(u− v)

∂t

)

≥ sign+(u− v) · (uq − vq)

≥ 0

in D in the sense of distributions, where

sign+ a =





1 (a > 0),

1/2 (a = 0),

0 (a < 0).
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Since (u − v)+ = 0 near the parabolic boundary of D, it follows from the
maximum principle that (u− v)+ = 0 on D, and so

u(x0) ≤ v(x0) = 2λR−4/(q−1) ≤ C(q, n)R−2/(q−1).

Since R = dp(x0, E)/4, the lemma is proved. ¤

Lemma 6.2 The assumptions are the same as in Corollary 2.8. Then
u ∈ Lq

loc(Ω).

Proof. Let y ∈ E. By Lemma 6.1 and q ≥ qα, there is ` := ry > 0 small
enough such that 4Q ⊂ Ω and

u(x) ≤ Cdp(x, E)−2/(q−1) ≤ Cdp(x, E)α−n for all x ∈ 2Q \ E, (6.1)

where Q := Q(y, `) and 4Q is defined in the same way as in (3.4). Take a
nonnegative function φ ∈ C∞0 (Rn+1) so that φ = 1 on Q, spt φ ⊂ 2Q,

∣∣∣∣
∂φ

∂x1

∣∣∣∣, . . . ,

∣∣∣∣
∂φ

∂xn

∣∣∣∣ ≤ C`−1 on Rn+1

and
∣∣∣∣
∂2φ

∂x2
1

∣∣∣∣, . . . ,

∣∣∣∣
∂2φ

∂x2
n

∣∣∣∣,
∣∣∣∣
∂φ

∂t

∣∣∣∣ ≤ C`−2 on Rn+1.

Let 0 < r < ` and K := 2Q ∩ E. Take ψr ∈ C∞(Rn+1) with the properties
in Lemma 3.6. Then φψr ∈ C∞0 (2Q \ E). Since Θu = uq in Ω \ E and
|Θ∗ψr| = |∇ψr| = 0 on 2Q \K(3

√
nr), we have

∫

Q\K(3
√

nr)

uq dm ≤
∫

2Q\E
φψru

q dm =
∫

2Q\E
u Θ∗(φψr) dm

≤ C`−2

∫

2Q\E
u dm + Cr−2

∫

(2Q∩K(3
√

nr))\E
u dm. (6.2)

Combining (6.1), (6.2) and Lemma 3.3, we find a constant C independent
of r such that

∫

Q\K(3
√

nr)

uq dm ≤ C.
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Letting r → 0, we have
∫

Q\E uq dm ≤ C. The standard argument by a finite
covering and the continuity of u on Ω \ E conclude that u ∈ Lq

loc(Ω). ¤

Proof of Corollary 2.8. From Lemma 6.2 and Theorem 2.4, we see that u

has a subcaloric extension to Ω. The rest of the proof is the same as the
proof of Corollary 2.6. ¤

7. Appendix

7.1. Removable set considered by Takahashi and Yanagida
Let m ∈ N be such that 1 ≤ m < n−2 and let T > 0. In [10], Takahashi

and Yanagida discussed the removability of the following set:

E := {(ξ(s, t), t) : (s, t) ∈ [0, 1]m × [0, T ]} ⊂ Rn+1,

where

ξ(s, t) = (ξ1(s, t), . . . , ξn(s, t)) : [0, 1]m × [0, T ] → Rn

is continuously differentiable with respect to s = (s1, . . . , sm) and 1/2-
Hölder continuous with respect to t uniformly for s such that

rank




ξ1
s1

(s, t) · · · ξ1
sm

(s, t)
...

. . .
...

ξn
s1

(s, t) · · · ξn
sm

(s, t)


 = m

for any (s, t) ∈ [0, 1]m × [0, T ]. More generally, we have the following.

Proposition 7.1 Notations are the same as above. If ξ(s, t) is Lipschitz
continuous with respect to s uniformly for t and 1/2-Hölder continuous with
respect to t uniformly for s, then Mm+2

p (E) < ∞.

Proof. For simplicity, we write F (s, t) := (ξ(s, t), t) and R := [0, 1]m ×
[0, T ]. Then E = F (R) and there exists a constant C2 > 1 such that for all
(s1, t1), (s2, t2) ∈ R,

dp(F (s1, t1), F (s2, t2)) = ‖ξ(s1, t1)− ξ(s2, t2)‖+ |t1 − t2|1/2

≤ C2(‖s1 − s2‖Rm + |t1 − t2|1/2). (7.1)
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Let r > 0 be small and let {Q̃i}N
i=1 be a finite disjoint collection of parabolic

dyadic cubes in Rm×R of side length r such that R ⊂ ⋃N
i=1 Q̃i and Q̃i∩R 6= ∅

for each i. Then N ≤ Cr−m−2. Also, we see from (7.1) that for each i,
there exists a parabolic cube Qi in Rn+1 of side length 2

√
mC2r such that

F (Q̃i ∩ R) ⊂ Qi, and so E ⊂ ⋃N
i=1 Qi. For each i, let {Qji

i }ji be 3n+1 − 1
many parabolic cubes in Rn+1 of side length 2

√
mC2r which are adjacent

to Qi. Then E(r) ⊂ ⋃N
i=1(Qi ∪ (

⋃
ji

Qji

i )). Therefore

m(E(r)) ≤ 3n+1
N∑

i=1

m(Qi) ≤ CNrn+2 ≤ Crn−m.

Hence Mm+2
p (E) < ∞. ¤

7.2. Results for semilinear elliptic equations
We record some removability theorems for subharmonic functions and

positive solutions of a semilinear elliptic equation with an absorption term:

∆u = uq, (7.2)

where q ≥ 1. In below, Mα and Hα stand for the usual α-dimensional
upper Minkowski content and Hausdorff measure on Rn (with respect to
the Euclidean distance). Let q∗α := (n−α)/(n−α− 2). In the same way as
above, we can prove the following results.

Theorem 7.2 Let 0 ≤ α < n − 2, let Ω be an open set in Rn, let E

be a relatively closed subset of Ω such that Hα(E) < ∞, and let u be a
subharmonic function on Ω \E. If u+ ∈ Lq∗α

loc(Ω), then u has a subharmonic
extension to Ω.

A result for subharmonic functions corresponding to Theorem 2.1 can
be found in [9]. Thus we can obtain the following results for (7.2).

Corollary 7.3 Let 0 ≤ α < n− 2, let Ω be an open set in Rn, let E be a
relatively closed subset of Ω, and let u be a nonnegative C2-solution of (7.2)
in Ω \ E. Assume one of the following :

( i ) Mα(E) = 0 and

lim sup
Ω\E3x→y

d(x,E)n−α−2u(x) < ∞ for each y ∈ E;
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(ii) Mα(E) < ∞ and

lim
Ω\E3x→y

d(x,E)n−α−2u(x) = 0 for each y ∈ E.

Then u can be extended to the whole of Ω as a C2-solution of (7.2) in Ω.

Corollary 7.4 Let 0 ≤ α < n − 2, let Ω be an open set in Rn, let E

be a relatively closed subset of Ω such that Hα(E) < ∞, and let u be a
nonnegative C2-solution of (7.2) in Ω \ E. If u ∈ Lq∗α

loc(Ω), then u can be
extended to the whole of Ω as a C2-solution of (7.2) in Ω.

Corollary 7.5 Let 0 ≤ α < n− 2, let Ω be an open set in Rn, let E be a
relatively closed subset of Ω, let

q ≥ n− α

n− α− 2
,

and let u be a nonnegative C2-solution of (7.2) in Ω \ E. If Mα(E) < ∞,
then u can be extended to the whole of Ω as a C2-solution of (7.2) in Ω.
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