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Removable sets for subcaloric functions and solutions

of semilinear heat equations with absorption

Kentaro HIRATA
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Abstract. We investigate removable sets for subcaloric functions satisfying either a
growth condition or an integrability condition by defining suitably upper Minkowski
content with respect to the parabolic distance. Results are also applied to obtain
removability theorems for nonnegative solutions of a semilinear heat equation with an
absorption term.
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1. Introduction

It is well known that any closed set in R™ of capacity zero is removable
for subharmonic functions which are bounded above. Moreover, the Haus-
dorff dimension of such a set is at most n—2. When the size of an exceptional
set is small in some sense, the boundedness condition for functions can be
weaken. In [3], Gardiner gave removability theorems by noting a relation
between the Hausdorff measure of an exceptional set £/ and a growth rate of
subharmonic functions near F when E lies in an (n— 1)-dimensional smooth
manifold in R™. Later, Riihentaus [9] removed smoothness conditions on E
by considering upper Minkowski content and developing arguments in Har-
vey and Polking [4].

For the heat equation, it is also known that any closed set in R™t!
of thermal capacity zero is removable for subcaloric functions which are
bounded above and that the Hausdorff dimension of it is at most n. See
Watson [13] and Taylor and Watson [11]. Here we should note that the
definition of Hausdorff dimension in this case is different from the usual one
and is given in terms of the parabolic distance. Recently, Hsu [7] and Hui
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[8] proved that the set {0} x (0,7) in R™ x R, where n > 3, is removable
for caloric functions satisfying the growth condition: for any closed interval
Ic(0,7),

2—n

max [u(, t)] = o([lz]|*™") as z — 0.

Motivated by the removability of moving singularities, Takahashi and
Yanagida [10] extended this result to the case that exceptional sets lie in
curves or, more generally, low-dimensional surfaces moving smoothly in the
spatial directions and 1/2-Hoélder continuously in the temporal direction
with respect to the usual Euclidean distance.

The purpose of this note is to present parabolic analogs of Riihentaus’ re-
sults by introducing upper Minkowski content with respect to the parabolic
distance, that is, to examine removable sets for subcaloric functions satis-
fying either a growth condition or an integrability condition. Our result
extends Takahashi and Yanagida’s in some directions: to subcaloric func-
tions and to more general removable sets. As applications, we also obtain
removability theorems for positive solutions of a semilinear heat equation
with an absorption term.

2. Notations and results

To state our results, we introduce upper Minkowski content with respect
to the parabolic distance. Let us denote a typical point in R™*! by a bold
letter like & = (z,t), where = € R"™, a spatial variable, and t € R, a temporal
variable. The parabolic distance between two points & = (z,t) and y =
(y, s) is defined by

dy(@,y) := o —yl + |t — [,

where || - || is the Euclidean norm on R™. In all notations, the subscript “p”
means that they are relative to a “parabolic” content. Let E be a set in
R”*! and let » > 0. Denoting the parabolic distance from a point = to E

by dy(x, E), we define an r-neighborhood of E by
E(r):={x e R"" . d,(x,F) < r}.

Let 0 < a < n+ 2. We define the a-dimensional upper Minkowski content
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of & with respect to the parabolic distance dj, by

m(E(r
MO (E) = lir?jélp T.n(+2(—2x>’
where m denotes Lebesgue measure on R"T!. Note that the power of the
denominator of the right hand side is not n + 1 — «, because the temporal
direction is actually two dimensional. Let € be an open set in R*T1. A
function u :  — [—00, +00) is called subcaloric on €2 if u is upper semicon-
tinuous on 2, u is finite on a dense subset of €2, and u satisfies the submean

value inequality: for any @ = (z,t) € Q and small 0 < 7 < rg,
1 lz —y|?
< - I = 9l d
ol I e A R L
where the heat ball of center & and radius r is defined by

By(x,r) = {(y, §)is <t (t_i)mexp<— |Zt__y5”)2> > Tnl/g }

Throughout this note (except in Appendix), we suppose that € is an open
subset of R™*1,

Theorem 2.1 Let 0 < a < n, let E be a relatively closed subset of ), and
let u be a subcaloric function on Q\ E. Assume one of the following:

(i) My(E) =0 and

limsup dp(x, E)" “u(x) < oo for each y € E;
Q\E>z—y

(i) MG (E) < oo and

limsup dp(x, E)" “u(x) <0 for eachy € E. (2.1)
Q\E>z—y

Then u has a subcaloric extension to ().

By a C?!-function, we mean a function which is twice differentiable
with respect to the spatial variables and differentiable with respect to the
temporal variable and whose all partial derivatives are continuous. We say
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that a real-valued function u is caloric on Q if u is a C?!-function on
satisfying the heat equation Au—9du/0t = 0 in Q, where A is the Laplacian
on R™. This is equivalent to that both of © and —u are subcaloric on €. As
a consequence of Theorem 2.1, we obtain the following.

Corollary 2.2 Let 0 < a < n, let E be a relatively closed subset of €2,
and let u be a caloric function on Q\ E. Assume one of the following:

(i) My(E) =0 and
limsup dp(z, E)" *|u(x)| < oo for eachy € E;
Q\Eam—>y

(i) My (E) < oo and

Q\bliargﬂy dp(x, E)" “lu(x)] =0 for eachy € E.

Then u has a caloric extension to ().

Remark 2.3 In Appendix, we will show that an exceptional set E con-
sidered in [10] satisfies My (E) < oo for some positive integer v < n. Thus
Corollary 2.2 (ii) extends a result in [10].

The Minkowski content condition on removable sets can be weaken when
we target higher order integrable subcaloric functions instead of those sat-
isfying the above growth condition. To this end, we recall Hausdorff (outer)
measure on (R"*!,d,). By a parabolic cube of center = (1,...,T,,t) and
side length r, we mean a closed cube in R™*! of the form

- 1 1 1 1
il;[l [@ — 5T + 27“] X [t - §r2,t + 27“2} (2.2)

and denote it by Q(x,7). For E C R"™ o >0 and § > 0, we let

o 5(E) :inf{er‘},

i

where the infimum is taken over all possible coverings of E by a countable
collection of parabolic cubes {Q(x;,r;)} such that r; < § for each i. Since
o 5(F) is a nonincreasing function for §, the limit
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He(E) = lim 1y 5(E)

exists. This is called a-dimensional parabolic Hausdorff (outer) measure. It
is easy to show that if E is a compact subset of R"*! with MG (E) < oo,
then H5(E) < oo. See Lemma 3.2 below. But the opposite does not hold
in general. Moreover, we have m(E) = 0 when H (E) < oo or My (E) < oo
for some 0 < o < n+ 1. See Lemma 3.1 below.

We introduce an important index. For 0 < a < n, we let

n—a+?2
n—a

o =

Write vt := max{u, 0} for short. Also, we denote by L] () the set of all
Lebesgue measurable functions u defined on €2 except for some measurable
set A with m(A) = 0 such that fK\A |u(x)|?dm(x) < oo for any compact
subset K of €. The case ¢ = oo is defined in a similar way.

Theorem 2.4 Let 0 < o < n, let E be a relatively closed subset of €2
such that H(E) < oo, and let u be a subcaloric function on Q\ E. Ifu® €

Lo (), then u has a subcaloric extension to Q.

The next corollary follows immediately from Theorem 2.4.

Corollary 2.5 Let0 < «a < n, let E be a relatively closed subset of Q) such
that H3 (E) < 0o, and let u be a caloric function on Q\ E. If u € LI, (Q),
then u has a caloric extension to €.

Recently, the author extended a removability theorem for caloric func-
tions proved by Hsu [7] and Hui [8] to solutions of semilinear heat equations
with nonlinear terms (see [6]). But there only the exceptional set {0} x (0, T")
was considered. Our above results are also applicable to removability theo-
rems for the following heat equation with an absorption term:

Au — gu =u?, (2.3)

where ¢ > 1.

Corollary 2.6 Let 0 < a < n, let E be a relatively closed subset of €,
and let u be a nonnegative C*1-solution of (2.3) in Q\ E. Assume one of
the following:
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(i) Mg(E) =0 and

limsup dp(z, E)" “u(x) < oo for each y € E;
Q\E>x—y

(i) My(E) < oo and

Q\Elisnml_m dp(x, E)" “u(x) =0 for eachy € E.

Then u can be extended to the whole of Q as a C*1-solution of (2.3) in Q.

Corollary 2.7 Let0 < a < n, let E be a relatively closed subset of  such
that HS(E) < oo, and let u be a nonnegative C*!-solution of (2.3) in Q\ E.
If u € L= (), then u can be extended to the whole of Q as a C*'-solution
of (2.3) in Q.

If ¢ > qa, then no additional assumptions on u are needed. The following
is a parabolic analog of Véron’s result for semilinear elliptic equations [12].

Corollary 2.8 Let E be a relatively closed subset of 2, let 0 < a < n, let
q 2 o,

and let u be a nonnegative C*'-solution of (2.3) in Q\ E. If M3 (E) < oo,
then u can be extended to the whole of Q as a C*1-solution of (2.3) in Q.

The plan of this note is as follows. In Section 3, we collect elementary
lemmas which will be used in the proofs of the theorems. Theorems 2.1 and
2.4 are proved in Sections 4 and 5, respectively. The proofs of Corollaries
2.6-2.8 are given in Section 6.

3. Preliminaries

This section collects elementary lemmas which are used in the subse-
quent sections. The symbol C stands for an absolute positive constant whose
value is unimportant and may vary at each occurrence.

3.1. Some properties concerning M} and Hj

As proved by Taylor and Watson [11] and Watson [13], it is known that
a Borel set in R”T! with zero n-dimensional parabolic Hausdorff measure
is a polar set and that every polar set has (n + 1)-dimensional Lebesgue
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measure zero.

Lemma 3.1 Let E be a Borel set in R"! satisfying either MS(E) < co
or Hy(E) < oo for some 0 < a <n+1. Then m(E) = 0.

Proof. By definition, it is trivial that M (E) < co implies m(E) = 0. We
consider the case H{(E) < oo. For a parabolic cube Q(x,r) defined by
(2.2), we write

~ " 1 1 1 1
Q(w,r) :Zl_Il |:xi_ 27’,.’Ei+27":| X |:t— 27”,t+27”:|.

This is the usual cube of center @ = (z1,...,x,,t) and side length r. Let
0 <6< 1andlet {Q(xi,r;)} be a covering of E such that r; < § for each i.
Then {Q(x;,7;)} is also a covering of E. It follows that

m(E) <y it < gty e,
and so m(E) < §"H1"*HS(E). Letting § — 0, we obtain m(E) = 0. O

Lemma 3.2 Let 0 < a < n+2. Then there exists a positive constant C
depending only on a and n such that for any compact subset E of R"T1,

HS(E) < CME(E). (3.1)

Proof.  We may assume that M{(E) < oo. Let K > M{(E). By definition,
we have m(E(r)) < kr"™2=< for small 7 > 0. Let § > 0 be sufficiently small.
By the compactness of £ and the basic covering lemma, we find finitely
many points {x;}}¥; in F such that {Q(z;,§)}}, are mutually disjoint and
EC UZ]\LI Q(x;,C19) for some constant C; > 1 depending only on n. Since
Q(x,0) C E((y/n+1)9), it follows that

N§™ 2 = Zm(@(wi, 5)) = m(

J Qo)

<m(BE((vVn+1)5)) < r((vVn+1)5)" 7,

and so N < C,.0~¢. Therefore
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N
Hocys(B) < Y (C16)* < Cy,
=1

where a constant C' depends only on o and n. Thus Hy(E) < Ck. Letting
Kk — M (E), we obtain the required inequality. O

Lemma 3.3 LetO<a<n,leta—nm—2<A<0, and let E be a closed
subset of R"t1. Then the following hold:

(i) If Mg(E) =0, then

Jin o722 / d,(x, E)* dm(z) = 0. (3.2)
E(r)

r—0

(ii) If MG (E) < oo, then

lim sup ro‘_”_Z_A/ dy(x, E)* dm(z) < oco.
E(r)

r—0

Proof.  We show (i) only. Let ¢ > 0. By MJ(E) = 0, there exists r. > 0
such that

m(E(r)) <er"™?* forall 0 <r <r..

Therefore, for such an r,
[ e By dm@) = Am(Ee) - A [ 5 ImE)
E(r) 0

r

< 674/\Jrn+27o¢ _ )\6/ p)\+n+1fo¢ dp
0

S CST)\—l—n—i-Q—a’

which yields (3.2). O

Lemma 3.4 The assumptions are the same as in Theorem 2.1. Let K be
a compact subset of E. Then

lim sup 7"_2/ udm < 0. (3.3)
K(r\E

r—0
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Proof.  Define

dp(x, E)" “u(x) (x e Q\ E),
v(®) = limsup d,(y, E)" “u(y) (x€E).
N\E>y—x

Then v is upper semicontinuous on 2. Let K be a compact subset of E.
First, we consider the case where (i) in Theorem 2.1 holds. For each
1 € N, we let

O; ={xeQ:v(x)<i}

Then {O;} is an open covering of K. Therefore we find N € N such that
K C Uz]\il O;, which implies that there exists r; > 0 such that

u(x) < Ndp(x, E)*™" forallz € K(r)\ E.

Let ¢ > 0. It then follows from Lemma 3.3 (i) that for sufficiently small
r >0,

/ w@)dm(@) < N [ do(e, B)* " dm(z) < Ner?.
K(r)\E E(r)

Thus we obtain (3.3) in this case.

Next, we consider the case where (ii) in Theorem 2.1 holds. For € > 0,
we let O := {x € Q:v(x) < e}. Then O, is an open set such that K C O..
Therefore there exists r. > 0 such that

u(zx) < edp(x, E)*™" foralx e K(r.) \ E.

By Lemma 3.3 (ii), we have for 0 < r < r¢,
/ u(x) dm(x) < 5/ dp(z, E)* " dm(zx) < Cer?,
K(r)\E E(r)
which concludes (3.3). Thus the lemma is proved. i

3.2. Parabolic dyadic cubes and a partition of unity
We need to consider dyadic cubes with respect to the parabolic distance.
Let k € Z, the set of integers. In view of the definition of the parabolic
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distance, those are naturally given by

n

[127"pi 27 (i + D) % 27, 272 (posr + 1)
=1

where p; € Z fori = 1,...,n—+1. These sets are called parabolic dyadic cubes
of side length 27%. Two cubes are said to be disjoint if their intersection has
no interior. For a parabolic cube @ = Q(x,7) of center & = (x1,...,zy,1t)
and side length r, we denote

3 3 3 3
—Sr S| x|t = Sr% e+ St (3.4)
4 4
Note that this is not the parabolic cube in the sense of (2.2) because the
temporal direction has length (3/2)r2, not ((3/2)r)2. As a parabolic analog

of [4, Lemma 3.1], we can obtain the following partition of unity subordinate
to parabolic dyadic cubes. Write spt ¢ for the support of a function ¢.

Lemma 3.5 Let {Q;}Y., be a finite disjoint collection of parabolic dyadic
cubes and let £; denote the side length of QQ;. Then there exist nonnegative
functions {¢; }I¥_, with the following properties:

o ¢; € C°(R™1) and spt¢; C (3/2)Q; fori=1,...,N;

° vazl ¢i <1 on R™*! and Z’fil ¢i =1 on Uf\il Qi;

o there exists a positive constant C depending only on n such that for
eachi=1,...,N,

a¢z a¢z -1
< C1; R
oxy | Oz, | T on
and
0 06i| 061 _ 1y
2, ... : <ol R,
‘ 2l R A R T e
Moreover, for each k=1,...,.n and m=1,..., N,

< Cmax{¢;',..., 0,1} on R

8 m
Mi;qﬁ
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and
8xkz¢1 ) 8tz¢z <CmaX{€ on Rn+1.
Proof. By relabeling, we may assume that ¢; > ¢ > --- > fn. Let
Q:=1[-1/2,1/2] x --- x[-1/2,1/2], the cube in R**! centered at the origin

of side length 1. Take ¢ € C§°(R™*!) satisfying 0 < ¢ < 1 on R,
¥ = 1on Q, and ¢ = 0 outside (3/2)Q. Denoting the center of @; by
(:Ug),.. ()t()) we let

_ () I OB 0))
' o r1— Xy Ty — Ty t—1
djl(m) T ¢< Ez P Ez ’ 62 >
for & = (z1,...,2n,t) ER*"™ and i =1,..., N. Define ¢; := ¢; and
j—1
¢j = [JA—w) forj=2,... N

i=1

Then ¢; € C>°(R™"1!) is nonnegative and spt ¢; C spte; C (3/2)Q;. Also,

by an induction argument, we see that for m =1,..., N,
m m
> oi=1-T]-w).
j=1 =1

In particular, Z;V:1 ¢; <1onR". Since ¢, =1on Q; fori=1,...,N,
we have

N

N
Z¢J_1—H 1-¢;)=1 on Q.
=1 =1

In order to estimate the partial derivatives of ¢; (i = 1,..., N) and their
sum, we let

m

Z@—l—]—[ 1— ).



206 K. Hirata

Then ¢y = 01 and ¢y, = 0y — Opy—1 for m =2, ..., N. Since £,, < {p,_1, it
suffices to show

020,

06, 1
— <

8$k

< Cl2, ’ <Cl 2. (3.5)
3y

It is trivial that these are true outside |J;,(3/2)Q;. Fix z € -, (3/2)Q
Then we easily check that

Pnml<c S o,

al'k 1<i<m: (3/2)Q; >

00,, o
W(CB) <C Z 67,

1<i<m: (3/2)Qi3=x

‘a;fg‘(aﬁSC{ > &-2+< > &1)2},

1<i<m: (3/2)Q;d>x 1<i<m: (3/2)Qid=x

where a constant C' depends only on n. Since we can write ¢; = 2/, for
some nonnegative integer v if ¢ < m and the number of parabolic dyadic
cubes Q of side length ¢; such that (3/ 2)Q S x is at most 3"t it follows
that

> ¢t <3t i(zvem)—l <ot
v=0

1<i<m: (3/2)Q;>x

Similarly, we have

> E <k,

1<i<m: (3/2)Qidx

Therefore we can obtain (3.5). Thus the lemma follows. O

Lemma 3.6 Let K be a compact set in R"T and let r > 0. Then there
ezists a nonnegative function ¢ € C(R" 1) such that ¢p = 0 on K(r),
=1 on R\ K(3\/nr),

9
8.7)1 ’

oy

. <Cr ' onR"! (3.6)
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and

0%
ox?

%—If <Cr=? onR"! (3.7)

g ey 5

o=

2
oxs

for some positive constant C depending only on n.

Proof. Let {Q;}}Y, be a finite disjoint collection of parabolic dyadic cubes
of side length r such that K(r) C Uf\il Qi and Q; N K (r) # () for each i. By
Lemma 3.5, we find ¢ € C§°(R™"1) such that 0 < ¢ <1 on R ¢ =1 on
K(r), spto € UN,(3/2)Q; C K (3y/nr), and that (3.6) and (3.7) hold for ¢
instead of ©. Then 1 := 1 — ¢ is the required one. O

For completeness of proofs of our theorems, we record the following two
basic lemmas.

Lemma 3.7 Let £ = 27% for some k € Z. Any parabolic cube of side
length ¢ can be covered by at most 2"t mutually disjoint parabolic dyadic
cubes of side length .

Proof. Let (x1,...,2,,t) € R"™. Then we find (p1,...,pns1) € Z"H1
such that

1 1
[mi — 56,@ + 25] C [l(p; — 1), Lp;) U [lpi, b(pi +1)] (i=1,...,n)
and
1 1
[t -5t 242} C 2 (Pnt1 = 1), Cpnia] U a1, € (pnr + 1))

By the definition of parabolic (dyadic) cubes, these yield the lemma. O

Lemma 3.8 Let k > j and let Q1 and Q2 be parabolic dyadic cubes of
side length 2% and 277, respectively. If Q1 and Qo are not disjoint, then

Q1 C Q2.

Proof. The case k = j is trivial from definition. We consider the case
k> j. Let

n

Ql == H[Q_kp“ 2_k<pz + 1)] X [2_2kpn+17 2_2k(pn+1 + 1)]7
=1
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n

Q2= []1277a:,277 (g + D] X 2% 041,27 (g1 + 1)),
i=1
where p;,q; € Z for i = 1,...,n + 1. Note that 27% < 277 in arguments
below. Let i = 1,...,n. If @1 and Q3 are not disjoint (i.e., @1 N Q2 has an
interior), then at least one of the following holds:

279g; <27, <27 (g + 1) or 279q; < 27F(pi+ 1) <279 (q; +1).

If the first case holds, then p; < 2¥77(¢g; +1) and the both sides are integer.
Therefore p; + 1 < 2879(g; + 1), and so 27%(p; +1) < 279(g; + 1). Hence

27 pi, 27 (pi + 1) C 277,277 (¢ + 1)) (3.8)

If the second case holds, then 2577¢; < p; +1 and the both sides are integer.
Therefore 277¢; < 27Fp;, and so (3.8) holds. By the same reasoning as
above, we have

272 pns1, 27 (por + 1] C 27 g1, 27 (grgr + 1))

These imply that Q1 C Q. O

3.3. Polar sets and removability theorems

A set E in R™! is said to be polar if there exists a subcaloric function
defined on a neighborhood of E which takes —oo on E. Since Hp(K) <
CMG(K) for a compact set K, we can obtain the following lemma from [11,
Theorem 1] and the fact that a countable union of polar sets is polar [13,
Theorem 26].

Lemma 3.9 Let E be a closed subset of R" satisfying either H7(E) =0
or M3(E) = 0. Then E is polar.

For a function v defined on Q \ E, we say that an inequality v < C
holds near E if for each y € E there is r, > 0 such that v(z) < C for all
x € Q(y,ry) \ E. Lemma 3.9, together with [13, Theorem 29], yields the
following.

Lemma 3.10 Let E be a relatively closed subset of Q) satisfying either
Hy(E) =0 or M3(E) =0 and let u be a subcaloric function on Q\ E. If u
is bounded above near E, then u has a subcaloric extension to ).
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We denote by G the Green function for the heat operator on . The
following lemma may be known, but for the sake of the reader we provide a
proof.

Lemma 3.11 Let E be a relatively closed polar subset of Q). Then
Gonp =Ga on (Q\E)x (Q\E). (3.9)

In particular, if E is a relatively closed subset of Q) satisfying either H} (E) =
0 or M(E) =0, then (3.9) holds.

Proof. Note that the Green function for 2\ F is given by
Goe(z,y) = W(z,y) — hy(z),

where W is the fundamental solution of the heat equation and h,, is the
greatest caloric minorant of W(-,y) on 2\ E for each y € Q\ E. Thus
0 < hy <W(-,y)on Q\ E, and so hy is bounded near E. By [13, Theorem
29], hy has a caloric extension Ey to € and this is the greatest caloric
minorant of W(-,y) on Q. Indeed, if h is a caloric minorant of W(-,y) on
Q, then h < hy = hy on Q\ E, and so h < hy, on Q by the continuity and
m(E) = 0. Thus the lemma follows. O

3.4. The distributional heat operator and the Riesz measure
Following [14, Section 6.4], we recall the distributional heat operator
and the Riesz measure. For simplicity, we use the symbols

0 . 0
8.—A—§ and © .—A—F&

to denote the heat operator and its adjoint operator, respectively. Let u be
a locally integrable function on €2. Define

Tu(9) = /Quqﬁdm for ¢ € C5°(Q).

Then T, is a distribution in €. The distributional heat operator of w is
defined by

Tou(9) = /Qu@*qbdm for ¢ € C5°(Q).
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If To, is a positive linear functional on C§°(2), then we see from the stan-
dard argument by approximation (cf. [14, the proof of Theorem 6.28]) that
To. can be extended to Cp(2) as a positive linear functional. By the Riesz
representation theorem, there exists a unique Radon measure p,, on B(2),
the collection of Borel subsets of €2, such that

Tou(¢) = /qu)duu for all ¢ € C5°(€2).

We call ., the Riesz measure associated with u. Note from the uniqueness
that if D is an open subset of €2, then the restriction to D of u, is the Riesz
measure associated with u on D.

Lemma 3.12 Let u be a locally integrable function on Q. Then the fol-
lowing are equivalent:

(a) Tey is a positive linear functional on C3°(§2);
(b) there ezists a subcaloric function w on Q such that ©w = u m-a.e. on §.

Proof. The implication (b) to (a) follows from [14, Theorem 6.27]. We
show the converse. Assume that (a) holds. Let p, be the Riesz measure
associated with u on 2 and let D be an open set such that D is compact in
Q. Define

v(x) = —/ W(x,y)du,(y) for x e R" L
D

where W is the Gauss-Weierstrass kernel on R"*1. Since p,(D) < oo, it
follows from [13, Theorem 16] that v is subcaloric on R**1. In particular, v is
locally integrable on R"*!. By the Fubini theorem, T (y—y)(¢) = Tou(¢) —
Tou(¢) = 0 for all ¢ € C§°(D). By [5], there exists h € C°°(D) such that
©h = 0 in D in the classical sense and T,,_, = T}, as a distribution in D.
Therefore u equals the subcaloric function h + v m-a.e. on D. Since D is
arbitrary, we obtain (b). O

4. Proof of Theorem 2.1
This section presents the proof of Theorem 2.1.

Proof of Theorem 2.1. We first consider the case where u is nonnegative.
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We see from upper semicontinuity and Lemma 3.4 that u € £} (Q). Taking

loc
Lemmas 3.1 and 3.12 into account, it is enough to show that

/ wO*¢dm > 0 (4.1)
O\E

for all nonnegative functions ¢ € C§°(2), because any measurable extension
to Q of u is locally integrable on €2 and its distributional heat operator is a
positive linear functional on C§°(€2). Let ¢ be such a test function and let
k € N be large enough. We take a finite disjoint collection of parabolic dyadic
cubes {Q;}¥, of side length ¢ = 2% which covers spt ¢ and (3/2)Q; C
fori=1,...,N. Let {¢}Y; be the partition of unity subordinate to those
cubes with the properties in Lemma 3.5. We may suppose that

%QiﬂE#(b fori=1,...,M
and
3 .
§QiﬂE:@ fore=M+1,...,N.

Then ¢¢; (i = M +1,...,N) are nonnegative functions in C§°(Q2\ F). Since
u is subcaloric on 2\ E, we have

/ u®*(pp;)dm >0 fori=M+1,... N.
OQ\E

Noting ¢ = Zivzl od;, we obtain

/ uO*pdm =
O\E

M
=3[ uer(esdm. (42)

i—1 Y (3/2)Q:\E

N

> /Q &7 (900) dm

i=1

Since A(¢¢;) = (Ad)¢i +2(Vg, V;) + ¢Ad;, we have

0" (¢¢:)| < CE72, (4.3)
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where a constant C' depends only on n and the maximum of ¢ and its
derivatives. Let

K = QlﬂE

=
N W

Il
—

)

We observe that for each i =1,..., M,

ng C K(g\/ﬁf)

and the cube (3/2)Q; intersects at most 3"*! other cubes (3/2)Q;, which
implies

M
> Xz, <37

i=1

Since w is nonnegative, we have by (4.2) and (4.3)

M
/ wO*¢dm > —0622/ wdm
O\E i=1 Y (3/2)Q\E

Y

M
_CE_Q /K(?)\FE)\EUZX(?’/in dm

i=1

> —C’€2/ uwdm.
K(3ynt\E

Letting £ = 27% — 0, we obtain (4.1) from Lemma 3.4. Thus u has a
subcaloric extension to 2.

At last, we remark on the case where w is not necessarily nonnegative.
Since u™ is subcaloric on Q \ E, the above argument shows that ™ has a
subcaloric extension ut to . Then u is bounded above near E by virtue
of the inequality v < u? and the upper semicontinuity of ut on Q. It is
easy to see that Mg (E) < oo and a < n imply M} (E) = 0. Therefore
we conclude from Lemma 3.10 that u has a subcaloric extension to 2. This
completes the proof. O



Removable singularities 213

5. Proof of Theorem 2.4
In this section, we prove Theorem 2.4.

Proof of Theorem 2.4. As in the proof of Theorem 2.1, it is enough to
prove (4.1) when u is nonnegative. Let ¢ € C§°(€2) be nonnegative, let
K := spt¢, and let ¢ > 0 be sufficiently small so that K (10 /ne) C Q.
Write A := K(¢)NE. Since He sy (A) < HG(E) < oo and A is compact,
there are finitely many parabolic cubes {Q:}*, covering A such that the
side length of @} is ¢, < e/(8y/n) for each i and

M

D () < HY(E) + 1.

=1

Take k; € Z so that 27%~1 < ¢/ < 27k and denote by Q7 the parabolic
cube with the same center as Q' and side length 2%, Then Q) C QY. By
Lemma 3.7, each QY is covered by at most 2" mutually disjoint parabolic
dyadic cubes of side length 27%. Note from Lemma 3.8 that two parabolic
dyadic cubes are either disjoint or one is contained in the other. Removing
extra cubes contained in the other if necessary, we can find a finite disjoint
collection of parabolic dyadic cubes {Q;}Y_,, where N < 2"+t such that
this covers A, Q; N A # 0 (i = 1,...,N) and the side length of Q; is
0; <2max{l},..., 0V} <e/(4y/n) (i=1,...,N). Then

N M
D e <2y C(26)* < 27T (HE(E) + 1) < oo, (5.1)

For each i = 1,..., N, there are 3"*! — 1 many parabolic dyadic cubes {Qf‘}
which are adjacent to (); and have the same side length ¢; as Q;. As above,
we can take away extra cubes contained in other one so that {Q;, Qf}”
is a maximal disjoint collection. Let £ := min{fy,..., ¢y} and let {Q}} be
a finitely many disjoint collection of parabolic dyadlc cubes of side length ¢
such that K C {J, Q’ and Q’ N K # () for each k. By Lemma 3.8, one of
the following holds:

dicUai (UUQ{") or @pn <UQ,-U <UUQJ’>> .

v Ji 7 v Ji
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Let {Qx} be the collection of all @, satisfying the second one. Then {Qy}
is a finite dlsJomt collection of parabolic dyadic cubes of side length ¢ such
that {Q;, Qk} are mutually disjoint, QnNK # () for each k and

©\|Ueu (UU@ )| < Uae
i i s k
We see that
3 N
2@k C R™H1\ <LZJ1Q) C R™H\ A

Indeed, denoting by 3@Q); the parabolic cube with the same center as @); and
side lengths 3/; in the spatial direction and 3¢7 in the temporal direction as
defined in (3.4), we have 3Q; C U, Q:U(U; U, Q) since 3Q; coincides with
the union of @; and all parabolic dyadic cubes of side length ¢; which are
adjacent to ;. Therefore 3Q); and @k are disjoint Since ¢ < ¢;, it follows
that Q; and 3Q; are disjoint, and so (3/2)Qr C R™*!\ Q;. Moreover, if
x e (3/2)Qr, y € E\K(e) and z € Q; N K, then

dp(x,y) > dp(y,z) — dp(x,2) > e —3y/nl > 0.

Hence (3/2)Qr N E = 0 for all k. Let {¢;, ¢’", ¢} be the partition of unity
subordinate to {Q;, @QJ", Q) } with the properties in Lemma 3.5. Since u is
subcaloric on '\ E, we have

/ u@*(¢$k) dm >0 for each k.
O\E
For simplicity, we write ¢ := 3, ¢ + >, > .. ¢fl Then
/ wO*pdm = u@*[¢<¢+zg§k>]dm
O\E O\E k
> [ weron)dm, (5.2)
D\E

where D := |J,(3/2)Q; U (U, Uji(S/Q)Qgi), the union for parabolic dyadic
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cubes in {Q;, Q7' }; ;,. Note that D C A(8y/ne) since Q; N A # (). In order
to estimate the last integral in (5.2), let us split D into mutually disjoint
sets. By relabeling, we may assume that ¢; > fo > --- > f5. For each
i=1,...,N, let R; := (3/2)Q; U (U,,(3/2)Q)), where the union is for
parabolic dyadic cubes in {Qf }ji» and let

R (U n)

Then {Ez}f\i1 are mutually disjoint, R; C R; for each i and vazl R; = D.
Moreover, if € € R,,, then ¢;(x), ¢ () = 0 for all i > m and j;, and so

z) = dil@) + DD oz

Therefore |0*(¢))| < C¢,% on R,,. Let q), be the Holder conjugate expo-
nent of g,. Since —2¢/, + n + 2 = «, we have by (5.1)

/ ]@*(Cﬁ/})‘q; dm = Z/~ |@*(¢¢)|q; dm < ngi—Zq;—i-n—s—z <c
D i R; y

Hence, by the Holder inequality,
/ uO*pdm 2/ uO* () dm
Q\E D\E
1/4a ) 1/q,
(e am) ([ e @uie am)
D\E D

1/qa
> —C(/ ude dm) .
A(8y/ne)\E
Since u € LI

o (€2) and m(A(8y/ne) \ E) — 0, the last integral tends to 0 as
e — 0. Hence we obtain (4.1). The rest of the proof is the same as that of
Theorem 2.1. ([

v
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6. Proofs of Corollaries 2.6—2.8

Proof of Corollary 2.6. Since u is a nonnegative subcaloric function on
2\ E, it has a subcaloric extension to € by Theorem 2.1. In particular,
u € L2 (). Let D be a bounded open set whose closure is compact in €.

By the Riesz decomposition theorem [13, Theorem 22] with dy = Qudm =
uddm (since u is C*!) and Lemma 3.11, we have for all x € D \ E,

u(z) = h(z) - Gp(z,y)u(y)? dm(y),
D\E

where Gp is the Green function for ©® on D and h is the smallest caloric
majorant of w on D\ E. Since u is bounded on D \ E, so is h. Therefore h
has a caloric extension h to D. For € D, we define

u(x) := h(z) - Gp(z, y)u(y)? dm(y).
D\E

Then © = w on D\ E. By the regularity theorem for Green potentials (cf.
[2, p. 303]) and ¢ > 1, we see that u is a C?!-function on D. By the Fubini-
Tonelli theorem, we also have Ou = u? in D in the sense of distributions.
These imply that @ is a classical solution of ©®u = w? in D. Since D is
arbitrary, we obtain Corollary 2.6. O

Proof of Corollary 2.7. By Theorem 2.4, u has a subcaloric extension to
Q. The rest of the proof is the same as the proof of Corollary 2.6. O

For the proof of Corollary 2.8, we need the following a priori estimate.

Lemma 6.1 The assumptions are the same as in Corollary 2.8. Then
there exists a positive constant C depending only on q¢ and n such that

u(x) < Cdy(x, E)~2@ Y pear E.

Proof. The proof is based on Véron’s comparison argument [12, Lemma 1].
Let y € E and take ry > 0 so that dy(x, E) < dp(x,09) for all x € Q(y, ).
Fix xp = (20, t0) € Q(y,7y) \ E and let R := d,(xo, E)/4 and t; =ty — R%.
We consider a function on D := {(z,t) : [t —xo|| < R, t1 <t <to} CQ\E
defined by
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vz, t) == M(R? — ||z — xo|?) "2/ @Y 4 (t — t;) "2/ (@D},

where A is a positive constant chosen later. Letting r := ||x — x¢]|, it is easy
to check that

Av = (qﬂ)z(RQ —r?) 724/ (g — DR® + (n 42 — q(n — 2))r°},
Ov 2\

2 27 (t—¢ —(g+1)/(g—1)
T = [t —t)

Since v? > A{(R? — r2)=2a/(a=1) 4 (t — ¢;)7240/(a= D} we have

% — Av 407 > \(R? — ¢2)720/(a—1)
4
X [)\ql BRPESIE {n(g—1)R*+ (n+2—q(n— 2))1"2}}
+ )\(t - tl)_2q/(q_1) {)\q_l - qzl(t - tl)}

If we choose

8(g+1) 4n } 2)”“1‘1)
A := [ max ,—— ¢ R )
( { (¢—1)?"¢—1

then Ov/0t — Av+ v? > 0 in D, and therefore we have by [1, Lemma 1]

O(u—v)t
ot

5 > sign™ (u —v) - (A(u —v) —

Au—v)t —
> signt (u —v) - (u? — v9)
>0

in D in the sense of distributions, where

1 (a > 0),
signta=4¢1/2 (a=0),
0 (a <0).
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Since (u — v)*t = 0 near the parabolic boundary of D, it follows from the
maximum principle that (v —v)™ = 0 on D, and so

u(wo) < v(xg) = 2AR™Y@~D < C(q,n)R™¥/ 471,

Since R = d, (o, F)/4, the lemma is proved. O
Lemma 6.2 The assumptions are the same as in Corollary 2.8. Then
we £, ().

Proof. Let y € E. By Lemma 6.1 and ¢ > g, there is £ := ry > 0 small
enough such that 4Q C € and

u(z) < Cdy(z, B)~2/01 < Cdy(z, E)*™" forallz €2Q\ E, (6.1)

where @ := Q(y,¢) and 4Q is defined in the same way as in (3.4). Take a
nonnegative function ¢ € C§°(R"*1) so that ¢ = 1 on @, spt ¢ C 2Q,

¢ d¢ 1 41
122 < R™
prt o | S cY on
and
9% O*¢| |0 2
| = = <o R
a2 " o2 | | ot ¢ on

Let 0 <7 < /¢ and K :=2Q N E. Take ¢, € C°(R"™1) with the properties
in Lemma 3.6. Then ¢, € C§°(2Q \ E). Since Ou = u? in Q \ E and
|©*1,.| = |V, =0 on 2Q \ K(3y/nr), we have

u? dm < / oru?dm = / u©* (P, ) dm
2Q\E 2Q\E

< C€_2/ udm+C7'_2/ udm. (6.2)
2Q\E (2QNK (3v/nr)\E

Combining (6.1), (6.2) and Lemma 3.3, we find a constant C' independent
of r such that

/Q\K(?A/ET)

/ u?dm < C.
Q\K (3+/nr)
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Letting r — 0, we have fQ\E u?dm < C. The standard argument by a finite
covering and the continuity of u on Q\ E conclude that u € L] (Q). O

Proof of Corollary 2.8. From Lemma 6.2 and Theorem 2.4, we see that u
has a subcaloric extension to 2. The rest of the proof is the same as the
proof of Corollary 2.6. O
7. Appendix

7.1. Removable set considered by Takahashi and Yanagida
Let m € N be such that 1 < m < n—2and let T > 0. In [10], Takahashi
and Yanagida discussed the removability of the following set:

E:={(&(s,t),t) : (s,t) € [0,1]™ x [0,T]} € R™*,
where
£(s,t) = (&Y(s,1),...,£"(s,1)) : [0,1]™ x [0,T] — R"

is continuously differentiable with respect to s = (s1,...,8m,) and 1/2-
Holder continuous with respect to ¢ uniformly for s such that

;1(87t) fim(s¢t)

rank

|
3

?1 (Svt) T ;L,,L(Svt)
for any (s,t) € [0,1]™ x [0,T]. More generally, we have the following.

Proposition 7.1  Notations are the same as above. If £(s,t) is Lipschitz
continuous with respect to s uniformly fort and 1/2-Holder continuous with
respect to t uniformly for s, then Mgl”(E) < 00.

Proof.  For simplicity, we write F(s,t) := ({(s,t),t) and R := [0,1]™ X
[0,7]. Then E = F(R) and there exists a constant Cy > 1 such that for all
(817t1)7 (827t2) S R7

dp(F(s1,11), F(s2,12)) = [€(s1,11) — &2, t2) || + [tr — tof'/2

< Co(|s1 — s2llrm + |t1 — ta|'/?). (7.1)
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Let » > 0 be small and let {@z}fvzl be a finite disjoint collection of parabolic
dyadic cubes in R™ xR of side length 7 such that R C Uil Q; and Q;NR #
for each i. Then N < Cr=™72. Also, we see from (7.1) that for each i,
there exists a parabolic cube @Q; in R"*! of side length 2\/mCsyr such that
F(Q;NR) C Q;, and so E C UZALI Qi. For each i, let {Q7'},, be 3"t — 1
many parabolic cubes in R"*! of side length 2\/mCsyr which are adjacent
to Q;. Then E(r) C Ui]\il(Qi U (U, Q’%)). Therefore

N
m(E(r)) <3") "m(Q;) < CNr™ 2 < Ot
=1

Hence M['"?(E) < co. O

7.2. Results for semilinear elliptic equations
We record some removability theorems for subharmonic functions and
positive solutions of a semilinear elliptic equation with an absorption term:

Au=ul, (7.2)

where ¢ > 1. In below, M% and H® stand for the usual a-dimensional
upper Minkowski content and Hausdorff measure on R™ (with respect to
the Euclidean distance). Let ¢ := (n —a)/(n — a —2). In the same way as
above, we can prove the following results.

Theorem 7.2 Let 0 < a < n — 2, let Q2 be an open set in R", let
be a relatively closed subset of Q such that H*(E) < oo, and let u be a

subharmonic function on Q\ E. Ifu™ € L;IEC(Q), then u has a subharmonic
extension to (1.

A result for subharmonic functions corresponding to Theorem 2.1 can
be found in [9]. Thus we can obtain the following results for (7.2).

Corollary 7.3 Let 0 < a <n—2, let Q) be an open set in R™, let E be a
relatively closed subset of ), and let u be a nonnegative C?-solution of (7.2)
in Q\ E. Assume one of the following:

(i) M*(E)=0 and

limsup d(x, E)""“2u(z) < oo for eachy € E;
Q\Es>z—y
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(i) M*(E) < oo and

lim  d(z, )" * 2u(z) =0 for eachy € E.
Q\E>z—y

Then u can be extended to the whole of Q as a C*-solution of (7.2) in €.

Corollary 7.4 Let 0 < a < n — 2, let Q be an open set in R™, let £
be a relatively closed subset of Q such that H*(E) < oo, and let u be a

nonnegative C?-solution of (7.2) in Q\ E. Ifu € Jos (Q), then u can be

loc

extended to the whole of Q as a C?-solution of (7.2) in .

Corollary 7.5 Let0<a <n—2, let Q) be an open set in R™, let E be a
relatively closed subset of §2, let

S _n-a
1= —a—2
and let u be a nonnegative C%-solution of (7.2) in Q\ E. If M*(E) < oo,
then u can be extended to the whole of Q as a C?-solution of (7.2) in .
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