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On the hyperbolicity in the domain of real

analytic functions and Gevrey classes

By Sigeru MizoHATA
(Received November 8, 1982)

§.1 Introduction

We are concerned with the Cauchy problem for the following first order
equation

(1. 1) =3 A,(z, 1) st Blz, ) utf,
i=1

where z=(z;, -, ;) ER, tER; u(x, t)="(uy(x, ), -+, um(x, 1)), and A;(1=
j=<!) and B are matrices of order m. All the coefhicients are assumed to be
real analytic in x and continuous in 2.

The Cauchy-Kowalewsky theorem, more precisely the Nagumo-Ovcianni-
kov theorem asserts that, given any real analytic initial data ¢(x)=C*(B,)
and f(z,t)eC)C*(B,)) (continuous function of ¢ with values in C*(B3,)),
where &,(CRY) is an open connected neighborhood of the origin.

We are concerned with the existence domain of ». Let f=0. Then its
domain may depend on the initial data ¢, more precisely on its radius of
convergence around the origin. However, the Bony-Schapira theorem
asserts that, when A, and B are analytic in (z,¢), and if the characteristic
roots A;(x,¢; &) of

(1.2) det (AI— 3 A,(z,£)§,) =0

are all real, then there exists a neighborhood of the origin, say V, such
that for any ¢(x)C*(8,), there exists a unique solution u(x,t)eC*(V).
It is plausible that this result can be extended to the actual situation. Our
aim is to show that

THEOREM 1. If there exists a common existence domain V of the
solution u(x,t) for any real analytic initial data ¢(x)=C*(®,), then the
characterustuc roots A;(z,0; &) (1=i<m) should be real.

In §.6, we shall explain what becomes in the case of the
class s of Gevrey (1<s<+o0). Concerning this subject, there are two
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articles : T. Nishitani [4], and V. Ya. Ivrii [2]. We want to show that the
method used in can be applied to these without significant modifications.

The purpose of this exposition is two-fold. First, as we shall see by
comparing with [Theorem 2, there is an essential difference be-
tween the case of analytic functions and that of Gevrey class. In the work
of Nishitani, we cannot recognize this difference clearly. Next, by making
minimum assumptions on the coefficients, we cam make clear the nature of
the problem. The work of Ivrii assumes the coefficients to be real-analytic.

The interest in these kind problems was raised by the discussions with
the group of partial differential equations in the Scuola Normale Superiore
di Pisa during my stay in Pisa. Especially is the question posed
by E. Jannelli. Let us remark that the same content was already published
in [5].

§.2 Preliminaries

To avoid unessential technical complications, we consider only the follow-
ing equation :

l
(2.1) O = 2, a;(x,t) Oz,
j=1

where we assume t—>a;(x, t)€ H(®.) to be continuous, where &, is a com-
plex open neighborhood of the origin. We assume :

AssUMPTION 1. There exists an open connected neighborhood VX
(—tp 2 CR'*! of the origin such that, for any ¢(x)eC*(B,), there exists
a unique solution u(x, ) ECy (VX (—ty ty) of (2.1) with u(x, 0)=¢(x).

AsSUMPTION 2. At least one of a,(x,?) is not real at the origin.

Our aim is to show that these two assumptions are not compatible.

ProposiTiON 1. Set K=B,. Let K, be the complex e-neighborhood of
K. Then the mapping ¢(x)—>u(x,t), from H(K,) into CZHV,uX(—tyty)
is continuous.

Proor. Both spaces are Fréchet, and the graph of the mapping is
closed. Thus, by Banach, the mapping is continuous.

This proposition implies in particular the following a priori estimate of
u : given K (compact) C V,, #(0<¢;<#y), then three exists a constant C (K, #}, ¢)
such that
(2.2) suplu(x, t)l + ; suplaxi u(zx, t)l <C (K, t,¢) sup go(x)l

TEK,



300 S. Mizohata

where, in the left-hand side, sup is taken over (z, ) e KX [0, #).

In the case when the coefficients depend only on ¢, the proof is easy.
In fact Assumption 2 implies that there exists a §’€R", [§° =1 such that

Im }; a;(0) §5<0.
7
Then in the expression of the solution of (2.1),

w5 9 =emexp[if 3 a9 ],

J

if we set £=p&° p being positive parameter, we have
0 - t
u,(x, t) = "7 exp [Z‘OS 2, ayls) $‘}ds] .
07

First, sup |u,(z, 0)| <e*.

TEK,

Next, by hypothesis, if ) is small, we have —Im > a,(s) &>6(>0) for s€|[0,
tj]. Thus,

u,(0, 2)| > et .

By taking e<dt), and making p—oco, we see that (2. 2), does not hold,
which proves the Theorem.

Choice of the initial data. We take a series of the initial data at =0 of
the form,

23 gala) =20 |epl—ne dt,
where &2 R}, |&9=1, is chosen in such a way that
@24  ImYa0,08=—58<0,

7

and ¢(¢)>0 being a continuous function with its support in {¢; |§|<1}, and
fode=1.

Let u,(x,t) be the solution of (2.1) corresponding to ¢,(x). Since
SuPlGDn(x)I ge(n+l)e ,
Kl
(2. 2) implies,

(2.5) sup Ontn (2, 1) SC (K, th, &) €° .

u (2, t)l + 2. sup

Observe that C(K,t},¢) is independent of n, and that we can take ¢ as
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small as we please.

§.3 Microlocalization

In the C*-case, we used the cut off functions of the form a(¢/n) Where
a(€) is a C*-function with small support, which is equal to 1 on a neigh-
borhood of €. [3]. In actual case, this would not work well. We use here
the following cut off functions due to Hérmander [1I].

Let K be a compact set in R.. For each large integer N we associate
Xx(x) defined as follows: Let >0 be a positive number. $=Cy with
support in {z; |z|<1/4} so that $>0, {pdzr=1. Set

=le"¢|dx, C=maxC..
: “la]=1

Let u be the characteristic function of the set of points at distance less than
1/2r from K, and form

N

XN = u*¢r*¢r/N*' : '*¢T/N .

Here we have set
$o(£) = a7'P(z/a) .

Then Xy(x)=Cy, equal to 1 on K, and vanishes at all points with distance
greater than r from K, and we have

a"+"XN(x)| <Cr = (CNJr)# if |B|<N.

Now we take as K the ball of radius 7,/2 with center &, and r= r0/2 in
the above definition. Finally, set '

(3.1) an(€) = An(é/n) .
We have

C/

(3.2) (&) < i (CNm)®  for |B<N,

—lal
C' =2Clr,, C.= c(%) .

In the same way, on taking as K the ball of radlus r0/2 Wlth center the
origin of R., and r=ry/2, we set



302 , S. Mizohata

In the same way we have

(3.4)

528, ()| <CLC'N ) for |B|<N.
B

Hereafter we take N in such a way that N~6n (0<6<1), 8 being defined
later.

Apply B.(z) to (2.1)
0,(Baut) = ; aja,,.j(ﬂnu)— 2 ajamjﬁnu )

7

Observe that supp [8.]C{z; |z|<r¢, and 7, is small. We extend all
the coefficients on R, keeping invariant on the set {x: |z|<2ry. For
instance,

ay(a, 1) = ¢(|2l) as(z ) +(1 — p(|z])) a,(0, 2).

where ¢(r)€Cy, 0<¢(r)<1, ¢(r)=1, for r<2r, ¢(r)=0 for r>3r,.  We
write a; instead of 4. '

Apply a,(D) to the above equation. Then
(3.5) 0¢(anfru) = ; a0z, (@nfPate) + [ »
where f, is the function arising from the actions of cut off, mamely,

‘(3. 6) fo= ;'_, [aas ay] axj(‘B,,u) — jZ a,,ajawjﬁ;u .

To estimate the error term f,, we need to consider the equations replacing

in (3.5) an, fa by &, Ba (@ (§) =0kan(€), Buo =(i702)"Bn(2))-

3.7 0.(a? Briptt) = 2. a30z,(0” Bu@¥) tfn, 0.0 »
(3.8) Jovo = ZJ: [, aj] azj(ﬂn(q)u) —i a(f)aj(ﬁn(qwﬁu) .

§.4 Energy inequalities

Let us recall (2.4). By virtue of the microlocalization, if we choose 7y
small, and that if we take #; (0<#/<t,) small, we have the following energy
inequality for the solution « of (3.7).

For t<[0,t}], it holds (>0, ¢>0)

: d
41 Tl Bl >3 7l agrll — [ focpall

where & (<) is a positive constant independent of (n, p, ).
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§.5 Estimates of the error terms

Put u=u, in (4.1). Recall that u,(z,t) is the solution of (2.1) cor-
responding to ¢,(z). Our aim is to show the following. Define

(5. 1) Sn (t) - Z M'p+qln_lql||a£;p).3n(q)un|| .

0L|p+q|<N

Then, if we take M large, we have

(5.2) 2. M'PUpT| £ e |<—;— 0'n S,(t)+o(1).

0<|P+q|<N

To estimate ||fy p0ll, We divide it in two parts:

I) l lf'n,(p,q)

D) |lfa.@ollizser,) -
Let us recall that 8,(x) has its supports in {z; |z|<r}, and moreover, on
the set {r; |z|<2r¢}, a;(x,t) are real analytic. Namely,

I(z;lxlgro} ’

Iaj(v) (x’ t)l{x;l:vlgzro} <14C'())”I v!.

Without loss of generality, are can assume.
CI}CO,

where C' is the constant in (3.2) and (3.4). Look at I). The asymptotic
expansion becomes

[a®, )]~ 3 v la;ma
T2

Using the above estimate
Hv - 1a,(v>a(p+ )a:p (,Bn(q)un)H(a: Izl <2r,}
<ACH| |+ )axj(ﬁn(q)un)n
KA +7r)nAC"™ &P+ BrpUal| -

We take the asymptotic expansion up to
(5.3) vl +1p+ql =

Thus, we have

(7= M| fo, .0 iz 101 <ry)

<Ul4r)n A[ Y (CIM)» M T g g teal |
1<|v| < N—-|p+4q|

(6.4

+ 1%4;?:;Los]x.lfv?.,p+q,<c'/M>'v'MP“””'“"“Q* e )ﬁnwf’“"“]

| +(remainder term).
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Summing up the above expression, we see that the coefficient of Mr+aly—ia x
a||aP Bupttn|| is majorized by

n{l(l-l—roj A} (j+1)l-1< ]C\’;})J + l(l‘]l“v;o) A 5 (j+1)l—1( J(\:/’[)j}

YS! e

Now we fix M(>C') is such a way that

6.5 )<z,
where ¢’ is the constant appearing in (4. 1).

Next, we estimate the remainder term. It would be enough to estimate
the quantity M'#*¢n=12 C'™||a®*) 8, ||, for [p+q|+|v|=N. This is esti-
mated by

v (MC’N/n)NHunll{x;lxl<2ro) .
We take integer N in such a way that

1 . 1
(5. 6) N:mnzﬂn, (0—‘We—>.

More precisely, the nearest integer to 6n.

Since (MC'N/n)¥~e¢~"", in view of (2.5) (a priori estimates of u,), the
above quantity is estimated by

C (K, ty, ¢) e~ mesntD
So, if we choose ¢ less than 6, mere precisely if

1 1
(5.7) e<—m, e<75té,

the remainder term becomes negligible when 7n—oo.
Now we pass to the estimates of the term M?+aip—ld|| 0.0l 312152,

In the domain {z; |z|>2ry}, the above asymptotic expansion does not work,
because we cannot assume a;(xz,t) to be real analytic in R*. However, in
virtue of the pseudo-local property of a,(D), we see easily these terms are

of o(1).
In fact,

[P, a;] axj(/9<q) Up) = aﬁ»p)ajaxj (B #n)— af“’(tp)a”j (B n) -

& (2) = (2n) [ealp () e .
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Then a?(D)v=a&¥(x)xv. Now
2l (z) = (22) [t (— APl () k.

Suppose |p| <N, then we have
|a® (x)l < const. 25(C' N/n)\?\+2/| | %

where k is an arbitrary integer satisfying |p|+2k<N. In that estimate, if
N—|p|<! (dimension of the space), we replace the right-hand side by const.
(C'N/n)?¥/|x|**. This implies

LEMMA. (pseudo-local property of a’)
If v(x)E L* with support in {x; |z| <14}, then
1060|0101 52ry <cOst. IE(C'N/n) 2 *[r¥||v]| ,

where k is an arbitary constant satisfying |p|+2k<N, and const. is inde-
pendent of (k, p).

From this lemma, and in view of the form of [a, a;]0:,(Bua)s We have
ProroSITION.
Mrtan=1a|| £, o sizisarg < const. (MC N/m)Y (w1, wiz1<r) 5
if M>Alr,.
This implies, since the right-hand side is estimated by

const. e ¥n,

we have completed the proof of (5. 2). |
Now it is easy to see that
S (0) Z || fntpnl | = co( >0) .
Thus, we have,

t

(5.8) S, der™  (0<d<a)

On the other hand,
Sn(t) — Z M{p+qln—lql||a;p)‘5n(q) un“

0<|Pp+a|<SN

(5 9) <A(I;1) M(p+ql (C’N/n)lp+ql {unlo,{z;mlsro)
SAer Y, eirtd LA e
(»,9)
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(5.8) and (5.9) are not compatible at ¢=¢}, because we have chosen ¢ in

such a way that e<~%— 0'ts.

§.6 Theorem in the case of Gebrey class

We can extend the above arguments to the case of Gevrey class. Let
O,C R’ be a relatively compact open set. We say that f(x)=C>(®,) belongs
to y®(B,), (s=1), if there exist positive constants C and K such that

6“f(x)| <Ca K" .

Va=0 sup
134

Next, we say that, f(2)e79(B,), if f(x)er®(B,), and moreover ||fl|; 4=
sup sup|o’f (x)|/v PA® < + o0,

v=0 z€0

Of course, if A<A, ¥¥ 7y, and
7B, = U 1P(B,).
A4>0

DEerINiTION. We say that (1.1) with f=0 is well-posed in y®, or in
short 1®-well-posed, at the origin, if for every u)(x)sy®(B,), there exists
a unique solution u(z, t)C: (V) in a neighborhood V of the origin, where
O, is a fixed open neighborhood of the origin, and V may depend on wu, -

We can prove the following theorem, which is the same as in the C*-
case :

THEOREM 2. Suppose s>1. The coefficients of (1.1) are assumed to
be in v® in z, and continuous in t. Then, in order that (1.1) to be 7 -well-
posed at the origin, it is necessary that all the eigenvalues at the origin A;
(0,0; &) be real.

REMARK 1. can be stated as follows. If one of eigenvalues
is not real at the origin, then we are at the following situation: i) the
uniqueness of the Cauchy problem does not hold, ii) the uniqueness holds,
however there exists a least an initial data u(x)er®(B,) such that the
corresponding solution does not exist in any neighborhood of the origin.

REMARK 2. has been proved by Nishitani under the assump-
tion that the coefficients belong to y¢” with § <s, and, it seems to us, this
is an essential assumption to carry out the arguments. It is important to
prove the theorem under the assumption that the coefficients belong to 7@,
as function of z, in view of the several results on the sufficiency.

We are going to explain how to modify the above arguments to derive
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theorem 2.

First of all, observe that y{(&,), with the norm ||f|; 4 is a Banach
space. Then, if we assume y®-well-posedness at the origin, then by Category
theorem, every time A is fixed, there exists a common existence domain
D, of the solutions « (z, ¢) for all u,&7$(®,). Thus by Banach,

6.1) the mapping uy(x) €r$ (B,)—~>CLi(D,) is continuous.

Again we argue to (2.1) to simplify the arguments. In the case when
the coefficients a; depend only on ¢, the argument is simple. In fact, let
SQ<=R", |£° =1, then

||e#¢'=||, 4 <exp (¢p¥*) when pERL—+ o0,
where ¢=const. A™1,

Now, as explained before, there exists a positive constant §(>0) such that

U, (O: t(,))l :\/)epaté .

Of course we suppose {0} X [0, #j]CD,. Since s>1, (6.1) never holds, which
proves [Theorem 2. In the general case, we take ¢,(x) defined by (2.3) as
the series of initial data. Then

J |lon ()] |5, 4 <exp (en'’) .
l€ = const. A7V,

6.2

In general, we should take A large to make ¢ small (In the case when the
coefficients belong to y¢”, s’ <s, there is no need of such a consideration).
Then, since the size of D, might become small when A is taken large, we
should take the support of cut off function B,(x) small. In appearance, this
seems to be a serious difficulty, which is an essential difference between the
analytic case and the Gevrey case. However, as we shall show in the next
section, a little careful examination of the arguments in the analytic case
enables us to overcome this difficulty.

§.7 Proof of Theorem 2

1°) We define a,(§)=Xx(&/n), where N=~0n'%, @ is to be defined later.
Bn () =2y (x), N =0'n, ¢ is defined later.

2°) In the analytical case, we considered all the terms of the form
M{p+q]n_lql”aszp)ﬁn(q)unll, |P+Q{ <N’

here we consider all the terms of the form
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M2 p| 210710 |0 B ], |PISN,  |gI<N'.
In fact, in the estimates of commutators with a{?, we are concerned with
the terms v !™la;,al?*” Buq 4. Since
|0z, O] <AwECH,
these terms are estimated by A’y ""1CP ||a{?* By Uall-

3°) We defined 7, as the size of cut off functions a,(§), Bu(x) which
guarantees the energy inequality. In the analytic case, we decided the siezs
of two functions in a almost symmetric way. In the actual case, we decide
the sizes of these two functions in different ways. First we decide the size
of a, (&) by 7, supp [B,] should be taken small according the size of D
Of course, we can assume supp [8,] C{z; |z| <r¢}. In this sense, , may be
considered independent of A.

4%y M is defined by (5.5) with M= lr,.
5° N is defined by

1 Vs 1 1 1/s
(7. NZ(W) s 0=(nee)
Then, the remainder term is estimated by

Mlpllp‘ 181, !s—lc(l)»JHagbpﬂ)‘@n(q)unlln—lql ,
where |p|+|v|~N. This is estimated by
M2+ | pty| 1= a1 || Bt [n 7'

SN ¥ MC' N/n)™|| Bageal|n ™'

S(MC N*[n)™|| Bacon| [~

<& Baioa| [ = exp (—0n"?)|| Buouinl [0 .

6°) @ is thus determined, we take A large in such a way that (see (6. 2))
(7.2) e<d.

7°) When D, is defined, we define B,(x). We can assume supp [8,]C
{x; |x|<ry and that if we choose ¢{(>0) small, we have

supp [B. (2)] X [0, £] C D, .

By the definition f,(z)=2Xy(z), we have

Ba(D|<(C'N)e,  for o <N,
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Where C” can be considered as the number which is determined only by the
size of B,(z). So we define

¢ =1/C"e, N =60n.
Thus,
C'N'

n

Iql
,Bn(q)(x)ln"q'<< )q for [¢g|<N'.

Observe that the right-hand side <1, and that for |q|=N’,
(C"N'|n)d =exp(—6'n).

Now, taking into account (6.1) and (6.2), we know that sup |u, (z, )]
on (x, t)esupp [B,] X [0, #j] is estimated by const. exp (en'?). Then, by virtue
of (7.2), the remainder terms are negligible in view of the results of 5°) and
7°). Moreover, we have

Sn(t) — ]p;Zs:N Mpl'Pl !s—ln_lqll|a§;p)/9n(q)unu<A" exp (snlls) .
lgl<N’ .

On the other hand, we have

S, () = C) exp (—;— 5’nt> , t€[0, ] .

These two estimates are not compatible when n—oco, since s>1.

§.8 Remark
More refined arguments will prove the following fact. Let
P(z,t; Dy D) = Pn+Ppyt--,
with the principal symbol

m-—s§

Pm(xst; S,T): 1 (7_2.1)2 n (T_lj)’

Jj=1 Jj=s+1

([

where 2;(x,t,&) (1<j<m—s) are real and distinct. The coefficients are
supposed in 7® (s=1). We know that if the Levi condition is satisfied, then
the Cauchy problem is C*-well posed.

Assume now that the Levi condition is violated at the origin, namely for
some 7 (1<7<s) and for some £€=R", it holds

n-1(0,05 & 40,05 €) >0,

where P,_,(z,t; & 7) is the subprincipal symbol of P. We can prove the
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following

THEOREM 3.

In order that the Cauchy problem for P be y®-well posed

in a neighborhood of the origin, it is necessary that s<2.

We remark that this theorem is already proved in under the assump-

tion that the coefficients of P are real analytic.

A forthcoming paper will

give the proof with some related results.
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